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APPROXIMATION OPERATORS ON BANACH SPACES
OF DISTRIBUTIONS
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Abstract. An approximation process {I',}.er on a Banach subspace X
of &’ [Zemanian A. H. [36]], satisfying either a Jackson type inequality or
a Bernstein type inequality of order p(n) on X with respect to Y of X, is
being related to a class of Banach subspaces {X3ilies of %7/, on each of
which, {I",},cr defines a sequence of multiplier type operators, satisfying
the same inequality with same order. Sufficient conditions for X,c.”,
2€J are given. Results are illustrated by examples.

1. Introduction. For a Banach space X, a sequence {I",},.» of bounded
linear operators I",,: X— X, with P={1,2,8, ---} is called an approximation
process on X, if I',f — f in X Vfe X. For suitable subspaces Y, 4 of
X (4 being fixed, dim(4) < «) and function p(n) = 0, p(n) \,0 on P, an
approximation process {I,} on X is said to,

(I) satisfy a Jackson-type inequality of order o(n) on X with respect to Y,
ifvfeY, [[I.f — fllx = Con) || flly; _

(II) satisfy a Bernstein type inequality of order o(») on X with respect to Y,
if LLR,(X)C Yand Vvfe X, ||[I.flly < C(o(n)7Y|fllx. (C, C, constants

indef)eendent of n);

(III) be saturated with order o(n) on X with saturation class Y,
if for fe X, 1T~ flle={ Q) = Y ¥ — 4= o,

For such {I",} as in (III) above, the inverse problem is the characterization of

elements of the sets

(fe X|||If — £llx=0()(n))} with some (n)=0, 7(n)\0, -Z-%w as n—oo.

Given a Banach subspace X of a certain space .’ of generalized
functions, each fe.%’ having Fourier expansion with respect to an
orthonormal system {y,},en (N=10,1,2,3,---) and given an approximation
process {I",},.r related to {y,},ey on X, satisfying (J) Jackson-type inequali-
ty or (B) Bernstein-type inequality or for X, having (S) saturation and
inverse theorems, the aim of this paper is to determine a family of related
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Banach subspaces of .o7’, on each of which {/,},., satisfy the above (i.e
(J) or (B) or (8)).

Let I be an open interval of R. Let % be a self-adjoint differential
operator of the form % = 6,D™0,D" ... D0, = ,(— D)" --- 6,(— D)™,
0.e C=(I), n,e P,1 <1 <y, with discrete spectrum, with {v,},.y a sequence
of orthonormal C=-functions on I, as eigenfunctions, corresponding to
eigenvalues {\,};_,. Let |\,|] o as m— co. Let .o~ be the space of test
functions, .o’ = dual of .97 be as constructed by Zemanian [[36], [37],
Chap. IX]. Vvfe.w’, f has Fourier expansion f ~ Z S, e such
that Z( f, i, — f in .’ as n— . There ex1sts only finite num-

ber of zkeN 0=k =1 such that \,, =0, 0=k =<1!. Let 4= span of
(Vi |0=k<1}. Let uscall 4 the tr1v1al class. Let [{v,}] = span of {y,}.en-

The main results are presented as follows: Given a Banach subspace
X of &', with X* denoting the dual of X, a family of related Banach
subspaces {X}};.,, J being a parameter set, is constructed so that (i) every
multiplier type operator related to {y,} on X, defines a similar operator on
each X, e J; (ii) every approximation process on X satisfying Jackson-type
inequality or Bernstein type inequality with certain order on X with respect
to a subspace Y of X, also satisfies the same inequalities with the same order
on each X, with respect to suitable subspace Y; of X;, v e J. Sufficient con-
ditions for each X, to be subspace of .o#’, e J are given in terms of esti-

mates of +r,, (é}l__)”wm n,ke N in the norm of XN X*. Using these results
x

and those of Butzer-Scherer [17, 18], Trebels [30] both saturation and inverse
problems are studied for various approximation processes related to {y.,},en
on each X; neJ. Finally, these results are illustrated by means of
classical orthonormal systems, like Hermite, Laguerre or Jacobi functions.

As an illustration we cite the following example. Let I = (— o, ).

— z2 —2z2 %2 — d = e_ZZ/zHﬂ(x)
Let Zr = —e**De™*"De*"*, D = Y V(@) = 2nl T

Hermite polynomials. Let X = L?(— o, ) for some pe(l, ). Here,
Ny =20, 0 =0,4={de ™’ |deR}. ¥ = . ="[37]. LetvneP,
{Yu,u}nep be real sequence with v,,, = O(k™) for some g, P. For fe .&”'(R),
let If = 3 Yl f, Vo v (neP). Then I',fe & for all ne P. For
k=0

B> 0:

(1) If {P'n}nePC [L:n], then {Fn}nePC [Z]‘

@) I (MherCIL7] and Ve Li = {fe L?|g ~ S, virine L)

17uf = Fllis = O, then Ve Zy={feZ|g~ SIS, e 2},
17uf = £lls = O™;

, where H,(x) are
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@) LIl U I L and [|[Iaf [l < en? || f |l V.f € L7, then
U F,,(Z)ch and [[F,,fHZp < Cnf||fll; VfeZ where Z denotes any one
of the following spaces: H"™(R), H*~™(R), (H"~™(R), H*™(R)),,, 0 <0 <1,
1<g9g= o, p=q= 9, meP. For definition of these spaces, the reader
is referred to [31, Chapter 31] [13, p. 167]. The intermediate spaces con-
structed by the K-method of J. Peetre [13, p. 167] are defined as follows:
Let X, Y be Banach subspaces of &2'(I)-the space of Schwartz distributions
on I. Let X+ Y={fi+f:lfieX fie Y} with norm || f||xsy = inf{||fi]|lx+
Ifllrlfie X, fie Y, f=fA+f (feX+Y). ForfeX+Y,0<t<0o,
let K¢, f, X, Y) = inf{|| fillx + ¢l Lalle | f =i + /o ie X, i€ Y]},

{rex+v1s, = | 1K £, X V1 2]" <

(X,Y)Q,QZ if1§Q<°°,0<(9<1,
(Fe X+ Y||If Il = [sup t7K, £, X,Y)] < o)
ifg=o,06051.

