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1. Introduction. The existence of almost periodic solutions in almost
periodic systems has been studied by many authors. Generally, the ex-
istence of a bounded solution does not imply the existence of almost
periodic solutions [6], and hence we need some additional conditions to
obtain almost periodic solutions. In linear systems, one of conditions is
Favard’s separation condition [2], and for general systems, there are
Amerio’s separation condition [1] and stability conditions ([5], [7]).

Seifert [7] has shown that the existence of a bounded solution with
some global stability implies Amerio’s separation condition. In this paper,
we shall discuss relationships between separation conditions and local
stability conditions. In Section 2, we shall consider a linear system and
show that the uniform stability implies Favard’s separation condition.
In Section 3, Amerio’s separation condition will be characterized in terms
of conditional stability, and we shall also show that the existence of a
bounded solution with uniformly asymptotic stability implies some kind
of separation condition.

We denote by R® the real Euclidean n-space and set R'= R and
Rt = [0, ). For xe R", let |z| be the Euclidean norm of x. If A and
B are topological spaces, C(4; B) denotes the set of continuous functions
on A into B.

2. Favard’s separation condition and uniform stability. Consider
the linear systems

2.1) 2 = A(t)x (' = d/dt)
and
(2.2) =A@ + (@),

where the n X n matrix A(f) and the w-vector f(f) are continuous and
almost periodic in ¢. To show the existence of an almost periodic solu-
tion, Favard [2] has assumed the condition below. We shall discuss a
relationship between Favard’s condition and the uniform stability of

solutions.
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DEFINITION 2.1. The system (2.1) is said to satisfy Favard’s separa-
tion condition if for each Be H(A), where H(A) is the hull of A(f), the
system

(2.3) 2’ = B(t)x
has no nontrivial bounded solution 2(t) defined on R which satisfies
inf |x(t)| =0.
teR
THEOREM 2.1. If the zero solutiom of the system (2.1) is uniformly
stable, then the system (2.1) satisfies Favard’s separation condition.

Proor. For each Be H(A), consider the system (2.3). Let x,(¢), ---,
- 2.(t), m < n, be a basis of the space of bounded solutions on R of (2.3).
Since B(t) is almost periodic, there is a sequence {t,} such that

2.4) t,— — as k— o

and B(t + t,) — B(t) uniformly on R as k— . Since {x;(t + )}, (1 =
j < m) is uniformly bounded and equicontinuous, it follows from Ascoli
-Arzela’s theorem that there exists a subsequence of {t,}, which will be
denoted by {t,} again, and functions y;(t) such that

xi(t + ) — y,(?)

uniformly on any compact interval in R for all 7,1 <7< m, as k— .
Since x;(t + t;) is a solution of the system

.’27' = B(t + tk)x )
clearly y;(t) is a bounded solution of (2.3).

We shall show that ¥,(t), ---, y.(t) are linearly independent. Suppose
that >, ¢;4;(0) = 0 for some constants ¢, -, ¢, and set 2(t) = >, c;x;().
Then z(t) is a solution of (2.3) and clearly
(2.5) 2t,)—0 as k— oo .

Since the zero solution of (2.3) is also uniformly stable, (2.4) and (2.5)
imply that
2t)=0.
Therefore
¢, =+++=¢Cp=0

by the linear independence of z,(t), ---, .(t). This shows that %,(), ---,
Y.(t) are linearly independent.

Now let xz(t) be any nontrivial bounded solution on R of (2.3). Then
there correspond constants A, :--, A, such that
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x(t) = sz:]l Niyi(t)
Since x(0) == 0, we have

= ¢

JZ{ N ;(t,)

for sufficiently large k, and for some ¢ > 0. Since the zero solution of
(2.3) is uniformly stable, there exists a positive constant ¢ such that

[f}x,-x,.(t)‘ > 5 for t <t,.
J=1
Therefore, for each te R

|#(t)| = lim | St + )| = 0

by (2.4). This shows that the system (2.1) satisfies Favard’s separation
condition.

The following result follows immediately from Theorem 2.1 and
Favard’s result [2, p.64].

COROLLARY 2.1. If the zero solution of (2.1) is uniformly stable and
the system (2.2) has a bounded solution on R*, then the system (2.2) has
an almost periodic solutiom whose module is contained in the module of
(4, f).

Clearly the converse of Theorem 2.1 is not necessarily true. One of
counter examples is the case where the zero solution of the system (2.1)
is not uniformly stable and the system has an exponential dichotomy
which is a special case of Favard’s separation condition. Now we shall
prove that the converse of Theorem 2.1 holds under some supplementary
conditions.

THEOREM 2.2. Assume that the zero solution of the system (2.1) s
positively and negatively stable. If the system satisfies Favard’s separa-
tion condition, then the zero solution is uniformly stable.

