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0. Introduction. The purpose of this paper is to study bifurcation
of periodic orbits from the equilibrium for differential equation with
time delays. One of the most important results for such problems is
the Hopf bifurcation theorem. (See, for example, Chaffee [2], Hale [6],
Chow and Mallet-Paret [4].) We are interested in similar problems in
the case that there are time periodic perturbations. Such problems have
been discussed in Perello [9], Hale [8, Chapter 9], Ashkenazi [1]. Similar
problems have been encountered in the study of epidemic models [11].
Numerical studies indicate that instability may occur even if time
periodic perturbation is small. On the other hand, if there are only
autonomous perturbations, then a stable periodic solution will occur.
We will give a partial answer to these phenomena by showing how the
small parameter in Hopf’s bifurcation theorem interacts with the periodic
perturbation. Our main result (Theorem 4.1) shows how one can
determine the regions in which one of the parameters is more dominant.
We do not give a stability analysis for the periodic orbits bifurcating
from the equilibrium.

Our approach to the above is in the spirit of [3]. In fact, Hale [6]
called this the restricted unfolding approach. Here, we begin with a
specific parametrized family of bifurcation equations, (a two parameter
family of equations in this paper). Even though it may be possible to
use theorems such as Malgrange-Weierstrass Transs preparation theorem
to reduce the equations to a normal form, this may not be the best way
for the problem. In our case, we have a two-parameter family of
equations on R’ (Euclidean d-dimensional space). The normal form may
envolve a large number of parameters which may be difficult to be
identified with the original parameters. Thus, we use techniques such
as scaling and the implicit function theorem to obtain quite precise
information about the problem. The disadvantage in this approach
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(restricted unfolding) is that there is no general approach.

In order to use such techniques, we will assume that the bifurcation
equation satisfies certain generic or typical conditions. It will be clear
that these conditions will be satisfied generically in the sense of Sard’s
theorem. In fact, one could make such statements by using theorems
such as the Transversality theorem.

1. Preliminaries. Let R* be the Euclidean n-space and ¢ > 0 be
finite. Let C = C([—rz, 0], R") denote the Banach space of all continuous
functions @: [—7, 0] — R with the usual sup norm

|@| = sup {|PO)|: —z < 6 < 0}.

Letb > a. If xz:[a — 7, b) — R" is continuous, then we let z,, a <t <),
denote the element of C defined by

z(0) = x(t + 6), —T=60=0.

The following may be found in Hale [7].
Consider the linear autonomous functional differential equation

(1.1) x'(t) = L(x,) , teR

where L: C — R" is linear and continuous and “’” denotes d/dt. For each
@ e (C, it is known that there exists a unique solution x(®) of (1.1) which
satisfies the initial condition z,(®) = @ and x(®)(t) is defined for t e[—7, o).
This allows us to define for any te[0, <) a bounded linear operator
T(t):C—C by T(t)p = x,(p), pcC. Moreover, {T(t): t = 0} is a strongly
continuous semigroup of operators and for ¢ =7, T(¢) is completely con-
tinuous.

By the Riesz Representation Theorem there exists a matrix valued
function %(0): [—z, 0] - R™™, (the n X n matrices), whose elements are
of bounded variation, such that

L@) = | lanomo, eec.

Then the characteristic equation of (1.1) is given by
(1.2) det (un — S° [dn(a)]ew> ~0

where I, denotes the »n X m identity matrix. The solutions » of (1.2)
are called the characteristic roots or eigenvalues of (1.1). Each right
half space of the complex plane contains at most a finite number of
roots of Equation (1.2) and each of them has a finite multiplicity.

Let 4 be a finite set of eigenvalues of (1.1) and d be the sum of
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their multiplicities. Then it is possible to associate with 4 a unique d
dimensional subspace P = P, of C, called the generalized eigenspace of
(L.1) associated with 4, a matrix valued function @ = @,:[—z, 0] - R™®
whose columns form a basis of P, and a d X d matrix B = B, the eigen-
values of which are exactly 4, such that T(t)@ = ®e®, t = 0.

For any column vector a € R%, the solution of (1.1) with initial condi-
tion @ = @a is x,(p) = T(t)Pa = Pe®a. Furthermore, there exists a closed
subspace @ = @, of C such that

(1.3) C=PdHQ

and both P and @ are invariant under T(¢), ¢t = 0.

We shall need an explicit characterization of the projection onto @
defined by the decomposition (1.8), which can be obtained by using the
formal adjoint equation to (1.1)

1.0 y(®) =~ yt - 0ano)

where y(t) is row n-vector. For any - eC *dgC([O, 7], R~), where R™
are the row mn-vectors, there exists a unique solution y(v) of Equation
(1.4) with initial condition + at ¢ = 0 and which is defined on the interval
(—oo,7]. If we let 4 as before, there is a d-dimensional subspace
P* = P§ of C*, which is invariant with respect to the flow defined by
(1.4), called the generalized eigenspace of (1.4) associated with 4. Let
U =",1[0, 7] > R*" be a function the rows of which form a basis of
P*. We introduce the bilinear form (,): C* x C — R defined by
0 4
W, #) = 90p© — | ['vc — Olanop@d:  vect, pec,

Then (¥, @) is a nonsingular d X d matrix and hence by changing basis
if necessary we can assume that (¥, @) = I,, the d X d identity matrix.
The desired characterization of the decomposition (1.3) is given by the
following:

THEOREM 1.1. Let A be a finite set of eigenvalues of (1.1), © and
¥ bases of P= P, and Q = Q, respectively such that (¥, ®) = I,. Then
every @ € C has a unique decomposition
(1.5) p=9p"+9°, @"'=0¥,peP, ¢'=p—9pTeQ.

