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LOOP GROUPS SL2ðF½X ;X�1�Þ, UNIVERSAL CENTRAL

EXTENSIONS AND ADDITIVE STEINBERG SYMBOLS

By

Yasutomo Asai

Abstract. We determine the group presentations of universal central

extensions derived from loop groups, where loop groups are Che-

valley groups over Laurent polynomial rings. We also show that the

universal central extensions have Tits systems. For our purpose, we

introduce additive Steinberg symbols.

0. Introduction

Let A be an n� n Cartan matrix of finite type and F the root system defined

from A (cf. [6]). We can construct GscðA;�Þ, the Chevalley-Demazure group

scheme of universal type associated to A, i.e., the representable covariant functor

from the category of commutative rings with 1 to that of groups (cf. [1], [4], [5]).

It is known that if A ¼ An, GscðAn;�Þ is isomorphic to SLnþ1ð�Þ.
For F½X ;X�1�, a Laurent polynomial ring over an arbitrary field F, we call

GscðA;F½X ;X�1�Þ the loop group of type A. It is known that if R is a field, a

polynomial ring, a Laurent polynomial ring, the ring of integers or a semi-local

ring all of whose residue fields are infinite, GscðA;RÞ is isomorphic to the group

generated by xgðtÞ ðg A F; t A RÞ with the defining relations (A), (B), (B) 0 and

(C) (cf. [2], [8], [19]). The relation (A) represents the additivity of each root sub-

groups and the relation (C) represents the multiplicativity of each one dimen-

sional tori.

Let R be an arbitrary commutative ring with 1. We define StðA;RÞ, the

Steinberg group over R, to be a group generated by xgðtÞ ðg A F; t A RÞ with the

defining relations (A), (B) and (B) 0 (cf. [14]). In 1960’s, R. Steinberg has shown
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that if R is a field with su‰ciently many elements, StðA;RÞ is centrally closed,

i.e., the identity map of StðA;RÞ is its universal central extension (cf. [15], [16]).

In general, M. R. Stein has shown that StðA;RÞ is centrally closed provided that

Rank Ab 4 and A0D4;F4 (cf. [14]). In the case of Rank A being small, we can

also prove that StðA;RÞ is centrally closed provided that R has many units since

the R. Steinberg’s arguments can be applied to them.

We can construct a canonical homomorphism from StðA;RÞ to GscðA;RÞ
and we denote the kernel of the homomorphism by K2ðA;RÞ. From the facts

mentioned in the previous paragraph, StðA;RÞ is the universal central extension

of GscðA;RÞ and K2ðA;RÞ is the Schur multiplier of GscðA;RÞ provided that R is

a field, a polynomial ring, a Laurent polynomial ring or a semi-local ring all of

whose residue fields are infinite, and has many units. For the case of R being a

field, the group presentation of K2ðA;RÞ has been given by H. Matsumoto [10].

In his presentation (called a Matsumoto type presentation), he uses the Steinberg

symbols, which come from the relation (C). For the case of R being a Laurent

polynomial ring, the structures of K2ðA;RÞ have been studied by J. Morita [12]

and its Matsumoto type presentation has been given by M. Tomie [18]. W. van

der Kallen has given a Matsumoto type presentation for the case of R being

U-irreducible (cf. [19]).

Let F be a field and let G 0 be a group and k a central extension from G 0 to

StðA;FÞ. To prove the universality of StðA;FÞ, R. Steinberg has detected x 0
gðtÞ

ðg A F; t A FÞ in G 0 and he has shown that these elements satisfy the relations

(A), (B) and (B) 0. If Rank F and the cardinality of F are small, however, there

are several cases where his method cannot be applied. For example, if G 0 is

a universal central extension of StðA1;F9Þ, the relation (A) doesn’t hold since

x 0
gðtÞx 0

gðt 0Þx 0
gðtþ t 0Þ�1 0 1 for some t; t 0 A F. To treat the universal central exten-

sions comprehensively, we introduce additive Steinberg symbols ŷygðt; t 0Þ, which

correspond to x 0
gðtÞx 0

gðt 0Þx 0
gðtþ t 0Þ�1. Using the additive Steinberg symbols, we

will show that the universal central extension of GscðA1;F½X ;X�1�Þ is isomorphic

to the group generated by x̂xGðtÞ ðt A F½X ;X�1�Þ with the following defining

relations:

(B) 0 n̂nGðvÞx̂xGðtÞn̂nGðvÞ�1 ¼ x̂xHð�v�2tÞ,
ðŷy1Þ ŷyGðt; t 0Þ is central,

ðŷy2Þ ŷy is biadditive,

ðŷy3Þ ŷyGðt; t 0Þ ¼ ŷyGða2t 0; tÞ,

where t; t 0 A F½X ;X�1�, v A F½X ;X�1��, ŷyGðt; t 0Þ ¼ x̂xGðtÞx̂xGðt 0Þx̂xGðtþ t 0Þ�1, n̂nGðvÞ ¼
x̂xGðvÞx̂xHðv�1Þ�1

x̂xGðvÞ and a is a prefixed element of F.
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We will also show that the universal central extension of GscðA1;F½X ;X�1�Þ
has a Tits system.

