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1. Introduction. Let G be a locally compact abelian group and Γ
be the dual to G. Let 1 ̂  p ̂  oo. A function φ on Γ is called Lp-
multiplier if for every / in LP(G) there exists a function g in LP(G) such
that φf = #, where / denotes the Fourier transform of /. In this case
g will be denoted by Tφf. The set of all ZΛmultipliers will be written
by MP(Γ) and the norm of φ in MP{Γ) is defined by

\\Φ\\M,in = sup {|| Tφf\\LP{G); \\f\UG) ^ 1} .

MP{Γ) is a unitary commutative Banach algebra with the product of
pointwise multiplication. In the previous paper [3] we have proved the
following: Let Γ be a locally compact non-compact abelian group. Assume
1 <; p < 2 and Φ is a function in [—1, 1]. Then Φ(φ)eMP(Γ) for all φ
in MX(Γ) whose range is contained in [—1, 1], if and only if Φ is extended
to an entire function.

This theorem does not hold if Γ is compact, which is due to Wiener-
Levy theorem. In this paper we restrict our attension to the case when
G = Z, the integer group. The dual to Z will be denoted by T or [0, 1).
Put mP(T) = MP(T) Π C(T), where C(T) is the set of all continuous func-
tions on T. mp(T) is a closed subalgebra of MP(T).

Our main object is to prove the following

THEOREM 1. Assume 1 < q <; p < 2 and Φ is a function in [—1, 1].
Then Φ(φ) e MP(T) for all φ in Mq(T) whose range is contained in [—1, 1],
if and only if Φ is extended to an entire function.

THEOREM 2. Let 1 < p < 2 and 0 be any non-empty open set in the
real line R. Then there exists a function φ in MP(R) such that φ ̂  1
in 0 and 1/φ restricted in 0 is not contained in the restriction of MP(R)
in 0.

2. The multiplier exp iθ(ξ). In the following we put m, = 22\ j =
0, 1, 2, . Define a function in T by θ(ζ) = mj+1ξ for ζ e [mjιβ, mj1]
and = 0 outside U \mγβ, mj1].

THEOREM 3. exp 2πitθ(ζ) e Mq(T) for every 1 < q < oo and the norm
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is uniformly bounded in 1 ̂  11 | 5̂  2.

Let A be a function in R such that k{ζ) = ί k(x)e2πiξxdx e C°°(R), the

support of fe is contained in (1/4, 5/4), ίc(ξ) = 1 in (ϊ/2, 1) and ( ξίc(ζ)dζ = 0.
J—oo

Then we have

(2.1) fc(α?) = O(x"3) , k\x) = 0{x~z) as x -> oo

and

(2.2) fc(aθ = 0(1) , fc'(a>) = O(x) as x-+0 .

For non-negative integer s not of the form 2j define

k.(x) = Γ k(28ζ) exp 2τriα;ίcZf
J—oo

and

hj(x) = \ k{mjζ) exp 2πi(x — mj+1t)ζdζ .
J—oo

LEMMA 1. TFe Aαt e

( oo v 1/2

/or αK 1 ^ I ί I ̂  2 α^ώ | m | <2M, M — 1, 2, 3, , where c is α constant
not depending on t and ML).

PROOF. TO simplify the notations we put k2j = k* and prove that

(2.3) Σ ( Σ I kf(n -m)- k*(n) iψ < c

for t = 1.
Since k*(x) = mjιk{mγx — mά), we get, by (2.1) and (2.2),

[cmjz I n — Ύ]m — mj+1 \\m\
(2.4) I kUn - m) - kf(n) \ ^

(cπί I n — Ύ]m — mj+ί |~31 m \
where 0 ^ η <̂  1 and

(2.5) \mn)\s\Cm[\ , 3

[cm) I n - mj+1 | 3 .
Let Λr be a smallest integer such that 2M+1 < mN+1. Put

I(N) = {n; 2M+2 <\n\£ mN+2}

and

I(k) = {n; mk+1 < \ n \ ^ mk+2} for k > N .
X) c will be different in each occasion.
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Suppose that n e I(k). Then | n — ηm — mj+ί | <^ | n |/2 for 0 <; j < k and
> mj+2/2 for j > k + 1. Note that

(2.6) ( Σ I kf(n - m) - fcj(w) | 2 ) / ^ Σ I * ? ( " - m) - kf(n) \ .