The spaces of Bessel potentials H™™, and its dual H?” ~™(R) are special
cases of the following spaces defined as follows. For me P, and for a
Banach subspace X of &'(I), let

W) = {fe D f = £ D fofiy o fue X}
with
1F s = 08 {3 £l | £ = 51 D%y e X, 0Z @S m) (e W(X)) .

Here D*f denotes the distributional derivative of f of order «a, « € P. Let
W™ X)={feX|D*fe X,0=a=m}. For fe W"(X),||fllymnuz = E [1D*f1lx-
W™%(X) = closure of &r(I) in W™(X), where =(I) = {fe C“(I)Isuppf is
compact}. [W™°(L?(R"))= H”™(R") = W™(L"(R")); W ™(L*"(R")) = H" ™=
dual of H»™(R")].

In a series of papers by Favard [[19],.[20]], Sunouchi and Watari [28],
Aljancic [[1],[2], [3]], and Buchwalter [10], saturation behaviour of various
approximation processes related to Trigonometric polynomials on C(—7, 7),
L*(—7, 7) 1 < p < oo had been studied. Buchwalter [9] studied the same
problem on a normed linear space for various approximation processes
related to a biorthogonal system. Bavinck [6] studied both saturation and
inverse problems of various approximation processes on L?(¢) 1 < p < oo,
C(—1,1), where du(®) = (1 — 2)*(1 + z)’de, ze(—1,1), a> -1, B> —1,
related to Jacobi polynomials using the convolution structre for Jacobi
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series, introduced by Askey and Waigner [5]. Recently in a series of
papers by P. L. Butzer and his colleagues [[16], [21]], both saturation and
inverse problems related to classical orthogonal polynomials were in-
vestigated on L?(¢) 1 < p <  where du(x) = w(x)dz, w(x) =0, z < (a, b),
—0 Za<bZ oo,

2. Definitions and Notations. In order to present the main results
of this paper, we need to define certain spaces as follows. For Banach
subspaces X, Y of .97, let [X, Y] = the space of bounded linear operators
from X to Y. For XY, let CI(X, Y) denote the closure of X in the
topology of Y. Let M(X,Y) denote the space of all real sequences {v,}

such that for some I"'e[X, Y], I'f ~ kZ, Yl S, viovs, (f € X) with a norm
v e = (1 [lexr-

Q2 a parameter set and
UMX, Y) = {{Y.beencea| VT €D {Verdien € M(X,Y) defining), |
I'.e[X, Y] with sup [| ]| < o0

For fe.or’, Vo > 0, an element Z°f of .o’ can be defined as follows:
K f, ey = NS, iy (Be N). Z°f is well defined by completeness -of
{¥.} on %’ and by Theorems 9.5.2, 9.6.1 of [[37], p. 260-261]. For a
Banach subspace X of .o’ and for 6 > 0, X, = {f € X|Z°f ¢ X} with norm
Al = fllx + 1 Z°Fllx (fe Xo); Xy ={fe | f =fi+ Z°% fo, fre X}
For fe X [If]lx, = inf{|lfollx + I[fi]lx | f =f+2Z°f; fo, fie X}. For
0>0let y,; = {g" ;g x’; : 8: Iliz %} For each fe .9, an element G,f

of &7’ can be defined as {G,f, V> = V..{f, ¥y (ke N). Vée .o Vo> 0,
Z'se 7, Gype 7 [Ref. Lemma 9.3.3, Theorem 9.6.1, [37]].

3. Main Results. First, we need to choose suitably, Banach subspace
X of .77, from which, we like to extend Jackson or Bernstein type ine-
qualities satisfied by approximation processes, to various other related
Banach subspaces of .%7’. For this we need the notion of families & (m),

Z (m, 0) of Banach spaces. Let me P, m be fivzed throughout the rest
of the paper.

DEFINITION 3.1. A Banach space Ze¢ & (m) if 1) Cl(2(),Z)=Zc .,
@2) W (Z)YNnZ* Q) W™Z+ Z*)c.', (4) V0> 0 (v, :hhene M(Z)
defining G, e [Z].

DEFINITION 3.2. For 8 > 0, a space Ze . (m, d) if (1) Ze & (m),
@) CU=2), Z*)=Z*, VfeZ* + Z_,;,, Dife ' 0 <k <=m.

The families of related Banach subspaces of .97’ can be given as
follows:
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DEFINITION 3.3. Let 6> 0, Xe & (m, ) be reflexive. Then Y(m,d, X)
be the family consisting of the following spaces:

= (any one of X, X*, (X, X*)s,,, 0 <0, <1, 1< ¢q, < ), Y_;
wW—(Y), W™(Y), (W ™Y), W™(Y))s,q 0<o<1
W=™(Y_,), W™A(Y_s), (W™™(XY_5), W (Y_))o,e) 1S ¢ = oo

DEFINITION 3.4. A space XeQ(m), if Xe & (m) and there exists
X'e 7 (m) with X (X")*, X'cX*, on X || [[x = | llnes on X" || [lx- =] |l e
For 6 >0, XecQ(m), let Q(m, s, X) be the family consisting of the
following spaces: FE,(= any one of X, X', (X, X")5,,, 0 <0 <1,1 = q < ),
wW-™(E.),(W ™H,), E)s,0<0<1,1= q=-co; E(= any one of X*; (X")%,
(X*5 (X)%)0,0 0<0<1, 1 < ¢ < o0); Ey(= any one of X*, (X')*, (X*, (X")*)4,00
0<0<1,1< q < ); E(= any one of (X, X*),,0<0 <1, 1=<qg= ).

THEOREM 3.1. (1) Let 8> 0 and Xe . F (m, B) be reflevive. Then
M(X)c M(Z), UM(X)c UM(Z),YZe Y(m, B, X).

(2) Let 8>0, XeQ(m). Then M(X)cM(Z), UM(X)c UM(Z),
vZe Q(m, B, X).

Assertion (1) implies that every multiplier type operator on X defines
a multiplier type operator on members of Y(m, 8, X) or Q(m, B, X).
Assertion (2) and Banach Steinhaus Theorem imply that every approxi-
mation process related to {y,},.y» on X, defines an approximation process
related to {y,} on every Ze Y(m, B, X) or Q(m, B, X) with Cl(.»7,Z) =Z

Given a Banach subspace Z of &', 06 > 0, we need the notion of
the space Z, = relative completion of Z, in Z, for describing the satura-
tion classes in the theorem given below. For origin of definition of
such spaces and for their properties see [14, p. 373], [16], [8]].
Z,={feZ| There exists {f,}CZ, sup|lf.ll; < 0, f,— f in Z}.