Notations used here are as follows. For elements g, g 0 of a group G, we

denote the commutator gg 0g�1g 0�1 by ½g; g 0�, the commutator group of G by

½G;G� and the center of G by ZðGÞ. The symbol h� � �i means that the group is

generated by � � � . For a set D, we denote the cardinality of D by aD.

The author wishes to represent his hearty gratitude to Professor Jun Morita

for his valuable advice.

1. Central Extensions

Let G and G 0 be groups and k a group homomorphism from G 0 onto G. A

pair ðG 0; kÞ is called a central extension of G if Ker k is included in ZðG 0Þ. We

abbreviate ðG 0; kÞ to G 0 provided that no confusion occurs.

Notations are as above. The pair ðG 0; kÞ is called the universal central

extension of G if the following conditions are satisfied:

(UC1) G 0 ¼ ½G 0;G 0�,
(UC2) Let ðG 00; k 0Þ be an another central extension of G. Then, there exist a

group homomorphism k 00 : G 0 ! G 00 such that k ¼ k 0 � k 00.

It is well-known that a universal central extension of G is uniquely deter-

mined up to isomorphism. It is easily shown that k 00 of (UC2) is uniquely

determined.

From the definition, G must be perfect if a universal central extension of G

exists. The next proposition indicates that the opposite direction also holds.

Proposition 1.1 ([16], [17]). Let G be a perfect group. Then, its universal

central extension exists.

Let G be a group. We call G centrally closed if ðG; idÞ is a universal central

extension of G. If G is centrally closed, G must be perfect.

Proposition 1.2 ([16], [17]). Let G be a group and ðG 0; kÞ a central extension

of G. Then, the following conditions are equivalent:

(a) ðG 0; kÞ is a universal central extension of G,

(b) G 0 is centrally closed,

(c) Let ðG 00; k 0Þ be a central extension of G 0. Then, ðG 00; k 0Þ is split, i.e., there

exists a group homomorphism k 00 : G 0 ! G 00 such that k 0 � k 00 ¼ id.
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Let G be a group, ðG 0; kÞ a central extension of G and ðG 00; k 0Þ a central

extension of G 0. Then, is ðG 00; k � k 0Þ a central extension of G? In general, it

doesn’t hold. For example, set G ¼ f1g and

G 00 ¼
1 d g

0 1 k

0 0 1

0
B@

1
CA
������� d; g; k A F2

8><
>:

9>=
>;; L ¼

1 0 g

0 1 0

0 0 1

0
B@

1
CA
������� g A F2

8><
>:

9>=
>;; G 0 ¼ G 00=L:

But the next proposition holds.

Proposition 1.3. Let G be a group, ðG 0; kÞ a central extension of G and

ðG 00; k 0Þ a central extension of G 0. Assume that G 0 is perfect (hence, G is also

perfect). Then, ðG 00; k 0 � kÞ is a central extension of G.

To prove Proposition 1.3, we use the next lemmas.

Lemma 1.4 ([16]). Let G be a perfect group and ðG 0; kÞ a central extension

of G. Then, G 0 ¼ ðKer kÞ � ½G 0;G 0� and ½G 0;G 0� is a perfect group.

Lemma 1.5. Let G be a group and g an element of G. Assume that ½g; g 0� is
included in ZðGÞ for all g 0 A G. Define a map k from G to ZðGÞ by g 0 7! ½g; g 0�.
Then, k is a group homomorphism. In particular, if G is perfect, g must be central

in G.

Proof. for g 0; g 00 A G,

½g; g 0g 00� ¼ gg 0g�1ðgg 00g�1g 00�1Þg 0�1 ¼ gg 0g�1g 0�1½g; g 00� ¼ ½g; g 0�½g; g 00�: r

Proof of Proposition 1.3. Let g be an element of Kerðk � k 0Þ. From

Lemma 1.4, there exists g 0 A Ker k 0 and g 00 A ½G 00;G 00� such that g ¼ g 0g 00. To

prove Proposition 1.3, it is enough to check that g 00 is central in ½G 00;G 00�.
For all d A G 00, ½g 00; d � ¼ ½g; d � A ZðG 00Þ because k 0ðgÞ is central in G 0. The

restriction of k 0 to ½G 00;G 00� is also a central extension of G 0 since G 0 is perfect.

Applying Lemma 1.5, we can prove Proposition 1.3. r

Using Proposition 1.2 and Proposition 1.3, we have the next corollaries.

