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Introduction. In this paper we extend the result of Bundschuh and
Wylegala [4].

Let f(z) = Σ?=o a(k)ze{k) be a power series, where the α(fc) (ft ^ 0) are
non-zero algebraic numbers and where the e(ft) (ft ^ 0) form an increasing
sequence of non-negative integers. We denote by A(f, n) the maximum
of the I α(ft) | (0 ^ ft <; w), where for any ft (0 ^ ft ^ w) the | α(ft) | is the
maximum of the absolute values of the conjugates of α(fc). We denote
by M(f, n) is the least positive integer d such that d α(fc) (0 ^ k ^ n)
are all algebraic integers, and by S(f, n) is the degree of Q(a(k); 0 ^ ft ^ n)
over Q. In [4], Bundschuh and Wylegala proved that /(αx), * ,/(αm) are
algebraically independent for any algebraic numbers a19 , am with 0 <
|«i| < < \am\ < R(f), if the condition

lim S(f, n)(e(n) + log A(/f w) + log M(/, n))/β(w + 1) = 0

is satisfied. In § 1, we extend this result as follows. Let ft{z) =
Σ*Uα(i, k)zeH'k) ( l ^ ΐ ^ m ) be gap series, where the a(i, ft) (1 ^ i ^ m,
fc^O) are non-zero algebraic numbers and where for any i (1 <̂  i <̂  m)
the e(i, ft) (ft ^ 0) form an increasing sequence of non-negative integers,
and let α { (1 <; i ^ m) be algebraic numbers with 0 < |α Λ | < R(ft). We
put A(w) = max{A(/i, n); 1 ^ i ^ m}, M(w) = l.c.m. {ikf(/i, w); 1 ^ i <̂  m},

= [Q(α(i, ft); 1 ^ i ^ m, 0 ^ ft ^ w): Q], JE7(n) = max{e(i, n),l^i^ m},
= min{e(i, n); 1 ^ i ^ m}. Then we have the following.

THEOREM. /I(«I),
 # ,/m(^m) ^^^ algebraically independent if the fol-

lowing two conditions are satisfied:
(i) lim^co S(n)(E(n) + log A(n) + log M(n))/e(n + 1) = 0;
(ii) Iα(i + 1, njαί-ίί1'"* | = o(\ a(i, ri)a\{ί>n) |) as n -» oo (1 ̂  i ^ m _ i).

Our proof of this result is closely related to the proof of the result
of Shiokawa [16].

For example, put f(z) = Σ?=o^ ! Let aά (1 <; j ^ m) be algebraic
numbers satisfying 0 < \am\ < < | α j < 1. Then the numbers /U)(αy)
(0 ^ i ^ Z, 1 ^ i ^ m) are algebraically independent.
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In § 1, we obtain another sufficient condition for the algebraic in-
dependence of given numbers.

For example, it will be proved that the m continued fractions ξt =
[i1!, i2!, i3!, •] (2 ^ i ^ m + 1) are algebraically independent.

In §2, we prove a result concerning the algebraic independence of
special values fx{a^y •,/„(«„), fp+1fa), -,/„+<(&), where /,(» ( l ^ ΐ ^ p + g)
are gap series with algebraic coefficients, α* (1 ^ i <; p) are algebraic
numbers and ξs (1 ^ j ^ g) are transcendental numbers with certain
conditions. This result contains a generalization of the theorem of
Cijsouw and Tijdeman [5].

The author would like to express his gratitude to Professor Y. Morita
for his precious advice. Thanks are due to the referee who gave the
author valuable comments and pointed out the existence of [17] and [18].

NOTATION. For any power series f(z) = Σ?=o ckz
k, we denote by R{f)

the radius of convergence of f(z).
For any polynomial A(X) = A(X19 , Xm) with arbitrary complex

coefficients, we denote by H(A(X)) the maximum of the absolute value
of the coefficients of A{X) and by L(A(X)) the sum of the absolute
values of the coefficients of A(X). We put Λ(A(X)) = 2ML(A(X)), where
M is the total degree of A(X).

For any algebraic number a with minimal polynomial P(X), we put
H(α) = H(P(X)), L(a) = L(P(X)), deg(α) = the degree of P(X), M =
max{|/3|; P(β) = 0}. Further, for any algebraic number at (1 5g i <̂  m),
we denote by den^, , αm) the least positive integer d such that dat

(1 <̂  i ^ m) are all algebraic integers, and for any algebraic number a
we put size(α) = max{log den(α), log |α|}.