For feZ, I fllz = inf{o> 0]{f.} CZa, sup fullz, = 0, fu— f in Z}.

REMARK. Z,CZ, on Z, || |lz; = || |z, and Z, = Z, if Z is reflexive.

THEOREM 3.2. Suppose () \\0, T— 7, and 6 >0, 8> 0. Suppose
Xe F (m, B) be reflexive (resp. Xe Q(m)) and VT, {7.,i}ven € M(X) defining
I'.¢[X]. Then we have the following:

@ IfvieX,|II'.f — fllx = Cio(@) || fllx, then VZe Y(m, B, X) (resp.
VZe Q(m, B, X)) we have: VfeZy, [|I.f — fllz= Co@)|lfllz-

(d) If VfeX I'.feX; and ||I".fllx, < Co(@) || fllx, then
VvZeY(m, B, X) (resp. Q(m, B, X)), we have: VfeZ, I.feZ, and
I17f NIz < Co@) ™ || £ 1l

(© If supll B kn+DKS pdwlls < = VieX; VieX,



290 R. GOPALAN

II.f = fllx < Coo@) || £llx, and for some ¢ # 0, 1—(7“;—'=—»cwz as T — To

V fized ke N, then YZe Y(m, B, X) (resp. Q(m, B, X)), we have, for fe Z,

= fed
”Frf - f”z = {%((pp((?))) @f}ee ZN(;-

In the following theorem, some sufficient conditions for members of
Y(m, 9, X), Q(m, 0, X) to be subspaces of .o7’, are given.

THEOREM 3.3. Let X,Y be Banach subspaces of Lebesgue measura-
ble, real or complex wvalued functions on I such that XCY* YcCX*
Clz(I), X) = X, Cl(=(I), Y) = Y. Let D = é’l—.

x

(@) Suppose || Z Dy, |2y = O(INa|*F*) (m, ke N, se P independent of
n, k). Then D: 7" — 7' is continuous linear operator of &' into o7’
and hence the spaces under consideration are subspaces of 7.

(b) Suppose Vke N, 0=k=<m, || D*y,||xnx+=O( N, |"*) (s, € P, depending
only on k). Then Vke N, 0<k<m, D: X + X*— 7' is continuous,
KD¥f, 4y = (=K, D), (fe X + X*, e ).

(e) Suppose ||Vullxar=O(N|°) (s € P, independent of ne N)and Yn e N,
there em’sts n e P, {nq};“o in-N, a finite sequence {C}}iL, of comstants with

Zqu, and Z 1Ci 1= Gl ™ sUD [N | = CalMa|™ () 226 Py
C > 0, C > 0; q, q, C’l, C’ all zndependent of ne N}. Then we have (i)
.,Q/CXﬂ X5 X, X*, W™ X+ X*), W™X_s+ X*%) B>0, are all subspaces
of 7', (ii) Cl({«/r,,}, Wm(X))= W™(X) and hence Cl(7, W™ (X))= W™ (X).

(d) Let kye P (k, fized). Suppose Vke P,0 <k < m ||Z*D*p,||xnx =
O(| N, [*#ok0) (84,x,€ P, depending only on k, k). Then Vke P, 0 <k < m,
DiZz%: X + X* — " is continuous. Hence W ™(X_,, + X*,) ..

4. In this section, we state and prove certain lemmas needed in the
proof of main results of §3.

LEMMA 4.1. Let X be a Banach subspace of 2'(I) and Cl(=2(1),X)=X.
Then (a) (W™(X))* = W—™(X*) with equivalent norms, (b) If X is reflexive
then W™ (X) 1s reflexive.

PrOOF. (a) Proof of (a) is analogous to that of Prop. 31.3, p. 325
Treves [31];

(b) Let X be reflexive. W™'(X) is reflexive since W™°(X) can be embedded
as a closed linear subspace of the reflexive space E =X X X -+ X X under

the norm | f1lz = 33 lfillx With f=(fu £, -+, fu)€ B

LEMMA 4.2. Let X,Y be Banach subspaces of =2'(I). Then there
exists an extension of TelX,Y], T, Te[W™™X), W™™(Y)] such that
HT = 1Tl and when CUz(I), X) = X; T is uniquely determined.

m+1 times
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PROOF. On fe W™™(X), define T by Tf = T( S D f,-) — 3 DITY,.

i=0 j=0
This definition is independent of the representation of f, since f =
3\ D'f; = 3, D, implies 0 = 70 = 7(3, Di(f; — 0) = %, DTS - 5 D'Tos

Also, for f ZD fofie X, 0=5=m, (| Tflly-me = Z ”TfJ”YS 1| Z Hﬁllx
Hence || T = < H T|l. Uniqueness of T follows from Cl( =), X)

LEMMA 4.3. Let Ze & (m) and 6>0 then (a) Cl(.&7, Z,;)—Z,;CZ, Za 8
Banach space. (b) (Z)* =(Z*)_; Z*(Z*)_;. (¢) CU(.&7, Z*)=Z* implies
Cl(7,(Z*)_s)=(Z*)_s. (d) For 0<a<d, we have Z,CZ,, Z*,CZ*. (e) If Z
1s reflexive, so 1s Z;. (f) M(Z)c M(W—™(Z)). (g) W ™(Z;)=(W~™(Z));. (h)
Z* e F (m) and Z reflexive imply (W—™(Z,))*=(W™(Z*)_; (1) (Z%):=2Z"%;
(Z;)_; = Z. Here Z*, denotes (Z *) 5

Proor. For ée Z,let ¢ , = Z Ay i)V, Theng edand||g |l =

Cl| £]|z with C = Z H\[mkﬂz*lhqukllz (a) Clearly v cZ,cZ. For fe Z,

Z°f e Z and smce Cl(Ja/ Z) = Z, for p > 0 there exists ¢ ¢ .o~ for which
1z’ f—¢llz<p. If g=2"f—¢, then |[[g—¢,||=(L+C)o, f—¢,—Gsp=Gsg.
1 f = (47 + Gp)llz, = (IGsll + 1 + C)o, Gope .o7. Hence Cl(7, Z;) = Z
Since Z° is closed on Z, and Z is complete, Z, is Banach.