Proor. Let X(f) be a fundamental matrix of (2.1). By the first
assumption, X(¢) is bounded on B. Now we shall show that
(2.6) inf {| X(¢)x, |; te R, x,e R, |2,| =1} # 0.
Suppose not. Then there exists sequences {t,} C R, {x,} C B" (.| = 1) such
that
:!.cim I X(tk)x,, l = O .
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Clearly {x,} can be assumed to converge to an z.e R"(|z..| = 1), and we
have

| Xtz — X2 | = | X(E) | X |2 — Tw |

where | X| is the operator norm of the matrix X. Since X(¢) is bounded
on R, we have

%im | X(t)r. | =0.

This contradicts Favard’s separation condition.
Since we have (2.6), there exists a positive constant ¢ such that
| X(@)x| = c|xz| for teR, xzeR™.
This implies
| X(t)x| = ¢'| X(s)x| for ¢, seR, xzeR",

where ¢’ = sup,.z | X(¢) |/c, which shows the uniform stability of the zero
solution of (2.1).

REMARK 2.1. As will be seen from the example below (for the details,
see [3, p.300]), we cannot drop Favard’s separation condition in Theorem
2.2 without any other supplementary condition.

Consider a scalar almost periodic equation
o = —a(t)x,
where a(t) = Diicpsinng (A >0, ¢, >0, D, C < o, S Cu/h = )
and )\, are linearly independent. Since exp(—soa(s)ds) can be easily

verified to be bounded on R, the zero solution is positively and negatively
stable. But it is not uniformly stable. Suppose that it is uniformly
stable. Noting that )\, are linearly independent, we can see a(t) ¢ H(— ),
and hence, the equation

2 = a(t)xr
has a bounded nontrivial solution on RB*. On the otherhand, we can show
t
that exp (S a(s)ds) is unbounded on R*. Thus there arises a contradiction.
0

REMARK 2.2. As was stated before, Favard’s separation condition is
not equivalent to the uniform stability. However, the zero solution of
(2.1) is uniformly stable with respect to bounded solutions on R if and
only if Favard’s separation condition is satisfied, where the zero solution
of (2.1) is said to be uniformly stable with respect to bounded solutions
on R if for any ¢ > 0, there exists a d(¢) > 0 such that
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|2@)| <e for t=t,,

whenever (t) is a bounded solution on R of (2.1) and |x(¢)]| < d(¢) for
some t,e R. This can be proved by the same argument as in the proofs
of Theorem 2.1 and 2.2.

3. Amerio’s separation condition and stability properties. Consider
the systems

3.1) ' = f(t, x)
and
(3.2) z' = g, ),

where f(t, x) e C(R X R"; R") and f(t, #) is almost periodic in ¢ uniformly
for xe R™ and ge H(f).

Throughout this section, let K be a compact subset of R”. For each
ge H(f), we denote by A(g, K) the set of solutions x(f) of the system
(8.2) such that xz(t)e K for all ¢t = ¢, and for each x € A(g, K), {(x) denotes
the infimum of £, where t(x) may be —o. Let B(g, K) = {x¢ A(g, K);
t(x) = —}. Clearly, if the system (3.1) has a solution in A(f, K), then
B(g, K) is not empty for each ge H(f). In the following definitions, we
shall consider the case where B(g, K) is not empty for each gec H(f).

DEFINITION 3.1. The system (3.1) is said to satisfy Amerio’s separa-
tion condition in K if there exists a positive constant )\ = \(g) for each
gec H(f) such that any distinct solutions x, ¥ in B(g, K) satisfy

inf [o(t) —y(©) [ = 1.

REMARK 3.1. Under Amerio’s separation condition, the constant A can
be chosen independently of ge H(f). Hence we assume that \ does not
depend on ge H(f).

DEFINITION 3.2. wxe B(f, K) is said to be conditionally uniformly
stable in K, if for any e >0 there exists a d() >0 such that
|z(t) — y(t)| < e for ¢t = ¢, whenever ye A(f, K) and |x(t,) — y(t) | < o(e)
for some t, = t(y). xe B(f, K) is said to be conditionally uniformly asymp-
totically stable in K, if x is conditionally uniformly stable in K and if
there exists a 0, > 0 and for any ¢ > 0 there exists a T(¢) > 0 such that
|2(t) — y(t) | < e for t = ¢, + T(c), whenever y e A(f, K) and |z(t,) — y(t) | <
0, for some t, = t(y).

DEFINITION 3.3. The system (8.1) is said to be conditionally uniformly
asymptotically stable in K if every x e B(f, K) is conditionally uniformly
asymptotically stable in K.
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Now we shall show that Amerio’s separation condition will be char-
acterized in terms of conditionally uniformly asymptotic stability of the
system.