Thus if w G I(k), by (2.4) and (2.5) the left hand side of (2.6) is bounded
by

(2.7) c Σ ^ f |m | + c Σ

Therefore

(2.8) Σ (Σl Nl/2

nelUc) \i=0

— 37m — m ί + ι I

fc + 1 co

I m I + c Σ (m73.m? + m r mj2) | m | + Σ

c I m I m^ji + c \ m\ m^ 1 + cm~^l2 <^ c \m

for k> N. If k = N, we replace the second term of (2.7) by c ΣJΆ ΣUo
min (m7\ m21 n — mj+11~3). Then we get, by the same way,

00 / 00 \ 1/2

(2.9) Σ ( Σ I k*(n - m) - fc*(w) I2) ^ c I m \ m ^ + 1 + c + cm; 8

+ 1 < c .

Therefore the left hand side of (2.3) is bounded by c + c ΣJON I w& | m^1 ^
c + c I m I m^+! < c.

To prove our lemma it remains to show

Σ I ks{n - m) - ft.(w) |2) < c , | m | < 2M ,

where the summation Σ ' r u n s o v e r a ^ s n o t °£ the form 23\ This is
proved by the similar way to the above and it will be simpler. Actually
(2.10) is given in S. Igari [2], so that we omit the proof.

PROOF OF THEOREM 3. We use the following two facts whose proof
is given, for example, in S. Igari [2].

Let H be the Hubert space of square summable sequences on non-
negative integers. Assume K # < o o . For iί-valued Lq{Z)-ίunction /={/,•}
define Γ/= {Γ,/} by (Γy/Γ(f) = Kβtftf), where Λ(ί) - Σ Γ ^ i W ^
and χ7. is the characteristic function of the interval I5 in T. Then we
have

(2.11) \\Tf\\Lq{ZiH)^Aq\\f\\Lq{z,H),
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where Aq is a constant which does not depend on the choice of {Id} and /.

For fe Lq(Z) define A{f) = μy(/)} by

Then

(2.12) A; \\f\\mz) £

where constant Aq and A" depend only on q.
Put JBΓ = (K K K •••)• Then the mapping f-+K*f of L9(^) to

Lg(Z, if) is bounded, by the argument of [2] with Lemma 1, that is,

(2.13) \\K*f\\Lq{z,H)£cq\\f\\Lq{z).

Apply (2.11) and then (2.10) to (2.13). Then we get

| | Texp2πίtθf\\L<HZ) == Aq \\ J(TexV 2πitθf) \\LQ(Z,H)

^ A'rAq \\K*f\\Lqiz>H) ^ A^Agcq \\f\\Lq{z) ,

which implies Theorem 3.

3. Proof of Theorem 1. We prove the sufficiency. The necessity is
obvious. Let 1 < q ^ p < 2. Remark that M^T) = Ax{T)(zMq{T) and
MP(T) aAp(T), where AP(T) is the set of Fourier transforms of functions
in LP(Z). Thus by the theorem of W. Rudin [7], Φ is extended to an
analytic function in a neighborhood of [—1,1]. We may assume that
φ(0) = 0 and Φ is periodic with period 1 considering Φ(sin 2πx) and
Φ(ε sin 2πx), 0 < ε < 1.

LEMMA 2. (1) (K. de Leeuw [1]) Let 1 ^ r ^ 2 and φeMr(T). If ψ
is the periodic extension of φ, then

( 3 . 1 ) I l0 l l j r r <r> = I l £ l l j r r ( * >

(2) ([1] and S. Igari [3]) If ψeMr(R) and ψ is regulated, then

(3.2) I I Ή J M * ) ^ \\f{zri)\\Mr{z)

for every e > 0. //, furthermore, ψ is continuous almost everywhere,

(3.3) HτH|j

LEMMA 3 (J.-P. Kahane and W. Rudin [5]). For a given sequence
{nj} of positive integers, there exist {vό} and {/ij of positive integers
satisfying:

(3.4) mi.βvj < -nj + μ5 < ns + μά < mφt < mii+1/2vi+1

j = 1, 2, 3, for some 0 < ί± < i2 < . Thus the sets
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S3- = {m = v3(n + μ3); \n\ <L n3)

are mutually disjoint.
For every continuous function g in T such that supp g c \J S3, we

have

(3.5) I k IU S Σ II Σ g(my«im* £ 2 \ \ g \ U .
j=i II me sj oo

LEMMA 4. For every s > 1 there is a constant c8 such that

for every real valued function φ in MX(T) satisfying \\Φ\\Mι{τ) < s

PROOF. Fix s > 1. If the lemma were false for s, there exists a
sequence {φ3} in Mt(T) such that

II Φi lk<n < 8 , range of φ c R and || Φ{φ3) \\Mp{T) > j

for j = 1,2, 3, . . . .
Let ^^ be the periodic extention of φ3- with period 1. Then by-

Lemma 2, there is ey > 0 such that

II £i(e*w) |U l ( z ) < s and || φ(ίy(eyn)) H^^, > j .