(b) The map T:Z,— Z x Z, given by Tf = (f, Z°f), feZ; is an
isometry. T*:Z* x Z* —(Z,)* is onto by Hahn-Banach Theorem. For
feZ* with f = f, + Z°f, f, fic Z*, define f on Z, given by f(¢) =
{fo, 8 + L foy 26D, (pe Zy). f is well defined and fe(Z,)*. The map
I: Z*,— (Z,)* given by I(f) =f, fe Z*, is one to one. We prove that
I is onto: Let fe(Z;)*. Since T* is onto, there exists «, <, ¢ Z* such
that T%(«, #.) = f. Define ve Z* as v = 4, + Z°#,. Then Iv=f. Hence
Z* = (Z;)*. It is easy to prove (¢) and the fact Z*c Z* c ..

(d) Let 0<a<é. For feZ, z*f =G,_.Z’fecZ. Hence Z,CZ,.
& cZ,CZ, and Cl(.&7, Z,)=Z, imply Cl(Z;, Z,)=Z,. Hence Z*,cZ*c.o7’.

(e) If Z is reflexive, so is Z;, as Z; can be embedded as a strongly
closed subspace of Z x Z

(f) (W—m(Z)** (W“”(Z))** T**f = Tf
[ I Vfe W™(Z)
W-™Z) W(Z)-
I T 1 (W""(Z))* (W=™(2))*
Z Z

(T*f, puy = {Fy Ty

FIGURE 1.
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In this diagram, — (resp. —) denotes the direction to which proof
proceeds, taking transpose (resp. extension) of the operator under con-
sideration:

C s , W ™Z)=W ™Z)c.". Hence . (W ™(Z))* c.o7’. Let{v,} e M(Z)
defining T'e [Z]. By Lemma 4.2 there exists Te [W"(Z)]. T*<c [(W~"(2))*]
such that <T*f, v.) = {f, T¥s) = 7S, ¥u), (ke N, f e (W="(Z))*). Hence
(Vheew € M(W—™(Z))**) defining T**ec [(W™(Z))**]. Since T**f = Tf
Vfe W™Z), {Vilven€ M(W~™(Z)) defining Te [W~™(Z)].

(g) Let fe W—m(Za) f=¢f+iDjGagj with ¢e/1 ngZ O<]§m.

By (f) of thislemma, f=g,+G, ZD’g]] This implies % f = ZD’gJ W-n(2)
thus W—"(Z,) (W~™(Z)),. Conversély, let fe(W-™(Z)),. "Then % Wf =
>, Digse W™"(2); g, Z, 0<j<m. This implies f = ¢, + G (z ngj) =

bs + Z DiG;9;€ W™™(Z,), with ¢,c 4. Hence (W~™(Z)); c W~™(Z,).

(h) Since Z*e & (m) and Z reflexive W™°(Z*) is reflexive. The rest
follows by steps similar to those of (b) of this lemma.

(i) vfeZ* f, ZZ°feZ. Hence fe(Z%); and || fllizp, = 2|z
This gives Z*C(Z*,),. Vfe(Z%), Z°fec Z*. Hence Z°f = f, + #°f,
Jfo fieZ* or f =¢pp + Gify +fy $ris,€4. Hence feZ* |[[flln=
C.x + IG:ID | flliz~p,- This gives (Z%),cZ*. Hence (Z%), = Z*. The
identity (Z;)_; = Z is easy to prove.

LEMMA 4.4. Suppose X, Y be Banach subspaces of 7" each containing
&7 as a dense subspace and for 0 >0, (V. ;hhen€ M(X)NM(Y). Then for

0O h L=< (XY = (X Voo (X%, Vs = (X5 Vi

Proor. For fe((X,Y)s,): taking Z°f = fi+ f,, with fie X, f,e Y, we
can prove for 0<t <o, K(t, f, X;, Y,) < 1 +| Gl + | Gollr) K, 22° f, X, Y).
This implies (X, Y),,); (X, Y;)s,,. Conversely for fe (X Y;), with
f=f+/f fieX, f,€ Y, we can prove, for 0 <t < o, K, f, X,Y) =
Kt f, X, Ys); Kt, z°f, X, Y) = K(¢, f, X, Y;5). This gives (X;, Y;),C
(X, Y)s,);. Hence the first identity.

(x, Y™*)g,0)-s = (X2)s, (Yfa)a)ﬁ,q)—a = ((XZ, Y—*a)ﬂ.q)d)—-s = (X%, Y%)o,q -

LEMMA 4.5. Let X,Y be Banach subspaces of &' such that .7 1s
dense in both X and Y*, &Y, W ™(Y*)c .&'. Then

(@) MX,Y)cM(W—™(Y*), W ™(X*)cM(W™X*)*, (W=™(Y*)*)

(b) UM(X,Y)cUMW-™(Y*), W ™(X*) cUM(W~™X*))*,(W~™(Y™))*).

PROOF. Cl(.o7, W-™(Y*)) = W-"(Y*) and C{W (Y%, ') = "
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Pllate) I [W—m(X*)]**

//,/ III I;[
. r

// /’//W—m(y*) W-—m(X*)
— %\ K f* /_/ ’///
(W—™(X™)) (W—(Y™*)* I I
_ Y* I' %
(TF, 4 = {F, Do) X
I**I = LT, I, I, are identity maps.
FIGURE 2.

Hence &7 c (W™ ™(Y*))*c.&’. It is enough to prove (a). M(X,Y)c
M(Y* X*). Let {0i}rerc M(Y*, X*) defining I"'e[Y*, X*]. By Lemma
4.2, there exists e [W™(Y*), W ™(X*)]. It is easy to check that
{0heer € M((W™(X*))*(W-™(Y™*))*) defining I"* e [(W~™(X*))* (W ™(Y*))*].
F**e [((W™Y*)**, (W ™(X*)**] and **f =Tf Vfe W™Y*). Hence
{Odrene M(W—™(Y*), W™™(X*)) defining I'e[W ™(Y*), W ™(X*)] and
IT|| £ |IT]l. (Refer Lemma 4.3.f for symbols —, (—)).