Corollary 1.6. Let G be a perfect group and ðG 0; kÞ be a central extension

of G with G 0 being perfect. Let ðG 00; k 0Þ be a universal central extension of G 0.

Then, ðG 00; k 0 � kÞ is a universal central extension of G.
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Corollary 1.7. Let G be a perfect group and ðG 0; kÞ a central extension

of G. Then,

(a) k�1ðZðGÞÞ ¼ ZðG 0Þ.
(b) Let g; g 0; d; d 0 A G 0 and assume that kðgÞkðg 0Þ�1; kðdÞkðd 0Þ�1 A ZðGÞ.

Then, ½g; d � ¼ ½g 0; d 0�.

Proof. (a) k�1ðZðGÞÞIZðG 0Þ is obvious. Let k 0 be the canonical group

homomorphism from G to G=ZðGÞ. Then, ðG; k 0Þ is a central extension of

G=ZðGÞ and k�1ðZðGÞÞ ¼ Kerðk 0 � kÞ. We have k�1ðZðGÞÞHZðG 0Þ from Prop-

osition 1.3.

(b) is obvious from (a). r

2. The Loop Groups and the Steinberg Groups

Let F be an arbitrary field. The group SLnþ1ðF½X ;X�1�Þ is called the loop

group over F (of type An). In this article, we treat only the case where n ¼ 1, i.e.,

SL2ðF½X ;X�1�Þ. In general, for an arbitrary root system of finite type, we can

construct the loop group using Chevalley-Demazure group scheme (cf. [4], [5]).

It is known that SL2ðF½X ;X�1�Þ (resp. SL2ðFÞ) is isomorphic to the group

generated by xGðtÞ ðt A F½X ;X�1�Þ (resp. t A F) with the following defining rela-

tions ([2], [8]):

(A) xGðtÞxGðt 0Þ ¼ xGðtþ t 0Þ,
(B) 0 nGðvÞxGðtÞnGðvÞ�1 ¼ xHð�v�2tÞ,
(C) hGðvÞhGðv 0Þ ¼ hGðvv 0Þ,

where t; t 0 A F½X ;X�1� (resp. t; t 0 A F), v; v 0 A F½X ;X�1�� (resp. v; v 0 A F�), nGðvÞ ¼
xGðvÞxHðv�1Þ�1

xGðvÞ and hGðvÞ ¼ nGðvÞnGð1Þ�1. We denote the multiplicative

group of F½X ;X�1� (resp. F) by F½X ;X�1�� (resp. F�). For t A F½X ;X�1� (resp.
t A F), the generators xþðtÞ, x�ðtÞ correspond to:

1 t

0 1

� �
;

1 0

t 1

� �
;

respectively in SL2ðF½X ;X�1�Þ (resp. SL2ðF Þ).
Let R be a commutative ring with 1. We define the Steinberg group St2ðRÞ

over R (of type A1) to be the group generated by xGðtÞ ðt A RÞ with the defining

relations (A) and (B) 0, where xG is replaced by xG. In this article, we denote

the generators of SL2ðF½X ;X�1�Þ by xGðtÞ ðt A F½X ;X�1�Þ and the generators of

St2ðRÞ by xGðtÞ ðt A RÞ. The following propositions are easily proven.
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Proposition 2.1 ([18]). Let F be an arbitrary field. The following formulas

hold in SL2ðF½X ;X�1�Þ:

(a) xGð0Þ ¼ 1, xGðtÞ�1 ¼ xGð�tÞ, nGðvÞ�1 ¼ nGð�vÞ,
(b) hGð1Þ ¼ 1, hGðvÞ�1 ¼ hGðv�1Þ,
(c) nGðvÞ ¼ nHð�v�1Þ, hGðvÞ ¼ hHðv�1Þ,
(d) nGðvÞnGðv 0ÞnGðvÞ�1 ¼ nHð�v�2v 0Þ,
(e) nGðvÞhGðv 0ÞnGðvÞ�1 ¼ hHðv 0Þ,
(f ) hGðvÞxGðtÞhGðvÞ�1 ¼ xGðv2tÞ,
(g) hGðvÞnGðv 0ÞhGðvÞ�1 ¼ nGðv2v 0Þ,
(h) hGðvÞhGðv 0ÞhGðvÞ�1 ¼ hGðv 0Þ,

where t A F½X ;X�1� and v; v 0 A F½X ;X�1��.