When this decomposition is used we say that C is decomposed by
A.
Consider now the non homogeneous functional differential equation

(1.6) @'(t) = L(w,) + f(t)
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where L is the same as before and f:[0, ) — R" is continuous. We
denote by xz(@, f) the solution of (1.6) with initial condition x(®, f) = @,
and by X(¢) the n x n matrix valued function defined on [—7, ) which
is the solution of (1.1) for ¢ = 0 and satisfies the initial condition X,
where

O —7=0<0

I, 6=0.

With this notation the variation of parameters formula for (1.6) is

X\(0) = ‘I

(L7 2(p, ) = Ty + | Tt — 9XfG)ds ¢ 20.

Let E* and E° denote the continuous projections of C onto P and
@ respectively, defined by the decomposition (1.5). Then

o9, £) = Balo, ) = T9" + | Tt — 9 X5f(s)ds

t
o, 5) = B, f) = TP + | T(t — 5)Xif(s)ds
where X7 = 0¥, X,) = o¥(0), X¢ = X, — X?.

2. The bifurcation equation. Consider the functional differential
equation

(2.1) @'(t) = (1 + a)L(x,) + ef(t, @) + 9(, x.)

where a and ¢ are assumed to be small parameters and the functions
L, f and ¢ satisfy the following conditions:

(H1) L:C— R" is linear and continuous.

(H2) The set 4 of eigenvalues of the linear problem

(2.2) x'(t) = L(zx,)

of the form 27 in/w, m integer, w > 0 fixed, is nonempty and are all
simple.

(H3) f and g are continuously differentiable map from R x C — R".

(H4) f and g map bounded sets of R x C into bounded sets of R".

(H5) f(t, #) and g(t, ) are w-periodic in ¢.

(H6) g, #) = O(|®|*) uniformly in .

Let 'd be the number of elements of 4. It is then known that
Equation (2.2) has a d dimensional subspace of w-periodic solutions of
the form

a(t) = D(0)e®'a a € R?

where @ and B are as @, and B, introduced in §1. Our purpose is to
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determine the w-periodic solutions of (2.1) for non zero values of the
parameters, which are ‘close’ to the zero solution when a = ¢ = 0.

Our assumptions insure the existence and uniqueness of a solution
z = a(p, a, ¢) of (2.1) which satisfies the initial condition 2, = ¢, e C
and that such a solution is continuously differentiable in (@, a, ¢). See
Hale [8]. We can state therefore

LEmMA 2.1. Assume that conditions (HL), (H3), (H4), (H6) are
satisfied. Then there exist ¥ >0, & > 0 and & > 0 such that if || < 7,
la] < & and |e| < &, then the solution z(®, a,€) of (2.1) is defined at
least for t in the interval [0, w].

Since the Equation (2.1) is w-periodic in ¢, the existence of an w-
periodic solution of (2.1) is equivalent to the periodicity condition

(2.3) r (P, ,8) =@.

The variation of parameters formula (1.7) for Equation (2.1) is
@0 o =Top+ | T - 9XfaL@) + efls, ) + o5, v))ds
0

where z, = z,(p, a, ¢) and T(t) is the solution operator for the linear
equation (2.2). Combining (2.3) and (2.4) the periodicity condition
becomes:

@5)  {T(@)— I} + aS"’ T(w — $)X,L(x)ds + ¢ S T(w — $)X,f(s, ©,)ds
i S T(@ — )X,g(s, x.)ds = 0

where I: C — C is the identity operator.

We view Equation (2.5) as a nonlinear equation in the Banach space
C and we will carry out a Lyapunov-Schmidt reduction to derive a
finite dimensional bifurcation equation.

We assume that C is decomposed by 4, i.e.: C = PP Q where P = P,
and Q@ = Q, are as in §1. From assumptions (H1), (H2) it follows that

P=NTw —1I), dimP=d

where N(T(w) — I) denotes the null space of T(w) — I. For a proof of
this fact see Hale [7, Lemma 22.1, p. 112]. Therefore any ¢cC can
uniquely be represented as:

@ = Qa + p° ac R, Pe@.

Taking the projection of Equation (2.5) onto P and Q respectively we
now obtain:
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P S T(® — $)XPL(z,)ds + ¢ S T(w — )XZf(s, z,)ds
+ So T(w — $)XFg(s, z,)ds = 0
(T(@) — I}9° + aS T(® — ) X2L(x,)ds + ¢ § T(w — 5)X2f (s, v.)ds

+ S T(w — $)X29(s, ©.)ds = 0
0
where
x, = z,(Pa + P4 a, ¢) .
Using the identity
Tt XT = 0¥ (0) t=0

and the fact that the restriction of T(w) —I to @ is invertible
({T(w) — I}|e is 1-1 and an iterate of T(w) is compact), the above two
equations yield:

(2.6) a S ¢~ (0) L(z,)ds + & So e PU(0)f(s, x,)ds
+ S =P (0)g(s, z,)ds = 0

@D 9%+ K| T — ) XHaLi@) + of(s, ) + o(s, v))ds = 0
where
K = ({T(w) — I}|e)™" .
Let », > 0, 7, > 0 be so that », + r, < 7 and define
B,,=f{acR%|0a|<r)}, B, ={peQ:|p|<r}, L=(=v7 for v>0.