COROLLARY 4.1. Let Xe # (m) and Cl(, X*) = X*. Then for
0<0<],15q=s

(i) M(X)cM(W™A(X)NM(W™X)cM(W™X), W™A(X))s,o)

(i) UM(X)cUM(W™(X)N UM(W™™(X))c UM(W™X), W™(X))s,,).

ProOOF. Apply Lemma 4.5 and Theorem 3.2.23, [13, p. 180].

LEMMA 4.6. (a) Suppose Ze F (m, d), for some 6 > 0. Then
Q) {vste M(Z, Z;) c M(Z*, Z*) c M(W—™(Z%), W—™(Z*)),
{Vio} € MIW™Y(Z2,), W™™Z™))
2 (W™Z%))s = W™Z")
®) W™z%) = (W™Z")-
(b) If, in addition Z is reflexive then
1) (W™(Z)); = (W™(Z2%))*
2) {(v.;}e M(E, E,) VEe Y(m, 0, Z)
(3) WmAZ%) = (W™AZ*))-,
4) UM(Z)cUM(E_,)
where E = any ome of Z*, W—™(Z*), W™%Z*), (W™™(Z*), W™(Z*))s.,

Proor. (a) (1) Follows from Lemma 4.5 and by similar steps as in
the proof of Lemma 4.3 (f).

2 wm™~zZ*c W"‘(Z_*,) For fe W—™(Z*) with f= ZDf,, fie Z*,
0<j=m, let g)(f) = Z Dizs'fye W™(Z%); f = ¢ + Gulgi(f)) with g e 4,
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7z’ f=9:f)e W ™(Z%). Thus, W=™(Z*)(W~™(Z2%));. For fe(W="(Z%)),
Z°'fe W™Z*%). ByQ), f=¢;,+ G(Z’f)e W ™Z*) with ¢,e 4. Thus
(W—™(Z%)), c W—™(Z™).

B (W™™Z*))-s = (W™(Z2%))s)-s = W™(Z2,).

(b) 1) If Z is reflexive, so are W™Z) and (W™%Z));. Hence

(W™AZ))s= (W™ Z)):]** = (W™Z)))*)* = (W™™(Z™))-)* = (W™(Z2,))*.

(2) Follows from Lemma 4.5 by letting X = Z, Y = Z;, and X = Z*,
Y = Z*, and by Theorem 3.2.23, in [13] and by Lemma 4.4.

) WmAZz)=(W=™(Z))* = (W™™(2));)* = (W ™Z))%; = (W™Z™))-s.

(4) Let{0u}ren€ M(Z*)defining I" e [Z*]. For f e Z* with f=f,+%f,
fn fie Z*. DefineI' f=TIf,+Z°I'f,. Itiseasy tocheck that {0,},.yc M(Z*)
defining I" € [Z%)], M(Z)c M(Z*;), UM(Z)< UM(Z*;). The rest follows from
Lemma 4.5, Lemma 4.4 and from [13, Theorem 3.3.23].

Using the definition of M(X,Y) we like to give a simple characteri-
zation of elements of M(X,, X) for a Banach subspace X of .o’ and 6 > 0.

Indeed, for {v,} e M(X;, X) defining "¢ [X,, X]. We have, for every
feX, G;feX; and hence I'(G;f)e X. Thus {vWis}ren€ M(X) defining
I'G;e [X] with [|I'G,|lxy = || I'|lix,,x(C + [|Gsllixy) (C an independent con-
stant). This gives v, = 0\, (ke N, k # 4, +--, ¢;) for some {d,}e M(X)
with [[{0Hxco = Cil{Villlsexs 0.  Conversely, for {1,} € M(X), {7} e M(X;,X)

with [ w0 = 10 -
Thus we have proved the following:

LEMMA 4.7. Let X be a Bamnach subspace of 7" and 6 > 0. Then
(7.} e M(X,, X) if and only if there exists {n}e M(X,, X) satisfying

Ve =0\, (ke N, k #iy ++-,4).

In this case

”{’Yk}”M(X‘;,X) < e = e ll{Vlllu, o -

5. In this section we present the proofs of our main results, utilizing
the techniques developed and results obtained in §4.

ProOF OoF THEOREM 3.1. (1) Let 0 >0, Xe . (m, 0) be reflexive.
Then Y (= any one of X, X* (X, X*)s, 0<0 <1, 1<qg< o), and
Y_;e # (m) and are reflexive. Hence (1) follows from Corollary 4.1 and
Lemma 4.6(b).

(2) For Ze 7 (m), UM(Z)c UM(Z,;) since, for a multiplier type "€ [Z]
and fe Z,I(z"° f)=2/"(I"f) in .&7". Henee, || fll;,<|IT|l| fllz (f € Z). For
XeQ(m) UM(X)cUM(X™). Since Cl([{y,}],X)=X'cX*,UM(X*)cUM(X").
If E= either X or X', we have UM(X)c UM(E)c UM(E*) and UM(X)C
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UM(E)c UM(E,)c UM(E*;). The rest of the theorem follows from Lemma
4.3 (f) and by [13, Theorem 3.2.23].

ProoF oF THEOREM 3.2. Let o(z) \\0 ast—7,, Letg8>0,0>0, X,
{v.ul, I'- be as given in Theorem 3.2.
(a) The inequality ||I°.f — fllx < C.o(@)|| fllx, for every fe X, im-

plies {“’- . )l}e UM(X,, X), with
1

59
o(7) o(7)
By Lemma 4.7, for each 7, there exists {.,.} € M(X) satisfying

d1<°°-

sup

z‘ M(X3,X) ¢ [Xx5,X]

7:0”(‘;)1:7]7’“2 (ke N, k=i -, 1)

with

SUp [1{7: s}l = e sup )[{725251}"M(X5,X) <ed, < oo .