1. Algebraic independence of special values of gap series (I). In
this section, we prove two theorems on the algebraic independence of
certain numbers.

We need the following two lemmas.

LEMMA 1 (Cijsouw and Tijdeman [5]). Let a be an algebraic number
such that H(a) = h, deg(α) = n and den(α) = d. Then we have

h^ (2d max(l, |"ά|))n .

LEMMA 2 (Giiting [10]). Let A{X) = A(X19 , Xm) be a polynomial
of degrees N{i) in Xt (1 <; i ^ m) with rational integral coefficients and
with L(A(X)) = q. Let at ( l ^ i ^ m ) be algebraic numbers with deg(a<) = w(i)
and L((Xi) = q(i), and let s = [Q(alf , am): Q\. Then A(alf , am) = 0 or

\A(alf , α j | ^ q(q q(l)Nω/nω q(m)mm)/n{m))- .
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Let fi(z) = Σk=oa(i, k)ze{ίίk) (1 ^ i ^ m) be power series, where the
α(i, k) (1 ^ i ^ m, A: ̂  0) are non-zero algebraic numbers and where for
any i (1 ^ i ^ m) the e(i, fc) (& ^ 0) form an increasing sequence of non-
negative integers. We prove the following:

THEOREM 1. Let a^l ^ i ^ w) &e algebraic numbers with 0 <\at\<
R(fi). Then f^aϊ), •• ,/m(αU are algebraically independent over Q if
the following two conditions are satisfied:

^oo S(ri)(E(n) + log A(w) + log M(n))/e(n + 1) = 0,

max{|α(i, k)\; l<:i<Sm, 0 ^ k ^ w}, M(w) = den{α(i, fc); 1 ^ i ^ m, 0 ^ fc ^ n},
S(w) = [Q(α(ΐ, fc); 1 ^ i ^ m, 0 ^ k <: n): Q], ΐ7(n) = max{e(i, n); l^i^m}
and e{n) = min{e(i, n); 1 ^ i ^ m};

(ii) |α(ΐ + 1, ^α^ί 1 ' 7 1 5 1 = o(|α(ΐ, tι)α^(ί'n) | as n -^ oo (l ^ % ^ m _ l) .

PROOF. Suppose rj1=f1(a^)9 , Vm=fm(^m) are algebraically dependent.
There is a non-zero polynomial P(XX, , Xm) with rational integral
coefficients satisfying P(η19 , ηm) = 0. We may assume P(X l f , Xm)
has the least total degree. Put p = min{ΐ; Xi is actually contained in
P(X19 , XJ] (hence P(Xlf , XJ = P(XP, , X J is a function of
Xp, . . . , X J , and put ηiιn - ΣLo α(i, &)α|(ί'fc) (1 ^ ΐ ^ m, n ^ 1).

We denote by c0, clf positive constants which are independent of n.
By the assumption on P(XP, •••, Xm) and the condition (ii), we have

^ cQ\a(p, n + l)ae

p

ip'n+1) \ - o(|α(p, w + l ) < p ' n + 1 ) |) > 0

as n -> oo. Hence P(%,n, , ^W ι n) ^ 0 or P(ηp,n+1, , ^m,n+1) ^ 0 for n > 0.
Now let n be any suffix with P(ηp,nf , ^ m ,J Φ 0. We obtain the in-
equality

( 1 ) I P ( % t n > . . . , ηmιn) I ^ e x p t - c ^ C n ) ^ ^ ) + log A(n) + log M(n))}

by Lemmas 1 and 2. On the other hand, we can obtain the inequality

( 2 ) \ P { η p j . . . 9 η m ) - p ( η 9 t n , - - . , η M ι n ) \ ^ e x p { - c 2 e ( n + 1 ) } f o r n > 0 .

We deduce from (1) and (2)

|P(%>, , VJ\ ^\P(Vp,n, * , Vm,n)\ ~ I P(%, ' ', ^ ) ~ P(%,n, ' , 7 .») I > 0

as %—>oo. This is a contradiction, and therefore the theorem is proved.

