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ON THE CARTIER DUALITY OF CERTAIN FINITE

GROUP SCHEMES OF ORDER pn, II

By

Michio Amano

Abstract. We explicitly describe the Cartier dual of the l-th Fro-

benius kernel Nl of the group scheme GðlÞ, which deforms Ga to Gm.

Then the Cartier dual of Nl is given by a certain Frobenius type

kernel of the Witt scheme. Here we assume that the base ring A is a

ZðpÞ=ðpnÞ-algebra, where p is a prime number. The obtained result

generalizes a previous result by the author [1] which assumes that A

is an Fp-algebra.

1 Introduction

Throughout this paper, we denote by p a prime number. Let A be a

commutative ring with unit and l a suitable element of A. We consider the group

scheme GðlÞ which deforms the additive group scheme Ga;A to the multiplicative

group scheme Gm;A determined by l (we recall the group structure of GðlÞ in

Section 3 below). The group scheme GðlÞ has been treated by F. Oort, T.

Sekiguchi and N. Suwa [5] and by W. Waterhouse and B. Weisfeiler [10] in

detail. The group scheme GðlÞ is useful for studying the deformation of Artin-

Schreier theory to Kummer theory. In particular, the surjective homomorphism

c : GðlÞ ! Gðl
pÞ; x 7! l�pfð1þ lxÞp � 1g

plays an important role in the unified Kummer-Artin-Schreier theory. In this

paper, we explicitly describe the Cartier dual of a certain kernel given by a

homomorphism cðlÞ generalized c.

We remark that c is nothing but the Frobenius homomorphism over the base

ring of the characteristic p. Under this assumption, Y. Tsuno [9] has shown the

following:
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Theorem 1 ([9]). Assume that A is an Fp-algebra. Then the Cartier dual of

KerðcÞ is canonically isomorphic to Ker½F � lp�1 : Ga;A ! Ga;A�, where F is the

Frobenius endomorphism.

Note that Tsuno’s result is a special case of the result obtained by F. Oort

and J. Tate [6]. Tsuno’s result, however, is embedding certain classified finite

group schemes of order p into GðlÞ over A½
ffiffiffi
bp�1
p
�, as l ¼

ffiffiffi
bp�1
p

for an element

b A A.

The author has generalized Tsuno’s theorem as follows. Let A be an Fp-

algebra and l a positive integer. We consider the surjective homomorphism

cðlÞ : GðlÞ ! Gðl
p l Þ; x 7! l�p

lfð1þ lxÞp
l

� 1g:

Then we have cðlÞðxÞ ¼ xpl

by our assumption. Put Nl :¼ KerðcðlÞÞ. Suppose that

WA is the Witt ring scheme over A. Let F : WA !WA be the Frobenius

endomorphism and ½l� : WA !WA the Teichmüller lifting of l A A. Set F ðlÞ :¼
F � ½lp�1�. We restrict F ðlÞ to the Witt ring scheme Wl;A of length l. The result

of the previous paper [1] is:

Theorem 2 ([1]). Assume that A is an Fp-algebra. Then the Cartier dual of Nl

is canonically isomorphic to Ker½F ðlÞ : Wl;A !Wl;A�.

To prove Theorem 2, we have used the deformations of Artin-Hasse exponential

series introduced by T. Sekiguchi and N. Suwa [8] and a duality between

Ker½F ðlÞ : WðAÞ !WðAÞ� with a formal completion of GðlÞ proved by them

[Ibid].

Theorem 2 has been constructed by assuming the characteristic p. We

do not assume it. Our arguments are as follows. Let n be a positive integer.

Suppose that ZðpÞ is a localization of rational integers Z at p. Let A be a

ZðpÞ=ðpnÞ-algebra and l a suitable element of A. Here, for each integer

0a ka l � 1, we assume that pl�klpk

is divided by lp l

(if l ¼ 0, we put

pl�klpk

=lpl

:¼ 0) and that pl�klpk

=lpl

is nilpotent. Then the homomorphism cðlÞ

is well-defined and Nl ¼ KerðcðlÞÞ is a finite group scheme of order pl , since

cðlÞðXÞ is a monic polynomial of the degree pl . For a A WðAÞ, T. Sekiguchi and
N. Suwa [7] have introduced an endomorphism Ta on WðAÞ (we recall the

definition of Ta in Section 2 below). Put WðAÞ=Ta :¼ Coker½Ta : WðAÞ !
WðAÞ�. Set T 0a :¼ F ðlÞ � Ta. Put WðAÞ=T 0a :¼ Coker½T 0a : WðAÞ !WðAÞ�. We

consider the diagram
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WðAÞ ���! WðAÞ=Ta