By Theorem 3.1 we have, {n.,}e UM(Z). By Lemma 4.7 we have,

for Ze Y(m, 8, X) (vesp. Q(m, 8, X)), {7'(0 ) }e UM(Z, 7), i.e. Vfe Z

HF = Fllz=Cuo(@) || fllz, For Ze Y(m, B, X), Z is reflexive and hence
Z, = Z;. We have proved (a) for Ze Y(m, 8, X). In order to prove that
{I".} satisfies Jackson-type inequality of order p(7) on Z with respect to

Z, for ZeQ(m, B, X), we have to prove that, {7—‘0’(‘;—)1}6 UM(Z,, Z)

VZeQm, g, X). Let ZeQm, g, X). V1, {7‘;’(“1_)1}GM(X) Hence, by

Theorem 3.1 {% k—l} e M(Z), defining {Fp( )I} e[Z],vz. For fe Z, there

o(7)
exists a sequence {f.} in Z; such that sup||f.llz, =2 fllz, and f,—f in
Z. This implies ve, Lefo—fo I —F 4 7 ana ||[LEL -S| <
o(z) o(z) o) iz

LD, = sl 4l = 2Cu 171

(b) Let Ze Y(m, B, X) (resp. Q(m, B, X)). By hypothesis (b), we
have: Ve X, I'.fe X, and || I".f ||z, = Clo(@) 7| fllx; i-e. [|0(DZ° I f||x <
OO flle, = Gl fllxs ice. {o(@Mv.i} e UM(X). By Theorem 3.1,
{o(\iv..} € UM(Z) i.e. p(7)||Z2°I".f||2=C.|| f || for every fe Z. By Theo-
rem 3.1, {v,.,} € M(Z) defining G,¢ [Z]. Vfe Z, p(o).f =G;[p(z)Z°I".f] +

lim sup

neP
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o) s 65 = kZ:s<f, Yoy, € 4. Hence o(0)||I.fllz, = (A + [|GelD [ fllz
feZ, A=A, - ¥y)>0. HenceVfe Z I'.f € Z, || fll2,= Culo(®) | fll 2
(¢) Let Ze Y(m,p,X) (resp. Q(m,3,X)). By (a), we have ||I".f — fll.<
Cuo(f)“f”z;r VfeZ,.
Case 1: Suppose Cl([{v,}],Z)=Z. —cZ/? is a closed operator with dense

domain Z; and range in Z. We will show that (i) Vf e Z, %——»—c’?‘/ if

in Z, (ii) there exists {J,}..r C[Z], UJ(Z)CZ,,, J.f—fin Z VfeZ

and J, and I". commute Vne P, V7. Then (c) follows by Theorem 13.4.1,
Butzer-Nessel [14, p. 502] [Ref. Berens [8]]. For feZ, let T.f =

Fz:( 3 f +¢7z’f. By uniform boundedness principle sup || 7% ||z, n < °°.
Ve P, T, = ”7’;;—)-1- + cxz};f,,—»o as 7—7,. Since Cl([{.}],Z) = Z, Banach
Steinhaus theorem implies that Vf e Z,, rf—f_, —cZ°f in Zas t— T,

o(7)
For f & .57, let Bf =3 (1-—L ) frydy. Rue [X), suplRullin<d,< o,

R,f— fin X, vfe X. (see Corollary 3.6, [16, I]). Theorem 3.1 implies
that {R,}e[Z], R, and I'. commute, ||R,|n=d, R,.f— f in Z, Vfe Z.
Case 2: Suppose Z is the dual of a Banach space F with F =

Cl([{v.}], F'), we only have to prove, for fe Z, ||I".f— f]| Z'{OO((pp((Tz?)))j» J}GGAZJ

For feZlet||I'.f — fllz = O(o(t)). Since bounded sets in Z are weakly*
compact there exists f°eZ and {7},c, such that 7,—7, as [— o,

r.f—
_—:oiz-) ! — f* as l— oo, in the weak* topology of Z. VkeN,
l

<%£'“l"k> = (711(1) ><fﬂ/fk> {9y =L —¢Z°fyiy. Hence Z7°f =

—-l—f"e Z; i.e. fe Z,cZ,. If big O is replaced by small o, then Z°f = 0,
c
ie. fed.

PROOF OF THEOREM 3.3. Let s, P such that 3} |n [0 < M, < oo,
k=0
A0

(a) Suppose, Yk, ne N, || Z *Dyr .|| < Mi(| N |*F), (s € P, independet of
mkeN). Letge 7. D¢ = 3,<4, ywpDyue C=(I). VkeN,[|Z*Dg|l. =

S Ko 12 Dl S M, 5 oSl el S MM S o) feest e
co. Hence Z'*D¢ e L¥(I), Vke N. Since D¢, ¥, € domain of Z/* in L*(I),
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Vn, ke N, we have {Z*D¢, +,> = {D¢, Z *.>, (k, ne N). Hence D¢c .o,
by definition of .o [see [37], p. 252] Let {;zs,,,},,e,v be a sequence in &7
such that ¢,,——>¢ in 7. Let ¢, = Za,, W ¢ = Zak«/rk Since ¢, — ¢ in .7
Vie N, Z s — G Ml —0 as m— oo VIEN, |2 (D¢, — Dg)|lre =

kZ;.OIan,k — | |1Z? D’\”k”mm = M1Mo{kz=:0lan,k — ] |)\«k|2(’+l+’°)} " —0 as n— oo,
Hence D¢,— D¢ in % as n— co. This proves that the mappings
D: &« — &, D: &' — &' are continuous.

(b) Let Vke N, 0 <k < m, || D*,|lxnze < M|\, |, (s, € P depending
only on k; M,, M, constants >0). For ¢e .o, || D*¢|lxnx < Z [<g, dr.>| %
1D, | xnee < MM, |17+ ||a < c0, 0 < k < m. Thus (~1FD* o7 — X,
(—1)!D*: o — X* are continuous. Hence (b) follows.

(d) By steps similar to those in the proof of (b), we can show,
|Z o D¥g|| 3 0 x+ < Const || Z *k-ko 0] |12y, 0 Sk <m. Thus, (—1)* % »Dk: o7 —X,
(—1)})z*DF:. o — X* are continuous. Hence DfZ/*: X + X* — 7',
0 =<k < m is continuous.

(e) (i) Ve .7, ||¢llxnx = Const [[¢||xny = Const || Z/**9¢ |12y < oo.

This gives . cXnY. Since Cl(z(),X)=X,Cl(=z),Y) =Y, we get
Cl(r, X) = X, 07, Y) =Y = X +- X*CY* + X*Cur’. Let || |lxnr <

B, [\4|? B,>0. Then ”D’Wn”XnX~<ZIC”HW%QHXHX*<BCC',7\' |12, Dy, =
Z CyDy,,. This gives || D*,|lxnx- = O(N,|2t0%24%), By similar arguments
HD Vullznzs = O(IN, %), s, € P, depending only on ke N. Hence WX+
X*)yc.7" vie P by (b). Vk, ne N, we can wrlte D, = ZC,, Vnk,q Where
N, € P,depending only on k,C}, constants, with Z, [Cr,.l= O(l)\: |2F), sup [)» |=
O(INn|®); d,,, e,,e P depending only on k. ThlS implies, for g > 0 lce P,
Z P D*y, = Z Cin “/’n koo |2 P D"y | xnxe = O(IN,*%#) With s, 5=d,+e(8+ ).