COROLLARY. Let f(z) = Σ£=o zk\ and let a5 (1 <; j ^ m) δe m algebraic
numbers such that 0 < | α m | < |αOT_i| < < | α j < 1, and let p be any
natural number. Then the m{p +1) numbers f[i\a3), (O^i^p, l^j^m)
are algebraically independent over Q, where fu\z) is the i-th derived
function of f{z).
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PROOF. Put

Λ(s) = Σ (d/dzYz{p+k)l = Σ a(i, k)ze{i'k) (0 ̂  i ̂  p) .

Then fi(z) — / ( i )(z) (0 ̂  i fg p) are polynomials with rational integral co-
efficients. Hence it is enough to prove that fi(as) (0 ̂  i <; p, 1 <; j <: m)
are algebraically independent. We can easily show that these functions
ft(z) (0 <: i <̂  p) satisfy the condition (i) of Theorem 1. We can also
show that

I α(i, ri)af>n) | = o(| α(ΐ + 1, n)af+1>n) |) (0 ̂  i ̂  p) and

I α(p, wjαjft-' I = o(| α(0, n)a} ( 0- } |) (1 ̂  i ^ m - 1)

as n —> oo. From these relations we obtain the required result.

Note that the number rji = / ^ α j is the limit of the algebraic numbers
Vi,n = Σϊ=oα(ί> A:)α (ί>A;) (n ̂  1). We may regard the conditions (i) and (ii)
of Theorem 1 as conditions on the pairs (ηi9 {ηi>n; n*zl}) (1 ̂  i ̂  m).
Then we can apply the method of the proof of Theorem 1 to prove the
following:

THEOREM 2. Let ζt (1 ̂  ί ̂  m) 6e ίfce limits of the numbers aiin(n ^ 1):
lim^oo α i)7l = &. ΓΛen f2, •••,£» are algebraically independent if the fol-
lowing conditions (i), (ii), (iii) or (i), (ii), (iii)' are satisfied:

( i ) aiyn are algebraic numbers satisfying aUn Φ ai}Tl+1 and ξt Φ ai>n

(l^i£m,'n^ΐ);
(ii) S(n) max{l, size(a l f j, , size(αTO>J} = o(min{-log 1^ - α1>n|, ,

-log|fm - αm,J}) as n->oo9 where S(n) = [Q(αlin, , αw,n): Q\;
(iii) | α ί + 1 > n + 1 - ai+un\ = o(|α< ι n + 1 - α< ι n |) (1 ̂  i ̂  m - 1) as n-+ oo
(iii)' Puί S(l, n) = [Q(a l fn): Q], S(i, n) = [Q(a1>7l, , a i > n): Q(a1>n,

Λi-i.J] (2 ̂  i ̂  m). Γfee^ l i m , ^ S(i, rc) = + oo (1 ̂  i ̂  m).

PROOF. We can prove this theorem in the same way as Theorem 1.
Suppose that ξ19 •••,£„ are algebraically dependent. Then we can take
a non-zero polynomial P(XP, , Xm) with rational integral coefficients
satisfying P(ξp, , ξm) = 0. Then we can obtain

( 3 ) |P(αp,n, , αm,J | ̂  exp{-c0S(^) max{l, size(αPpn), , size(αm>n)}}

and

( 4 ) \P(ξ9, - ,ξm)-P(ap,n, ••,«.,„)I

^ e x p ί - d minf-loglfp - α p ,J, •••, -log\ξm - αw>n|}}

for infinitely many n, where c0 and cγ are the constants which are in-
dependent of n. From (3), (4) and (ii), we obtain P(ξpf , ξj Φ 0. This
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is a contradiction, and therefore the theorem is proved.

COROLLARY. Let ζt = [ait0, α M , , ai§n, •] (1 ̂ i ^ m ) be m continued
fractions, where the ai>n are all positive integers. We denote by aijn =
Pi,jQi,n (1 ̂  i ^ m> n ^ 1) the n~th principal convergents of ξt. Then
the numbers ξ19 , ζm are algebraically independent if the following two
conditions are satisfied:

(ii) ' log qm,n = o(log qι>n+1) as n-+oo;
(iii)" qitn = o(ί<+ltn) as n-+oo (1 ̂  i ^ m - 1).
Further, (ii)' and (iii)" follow from the following condition:
(iv) There exist m — 1 positive numbers λ€ (1 ̂  i ^ m — 1) ami a

sequence {σn; n ^ 1} swfc ί/iaί λx > λ2 > > λm_i > 1, lim^oo σn = + °°,

PROOF. We claim that the conditions (i), (ii), (iii) of Theorem 2 are
satisfied by ξ< (1 <̂  i <; m) and {αΐ>n; w ̂  1} (1 ̂  i ^ m). Indeed (i) is trivi-
ally satisfied. We obtain the equality max{l, size(α1>n), , size(αm>n)} =
log qm,n (n > 0) from the equality size(αi>n) = log qUn (1 ̂  i ^ m, n > 0)
and (iii)". Further, we obtain the inequality min{—log |& — aίtn\, •••,
-log |fm - αm,J} ^ log g l ιn+1 (w > 0) from the inequality \ςt - ai>n\ <
l/Qi,nQi,n+i and (iii)". Hence (ii) follows from (ii)'. (iii) follows from the
equality |α i > n + 1 - α < t j = l/qi>nqiin+1 (1 ̂  i ^ m) and (iii)".

Now we show (ii)' and (iii)" follow from (iv). We note that
limn_»oo αi>n = +°° (1 ̂  i ^ m) because of the condition (iv). We denote
by c0, Ci, positive constants which are independent of n. Then we
have the following inequalities:

n n

Qi+i,n ^ Π ai+ltk (n ^ 1) , Π (α i f fc + 1) ^ qi>n (n ^ 1) , and
fc=i fc=i

λ i+1α<+1,n > λ^.n > \Aaitn + 1) (1 ̂  i ^ m - 1, n > 0) ,

where λ</ (1 ̂  i ^ m — 1) are positive numbers such that λ^ > λ<+1 and
λm = 1. Hence we obtain c0qi+li7l > (λίVλi+1)

ngf

i,n (1 ̂  i ^ m - 1, n > 0),
namely, gί>n = o(gί+1,n) as ^ - ^ o o . We also have the following inequality
from the condition (iv)

9i..+i ^ ffa1>fc ^ c. Π αft t ^ c2 Π (αm,fc + 1)^/2 .
fc=i fc=i Jb=i

Hence we obtain log qmtΛ = o(log qlίn+1) as ^ - ^ o o . This completes the
proof.

For example, the m — 1 continued fractions ξt = [i1!, i2!, i3!, , in !, •]
(2 ^ i ^ m) are algebraically independent.

The above corollary of Theorem 2 is a generalization of the result
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of Bundschuh [3]. He proved the algebraic independence of the numbers
& = [β<i0, α<ιlf αlf2> •••] (̂  = If 2) satisfying the condition (iv) of the co-
rollary.

2. Algebraic independence of special value of gap series (II). We
recall Mahler's definition of the order function. Let ξ19 9ξq be q
complex numbers. Then the order function O(u\ξ19 •••,&) of a positive
integral variable u is defined by

O(u\ζlt , ζq) = -logCminflPfo, • , £ f)| > 0 ; Λ{P{X)) ^ u})

where P(X) = P(X19 , Xg) runs through polynomials with rational in-
tegral coefficients. Fundamental properties of the function O(u\ξlf •••,&)
were investigated by Mahler [12] and by Durand [6] in case of q = 1,
and by Durand [7] in the general case.

Let /,(«) = Σ£=o α(ΐ, λOzβ(i'Λ) (1 ^ i ^ m = p + g; p ^ 0, q ^ 1) be such
power series as the power series defined in § 1. Now we prove the
following:

THEOREM 3. Let at (l^i^p) be algebraic numbers with \at\ < R(fi)
and let & (1 ^ j ^ q) be transcendental numbers with \ζά\ < R(fp+j).
Then the m = p + q numbers f^a^ , fp(ap), Λ+i(ίi), , fm(ζg) are
algebraically independent over Q if the following three conditions are
satisfied:

( i ) There exists a positive number 6 ^ 1 such that

lim (S(n)(E(n) + log A(ri) + log M(n)))h/e(n + 1) = 0 ,
n-*oo

where A(ri), M(ri), S(ri), E(ri) and e(n) are the constants defined in
Theorem 1.

(ii) The q numbers ξ19 •• ,fg are algebraically independent and
there exist a positive number 7 and a positive integer u0 such that

O(u\ς19 , ςq) ^ 7(logu)b for u^u0,

where b is the number given in (i);
(iii) The p numbers /xίαj, m ,fp(otp) are algebraically independent.

