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Introduction. In this paper we extend the result of Bundschuh and
Wylegala [4].

Let f(z) = S5, a(k)z*™ be a power series, where the a(k) (k = 0) are
non-zero algebraic numbers and where the e(k) (k = 0) form an increasing
sequence of non-negative integers. We denote by A(f, ») the maximum
of the [a(k)| (0 < k < n), where for any k (0 < k < n) the [a(k)| is the
maximum of the absolute values of the conjugates of a(k). We denote
by M(f, n) is the least positive integer d such that d-a(k) Ok =< n)
are all algebraic integers, and by S(f, n) is the degree of Q(a(k); 0 < k < n)
over Q. In [4], Bundschuh and Wylegala proved that f(a,), ---, fla,.) are
algebraically independent for any algebraic numbers «,, ---, @, with 0 <
lay| < -+ <la,| < R(f), if the condition

132 S(f, n)(e(n) + log A(f, ) + log M(f, n))/e(n + 1) =0

is satisfied. In §1, we extend this result as follows. Let f,(2) =
S, ali, k)z2“® 1<i1<m) be gap series, where the a(?, k) 1 <1< m,
k=0) are non-zero algebraic numbers and where for any 7 (1 <7 < m)
the e(t, k) (k = 0) form an increasing sequence of non-negative integers,
and let a; (1 £ < m) be algebraic numbers with 0 < |a;| < R(f,). We
put A(n) = max{A(f, n); L =1 =m}, M(n) = Le.m.{M(f, n); 1 <7 < m},
S(n) =[Qa@, k); 1=it=<m, 0=k =n):Q], E(n) =max{e(t, n), 1 <1 < m},
e(n) = min{e(?, n); 1 £1 < m}. Then we have the following.

THEOREM. fi(a@,), -, fulatm) are algebraically independent if the fol-
lowing two conditions are satisfied:

(i) lim,.. S(n)(E(n) + log A(n) + log M(n))/e(n + 1) = 0;

(i) |a@ + 1, m)aili ™| = o(|a(®, n)a;*™|) as n— o 11 < m —1).

Our proof of this result is closely related to the proof of the result
of Shiokawa [16].

For example, put f(z) = >, 2. Let a; (1 <j<m) be algebraic
numbers satisfying 0 <|a,|<---<|a,| <1. Then the numbers f“(a;)
011, 1 <7< m) are algebraically independent.
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In §1, we obtain another sufficient condition for the algebraic in-
dependence of given numbers.

For example, it will be proved that the m continued fractions ¢, =
[74, 4, 4%, .-.] @ <1 < m + 1) are algebraically independent.

In §2, we prove a result concerning the algebraic independence of
special values fi(a,), -+, (@), f+1(&), -+, fr+a(&r), Where fi(z) 1=i<p+q)
are gap series with algebraic coefficients, a; (1 <7 < p) are algebraic
numbers and & (1 < j =<q) are transcendental numbers with certain
conditions. This result contains a generalization of the theorem of
Cijsouw and Tijdeman [5].

The author would like to express his gratitude to Professor Y. Morita
for his precious advice. Thanks are due to the referee who gave the
author valuable comments and pointed out the existence of [17] and [18].

NoTATION. For any power series f(z) = Dii., ci2*, we denote by R(f)
the radius of convergence of f(z).

For any polynomial A(X) = A(X,, ---, X,,) with arbitrary complex
coefficients, we denote by H(A(X)) the maximum of the absolute value
of the coefficients of A(X) and by L(A(X)) the sum of the absolute
values of the coefficients of A(X). We put 4(A(X)) = 2¥L(A(X)), where
M is the total degree of A(X).

For any algebraic number a with minimal polynomial P(X), we put
H(a) = HP(X)), L(a) = L(P(X)), deg(a) = the degree of P(X), |a| =
max{|B|; P(8) = 0}. Further, for any algebraic number a, (1 <t < m),
we denote by den(a,, ---, a,) the least positive integer d such that da,
(1 £%¢<m) are all algebraic integers, and for any algebraic number «

we put size(a) = max{log den(a), log [a|}.