Let 7β(f) = 2A2a{ξ) - Δa{ξ), where Aa{ξ) = max (1 - | ί |/α, 0). Then
II Vβlljf̂ Λ) ^ 3 for all a > 0. Thus if % > 0 is sufficiently large and
tj(n) = Va.(n)φs(e/n)f then

(3.6) |1 in \\Ml{z) < 3s and || Φ{ψ3) \\Mp{z) > j .

Pick Uj so that 2a3 < n3. Choose v5 and μ3, and define S3 by Lemma 3.
Put X = {/eC(T);supp/cUΓ=iSy} T h e n ^ is a closed subspace of
C(Γ). If ϊ7/ = ΣΓ=i Σmβ^ ^i(n)/(m), m - v3(n + μd),

^ Σ Σ
mis-

applying Lemma 3. Since T is extended to a bounded linear functional
on C(T), there is a bounded Borel measure μ on T such that

for feX. In particular μ(m) = Ψ3(ri), m = v3(n + μ3)

Put ^(f) = $ϊzμ(ξ)e-2πiζ. Since ^ ( f ) ) = 3te

^ Γ sup
J
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Now put (Φ oφoθ)*(ζ) = [Φoφoβ(ξ + 0) + Φoφo§(ξ- 0)]/2 if ξ is not integer
and = Φ(3ΐe/i(0)) otherwise, where fog denotes the composition function
f(g(-)). Then {Φoφoθ)* is regulated. In fact put u3(ξ) = mjιχ3{ξ),
where χ3 is the characteristic function of the interval (—l/2m3, Il2m3).
Then it is not hard to prove that u3 * (Φ o φ o §)*(ξ) —> (φ o φ o θ)*(ξ) for every
£. Thus by the assumption and Lemma 2,

= \\(Φoφo9)(ζ)\\MplR) = \\Φoφoθ\\Mp{T) < oo

for every a and 6.
Choose a and 6 so that a = v3mj^Λ and b = μ3 . Then θ(a(n + &)) =

Vy(̂  + μ3) for I w I < %. Remark that θ(a(ζ + &)) has no point of discon-
tinuity in I ξ I <̂  n, . Thus φoθ(a(n + 6)) = Ψv(w) for | w | < ^ . Thus by
(3.6) and M. Riesz theorem the left hand side of (3.7) is arbitrarily large.
The contradiction implies the lemma.

LEMMA 5 ([3], cf. [7]). If p Φ 2,

sup {|| e*+ \\Mpm\ || ψ \\Mi{T) < s, range of ψ<zR}> AeBs ,

where A and B are constants independent on s.

PROOF OF THEOREM 1. If Φ(n) is the w-th Fourier coefficient of Φ,
then

Φ(n)e2πinφ = Γ Φ(x + φ)e~2πinxdx .
Jo

Taking supremum over real valued φ such that || φ \\Mίιτ) < s> w e ^ e ^
I Φ(n) I Ae2πBln]8 ^ c8+1, which proves the theorem.

4. Corollaries of Theorem 1. By the well-known argument we get
the following corollaries of Theorem 1 (cf. S. Igari [3] or Y. Katznelson
[6]).

COROLLARY 1. Assume p Φ 1, 2. Then there exists φ in MP(T) such
that φ ^ 1 on T but l/φ$Mp(T).

COROLLARY 2. If p Φ 1, 2, then the Banach algebra MP(T) is asym-
metric and not regular.

PROOF OF THEOREM 2. We may assume that 0 = (0, 1). Take φ pos-
sessing the properties of Corollary 1. Then the periodic extension φ of
φ satisfies the conditions, in fact, otherwise, l/^ χ[0)1)eΛfp(iί). Thus
l/φeMp(T) by a theorem of M. Jodeit, Jr. [4].

5. Remarks. (1) In Theorem 1 we cannot replace Mq(T) by mq{T),
if q < p < 2. In fact if φ e mq(T)
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| | φ - Fj*φ\\Mpm ^ \\φ - Fd*φ\\ lMq

9iτ) \\Φ- FJ*φ\\l

where 1/p = (1 — θ)/q + 0/2 and Fd is the Fejer kernel. Since the first
term of the right hand side is bounded by (2 || Φ\\Mqm)ι'θ a n ( i the second
term tends to zero as n —* oo, φ is approximated by polynomials. Let h
be a non-trivial homomorphism on MP(T). Then there is a point ί in Γ
such that h(ψ) = ^(ί) for all polynomials ψ. Thus the range of Gelfand
transform of Φ on the maximal ideal space of MP(T) coinsides with Φ(T).

Therefore for the continuous multipliers the possibility of Theorem
1 comes into question only if p = q.

(2) Corollary 1 does not hold for p = 1 and 2. The former case is
due to N. Wiener and the latter to 0. Toeplitz.
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