Then by Lemma 2.1 we can view the left hand side of Equation (2.7)
as a map:

(2.8) Fla, 9% o, €): B,, X B, X I Xx I - Q
so that (2.7) reads,
(2.9) F(a, % a,e) =0 .

The mapping F' satisfies:
F(0,0,0,0)=0, (0Fop?)(0, 0, 0, 0) = identity on @ .

Therefore the Implicit Function Theorem applies and we obtain the
following
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LEMMA 2.2. There exist ¥, >0, 7, >0, @ >0, ¢ >0 and a unique
continuously differentiable function
(e, a, €): By, X Iz x I, — By,
such that
(2.10) ¢ = 57 (a, a, €)

18 a solution of (2.9) for all (a, a, €)€ By, X Iz X I+.

It is easily seen that 5#°(0, o, 0) = 0 for all aeI;.

By Lemma 2.2 we may substitute (2.10) in Equation (2.6), i.e., we set
x, = €,(Pa + S (a, e, €), , €). Then (2.6) becomes:

(2.11) aF\(a, a, €) + eFya, a, ) + Fya, a, &) =0

where

2.12) Fya, a, €) = S e W (0) Lz, (Pa + 57 (a, a, &), a, €))ds
(2.13)  Fya, @, ¢) = S e PU(0)f (s, x,(Pa + S (a, a, €), , €))ds

2.14)  Fya, a, ¢) = S e P (0)g(s, 2 Pa + S (a, @, &), a, &))ds

and Fya, a,¢): By, x Iz x I; > R* i =1, 2, 3.

(2.11) is a finite dimensional equation and is known in the literature
as the determining equation or the bifurcation equation.

The above discussion can be summarized in the following

THEOREM 2.1. Suppose that conditions (H1)-(H6) are satisfied. Then
there exist ¥, >0, r,>0, @ >0, € > 0 such that if |Pa| <7, |a| <a,
le] < € and (a, a, €) satisfies (2.11), then x(Pa + 5 (a, a, €), @, €) is an -
periodic solution of (2.1). Conversely, any w-periodic solution x(Pa+ 9% a,e)
of (2.1) with |@a|<T,, |P¢|<T,, |a|<& and |e|<E is of the above form, i.e.,
P? = 2 (a, a, €) and (a, a, €) satisfies (2.11).

We show below that in the case g(t, ) = 0, the bifurcation equation
(2.11) is defined for a in an arbitrarily large ball, provided that the
parameters « and ¢ are sufficiently small. Thus we consider the equation

(2.1a) 2'(t) = (1 + a)L(x,) + ef(t, x,) .

For this case # of Lemma 2.1 can be chosen to be arbitrarily large and
hence for any », >0, r, > 0, there exist & > 0 and & > 0 such that the
mapping (2.8) is defined and it satisfies
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F(a,0,0,0) =0, ;’Tf;(a, 0,0,0)=I|, for any acB,, .

An easy argument involving the Implicit Function Theorem shows that
Lemma 2.2 can be modified to obtain

LEMMA 2.3. For all », > 0, there exist @ >0, ¢ > 0, a neighborhood
V, of 0 in Q@ and a unique continuously differentiable function

F(a, a,¢): B, X Iz x I: -V,
such that ° = 57 (a, a, €) is a solution of Equation (2.9) for all (a, a, ¢) €
B, x Iz x Is.

Clearly ©#(a, 0, 0) = 0 for all ac B,,.
As previously, Lemma 2.3 is used to obtain the bifurcation equation

(2.15) aF\(a, a, €) + eFya, @, ) = 0

where F', and F, are given by (2.12) and (2.13). The analog of Theorem
2.1 for this case is:

THEOREM 2.2. Assume that conditions (H1)-(H5) are satisfied. Then
for all r, > 0 there exist @ > 0, € > 0, a neighborhood V, of 0in Q and
a unique continuously differentiable function 52 (a, a, €): B, X Iz X Iz -V,
such that if (a, @, €) is a solution of the bifurcation equation (2.15) with
|Pa|<r,, P V,, |a|<a and |e|<E then x(Pa+ 57 (a, a, €), @, €) is an -
periodic solution of (2.1a). Moreover any w-periodic solution x(Pa+ @, a,¢)
of (2.1a) with |9a| < 7., |a| < & and |e| < & is of the above form, i.e., P° =
S~ (a, a, €) and (a, a, €) satisfies (2.15).