THEOREM 3.1. The system (3.1) satisfies Amerio’s separation condition
wn K if and only if for each ge H(f), the system (3.2) is conditionally
uniformly asymptotically stabdle in K with a common triple (d, o(+), T(-)).

Proor. Assume that for each ge H(f) the system (3.2) is condition-
ally uniformly asymptotically stable in K with a common triple (d,, o(-),
T(-)). First of all, we shall see that any distinct solutions «, ¥ in B(g, K),
ge H(f), satisfy

(3.3) lim |z(t) — y(@) | = 9, .
t——oo B
Suppose not. Then for some ge H(f), there exists two distinct solutions
x, ¥ in B(g, K) which satisfy
(3.4) lim | a(t) — y(t) | <,

Since x(t) # y(t), we have |x(t,) — y(t,) | = ¢ at some ¢, and for some ¢ >
0. Then there is a ¢, such that ¢, < ¢, — T(¢/2) and

lx(t1) - y(tx)‘ < 30
since we have (3.4). The conditionally uniformly asymptotic stability of
2(t) implies

l2(t) — y(t) | <e/2,
which contradicts |2(¢,) — ¥(t,)| = ¢. Thus we have (3.3).

Since K is a compact set, there are a finite number of coverings
which consist of m, balls with diameter 06,/4. We shall show that the
number of solutions in B(g, K) is at most m,. Suppose not. Then there
are m, + 1 solutions in K, x;(¢t),7=1,2, ---, m, + 1, and a ¢, such that
(3.5) |2i(t,) — %i(t) | = 0,/2 for @7,
because we have (3.3). However some two of these solutions, say x.(%),
x;(t) (4 # j), are in one ball at time ¢, and hence

[@:(t,) — @i(t) | < 0o/4,
which contradicts (3.5). Therefore the number of solutions in B(g, K) is
m < m,. Thus
(3.6) B(g, K) = {x,(t), 2), - - -, a(t)}
and
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3.7 lim (@) — @i(t)| 2 8,, i+#3.
t——o0

Consider a sequence {z;} such that 7,— — < as k— « and g(t + 7}, ) —
9(t, #) uniformly on R X K as k— . Since {z;(t + T )}ie, A =< J < m) is
uniformly bounded and equicontinuous, there exists a subsequence of {z.},
which will be denoted by {r,} again, and functions y;(¢) such that

z;(t + 7)) — y;(t)
uniformly on any compact interval in R for j,1<j<m, as k— oo.
Clearly y;(t) is a solution in B(g, K). Since we have
|240) — 9,(®) | = lim [ (¢ + ) — 7,0t + 7)|

for te R, it follows from (3.7) that
(8.8) |y:(t) — y;(t)| = 0, for all te R and ¢ =7 .

Since the number of solutions in B(g, K) is m, B(g, K) consists of ¥,(t), - - -,
Yn(t) and we have (8.8), which shows that the system (3.1) satisfies
Amerio’s separation condition in K.

Now we assume that the system (3.1) satisfies Amerio’s separation
condition in K. First of all, we shall see that for any € > 0, there exists
a 0(¢) > 0 such that for any ge H(f) and any xz¢e B(g, K), |2(t) — y(t) | <
¢ for all ¢t = ¢, whenever ye A(g, K), |(t,) — y(t,)| < d(¢) for some ¢, =
t(y). Suppose not. Then there exists an ¢ > 0 and sequences g, H(f),
% € B(gy, K), Y€ A(gr, K), t, and 7y, 7, > &, such that

(3.9) [2u(t) — vel(te) | < 1/E, te =ty ,
(3.10) [2(Ti) — yu(T) | = ¢,

where we can assume that ¢ < \/2 for the constant A in Def. 3.1.
If we set u,(t) = z,(t + 7.) and v,(t) = y.(t + 7.), then u,(t) and v,(¢)
are solutions of

(3.11) ' = g (t + 74, x)
such that u,(0) = x,(z,) and v,(0) = y.(z;). Clearly
u,(t)ye K for all te R
and
v(t)eK fort=t, —7, (b, — 7, <0).

Since g¢,(t + 7, )€ H(f) and H(f) is compact by the uniform norm on
R x K, {g.(t + 7., )} has a subsequence, which we shall denote by {g,(¢ +
T, ¥)} again, such that
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9:(t + 7, ®) — h(t, ) uniformly on R x K as k— oo,

where he H(f). We can also assume that ¢, — 7, tends to a 7(< 0) as
k — oo, where 7 may be — .

Since {v,(t)} is uniformly bounded and equicontinuous on any compact
interval in (z, =), v,(t) can be assumed to tend to a function 7(¢) defined
on (t, =) uniformly on any compact interval of (, «) as k— co. Since
v,(t) is a solution of (3.11), n(t)e A(h, K) and 7(t)e K for ¢ > z. By the
same argument, there exists a function £(¢) such that u,(t) tends to &(¢)
uniformly on any compact interval in R as k— c and &(t)e B(k, K). If
T> —oo, N(t)e K for t = 7 and lim,__ v,(t, — 7.) = 7(7). Therefore

[§(z) — ()| = }HE lue(te — 7o) — vl — i) |
= 11_{2 | @(te) — Yelt) | =0 .
Thus we have a solution %* ¢ B(k, K), where

B n(it) for t=7
&) for t< .