F ðlÞ

???y
???yF ðlÞ

WðAÞ ���! WðAÞ=T 0a:

Here F ðlÞ is defined by F ðlÞðxÞ :¼ F ðlÞðxÞ. It is shown that the homomorphism

F ðlÞ is well-defined and that the above diagram is commutative. Put a :¼
l�p

l

pl ½l� A WðAÞ. Then the result of this paper is:

Theorem 3. With the above notations, the Cartier dual of Nl is canonically

isomorphic to Ker½F ðlÞ : WA=Ta !WA=T
0
a�.

The case n ¼ 1 of Theorem 3 is nothing but Theorem 2 except restricting l A A.

In fact, if n ¼ 1, we have Ta ¼ V l ([1, Lemma 1, p. 123]), where V is the

Verschiebung endomorphism. Then Theorem 3 is stated by

Ker½F ðlÞ : WA=Ta !WA=T
0
a�FKer½F ðlÞ : Wl;A !Wl;A HWA=T

0
a�:

The framework of our proof is similar to the previous paper [1]. But we do not

assume the characteristic p. Then the equality KerðF ðl p l ÞÞ ¼ KerðF ðlÞ � TaÞ is our
important tool (we prove this equality in Subsection 4.1 below).

The contents of this paper are as follows. The next two sections are devoted

to recalling the definitions and the some properties of the Witt scheme and of

the deformed Artin-Hasse exponential series. In Section 4 we give our proof of

Theorem 3.
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Notations

Ga;A: additive group scheme over A

Gm;A: multiplicative group scheme over A
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ĜGm;A: multiplicative formal group scheme over A

Wn;A: group scheme of Witt vectors of length n over A

WA: group scheme of Witt vectors over A

F : Frobenius endomorphism of WA

½l�: Teichmüller lifting ðl; 0; 0; . . .Þ A WðAÞ of l A A

F ðlÞ: ¼ F � ½lp�1�
Ta: homomorphism decided by a A WðAÞ (recalled in Section 2)

aðpÞ: ¼ ðap
0 ; a

p
1 ; . . .Þ for a ¼ ða0; a1; . . .Þ A WðAÞ

WðAÞF
ðlÞ
: ¼ Ker½F ðlÞ : WðAÞ !WðAÞ�

WðAÞ=F ðlÞ: ¼ Coker½F ðlÞ : WðAÞ !WðAÞ�
WðAÞ=Ta: ¼ Coker½Ta : WðAÞ !WðAÞ�
WðAÞ=T 0a: ¼ Coker½T 0a : WðAÞ !WðAÞ�

2 Witt Vectors

In this short section we recall necessary facts on Witt vectors for this paper.

For details, see [3, Chap. V] or [4, Chap. III].

2.1

Let X ¼ ðX0;X1; . . .Þ be a sequence of variables. For each nb 0, we denote

by FnðXÞ ¼ FnðX0;X1; . . . ;XnÞ the Witt polynomial

FnðXÞ ¼ X
pn

0 þ pX
pn�1

1 þ � � � þ pnXn

in Z½X� ¼ Z½X0;X1; . . .�. Let Wn;Z ¼ SpecðZ½X0;X1; . . . ;Xn�1�Þ be an n-

dimensional a‰ne space over Z. The phantom map FðnÞ is defined by

FðnÞ : Wn;Z ! An
Z; x 7! ðF0ðxÞ;F1ðxÞ; . . . ;Fn�1ðxÞÞ;

where An
Z is the usual n-dimensional a‰ne space over Z. The scheme An

Z has a

natural ring scheme structure. It is known that Wn;Z has a unique commutative

ring scheme structure over Z such that the phantom map FðnÞ is a homo-

morphism of commutative ring schemes over Z. Then A-valued points WnðAÞ are
called Witt vectors of length n over A.

2.2

We define a morphism F : WðAÞ !WðAÞ by

FiðF ðxÞÞ ¼ Fiþ1ðxÞ
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for x A WðAÞ. If A is an Fp-algebra, F is nothing but the usual Frobenius

endomorphism. Let ½l� be the Teichmüller lifting ½l� ¼ ðl; 0; 0; . . .Þ A WðAÞ for

l A A. Set the endomorphism F ðlÞ :¼ F � ½lp�1� on WðAÞ.
For a ¼ ða0; a1; . . .Þ A WðAÞ, we also define a morphism Ta : WðAÞ !WðAÞ

by

FnðTaðxÞÞ ¼ a
pn

0 FnðxÞ þ pa
pn�1

1 Fn�1ðxÞ þ � � � þ pnanF0ðxÞ

for x A WðAÞ ([7, Chap. 4, p. 20]).