For the following section we need to consider also the case a =0
and g(t, ) = 0, i.e., to look at the equation:

(2.1b) 2'(t) = L(x,) + ef(t, x,)

For this case the bifurcation equation (2.15) after a division by & be-
comes

(2.16) Fya,0,e)=0.

where F), is given by Equation (2.13).
Similarly, we have for this case the following

THEOREM 2.3. Assume that conditions (H1)-(H5) are satisfied. Then
for all r, > 0 there exist ¢ >0, a meighborhood V, of 0 in @ and a
unique continuously differentiable function 5#(a, ¢): B,, X I —V,, with
(a, 0) = 0 such that if (a, €) is a solution of the bifurcation equation
(2.16) with |Pa| < 7, and |e| < € then x(Pa + 57 (a, €), €) 18 an w-periodic
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solution of (2.1b). Moreover, any -periodic solution x(®a + ®° ) of
(2.1b) with |Pa| < 7., P*€V,, and |e| <& is of the above form, i.e.,
¢ = 57 (a, €) and (a, €) satisfies (2.16).

3. The one parameter problem. We consider in this section the
equation

(3.1 ©'(t) = L(x,) + ef(t, =) .

From the previous section we know that the bifurcation equation for this
case is Equation (2.16) which reads:

(3.2) M.(a) = S e BT (0)f (s, z,(Da + 55(a, €), €))ds = 0 .
For ¢ = 0, Equation (3.2) becomes
M(a) = SO e PUW(0)f(s, x,(Pa, 0))ds = 0
and since z,(®a, 0) = Pe*a, we get
(3.3) Ma) = g o PP (0)f(s, Pe™a)ds = 0 .

THEOREM 3.1. Assume that conditions (H1)-(H5) are satisfied. Assume
also that M(@) = 0 and det (0M/da)(@) # 0 for some @ € R:. Then for all
€ with |e| sufficiently small, Equation (3.1) has an w-periodic solution
x(e), such that x(0)(t) = @(0)e"'a.

ProOF. Let 7,>0 be such that |[9a|<7r,. Let é>0, V, and
#(a, €) be given as in Theorem 2.3. Then the mapping M.(a) is con-
tinuously differentiable for (a, ¢)e B,, X I;. From the Implicit Function
Theorem and our assumptions it follows that Equation (8.2) has a unique
solution a = a(e) defined and continuously differentiable for all ¢ with |¢|
sufficiently small and such that a(0) = @. From Theorem 2.3 it follows
then, that xz(e) = x(Pa(e) + 5#(a, €), €) is an w-periodic solution of (3.1)
and z2(0)(t) = z(@a + o7 (a, 0), 0)(t) = z(®a, 0)(t) = O(0)e’a.

We may also use topological degree to give existence theorems. Let
2 C R* be open and bounded. Suppose that f: 2 — R" is continuous and
0¢ f(02) (where 02 denotes the boundary of 2). Then the topological
degree of f with respect to 2 and 0¢ R*, deg (f, 2, 0), is defined and
integer valued. The reader is referred to Cronin [5] or Schwartz [10]
for the details.

THEOREM 3.2. Assume that conditions (H1)-(H5) are satisfied, », > 0
and deg (M, B,, 0) is defined and different from 0. Then Equation (3.1)
has at least one w-periodic solution for all ¢ with |e| sufficiently small.
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ProOF. Similarly to the previous proof, >0 such that M.(a) is a
continuously differentiable map for (a, ¢) € E,a X I-. The homotopy prop-
erty of topological degree and our assumptions imply

deg (M., B,,, 0) = deg (M, B,, 0)# 0.

Therefore Equation (3.2) has at least one solution in B, for all ¢ with
|e| sufficiently small. The conclusion of the theorem follows now from
Theorem 2.3.

REMARK. Theorem 3.2 remains true if in our assumptions we replace
ft, @) by f&, @) + fi(t, p, €) where f,(t, @, ¢) is w-periodic in ¢, continu-
ously differentiable and O(|¢).

4. The two parameter problem. In this section we consider the

equation
(4.1) a'(t) = (1 + a)L(x,) + ef(t, ) + 9(¢, @)
and we proceed by analyzing the corresponding bifurcation equation (2.11).
Expressions (2.12), (2.13), (2.14) have the following form:

Fya, a,¢) = la) + O(|a|f + |e| + |ae| + ||aa|| + [[eal])

Fyfa, a,e) =p + O(|al| + |e] + |ae| + [[aa|| + [lea]])

Fyfa, a,¢) = Q(a) + O(|a|]’ + |allla]]® + [[aea|| + |lea]l + [e]*)

where

(4.23) Ua) = S e~ W(0)L(Pe™a)ds
(4.2b) p= S P W(0)f(s, 0)ds
(4.2¢) Qa) = S e PU(0)(s, De™a)ds

and §(¢, ) contains the terms of order O(|@|*) as |@|—0 in the expansion
of g. So l(a) is linear in a, p is a constant d-vector and Q(a) is quadratic
in a. Therefore the bifurcation equation (2.11) can be written as

(4.3) ha, a, €) = Q(a) + al(a) + ep + h.o.t. =0

where h.o.t. designates higher order terms and refers to terms of order
O(lla|f + |allla|® + |leal| + |ae| + [|a*all + |&*)).

In order to determine the w-periodic solutions of (4.1) which are close
to the origin, we have to analyze according to Theorem 2.1, the solutions
of the bifurcation equation (4.3). This problem consists of studying the
simultaneous solutions of



PERIODIC SOLUTIONS AT RESONANCE 245

hi(a,ays)':oy ’£=1,2,"’,d
for (a, a, €) near the origin, where h = (hy, h,, - -+, h,) € R?*. Let
M(a, €) = {a € R*: h(a, a, &) = 0}, 1=1,2 ---,d.