Hence by (d), W™X* + X_p) ..
(ii) The map T W™(X)—» X x X X -+» Xx X=F given by Tf =
m+1) times
(£.Df, D*f,--,D"f)e E for fe W™(X), is an isometry. T*:X* x X*x

(m+1)

X X* = E*—(W™X))* is onto by Hahn Banach theorem. Suppose, for

—_—
times

some n,€ N, +,, ¢ W™(X). Since & c W™(X), there exists 2’ e (W™(X))*
with (', ¥, > # 0, (', ¢) =0, Vge W™(X). Since T* is onto, #’' =
T*(4, 44y +++y 4w) With £,€ X*, 0 <7 < m. Define v = Z( 1y Diz;. Now

ve WX, <0,8) = (3,(~ /D%, 6) = 3} ¢4 D'y = G a1 T =
' ¢ =0 Vée 2(I), v=0 in W‘"’(X*)CJV' Hence {v, ) = 0 ke N.
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But <v, a) = (2 (=10 D%, thag) = 3o Da) = i+, 4a), Ty =
47y Arugy # 0. This leads to contradlctlon Hence +,c W™(X) ¥ne N.
& C W™(X) since, for ge .7, ¢, = Z {$, yidve W™A(X), ¢,— ¢ as n—

co in W™(X)-norm and W™°(X) is norm closed subset of W™(X). Since
() c . cWm(X), Cl(.7, Wm(X)) = W™°(X). This implies Cl([{y.}],
wWm(X)) = W™ (X).

6. Applications. In this section we illustrate our main results of
this paper by means of classical summability methods and classical or-
thonormal functions.

6.1. First of all we give examples of spaces Xe . & (m, ) or Q(m)
meP, 0 >0. Suppose VfeL'(I)+ L(I), D*fe. ', 0 <k <m, and
& cL'(I)n L=(I). Then Cl([{y~.}], X) = X where X = any one of L*(I),
1 <p<oworCyl). Foro>0, meP,let P, ; denote the set {p|l < p < o,
(Visteen € M(LP), Vfe (L2, + L?;), D*fe.sv’, 0 <k <m}. Then VpelP,,
L?e Z# (m, d) and L* is reflexive. L'(I), C(I)eQ(m) and Q(m, d, L')D

U Y(m,é, L*); Y(m, o, L)D{L(I)|p <q=p'} (pe Pp,;). Here C(I)= C(I)

_per,ﬁ
if I is finite interval.

For a Banach subspace X of $/(R) let X~ = the set of fe &, such
that, f = distributional Fourier transform of some g, X. X~ is a Banach
space under the norm || f||x~ =|lglx; (X7)*=(X*Y"if CI(&Z(R),X)=X. For
I=R,meP, 0>0,1<p<, L”" e F(m,0d) and L>" is reflexive. (L'(R))",
(Cy(R))" e Q(m) Yme P. For more details about L*" spaces see Katznelson
[22]. L*»Y(R)e # (m,0) meP, 6 >0,1<p <o, 1< q< oo,

6.2. Examples of Multiplier Operators. Here we like to give ex-
amples of multiplier type approximation processes satisfying Jackson and
Bernstein tpye inequalities on a Banach subspace of .o7’. Let ¢,(v) = any
one of the functions 7, .(v) ¢ =1, w;(v), Cs(v), 6 > 0, v = 0, where r,; (V) =

A—-v)ifosvl 1 2
S =, 0w = Ty Then a), i), T
are quasi convex Cy(0, «) functions. [see [14]]. Let Ze .# (m, d) be re-
» k

_ J <
3 (1= K v, <
Cllfllz (feZ, C independent of m). Let N, =(k + b s>0, b=0.
om) =27 =M+ 1+ b7, Let v,;, = g,;( Ny > Then by a result of

n+1

Trebels [30, Theorem 3.9, p. 30] [also ref. [16,I]] we obtain {v, ,.}, {lx 7:/_'_‘(," "},
n+1

{0:(MINE* Vs i} kenmer € UM(Z). This implies that if I, f ~k€§;)7,,,,,k< Iy vt

(feZ) then {I,},.pC[Z] satisfies both Jackson and Bernstein-type in-

flexive space (resp. Ze @Q(m)) me P. Let
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equalities on Z with respect to Z, of order p,(n). Further %‘—»cm
s(n

(n— ) Vfixed ke N (¢ a constant = 0). Hence, using the results of
[17, 18] and those of this paper, one can obtain saturation and inverse
results for various {I",} as given above.

6.3. Finally, let us give examples of orthonormal functions {v,}, cor-
responding spaces ., %77, in terms of classical orthonormal functions.

Let 0.(f) = 5 (1 = k/(n + DS, ¥v (fe &7, me P).
I. Hermite functions: I = (—o, ), X = any one of LP(— oo, ),
1<p<oo or Cy—o0,0). % = et g erp . ppyge () =
dx dx

eI’ H, () . _ . . _

m, ne N, with H,(x) = Hermite polynomial of order n. , = 2n,
n!

neN. N =0. Hence 4 = {ce™*|ce R}, &% = & &' = . [86,387]. (i)

VF e X, supl[o.()lx < co lsce [25]], () Ly @) = —y/ T, /2T

2 11/I\'n+1’
(D) ||y llxnxe = O, (V) || Z*Dop, ||z = OOE™), ke P, (v) V&> 0,

Ve.sbken € M(X).
II. Laguerre functions (¢ =0 case): I = [0, ), X = any one of
L?[0,0), 1 <p < oo, or CJ0, ). Z = —e“’z—d—e‘”ie“/z: —aD*+D+ 2
de dx 4

1 n —)m
7 0@ =5 (ME s~ ue N () =04~ e lee R
m=0 .