1. Algebraic independence of special values of gap series (I). In
this section, we prove two theorems on the algebraic independence of
certain numbers.

We need the following two lemmas.

LEMMA 1 (Cijsouw and Tijdeman [5]). Let a be an algebraic number
such that H(a) = h, deg(a) = n and den(a) = d. Then we have

k < 2d-max(l, [a])" .

LEMMA 2 (Giiting [10]). Let A(X) = A(X,, +-+, X,,) be a polynomial
of degrees N(i) in X, (1 <1 < m) with rational integral coefficients and
with L(A(X))=q. Let a;(1<1=<m) be algebraic numbers with deg(a,)=mn(%)
and L(a;) = q(t), and let s = [Q(ay, + -+, ,): Q]l. Then Aley, +++, ) =0 or

Ay, + -+, an)| = q(g-q)Y@mY - - g(m)¥m/mim)=
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Let fi(2) = D5, a0, k)22 1 <1 < m) be power series, where the
a(, k) 1 =<i1=<m,k =0) are non-zero algebraic numbers and where for
any 1 (1 <1< m) the e(t, k) (k=0) form an increasing sequence of non-
negative integers. We prove the following:

THEOREM 1. Let a,(1 <t < m) be algebraic numbers with 0 < |a;| <
R(f). Then fi(a), ---, fo(an) are algebraically independent over Q if
the following two conditions are satisfied:

(i) lim,.. S(n)(E(n)+log A(n) + log M(n))/e(n +1) =0, where A(n) =
max{ja(, k)|; 1Zi<m, 0=k < n}, M(n)=den{a(z, k); 1=1=m, 0=k < n},
Sn) = [Qa(i, k); 1<i1<m, 0=k =n):Q], E(n) =max{e(t, n); 1 <1 < m}
and e(n) = min{e(z, n); 1 <1 < m};

(i) |a@ + 1, n)aii ™| = o(la(@, n)a;"™ | as n— o0 A1 m — 1).

PrOOF. Suppose n,=fi(a), * -+, Yu=Sn(a,) are algebraically dependent.
There is a non-zero polynomial P(X,, ---, X,) with rational integral
coefficients satisfying P, -+, 7,) = 0. We may assume P(X,, ---, X,)

has the least total degree. Put p = min{s; X, is actually contained in
PX, ---, X,)} (hence P(X, .-+, X,) = P(X,, -+, X,,) is a function of
X,, -+, X,), and put 9,, = i, a(, k)a? 1 <1< m, n=1).
We denote by ¢, ¢, - positive constants which are independent of =.
By the assumption on P(X,, ---, X,,) and the condition (ii), we have
| PMp,nt1s ** s Dmint) — POprmy ** %5 D) |
Z ¢ la(p, n + Dag'>" | — o(|a(p, n + Dag'»**™[) > 0
as n—oco, Hence P®,. ***y Omn) 0 OF PMpnisy ** %y Ymnsr) 0 for n> 0.
Now let n be any suffix with P®,., ***, Ym.) #0. We obtain the in-
equality

(1) [Py =5 Nmn) | = €xp{—0c,S(n)(E(n) + log A(n) + log M(n))}

by Lemmas 1 and 2. On the other hand, we can obtain the inequality
(2) [PMp =+ DY) — PMpyny =+ *, Pmn)| = €xp{—coe(n + 1)} for = >0.

We deduce from (1) and (2) V

POy =3 D) | Z 1 P0pny + 3 D) | — [Py =223 D) — Py =y )| >0
as m— oo, This is a contradiction, and therefore the theorem is proved.