Then the problem is to study the intersection of the surfaces My(a, ¢),
i=1,+--,d in R*. If for some value of the parameters, say (a*, &¢*)
these surfaces intersect transversally at a point a* € R?, i.e., h(a*,a*,e*)=0
and det [(0h/oa)(a*, a*, e*)] # 0 then we expect the same situation to hold
for (a, @, €) near (a*, a*, ¢*), and hence the same number of solutions for
(a, a, €) near (a*, a*, €*). Thus, the condition

(4.4) Wa, a*, e*) = 0 = det [(0h/da)(a, a*, )] = 0

implies that there is no bifurcation for values of the parameters near

(a*, €*). Therefore at a bifurcation point the following condition must
hold:

(4.5) ha, a, ) =0, det [(0h/0a)(a, ¢, €)] = 0 .

We shall later see that under certain conditions Equation (4.5) determines
a finite number of curves in the parameter space, emanating from the
origin, such that if the parameters cross one of these curves, then the
number of solutions changes by two.

In order to obtain the bifurcation diagram, the variables (a, @, €)
must be scaled correctly. The scaling to be used is suggested by the
following lemma:

LEMMA 4.1. Assume that

(B) If Q(a) =0 then a = 0.
Then there exists a meighborhood V of (a, a, €) = (0, 0, 0) and a constant
M > 0 such that any solution (a, a, €)€ V of Equation (4.3) satisfies the
estimate:

llell = M(la]| + [e["®) .

PROOF. Assume by contradiction that there exists a sequence of
solutions (a,, &, €,) — (0,0, 0) with |a,|/||@.|| + |€.]"*/||@.|| = 0. From
Equation (4.3) we obtain: h(a,, a,, &.)/||a.|* = Qa./|la.|) + O(a,|/||a.|| +
le /llanl® + |a.| + |la,l]). By taking a convergent subsequence we can
assume that a,/||a,|| — a, #0. We get 0 = Q(a,), contradiction to (E,).

Next we divide the (¢, @) plane into three regions. Let

Rif={, a:0=¢e=g¢, |al’ < |e|/c)}

R ={c a); —ec, e <0, |al* < |e|/c}
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R, = { a):|a] = ¢, |¢] = a|al?}

where ¢, = 0 and ¢, = 1 are constants to be determined later. (See Figure
1)

Ficure 1

By considering separate scalings for the regions R, R; and R. we
obtain a complete description of the solutions of (4.3) in a neighborhood
of the origin of the parameter space (¢, ).

We consider first the region Rf. By Lemma 4.1 we have the follow-
ing estimate: |la|l < M(la| + |e|**) < M(c;™* + 1)|e|”* < 2M|e|*®. Thus
we may scale: @ = A\b, € = A\, @ = \y. With this scaling the bifurcation
equation (4.3), after a division by \? becomes

(4.6) H(b, N, v) = Q(b) + 7I(b) + p + O(N]) = 0.

Here, » has to be bounded near 0, and v must satisfy the estimate

7] £ ;% (follows from the definition of R and v). We assume now
(B,) If QOb*) £ p = 0 then det [(0Q/2b)(d*)] + O.

Obviously, the equation

H(b,0,0)=Q0b) +p=0

has a finite number of solutions. By condition (E,), the Implicit Function
Theorem is applicable at each such solution and therefore there exists
a neighborhood of (v, A) = (0, 0) in which the number of solutions of (4.6)
is constant. This fixes the size of |\| and of |v| to be sufficiently small,
which in turn fixes the constants ¢, and ¢, ¢, = 0 and small, ¢, =1 and
sufficiently large. Then, with this choice of ¢, and ¢, there is no bifurca-
tion in the region R;.

A similar analysis holds for the region By with the following changes:
the scaling for ¢ should be now ¢ = —)\? and p should be replaced by
—p in the scaled Equation (4.6).
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The above discussion can be summarized in the following:

LEMMA 4.2. Assume that conditions (E,), (B,) are satisfied. Then
there exist comstants ¢, > 0 small, ¢, > 1 for which there is no bifurcation
wn the regioms R and Ry.

To complete our picture, we have to carry out a bifurcation analysis
for the region R,. For this region Lemma 4.1 provides us with the
following estimate: ||a||< M(|a|+ |e|"*) < M(|a|+ci*|a]) = M(1+ci?)|al.
This estimate suggests the following scaling for the region R,: a = vb,
€ = Y0, a = y.

Then the bifurcation (4.8), after a division by »? becomes:

(4.7 G®, v, ) = Q(b) + U(b) + op + O(|»|) =0 .

Here |v| must be bounded near 0 and 6 has to satisfy the estimate
|0] < ¢, (follows from the definition of R, and §) where ¢, > 1 is given
by Lemma 4.2.

If for some b* and 6* we have G(b*,0,6*)=0 and det [(0G/ob)(b*,0,06%)] 0,
then there is a unique zero b of (4.7) for every (v, d) near (0, 6*).