If 7 = —c, we set 9*(t) = 9(t)e B(h, K). Thus we have two solutions
7*(t), &(t) in B(h, K). But

17*(0) — £(0) [ = [7(0) — £0) | = lim [ 94(0) — .(0) |

= }6132 l2u(zi) — ylz) | = >0,

7*(¢t)

which shows that »*(t) and &(¢) are distinet solutions in B(k, K). There-
fore |[9*(t) — &@#)| =N for all tc R. However |7*(0) — &0)| =¢ < M/2.
Thus there arises a contradiction.

Now let 6, be a positive constant such that J, < d(A/2). For this J,,
we shall show that for any e > 0, there is a T(¢) > 0 such that every
solution « e B(g, K) satisfies

lx(t) —y@)| <e for all t=¢, + T(e),

whenever y e A(g, K) and |z(¢,) — y(&,) | < 9, for some ¢, = t(y).
Suppose not. Then there exists an ¢ > 0 and sequences g, H(f),
x, € B(gw, K), yr€ A(gi, K), t. = t(y,), and 7, 7, > t, + k, such that

(3.12) [2u(te) — yilte) | < 0, (< 0(N/2))
and
(3.13) l2(Te) — w(z) | = e .

Since (3.12) implies | x,(¢) — y.(t)| < 7\/2 for all ¢ = t,, we have
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(3.14) € =< |wu(th) — yi(T) | = N/2
by (8.18). If we set w.(t) = z(t + 7:) and v.(¢) = ¥.(t + 74), then u,(t) and
v,(t) are solutions of
z' = gt + 7, @),

wi(t) e K for all te R and v,(t)e K for ¢t = —k. Thus we can assume that
there exists an ke H(f), £€ B(h, K) and 7€ B(h, K) such that

9:(t + T4, ) — h(t, x)
uniformly on R x K as k— - and

w(®) — (@), vile) — 7(D)

uniformly on any compact interval in B as k — oo.
On the other hand, we have

16(0) — 7(0) | = lim |%(0) — v4(0) | = lim | z4(zi) — wu(Ti) |,

which implies that, by (3.14)
(3.15) e = [4(00) —7(0) | = M2

Since ¢e B(h, K) and ne B(h, K), (3.15) contradicts the separation condi-
tion. This shows that for any ge H(f), the system (3.2) is conditionally
uniformly asymptotically stable in K with a common triple (9, o(-), T(-)).
The proof is completed.

We shall show a relationship between usual stability and separation
condition. When @(t) is a solution in A(f, K), H(f; #) denotes the set of
the pair (g, x(t)) such that for some sequence {t}, &, — = as k— o,
J@ + ti, ) — g(t, ©) as k— o uniformly on R x S for each compact subset
S of R™ and ®(t + t.) — x(t) as k — c uniformly on any compact interval
in R. Clearly H(f, #) is not empty.

DEeFINITION 3.4. H(f, #) is said to satisfy a separation condition if
there exists a positive constant A = \(g) for each ge H(f) such that any
two distinct elements (g, x), (g9, ¥) in H(f, ®) satisfy

inf [2(t) —y(@) [ =M.
teR
REMARK 3.2. The constant M can be chosen independently of ge H(f)
by the same argument as in Amerio’s proof.

Clearly the separation condition on H(f, #) is a generalization of
Amerio’s condition. In the proof of Amerio’s theorem for the existence
of almost periodic solutions, Amerio has used essentially the separation
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condition on H(f, #), and hence, Amerio’s existence theorem can be proved,
replacing his separation condition by the condition on H(f, ). This ex-
istence theorem follows also from Fink’s result [4, Theorem 3]. For the
existence of almost periodic solutions, Fink has considered more general
separation condition than Amerio’s condition, and our separation condition
on H(f, ) is a special case of it.

THEOREM 3.2. For the system (3.1), assume that there exists a solu-
tton P(t) in A(f, K) and that for any (g9, x) e H(f, P), © is uniformly
asymptotically stable with a common triple (6, 6(-), T(-)). Then H(f, P)
satisfies the separation condition.

The proof is similar to the proof of sufficiency in Theorem 3.1.
Replace B(g, K) by G(g), where ‘

G(9) = {w; (9, ) € H(f, )} for each ge H(f) .

REMARK 3.3. Theorem 3.2 shows that the stability on @ is a sufficient
condition for the existence of almost periodic solutions. This is already
known by Kato [5].
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