3 Deformed Artin-Hasse Exponential Series

In this short section we recall necessary facts on the deformed Artin-Hasse

exponential series for this paper.

3.1

Let A be a ring and l an element of A. Put GðlÞ :¼ SpecðA½X ; 1=ð1þ lX Þ�Þ.
We define a morphism aðlÞ by

aðlÞ : GðlÞ ! Gm;A; x 7! 1þ lx:

It is known that GðlÞ has a unique commutative group scheme structure such

that aðlÞ is a group scheme homomorphism over A. Then the group scheme

structure of GðlÞ is given by x � y ¼ xþ yþ lxy. If l is invertible in A, aðlÞ is an

A-isomorphism. On the other hand, if l ¼ 0, GðlÞ is nothing but the additive

group scheme Ga;A.

3.2

The Artin-Hasse exponential series EpðX Þ is given by

EpðXÞ ¼ exp
X
rb0

X pr

pr

 !
A ZðpÞ½½X ��:

We define a formal power series EpðU ;L;X Þ in Q½U ;L�½½X �� by

EpðU ;L;XÞ ¼ ð1þLXÞU=L
Yy
k¼1
ð1þLpk

X pk Þð1=p
kÞððU=LÞ p

k
�ðU=LÞp

k�1
Þ:

As in [8, Corollary 2.5.] or [7, Lemma 4.8.], we see that the formal power series

EpðU ;L;X Þ is integral over ZðpÞ. Note that Epð1; 0;XÞ ¼ EpðXÞ.
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Let A be a ZðpÞ-algebra. For l A A and v ¼ ðv0; v1; . . .Þ A WðAÞ, we define a

formal power series Epðv; l;X Þ in A½½X �� by

Epðv; l;X Þ ¼
Yy
k¼0

Epðvk; lpk

;X pk Þ

¼ ð1þ lXÞv0=l
Yy
k¼1
ð1þ lpk

X pk Þð1=p
kl pk ÞFk�1ðF ðlÞðvÞÞ: ð1Þ

Moreover we define a formal power series Fpðv; l;X ;YÞ as follows:

Fpðv; l;X ;YÞ ¼
Yy
k¼1

ð1þ lpk

X pk Þð1þ lpk

Y pk Þ
1þ lpk ðX þ Y þ lXY Þpk

 !ð1=pklp k ÞFk�1ðvÞ

: ð2Þ

As in [8, Lemma 2.16.] or [7, Lemma 4.9.], we see that the formal power series

Fpðv; l;X ;Y Þ is integral over ZðpÞ.

T. Sekiguchi and N. Suwa [8, Theorem 2.19.1.] have shown the following

isomorphisms with the formal power series (1) and (2):

WðAÞF
ðlÞ
!@ HomðĜGðlÞ; ĜGm;AÞ; v 7! Epðv; l;X Þ; ð3Þ

WðAÞ=F ðlÞ !@ H 2
0 ðĜGðlÞ; ĜGm;AÞ; w 7! Fpðw; l;X ;YÞ: ð4Þ

Here H 2
0 ðG;HÞ denotes the Hochschild cohomology group consisting of sym-

metric 2-cocycles of G with coe‰cients in H for formal group schemes G and H

([3, Chap. II.3 and Chap. III.6]).

4 Proof of Theorem 3

In this section we prove Theorem 3. Subsection 4.1 is a technical part in our

proof. In Subsection 4.2 we complete our proof of Theorem 3.

4.1

Suppose that A is a ring. Let l be an element of A and l a positive integer.

Assume that pl�klpk

is divided by lp l

for each integer 0a ka l � 1. Put a :¼
l�p

l

pl ½l� A WðAÞ.