It is now important to note that G(b, 0, ) takes R*+' into R*. Thus
even if the inverse image of 0 for G(b, 0, 6) is a smooth curve, the above
condition may not be verified. Hence we consider the case G(b*, 0, 6*) = 0
and det[(0G/ab)(b*, 0, 0*)] = 0, i.e., b* is a nonsimple zero of Equation (4.7)
for (v, 6) = (0, 6*). We impose now the following condition on nonsimple
zeros of Equation (4.7):

(B;) If QOb*) + I(d*) + 6*p = 0 and det [(0Q/2b)(d*) + ] = 0 then the
d X d matrix (0Q/ob)(db*) + I has rank d — 1.

Assumption (E,) implies that the matrix (0G/ob)(d*, 0, 6*) has a nonzero
minor of order d — 1 and hence we can assume without loss of generality
that det [(d(G,, G,, -+, G4_))[0(b,, by, - -+, ba_))(d*, 0, 6%)] = 0. Let

G = (w,v) where u=(G, G, ---,G,_), v =Gy
b=(n{ where 7= (b,b, -+, bs), (=20,
b* = (%, C)
4, = det [o(u, v)/o(n, {)] and 4, = det [du/on] .
With this notation we have
u(n*, £ 0,0") =0, (%, {*0,0%)=0,
d,(n*, £*,0,0%) %0, 4,(n*, £*,0,0%) =0.

Thus an application of the Implicit Function Theorem to the equation
w(m, &, v, 6) = 0 shows that there exists a continuously differentiable
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function 7 = e((, v, 6) such that
(4.8) e(C*, 0, 0%) = p*, u(e(C, v, 8), ,v,0) =0
for (£, v, §) in a neighborhood of ({*, 0, 6*).
Thus, the bifurcation equation becomes:
(4.9) w(, v, 0) = v(el, v, d),Lv,0)=0

which is a one dimensional equation and has to be solved in a neighbor-
hood of the solution (, v, 6) = (£*, 0, 6*). Let

4 = det [0(u, v, 4,)/6(n, €, 9)]
and assume also that the following condition is satisfied:

(B,) If (b*, 0, 6*) is a solution of the equations G(b*, 0, 6*) = 0 and
4,(b*, 0, 0*) = 0, then 4(b*, 0, 6*) = 0. Assumption (E,) means that
G(*, 0, 5*) = 0 and 4,(b*, 0, 3*) = 0 imply 4(b*, 0, 6*) == 0.

LEMMA 4.3. Assume that condition (E,) is satisfied. Then at the
point (L, v, ) = (C*, 0, 6*) the function w satisfies:

(4.10) w = ow/oC = 0
(4.11) 0*w/oC® = 4,* det [o(u, 4))/d(n, O)] # 0
(4.12) w30 = 4;* det [3(u, v)/a(n, )] # 0 .

ProOOF. We need the following identities:
(4.13) 4, = [9v/3L — (3v/37)(@u/on) ™ (0u/00)] 4,
(4.14)  det [a(u, 4))/3(7, §)] = [94,/08 — (34,/on)(0u/0n)(du/o)] 4,
(4.15) det [0(u, v)/o(n, 0)] = [ov/oo — (dv/on)(ou/on) (0u/00)]4, .

Also
ou/00
[av/an - P
To prove (4.13) observe that by using row operations we have:
oufon au/aC] _ det l:au/av ou/o¢ ]
ovfon o0v/oC 0 ov/oC — (ov/on)(ou/on) *(0u/oC)
= [0v/L — (9v/on)(0w/on) (9u/oD)]4, .
This proves (4.13). (4.14) and (4.15) are obtained similarly. By implicit

differentiation of Equation (4.9) we get: de¢/ol = —(du/on) (0u/6C). Thus
ow/oC = (0v/01)(e/dl) + (9w/oC) = dv/oC — (dw/om)(du/on) (ow/dl) = 4,/4, by

4, = det[
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Equation (4.13). But, when (%, {, v, 6) = (9*, £*, 0, 6*) 4, = 0 and 4, = 0.
This proves (4.10). Now 0*w/0l® = 0(4,/4,)[0 = 4;%(84,/0C)4, — 4,(84,/00)]=
4704,/0C) at (9*,L*,0,0%), a(4,(e(C, v, 9), &, v, 9))/08=(34,/01)(3e¢/dC)+04,/0L =
04,/08 — (94,/om)(0u/dn)7'(0udl) = 4;* det [3(u, 4,)/0(7, {)] by (4.14).

This proves the equality in (4.11). ow/dd = (9v/on)(0e/0d) + 0v/dd =
0v/00 — (dv/on)(ow/on) H(ow/od) = 4;* det [0(u, v)/o(n, )] by (4.15), and this
proves the equality in (4.12). The inequalities in (4.11) and (4.12) follow
from condition (E,) and the identity:

(4.16) 4 = — A4Yow/odo)(0*w/oC%) at (n*, C*, 0, 6%)

which we prove now:

foujoy oujol ou/od

4 = det|{ov/oy ov[ol ov/ad

L04,/on 04,/0C 0

fou/on ou/og ou/6o

=det| 0  ov/ol—(ov/on)(ou/on) (ou/dL) 0v/od— (dv/on)(dw/on) " (0u/dd)
L 0 04,/08—(04,/0m)(ou/on) " (ou/dC) —(04,/0m)(0w/0n) ™ (0w/dd)
[ow/on ou/ot ou/0o

=det|] 0 0 45 det [0(u, v)/o(n, 0)]

0 4yt det [o(u, 4)/6(n, O] —(04,/on)(0u/om) " (0w/0d)

= — 4y det [0(u, v)/3(n, 6)] X 4, X 4;* det [0(w, 4,)[5(n, O)]

= —4;* X 4,(0w[00) X 4Y0*w[oC*) = — AYow/[0d)(0*w/[dC?) .