(i) Vf e X, supllon(Allr <o (see [25]), (i) (o) = — 2 — 5, ule),

¥ llznze = O), | Z* Doy || 120,00 = OW*FY), ¥ > 0, {;0}en € M(X).
III. Laguerre functions (a # 0. case): I = [0, =), X = any one of
Lr[0, ), Cy[0, ), 1 < p < . Let meP. Let a>2m — 1, a, m fixed.

: . d _ d - @ o? a+1
%a —_ af2pz/2 W z, a+1__ex/2 af2 — _[: D2 D . e + ];
v dxe v x v St 4 + 4z 2
wg) =L+l ]”2 el2g=a R [{® ith {L{® re generalized
P () [F(n+a+ 0l ° e "L (x) with {Li’(v)},en are generali
Laguerre polynomials, », = n. (i) A = 0, 4 = {ex*®¢**|ce R}, (ii) Vfe X,
d (@)

sup [|0u(f) llx < o= [see [25]], (i) [l9nllanx- = Om), (i¥) oyl =

a "[ n! F(l+a+1):|”2 w1 _”‘T@F(k—l—a—l—l):l““‘ (e
2= M(n+a+1) ! P gy 0 k! I(n+a+1) L
V) | Z DY | .0 = O(MFT?), 0 S k& = my VO > 0, {V)5}ien € M(X).

IV. Legendre functions: I = (—1,1), X =any one of L*(—1,1),
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d 1 1 1
< oo —1 1. = 2 (x — —— — — —_— nXi
1<p<wor C(—-1,1). Z dw(x l)dx 4,«/r,,(:x;) «/n—l— 3 (X)

P,(x) = Legendre polynomial of degree %n. X\, = <n + %)2, A ={0}. ()

VieX, [|o.(f)]lx<co [see [4]]. (ii) ’51’;(97)=[(ng/zj[ﬁ4}_____'772_23%]¢2n—4k+a(x)-
(i) 12 Do s = 00, e P ) v, {(k + %)_”} e M(X), ke N.

V. Jacobi functions: I=(—1,1),me P. Letk>0. Letk,=kif ke P,k,=
[£] = 1 otherwise. Let a > 2(m + k) + 1, ,8 >2m+ k) +1, m kK B

all fixed. Wos=(1—8)'(L+ )}, %" = rigm et (L) (L) wlva Wt
2
w PP = 1,,2(%-‘—“) (n * B) (x—1)""™(x+1)"*™are Jacobi polynomi-
4 2=\ m \n—m
1130 () — VW, (x) h L) — 2 (n+a+1)I(B+n+1) :
ala[30]. ﬂ(x)V " "’W ere Cnl@ntatg+)I(nta+tpg+l)
Noap = [n + <gi§+_1>} . Let X =any one of L?(—1,1),1=p < o

or C(—1,1). Then, by direct computation, it can be shown that (i)
D P | xnwe = O Nn a6 18, (| 25D || xnze = ONEag)y 0 Sk S M. 8y
l.c P depending only on k. (ii) 4= {0}, (iii) If P,.s=1{p|1l <D< oo,

VfeL(=1,1), sup [|.(f)[l» < o} then (—g— 4)cPa,a,ﬁ [see [31]] and Vo>0,

(o (=281 emror . o

VI. Trigonometric functions (first form): X = any one qf L*(—m, ),

1<p<o or C(—m, 7). % —rw; i = —iD, o (X) = N =1,
X

en&z
vern’
(ne Z). 4=1{0}, |Z"Dv.|l2y = OW**Y), ke P. Vg > 0, {Vi.gheen € M(X).
Second form: I = 0,7), ZZ = —D? +,.(x) = 1/ % COS N, Ay = N4 N, = 0,
A = constants. || Z ¥ (2)]| 200 = OW*H), ke P. B> 0, {V; shien € M(X).
Third form: I=(0,7), % = — D' 4,(@) = Y 2 sinnw, A, = n* (ne N).
71

The results of this paper hold true if, instead of taking ¢ > 0 in the
Definitions 3.1-3.4 and g > 0 in the Theorems 3.1, 3.2, we take ¢ > 9, > 0,
B > 0, > 0 there, for some fixed constant d, > 0 depending only on {y,}.
In this case we can cite orthonormal functions constructed through Bessel
functions as examples.

VII. Bessel functions (First form)
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I=0,1), % = -8, = —a~*"2Dg*+"'Dg~+~"2 > —1
(@) = Y20Iulyna®) 93 ...
Jur1(Yu,n)

where J,(x) is the p¢-th order Bessel function of first kind and the y,.
denote all the positive roots of J.(y) = 0 with

0<yy.1<y#,2<yﬂ,3"';>‘m:yim n=123, .
Using the inequality JZ,(¥u.) > Bu(¥pn)™'s (B; > 0 a constant) [see Wing
k
[33, Relation 6.2]] we can prove “(%) Y = O(\¥) (ke P, s, P
x

LinL®

independent of ne P).
Wing [33] has shown that {y,} forms a Schauder basis in L?(0, 1)
1< p< o for t=—1/2 and Benedek and Panzone [7] have extended

. . 1 1
this result to —1 < ¢ < —1/2 provided ———— < p < ————. Further
Iz 2 (—¢—1/2)

T3

i 35 < oo (e P) [see Watson [32, p. 502]]. By these results we have,
n=1 y

Yy

for 6 =1 {\;®leM(X) X=L*0,1) with 1 <p< e if £>= —1/2 and

1 1 .
— << —if —1< < —1)2
p+ 32 (—¢ —1/2)
Bessel functions (Second form)
I=(0,1). Let g#£= —1/2. Let a be a real number a > |#]|.

oy = Sy = —gr2 D Dyl g2 #z

"Fn(x) = '\/_i_x_‘]#(z#,nx) n = 17 27 3’ ot

where the z,, denote all the positive roots of
2JM(2) + adu(2) =0

With 0<2,, <24, <%z --. Here J(z) = j—z(J#(z)). Also h, = [JO(2,)] -+

= 0O\¥) (ke P, s, P inde-

Linr*

[1- %}[Jﬂ(zy,n)]z. We have (L)',

& 1 1
endent of n). =

P ) Z‘lzz,n+a2—#2_2(a+#)

Further {y,} forms a Schauder basis in L?(0,1),1 < p < . See Wing [33].

These results imply that (\;}e M(L?), 1 < p < o, 6 = 1.
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