COROLLARY. Let f(z) = D= 2*, and let a; 1 < j<m) be m algebraic
numbers such that 0 < |a,| <|a,_.| <+ <|a| <1, and let p be any
natural number. Then the m(p +1) numbers f(a,), 0<i<p, 1=<j7<m)
are algebraically independent over Q, where f“(z) is the i-th derived

Sfunction of f(z).
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Proor. Put
(@) = 5 (@deyz> " = Siali, kP 0Si<p).
=0 =0

Then fi(z) — f*(2) (0 <7 < p) are polynomials with rational integral co-
efficients. Hence it is enough to prove that fi(a;) 0<i=<p, 1<j=<m)
are algebraically independent. We can easily show that these functions
fiz) (0 £1 < p) satisfy the condition (i) of Theorem 1. We can also
show that

la(, n)a;*" | = o(la@@ + 1, n)ai"**™|)  (0=1=p) and
la(p, mai%™ | = o(la(0, n)a; ™) (A1 =j=m—1)
as n— oo, From these relations we obtain the required result.

Note that the number 7, = f,(a,) is the limit of the algebraic numbers
Nin = Dib=o (L, K)as'™® (n = 1). We may regard the conditions (i) and (ii)
of Theorem 1 as conditions on the pairs (9, (D, n=1}) A <1< m).
Then we can apply the method of the proof of Theorem 1 to prove the
following:

THEOREM 2. Let & (1 <1< m) be the limits of the numbers a, ,(n =1):
lim,..a;,=¢&. Then &, ---,¢&, are algebraically independent if the fol-
lowing conditions (i), (ii), (iii) or (i), (ii), (iii)’ are satisfied:

(i) a;, are algebraic numbers satisfying o, # ;. ONA & # Oy
1i=m, n=1);

(ii) S(n)-max{l, size(a,,), * -, size(a, )} = o(min{—log |, — a, .|, - - -,
—loglé, — nnl}) as m— oo, where S(n) = [Q(atyn ** ) An,a): Q5

(i) [ @urner = Augrnl = 0( Qi — @u]) A ST =m — 1) as n—eo

(i) Put S, n) = [Q(a,,,): Q], S(, n) = [Q@1ny * ) Xin): Q@1+ +s
o)) @=1=<m). Then lim,_ .S, n) =+ (1=t < m).

ProOF. We can prove this theorem in the same way as Theorem 1.
Suppose that ¢, ---, &, are algebraically dependent. Then we can take
a non-zero polynomial P(X,, ---, X,) with rational integral coefficients
satisfying P(g,, - -+, &) = 0. Then we can obtain
(3)  [Platyny **+) Am,n) | Z exp{—c,S(n) -max(l, size(a, ,), -+, size(@n,.)}}
and
(4) ]P(Em"'!5m)-P(ap,m"'9am,n)|

= exp{—c,-min{—log|¢, — a, .|, -+, —log|én — nu |}

for infinitely many n, where ¢, and ¢, are the constants which are in-
dependent of n. From (3), (4) and (ii), we obtain P(g,, -+, &,) # 0. This
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is a contradiction, and therefore the theorem is proved.

COROLLARY. Let & =[G, Qipy***) Qsny ] A =T < m) be m continued
Sfractions, where the a,, are all positive integers. We denote by «;, =
Dinldi, A =<1=<m, n=1) the n-th principal convergents of &. Then
the numbers &, -« -, &, are algebraically independent if the following two
conditions are satisfied:

(ii)" 10g qm,. = 0(10g ¢, n41) as M — oo;

(1ii)"” Gin = 0(Qis1n) a8 W0 1 <i=m — 1).

Further, (i) and (iii)” follow from the following condition:

(iv) There exist m — 1 positive numbers A, 1 =<1 =<m — 1) and a
sequence {0,; n =1} such that N, >N, > «++ > N\,_, > 1, lim, ., 0, = + o,
AN Qo > Mm@ tyn > Mps@mgn > * 00 > NGy, > Aoz, for m >0.