REMARK. Lemma 4.3 shows essentially that the curve u(z, ¢, 0, 6*)=0
and the surface v(7, ¢, 0, 6*) = 0 intersect transversally with respect to
the parameter ¢ at the point (*, {*). (See Figure 2.)

0 < o* § = 0% &> o*
FIGURE 2

We are ready now for our main theorem:
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THEOREM 4.1. Assume that the two parameter bifurcation equation
(4.8) satisfies conditions (E,)-(E,). Then there exist a finite number of
curves of the form & ~ a%* as @ — 0 on which bifurcation takes place
and the bifurcating solution 1is given approximately by a = vb* where
(b*, 6*) are stmultaneous solutions of

(4.172) Q(b*) + I(d*) + 8*p = 0
(4.17b) det [(0Q/ab)(b*) + 1] = 0 .

Each such curve corresponds to a different value of 6* and as one crosses
the curve from left to right two solutions appear if 4(b*, 0, 6*) > 0 or
they disappear if 4(b*, 0, 6*) < 0.

PROOF. We have seen that in order to have bifurcation at a point
(b, v, 0) near (b*, 0, 6*) it is necessary that equations (4.17a) and (4.17b) be
satisfied simultaneously. Since p # 0 we can use one of the equations
in (4.17a), to eliminate ¢6* from the remaining d — 1 ones. Together
with (4.17b) we obtain then a system of d quadratic equations in b* =
(b¥, bF, ---,b¥). By a theorem of Bezout such a system can have at
most 2¢ solutions, hence only a finite number of 6* have to be considered.
The scaling of region R, implies that bifurcation can occur only on the
curves € ~ a*%*.

Let (8%, 0, 6*) = (n*, C*, 0, 6*) be a solution of (4.17a) and (4.17b). By
Lemma 4.3 we can solve the system (ow/00)(&, v, d) =0 as { = By, 9),
B0, 6*) = C*, (ow/dl)(B(v, 9), v, 6) = 0. It follows that for all (v, d) close
to (0, 6*), £ = B(v, 9) is a critical point of w near {*. This critical point
is maximum if det [0(u,4,)/0(9,{)]<0 and a minimum if det [6(u,4,)/0(,{)]>0.
Let Z(v, 6) = w(B(», 0), v, 6) be the value of w at this critical point.
If the critical point is a minimum and Z(y, 0)<0 then the bifurcation
equation has exactly two solutions near {*, and if Z(v, 6) > 0 there are
no solution near {*. Hence, in the parameter space (v, d), bifurcation
oceurs when

(4.18) Z(, 8) = 0.

Sinece Z(0, 6*) = 0, (0Z/35)(0, 6*) = (0w/25)(0, 6*) = 0 we can solve Equation
(4.18) as 0 = v(v), ¥(0) = 6*, Z(y, v(v)) = 0, and for é = v(v) bifurcation
occurs at the critical point b = e(8(v, 9), v, 9), B, d), v,0) = (3), 4(0) = b*.
The direction of bifurcation is determined as follows: If 4(b%, 0, 6*) > 0
then 0*w/ol* and ow/06 have opposite signs at ({* 0, 6*). Suppose that
*w/ol* > 0 and ow/dd < 0. Then the critical point is a minimum and
Z < 0 when 0 — v(v) > 0. This means that bifurcation of two solutions
from (b*, 0, 6*) occurs when » > 0 and this in turn means by our scaling,
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crossing the bifurcation curve ¢ = a?* from left to right. The re-
maining possibilities are dealt with similarly.

5. Examples.

ExAMPLE 1. Consider the f.d.e.

(5.1) 2'(t) = —(w/2)x(t — 1) + e(x*(t — 1) — 1) sin (nt/2) .
The various quantities associated with the linear equation
(5.2) 2'(t) = —(w/2)x(t — 1)

were computed in Hale [7, p. 116] and they are: 4 = {m¢/2, —7i/2}; thus
®=4 and d =2; @ = {p, ®,} = {sin (76/2), cos (70/2)}, —1 <60, is a
basis of the periodic solutions of period 4 of (5.2);

[o —n/ZJ
B = ;
/2 0

7 WW _ [ 24(sin (ms/2) + (w/2) cos (7s/2)) J
N Ler N 21— (7 /2) sin (7s/2) + cos (7s/2))
where ¢ = 1/(1 + =%/4).
Equation (5.1) is of the form (3.1) with f(¢, #) = (9 (—1) — 1) sin (x¢t/2).
A series of easy but tedious computations, show that the bifurcation
equation (3.3) for our example is:

M{al} _ 2#[—2 + ai/2 — ma,a,/2 + 3a§/2] _ [0] .

a, T — wai/d — a0, — 3mwai/4 0

0<s=s1

The solutions of this equation are the intersection of the two ellipses
M(a)=01i=1, 2 and they are: a¥=(2/V"3, 0); a®=(0, 2); a®=(—2/1V"3, 0);
a* = (0, —2). (See Figure 3.)

