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YANG-MILLS CONNECTIONS IN ORTHONORMAL
FRAME BUNDLE OVER SU(2)

By

Joon-Sik PARKk!

Abstract. The main result in this note is that the connection
form with respect to frames in the orthonormal frame bundle for
a left invariant Riemannian metric g on SU(2) becomes a Yang-
Mills connection if and only if g is bi-invariant.

1. Introduction and statement of results

To find Yang-Mills connections in a principal fibre bundle is important. In
this paper, we get necessary and sufficient conditions for the connection form
in the orthonormal frame bundle on SU(2) with respect to an arbitrary given
left invariant Riemannian metric to be a Yang-Mills connection. We get the

following main and [Corollary].

THEOREM. Let g be left invariant Rimannian metric on SU(2). Then the
connection form in the orthonormal frame bundle defined by the Levi-Civita
connection of g becomes a Yang-Mills connection if and only if g is bi-invariant.

COROLLARY. The connection in the above Theorem is a Yang-Mills connec-
tion if and only if the Lie group SU(2) with a left invariant Riemmannian
metric g is a space of constant curvature.

2. The proof of the main theorem

Let G denote the Lie group SU(2). Let the Lie algebra of all left invariant
vector fields on SU(2) denote g. The Killing form B of g satisfies B(X, V)=
4 Trace(XY), (X, Yeg). We define an inner product <, >, on g by

(1) (,Pi=—BX,Y), (X, Yeg).
The following Lemma is known (cf. [4, p. 154]).
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LEMMA 1. Let g be an arbitrary given left invariant Riemannian metric on
G. Let <{,> be an inner product on g defined by <X, Y ) :=g.X., Y.), where
X,Yeg and e is the identity matrix of G. Then there exists an orthonormal

basis (X,, X,, X;) of g with respect to <, >, such that

[le XZJZ(I/\/kz*)XS) [XZ’ XS]Z(I/V7)X1 »
(2) _

[XS; Xl]'__(l/\/ 2 )XZ; <Xi’ Xj>:5ifa%}

where a;, (1=1, 2, 3), are positive constant real numbers determined by the given
left invariant Riemannian metric g of G.

The connection function @ on gXxg corresponding to the left invariant Rie-
manian connection of (G, g) is given as follows (cf. [3, p. 52]):
(3) { a(X,Y)=1/2[X, Y1+ UX, Y), (X, Yeg),
X, Y):=gdXe, Yo,
where U(X, Y) is determined by
(4) KUK, Y), Z2>=[[Z, X], Y )X, [Z, Y], (X, Y, Z€g).

Now, putting YV,:=2+v2X,, Y,:=2+v2X,, and Y;:=2+/ 2 X, for the orthonormal
basis (X,, X,, X;) with respect to <, > in Lemma I, we have the following:

{ [Yl) Y2]=2Y3, [Yz, Y3]::2Y1, [Ys, Y1]=2Y2,
(V4, V,, V) : orthonomal frame fields on (G, g),

(5)

where V,:=X,/a;, (=1, 2, 3).
Using (4) and (5), we get

LEMMA 2.

UY,, Y)=UY, Yo)=U®, Y)=0,
UY, Y=(a,*—a,*)a;"%Y,,

U, Yi)=(as’—a?a,?Y,,

UY,, Yi)=(a,’*—a)a,?Y,.

(6)

The connection function a on gXg which is corresponding to a given left in-
variant Riemannian connection of (G, g) is uniquely expressed as

(7) a(V, Vj):z}kr'fjvk, (7, 7=1,2, 3).

Let (6%, 6%, 6°) be the dual 1-forms to the orthonormal frame basis (V,, V,, V).
Then, the connection form w and the curvature form £ with respect to frames
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in the orthonormal frame bundle of (G, g) are defined as follows:

(8) 0j=3}-1"}0%,

(9) 2;=3.0%aVs, aV,, Vi)—alVi, a(Vi, Vi)—a([Ve, Vi, V)0 NGO

From (3), (4), (7) and Lemma 2, the non-zero terms of I}, are

bh=—T'%=(as*+a,’*—a,*)/2+ 2 a,a,a,,

(10) I'ii=—T%=(a.*+a.*—a;?)/2+/ 2 a,a,a,,
I'i,=—I'4h=(as’+a.*—a,?)/2v 2 a,a.a;.

Using (7)-(10), we get

(as®—a,*—a,’) 3

) wizw%zwgzo; 2 2 wi=—wi= 2:/7a21a2a: s
wi=—oi= GIRE00  ai=—ai= G 2E 0,
Q= _ Q1= ——3a34+2(a182(—(il—1¢;2:c)lc31>3:+(a12—a22)2 01N 62,
12) 2=y e LT e e,
i Qs —3a1“—!—2(0;"’(—;-313:()1:1)1:—l—(azz-—asz)z N
1=025=03=0.

We denote (V,, ,2XV;, Vi), (V) and 2(V; Vi) by Vif2;:;, w; and 2;;, res-
pectively. The connection in (8) is a Yang-Mills connection (cf. [1, p. 107]) if
and only if

(13) )V )=—2,(V;Q;+[w;, 2;1)=0, (=L, 2, 3).
We put

{ @DV I)=: bw)),  Bu(Va)=: (bw}), and
(14)

(0 )(V)=": (b)), @z, 1=1, 2, 3).
From (7) and [10)}-(14), the non-zero terms of (b«)%), (b} and (b i) are

(15) baui=—bwi=c '(2a,’—a'a’—a*as®—a*+a'as’+az’as* —a,),
(16) bii=—bui=c ' (2a*—ar'as®*—a,%a,* —as*+a,as*+atas’—a,b),
an) b(a)é:—‘b(a)%_——c-l(zasﬁ—012034—6122034—016—"014022'*“012024—026) ’

where c=4+'2(a,a,a;).

Hence, positive numbers a,, a, and a; satisfy (15)=(16)=(17)=0 if and only
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if w in (8) is a Yang-Mills connection. Moreover, positive numbers a,, a, and
a; satisfy (15)=(16)=(17)=0 if and only if a,=a,=a;. Thus, the proof of the
main theorem is completed.

On the other hand, using and the main we get the [Corollary.
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