PROOF. Suppose rj, = f{a%) (1 ^ i ^ p), ηp+j = fp+j(ξd) (1 ^ j ^ q) are
algebraically dependent. There is a non-zero polynomial P(X) = P(X19 ,
Xm) with rational integral coefficients satisfying P(η19 •• ,^m) = 0. We
may assume P(X) has the least total degree. We denote by c0, c19

positive constants which are independent of n.
Put Kn = Q(a19 ••-,«„ α(i, fc); 1 ̂  i ^ m, 0-^ fc ̂  Λ) and S(w)' = [Kn: Q].

We denote by τ(i, w) (1 ^ ϊ ^ % ) ' ) all non-equivalent embeddings of Kn
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into Q (we assume τ(l, n) is the identity map). Put

Vϋ = Σ a(i, kyιι'n)(aτ

t

{l-n)γu'k) (1 ^ i ^ p, n ^ 1) ,
fc=0

Further, we put

Γn = d'M

S(n)'

,vJiι
Γn(Y) = Γn(Yu • ,Yq) = u

fc=0

where d — den(αx, , αp) and M is the total degree of P(X). By apply-
ing the fundamental theorem on symmetric functions, we can easily show
that Γn(Y) is the polynomial in Y19 ---,Yg with rational integral coef-
ficients. We have Γn = Γn(ξ19 , ξq), and Γn Φ 0 for n > 0 by (ii), (iii)
and the assumption on P(X).

Now we fix some notations. Let A(X) = A(X1? , Xm) = Σ ^/^ 7

and B(X) = 5 ^ , , XJ = ΣbjX1 (67 ^ 0) be polynomials, where / =
(i(l), , i(m)) and X7 = Xj(1) X^. Then we denote A{X) < B(X) if
the inequalities \αI\^bI are satisfied for any /.

Since | ηft | ^ (1 + ^)A(^)^ ( 7 l ) ^ A(n)cf{n) (l^ί^p,l^l^ S(n)', n ^ 1),
we obtain

Γn(Y)<dE{n)S{n)>

Hence

'l))jlfS(n)'(ί? + (n + l ) ^ s t " ' ' and

tot .deg.Γ n (Γ) ^ qME{n)S{n)'.

From the above inequalities we obtain

Λ(Γn(Γ)) ^ (cξin)A(n)M(n)γ*SM .

Then we deduce from (ii) that

( 5 ) I Γn I ̂  exp{ - OU(ΓM( F)) | f If , f,)}

^ exp{-c4(iS(n)(i7(w) + log A(n) + log M(n)))"} for n > 0 .
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On the other hand, we have

(6) IΓn - Γ'n\ ^ (cξ^A

^ exp{c^(n)(E(n) + log A(n) + log M{n))

- c9e(n + 1)} for n > 0 .

From (5), (6) and (i), we obtain \Γ'n\ ^ | Γ J - \Γn - Γ'n\ > 0 as n^ oo.
It follows that P ( ^ , -*-,ηm) ^=0. This is a contradiction, and therefore
the theorem is proved.

For example, put e0 = 1, e(Jfc) = 2e{fe"1) (fc ^ 1) and define /(«) = Σ£U ̂ e(A:).
Then for any 6 ^ 1 , the condition (i) of Theorem 3 is satisfied. Hence
the numbers /(&) (1 ^ j ^ qf) are algebraically independent for any tran-
scendental numbers ζά (1 5g j ^ g) satisfying | £y | < 1 and the condition
(ii) of Theorem 3.

COROLLARY. Let f(z) = Σ?=o a{k)ze{k) be a power series and let ξ be
a complex number with 0 < \ξ \ < R(f). Then f(ξ) is a transcendental
number if the following two conditions are satisfied:

( i) ' There exists a positive number 6 ^ 1 such that

lim (S(n)(e(n) + log A(n) + log M(n)))h/e(n + 1) = 0
n—>oo

(ii)' There exist a positive number 7 and a positive integer uQ such
that

O(u I ς) ^ τ(log u)h for u^u0 ,

where b is the number given in (i).

PROOF. If ξ is algebraic f(ξ) is transcendental by the theorem of
Cijsouw and Tijdeman [5]. If ξ is transcendental, /(£) is also transcen-
dental by Theorem 3. This completes the proof.

REMARK. For any algebraic ς, the condition (ii)' is satisfied by 6 = 1.
Hence the above corollary may be regarded as a generalization of the
theorem of Cijsouw and Tijdeman.
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