Lemma 1. With the above notations, we have

KerðF ðlÞ � TaÞ ¼ KerðF ðl
p l ÞÞ:

264 Michio Amano



Proof. As a preparation, we calculate the components of b :¼ pl ½l� A WðAÞ
by using the phantom map. For b ¼ ðb0; b1; . . .Þ, we have b0 ¼ pll by F0ðbÞ ¼
F0ðpl ½l�Þ. Similarly, we have b1 ¼ pl�1lpð1� pðp�1ÞlÞ. Put a1 :¼ ð1� pðp�1ÞlÞ.
For kb 2, the components of b is inductively given by

bk ¼ pl�klpk ð1� pðp
k�1Þl � pðp

k�1�1Þðl�1Þapk�1

1 � pð p
k�2�1Þðl�2Þapk�2

2 � � � � � pp�1ap
k�1Þ

where we put

ak :¼ 1� pðp
k�1Þl �

Xk�1
i¼1

pðp
k�i�1Þðl�iÞapk�i

i ðkb 2Þ: ð5Þ

Note that we have the congruences

bk 1 lp l ðmod pÞ if k ¼ l and bk 1 0 ðmod pÞ if k0 l: ð6Þ

Therefore b is stated by

b ¼ pl ½l� ¼ ðpll; pl�1lpa1; p
l�2lp2

a2; . . . ; l
p l

al ; p
�1lp lþ1

alþ1; . . .Þ: ð7Þ

Moreover we also obtain the components of a ¼ l�p
l

b A WðAÞ.
Next, we show the equality of Lemma 1. KerðF ðl p l ÞÞHKerðF ðlÞ � TaÞ is

proved as follows. For x A KerðF ðl p l ÞÞ, we have Fkþ1ðxÞ ¼ lp lþkðp�1ÞFkðxÞ since
FðxÞ ¼ ½lp lðp�1Þ� � x. We must show F ðlÞ � TaðxÞ ¼ o. The claim is proved by

induction on k. Put y :¼ F ðlÞ � TaðxÞ. For y ¼ ðy0; y1; y2; . . .Þ, we have

y0 ¼ F0ðyÞ ¼ F0ðF � TaðxÞÞ � lp�1F0ðTaðxÞÞ ¼ ðap
0l

p lðp�1Þ þ pa1 � lp�1a0ÞF0ðxÞ:

By components of a, we have lpl ðp�1Þap
0 þ pa1 � lp�1a0 ¼ 0. Hence y0 ¼ 0.

Assume yj ¼ 0 for 1a ja k � 1. Then we have Fk�1ðF ðlÞ � TaðxÞÞ ¼ o, i.e.,

FkðTaðxÞÞ ¼ lpk�1ð p�1ÞFk�1ðTaðxÞÞ. By using the phantom map and the relations

(5), we have

FkðF ðlÞ � TaðxÞÞ

¼ Fkþ1ðTaðxÞÞ � lpkðp�1Þlpk�1ðp�1Þ � � � lp�1F0ðTaðxÞÞ

¼ lp lþkðp�1Þlplþk�1ðp�1Þ � � � lp lðp�1Þapkþ1

0 F0ðxÞ

þ lp lþk�1ð p�1Þlp lþk�2ðp�1Þ � � � lp lðp�1Þpapk

1 F0ðxÞ

þ � � � þ pkþ1akþ1F0ðxÞ � lpkþ1�1a0F0ðxÞ

¼ ðlp lþkþ1�p l

a
pkþ1

0 þ plp lþk�p l

a
pk

1 þ � � � þ pkþ1akþ1 � lpkþ1�1a0ÞF0ðxÞ
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¼ fpkþ1akþ1 � pllkþ1=lp l ð1� pðp
kþ1�1Þl � pðp

k�1Þðl�1Þapk

1

� � � � � pðp�1Þðl�kÞlpkþ1
a
p
kÞgF0ðxÞ

¼ pllpkþ1
=lpl

akþ1 � 1� pðp
kþ1�1Þl �

Xk
i¼1

pðp
kþ1�i�1Þðl�iÞapkþ1�i

i

 !( )
F0ðxÞ ¼ 0:

Therefore, for x A KerðF ðl p l ÞÞ, we have F ðlÞ � TaðxÞ ¼ o. We consider the fol-

lowing diagram in order to prove the reverse inclusion:

WðAÞ WðAÞ

D

???y
WðAÞ �WðAÞ

ðF ;�½l p l ð p�1Þ�Þ

???y
WðAÞ �WðAÞ

WðAÞ �WðAÞ

WðAÞ WðAÞ;

����������������������������!Ta

 ����������������������������

m

??????????y

???????????????????????y

F ðlÞ

 ������
����� t 0a

 ������
������ m

where homomorphisms m, D and t 0a are defined by

m : WðAÞ �WðAÞ !WðAÞ; ðx1; x2Þ 7! x1 þ x2;

D : WðAÞ !WðAÞ �WðAÞ; x 7! ðx; xÞ and

t 0a : WðAÞ �WðAÞ !WðAÞ �WðAÞ;