+ a(ﬁ)

a(S) a(l)

a“)

FIGURE 3
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det [0M(a)/oa]=2¢ det [al— Ta,/2 —(ra,/2)+3a,

—(ma,/2)—a, —a,—387a,/2 |

Thus det [0M(a)/da] + 0 at the intersection points and so Theorem 3.1
applies. We obtain 4 periodic solutions of period 4, z¥(e)(t), 1 <7 < 4,
for every ¢ with |¢| sufficiently small such that z®(0)(t) = (2/v"3 ) sin (xt/2),
£2(0)(t) = 2 cos (nt/2), x®(0)(t)= (—2/V ) sin (xt/2), ¥ (0)(t)= —2 cos (t/2).

ExAMPLE 2. Consider the f.d.e.
(5.3) 2'(t) = —(zw/2)x(t — 1) + e{x®E)x(t — 1) cos (7t/2) + O(|e|)} .
The corresponding bifurcation equation is given by

M[ aﬂ _ [~(a{ + wala, + wa,a; — a;/2}
@] K Tal/d — ala, — a0} — mal/d |

= 2p(1+7°/4)(Bai—a?) .

Consider the polynomials:

ax)=2"+7n*+ 10— 1, Bx) = wat/d — * — x — w/4 .
The roots of @ are: a, ~ —8.43, a, ~ 0.29, &, = i, a, = —1i. The roots of
B are: B, ~ —0.55, 3,=~182, B=1, Bs= —i. Thus @, < B < A, < B,
Therefore it follows from Cronin [5, p. 40] that deg (M, B,0) = —2+#0
where B is a ball in R* with center O. It follows from Theorem 3.2

that Equation (5.8) has at least one periodic solution of period 4 for all
¢ with |e| sufficiently small.

ExaMPLE 3. Consider the equation
(5.4) «'(t) = (@ —w/2)x(t — 1) + ¢ sin (wt/2) + z*(t — 1) sin (wt/2) + h.o.t =0 .

The corresponding bifurcation equation is:

22 — 2 + 3a%/2 2 [— 27 a,
[ aif a,a,/2 + 3a’/ ]_{ﬂg j]—*_al» T ][a:lq—h.o.t.:O
—nai/4 — a,a, — 3mai/d | —7 -2 —7r a,
which is of the form (4.3) with
a}/2 — mwa,a,/2 + 3ai/2 (2 7 -7 27
Qa) = \ R ‘ s l = .
—7rai/d — a,a, — 3mwai/d | — | —2 —nJ
To apply Theorem 4.1 we have to check first that conditions (E,)-(E,) are
satisfied. (E,) is easy. To verify (E,) we have to solve first the system
QM) = » =0. That is

bi2 — wh,b,/2 + 3b32 =2 =0
—nbi/4 — bb, — 3wbif4 = (—7) =0.
From Example 1 we know that this system with the + sign has no
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real solutions and with the — sign it has exactly 4 solutions and
det [0Q/0b] = 0 at each solution. This shows that (E,) is satisfied and
furthermore it shows by the analysis done in §4 that in the region Ry
there are 4 solutions, while in the region R there are none. (See
Figure 4.)

To verify conditions (E,), (E,) we have first to solve simultaneously
the system Q(b) + Ib + ép = 0, det [0Q/ob(b) + I] = 0, that is

b2/2 — 1bby/2 + 3b3/2 — b, + 2b, + 20 = 0
_7b}/4 — by, — 37bi/4 — 2b, — wh, — 7 = 0
4, = —bif4 + 3634+ 2b, +1=0.

The solutions are

b, 0 b, 0
b, |=|—2| and b, | =] —2/3
0 -1 0 1/3
Thus, at first order the bifurcation curves are:
(5.5) e~ —a* as a—0
(5.6) e~al8 as a—0.

It is an easy matter to check that [((0Q/0b) + 1)] has rank 1 when evaluated
at the solutions above. Thus (E,) is satisfied. The direction of bifurca-
tion is determined by 4:

b, — wh,/2 — T —7bh,/2 + 3b, + 2 2
4=4det] —n/2—b,—2 —b —37/2—TT —=x
—b,/2 3b,/2 + 2 0

= —(1 + 7*/4)(3b% + b}) — (10 + 5z*/2)b, — 8 — 27 .

On the curve (5.5) 4 = 0 and on the curve (5.6) 4 < 0. Thus by Theorem
4.1, one pair of solutions disappear as we cross the bifurcation curve (5.6)
from left to right. (See Figure 4.) Theorem 4.1 does not give us in-
formation on the direction of bifurcation along the curve ¢ = —a’.
However this can be obtained as follows: The number of solutions in
each of the regions ., ..., &, is constant. Therefore in the region
%, there are 4 solutions, in the region .22 no solutions. Since there is
a loss of two solutions when crossing the curve ¢ = a*3 from left to
right it follows that there are two solutions in the regions ., ..
Since there are 4 solutions in .2, it follows that there is a loss of two
solutions when crossing the curve ¢ = —a? from left to right.
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Bifurcation diagram
%, = Region of no solutions
Gy, #y = Region of 2 solutions
% = Region of 4 solutions

FIGURE 4
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