ProOF. We claim that the conditions (i), (ii), (iii) of Theorem 2 are
satisfied by &, 1 <1 <m)and {a;,; n =1} A =<t <m). Indeed (i) is trivi-
ally satisfied. We obtain the equality max{l, size(a, ), * -, size(@, )} =
log ¢, (> 0) from the equality size(a;,) =loggq,, A =1 =< m, n>0)
and (iii)’. Further, we obtain the inequality min{—log|& — a, .|, -+,
—log &, — @p..l} =10g ¢ ey (> 0) from the inequality |& — ;.| <
1/¢;.9: .., and (iii)”. Hence (ii) follows from (ii)’. (iii) follows from the
equality |a; .1 — @ .l = 1/¢,,i0n 1 =4 = m) and (iii)".

Now we show (ii)’ and (iii)” follow from (iv). We note that
lim, .w@a;, = +c (1 <% =m) because of the condition (iv). We denote
by ¢, ¢, -+ positive constants which are independent of ». Then we
have the following inequalities:

Qi1 = 1,1;11 @iy, nz=1), ’El (ai,k +1) = 9in (m=1), and

Nir1@iti,n > Nl > Nir@s, + 1) 1l=i1=m—-1,0n>»0),

where Ay (1 £14 < m — 1) are positive numbers such that », >\, and
M, = 1. Hence we obtain ¢y, > Mi/Niy)"¢, AS1=m —1, 7> 0),
namely, ¢, = 0(¢;y,,) as n— . We also have the following inequality
from the condition (iv)

n+1

n n
Qs = kl_Ilal,k Zc-llak. = cz-kI_I1 (@, + 1%,

Hence we obtain log ¢, ., = o(log ¢, ,.,) as n — . This completes the
proof.

For example, the m — 1 continued fractions ¢, = [¢", ¢*, 7%, ---, ™, - -]
(2 £ 1 < m) are algebraically independent.
The above corollary of Theorem 2 is a generalization of the result
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of Bundschuh [3]. He proved the algebraic independence of the numbers
& = [@ig @iy Qysy +++] (2 =1,2) satisfying the condition (iv) of the co-
rollary.

2. Algebraic independence of special value of gap series (II). We
recall Mahler’s definition of the order function. Let &, ---,&, be ¢
complex numbers. Then the order function Ou|&, ---, &) of a positive
integral variable u is defined by

O(ulg, -+, &) = —log(minf{|P(¢, -, &)| > 0; A(P(X)) =< u})

where P(X) = P(X,, +-+, X,) runs through polynomials with rational in-
tegral coefficients. Fundamental properties of the function O(u|g, - -, &,)
were investigated by Mahler [12] and by Durand [6] in case of ¢ =1,
and by Durand [7] in the general case.

Let fi(z) = S a(t, k)zr™® 1<i<m=p+gq; p=0,q=1) be such
power series as the power series defined in §1. Now we prove the
following:

THEOREM 3. Let a; (1 <1 =< p) be algebraic numbers with |a;| < R(f,)
and let & (1= 7=q) be transcendental nmnumbers with |&;| < R(fpi;)-
Then the m = p + q nmumbers fiay), -+, [(@,), Fori8), -+, fal&) are
algebraically independent over Q if the following three conditions are
satisfied:

(i) There exists a positive number b = 1 such that

h_)rg (S(n)(E(n) + log A(n) + log M(n)))*/e(n + 1) =0,

where A(n), M(n), S(n), E(n) and e(n) are the constants defined in
Theorem 1.

(ii) The g mumbers ¢, ---,&, are algebraically independent and
there exist a positive number ¥ and a positive integer wu, such that

Oulg, -+, &) < v(logu)® for u=u,,

where b is the number given in (i);
(iii) The p numbers f(a,), - -+, fr(a,) are algebraically independent.

PROOF. Suppose 7, = fi(@,) A =1 = D), Ppss = [p4+i(€) A = j = q) are
algebraically dependent. There is a non-zero polynomial P(X) = P(X,, -- -,
X,) with rational integral coefficients satisfying P, ---, 9, = 0. We
may assume P(X) has the least total degree. We denote by c¢,e¢c, *--
positive constants which are independent of .