ðx1; x2Þ 7! ðTað pÞ ðx1Þ;Tcð pÞ � F ðx2Þ � F � Tcðx2Þ þ ½lp�1� � Tcðx2ÞÞ:

Here we put c :¼ l�p
lþ1
pl ½l�. Note that the homomorphism t 0a is well-defined over

ðImðFÞÞ � ðImð�½lp lðp�1Þ�ÞÞ. Hence we obtain

F ðlÞ � Ta ¼ m � t 0a � ðF ;�½l
plð p�1Þ�Þ � D and F ðl

p l Þ ¼ m � ðF ;�½lp lðp�1Þ�Þ � D:

By the above equalities, we have

WðAÞ=KerðF ðlÞ � TaÞF ImðF ðlÞ � TaÞH ImðF ðl
p l ÞÞFWðAÞ=KerðF ðl

p l ÞÞ:
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Therefore, if x A KerðF ðlÞ � TaÞ, then we have x ¼ o A WðAÞ=KerðF ðlp l ÞÞ. Hence

x A KerðF ðlp l ÞÞ. Thus we obtain the result. r

4.2

Let n be a positive integer. Suppose that A is a ZðpÞ=ðpnÞ-algebra. Let l

be an element of A. For each integer 0a ka l � 1, we assume that pl�klpk

is

divided by lp l

and that pl�klpk

=lp l

is nilpotent. In particular, if l ¼ 0, we set

pl�klpk

=lp l

:¼ 0.

Let GðlÞ be the deformation group scheme defined in Subsection 3.1 and ĜGðlÞ

the formal completion of GðlÞ along the zero section. We consider the homo-

morphism

cðlÞ : ĜGðlÞ ! ĜGðl
p l Þ; x 7! l�p

lfð1þ lxÞp
l

� 1g:

Then we have

cðlÞðXÞ ¼ l�p
lfð1þ lXÞp

l

� 1g ¼ l�p
l
Xp l�1

k¼1

pl

k

� �
lkX k þ X pl

:

Note that cðlÞ is well-defined under our assumptions (even l ¼ 0). By the nil-

potency of pl�klpk

=lp l

, the class X is nilpotent ([2, Chap. 1, Ex. 2]). If l ¼ 0, we

have X pl ¼ 0. In particular, if pl�klpk

=lpl

is divided by p, the nilpotency of p is

used in the coordinate ring. Hence the kernel of cðlÞ has the equalities

Nl :¼ KerðcðlÞÞ ¼ SpfðA½½X ��=ðcðlÞðX ÞÞÞ ¼ SpecðA½X �=ðcðlÞðXÞÞÞ:

Note that Nl is a finite group scheme of order pl of GðlÞ. The following short

exact sequence (8) is induced by cðlÞ:

0 �! Nl �!i ĜGðlÞ �!cðlÞ ĜGðl p l Þ �! 0;

where i is a canonical inclusion. The exact sequence (8) deduces the long exact

sequence

0 ���! HomðĜGðl
p l Þ; ĜGm;AÞ ���!ðcðlÞÞ �

HomðĜGðlÞ; ĜGm;AÞ ���!ðiÞ� HomðNl ; ĜGm;AÞ

���!q Ext1ðĜGðl
p l Þ; ĜGm;AÞ ���!ðcðlÞÞ �

Ext1ðĜGðlÞ; ĜGm;AÞ ���! � � � :
Since the image of the boundary map q is given by direct product of formal

schemes, we can replace Ext1ðĜGðl p l Þ; ĜGm;AÞ with H 2
0 ðĜGðl

p l Þ; ĜGm;AÞ ([1, Lemma 3]).

Therefore the exact sequence (9) is given by
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HomðĜGðl
p l Þ; ĜGm;AÞ ���!ðcðlÞÞ�

HomðĜGðlÞ; ĜGm;AÞ ���!ðiÞ� HomðNl ; ĜGm;AÞ

���!q H 2
0 ðĜGðl

p l Þ; ĜGm;AÞ:

On the other hand, we show that the following sequence (10) is exact:

WðAÞF
ðlp

l
Þ
!Ta

WðAÞF
ðlÞ
!p Ml !