Put K, =Q(a,, -+, a0, a(t, k); 1<1<m, 0.k =n) and S(n)' =[K,: Q].
We denote by z(l, n) 1 <1 < S(w)") all non-equivalent embeddings of K,
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into @ (we assume (1, n) is the identity map). Put
P = 3 ali, U@ r 1sisp, nzl),
DSl = Sialp + 4, FUEe Y (1sjse nz).
Further, we put
r,= dE(n)S(n)',M(n)usm'jﬁ)’P(m:zl)’ oo, )
I = @58 Mo Pl -+, ) [ P, -+, 780
TUY) = DY, -+, ¥) = d25 Mns T} POy, -+, 75,
S alp + 1, M Y0P, -, S alm, Ry G0 YimR)

where d = den(a,, <+, @,) and M is the total degree of P(X). By apply-
ing the fundamental theorem on symmetric functions, we can easily show
that I",(Y) is the polynomial in Y,, ---, Y, with rational integral coef-
ficients. We have I', =TI",(¢, +++, &), and I', = 0 for n > 0 by (i), (iii)
and the assumption on P(X).

Now we fix some notations. Let A(X) = AX,, ---, X,) = >, a,X*
and B(X) = B(X,, +++, X,,) = 2,b,X* (b; = 0) be polynomials, where I =
(@), +++,t(m)) and X7 = X" ... Xi™  Then we denote A(X) < B(X) if
the inequalities |a,;| < b, are satisfied for any I.

Since |9V | = A+ n)Am)ef™ < A(m)ef™ 1<i<p, 1Z1£S(m), n=1),
we obtain

Fn( Y)_<dE(n)S(n)/ .M(,n)Ms(n)'(A(,n)c{z(n))usm)'(p_+_Zn' Y;(p+1,k) + .o _‘_zn‘ Y;(m,k))zls(n)’ .
k=0 k=0

Hence

L(l“’n( Y)) é dE(n)S(n)’,M(n)MS(n)'(A(n)clE(n))MS(n)’(p + (n + l)quS(n)’ and
tot. deg. I',(Y) < ¢qMEm)S(n)’ .

From the above inequalities we obtain
A (Y)) = (eF™A(m)M(n))ss™ |
Then we deduce from (ii) that

(5) |I,| Z exp{—OUT(Y)|&, -+, &)}
= exp{—c,(S(n)(E(n) + log A(n) + log M(n)))?} for n > 0.
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On the other hand, we have
(6) T = Ih] < (@ AmMm) s e, 3% |7 — 782

< exp{csS(n)(E(n) + log A(n) + log M(n))
—cee(m + 1)} for n>0.

From (5), (6) and (i), we obtain |I',| = |I,| — |, — .| >0 as n— co.
It follows that P(n, ---,%,.) # 0. This is a contradiction, and therefore
the theorem is proved.

For example, put ¢, =1, e(k) =2¢* (k=1) and define f(z) = X2, 2°*.
Then for any b =1, the condition (i) of Theorem 3 is satisfied. Hence
the numbers f(¢;) (1 < j < q) are algebraically independent for any tran-
scendental numbers ¢; (1 < j < q) satisfying [&;| <1 and the condition
(ii) of Theorem 3.

COROLLARY. Let f(z) = S, alk)z*™ be a power series and let & be
a complex nmumber with 0 < |g| < R(f). Then f(¢&) 18 a transcendental
number if the following two conditions are satisfied:

(i) There exists a positive number b = 1 such that

ILIE (S(n)(e(n) + log A(n) + log M(n)))*/e(n + 1) =0 ;

(ii)’ There exist a positive number ¥ and a positive integer u, such
that
O &) < v(logu)® for u=wu,,

where b s the number given in (i).

Proor. If ¢ is algebraic f(¢) is transcendental by the theorem of
Cijsouw and Tijdeman [5]. If & is transcendental, f(¢) is also transcen-
dental by Theorem 3. This completes the proof.

REMARK. For any algebraic &, the condition (ii)’ is satisfied by b = 1.
Hence the above corollary may be regarded as a generalization of the
theorem of Cijsouw and Tijdeman.
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