q
0;

where we put Ml :¼ Ker½F ðlÞ : WðAÞ=Ta !WðAÞ=T 0a� and p is a homomorphism

induced by the natural projection WðAÞ !!WðAÞ=Ta. We show that ImðTaÞ ¼
KerðpÞ and ImðpÞ ¼Ml . ImðTaÞHKerðpÞ is obvious. To prove the reverse

inclusion, if pðxÞ ¼ o A Ml ðx A WðAÞF
ðlÞ
Þ, then we have x A ImðTaÞ. Hence

x ¼ TaðzÞ ðz A WðAÞÞ. Then we have F ðlÞðxÞ ¼ F ðlÞ � TaðzÞ ¼ o. Therefore we

have

z A KerðF ðlÞ � TaÞ ¼ KerðF ðl
p l ÞÞ ¼WðAÞF

ðlp
l
Þ
:

Next, we prove the surjectivity of p. Let xð0 0Þ A Ml . Hence x B ImðTaÞ. Since
F ðlÞðxÞ ¼ F ðlÞðxÞ ¼ 0 and F ðlÞðxÞ0F ðlÞ � TaðzÞ ðz A WðAÞÞ, we have F ðlÞðxÞ B
ImðT 0aÞ ¼ ImðF ðlÞ � TaÞ and F ðlÞðxÞ ¼ o. Hence x A WðAÞF

ðlÞ
. Therefore p is

surjective, i.e., we have WðAÞF
ðlÞ
=ImðTaÞFMl .

Now, by combining the exact sequences (9), (10) and the isomorphisms (3),

(4), we have the following diagram (11) consisting of exact horizontal lines and

vertical isomorphisms except f:

HomðĜGðl p l Þ; ĜGm;AÞ ����!ðcðlÞÞ �
HomðĜGðlÞ; ĜGm;AÞ ����!ðiÞ � HomðNl ; ĜGm;AÞ ����!q H 2

0 ðĜGðl
p l Þ; ĜGm;AÞ

f1

x??? f2

x??? f

x??? f3

x???
WðAÞF

ðl p l Þ
W ðAÞF

ðlÞ
Ml W ðAÞ=F ðl p l Þ;��������!Ta ����������!p ��������!q

where f is the following homomorphism induced from the exact sequence (8) and

the isomorphism (3):

f : Ml ! HomðNl ; ĜGm;AÞ; x 7! Epðx; l; xÞ :¼ Epðx; l; xÞ:

We must show the well-definedness of f. For x A Ml , we choose an inverse image

xþ TaðzÞ A WðAÞ, where x A WðAÞF
ðlÞ

and z A WðAÞF
ðl p

l
Þ
. By z A WðAÞF

ðl p
l
Þ
, we

can use the equality Epðz; lp l

;cðlÞðxÞÞ ¼ EpðTaðzÞ; l; xÞ ([1, Lemma 1, p. 123]).

Hence we have

Epðx; l; xÞ ¼ Epðx; l; xÞ � EpðTaðzÞ; l; xÞ ¼ Epðx; l; xÞ � Epðz; l;cðlÞðxÞÞ

1Epðx; l; xÞ ðmod cðlÞðxÞÞ:
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If the diagram (11) is commutative, by using the five lemma, f becomes an

isomorphism, i.e., Ml FHomðNl ; ĜGm;AÞ. Therefore we must prove the equalities

ð12Þ ðcðlÞÞ� � f1 ¼ f2 � Ta; ð13Þ ðiÞ� � f2 ¼ f � p; ð14Þ q � f ¼ f3 � q:

For (12), we must show the equality Epðx; lp l

;cðlÞðxÞÞ ¼ EpðTaðxÞ; l; xÞ. This

is nothing but the equality in [1, Lemma 1, p. 123]. The equality of (13) fol-

lows from the definition of f. The calculation of the boundary qðEpðx; l; xÞÞ
ðx A MlÞ is similar to the previous paper [1, Lemma 3]. Hence we have

qðEpðx; l; xÞÞ ¼ FpðF ðlÞðxþ TaðzÞÞ; l; x1; x2Þ, where xþ TaðzÞ is an inverse image

of x for p : WðAÞ !WðAÞ=Ta. Note that z A WðAÞF
ðlp l Þ

. Since z A WðAÞF
ðl p l Þ
¼

KerðF ðlÞ � TaÞ, we have

FpðF ðlÞðxþ TaðzÞÞ; l; x1; x2Þ ¼ FpðF ðlÞðxÞ þ F ðlÞ � TaðzÞ; l; x1; x2Þ

¼ Fpðo; l; x1; x2Þ ¼ 1:

Therefore the equality (14) is a conclusion from qðEpðx; l; xÞÞ ¼ 1 and qðMlÞ ¼
fog. Hence we obtain Theorem 3.
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