Proposition 2.2 ([18]). Let R be an arbitrary commutative ring with 1. For

v; v 0 A R�, we define

nGðvÞ ¼ xGðvÞxHðv�1Þ�1
xGðvÞ;

hGðvÞ ¼ nGðvÞnGð1Þ�1;

cGðv; v 0Þ ¼ hGðvÞhGðv 0ÞhGðvv 0Þ�1:

Then, the following formulas hold in St2ðRÞ:

(a) xGð0Þ ¼ 1, xGðtÞ�1 ¼ xGð�tÞ, nGðvÞ�1 ¼ nGð�vÞ,
(b) hGð1Þ ¼ 1, hGðvÞ�1 ¼ hGðv�1ÞcGðv; v�1Þ�1,

(c) nGðvÞ ¼ nHð�v�1Þ, hGðvÞ ¼ hHðv�1ÞcHðv;�1Þ�1,

(d) nGðvÞnGðv 0ÞnGðvÞ�1 ¼ nHð�v�2v 0Þ,
(e) nGðvÞhGðv 0ÞnGðvÞ�1 ¼ hHðv 0ÞcHðv 0;�v�2Þ�1,

(f ) hGðvÞxGðtÞhGðvÞ�1 ¼ xGðv2tÞ,
(g) hGðvÞnGðv 0ÞhGðvÞ�1 ¼ nGðv2v 0Þ,
(h) hGðvÞhGðv 0ÞhGðvÞ�1 ¼ hGðv 0ÞcGðv 0; v2Þ�1,

(i) cGðv; v 0Þ A ZðStðRÞÞ,

where t A R and v; v 0 A R�.

There is a group homomorphism j from St2ðF½X ;X�1�Þ to SL2ðF½X ;X�1�Þ
given by jðxGðtÞÞ ¼ xGðtÞ ðt A F½X ;X�1�Þ. The pair ðSt2ðF½X ;X�1�Þ; jÞ is obvi-

ously a central extension of SL2ðF½X ;X�1�Þ.
If F is F2 or F3, SL2ðF½X ;X�1�Þ is not perfect since there is a group homo-

morphism from SL2ðF½X ;X�1�Þ onto SL2ðFÞ and SL2ðFÞ is not perfect.
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On the other hand, if F has more than 4 elements, we can choose a element

u A F� such that u2 � 1 A F�. For all t A F½X ;X�1�,

½hGðuÞ; xGðtðu2 � 1Þ�1Þ� ¼ hGðuÞxGðtðu2 � 1Þ�1ÞhGðuÞ�1
xGðtðu2 � 1Þ�1Þ�1

¼ xGðtu2ðu2 � 1Þ�1ÞxGð�tðu2 � 1Þ�1Þ

¼ xGðtÞ:

Thus, SL2ðF½X ;X�1�Þ is perfect if F has more than 4 elements and its universal

central extension exists (proposition 1.1). We will give a group presentation of the

universal central extension in Section 3.

Next, we introduce Tits systems. Let G 0 be a group and B 0, N 0 subgroups of

G 0. Let S 0 be a subset of all left cosets set N 0=ðB 0 VN 0Þ. We call ðG 0;B 0;N 0;S 0Þ a
Tits system if the following conditions are satisfied (cf. [3], [13], [17]):

(T1) G 0 is generated by B 0, N 0, and T 0 ¼ B 0 VN 0 pN 0,

(T2) N 0=T 0 ¼ hSi, the order of s is 2 for all s A S,

(T3) s 0B 0w 0 HB 0s 0w 0B 0 UB 0w 0B 0 for all s 0 A S 0, w 0 A N 0=T 0,

(T4) s 0B 0s 0 QB 0.

We call N 0=T 0 the Weyl group of the Tits system. It is known that N 0=T 0 is a

Coxeter group (cf. [7]).

Proposition 2.3 (Bruhat decomposition). Let ðG 0;B 0;N 0;S 0Þ be a Tits

system. Then, we have

G 0 ¼ 6
w 0 AN 0=T 0

B 0w 0B 0:

This is a disjoint union and N 0=T 0 is in bijective correspondence with the double

cosets B 0nG 0=B 0.

We define the following subgroups of SL2ðF½X ;X�1�Þ by:

UðG;mÞ ¼ hxGðsX mÞ j s A Fi ðfor all m A ZÞ;

U ¼ hUðþ;kÞ;Uð�;k 0Þ j k A Zb0; k
0 A Zb1i;

T ¼ hhGðuÞ j u A F�i;

B ¼ hU ;Ti;

N ¼ hnGðvÞ j v A F½X ;X�1��i:
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Set S ¼ fnþð1Þ; n�ðXÞ Mod Tg. Then,

Proposition 2.4 ([11]). The quadruplet ðSL2ðF½X ;X�1�Þ;B;N;SÞ is a Tits

system, BVN ¼ T and N=T is isomorphic to the infinite dihedral group.

3. The Universal Central Extension of the Loop Group SL2ðF½X ;X�1�Þ

Let F be a field with more than 4 elements. As mentioned in the last of

Section 2, SL2ðF½X ;X�1�Þ is perfect and its universal central extension exists.

If aF is large enough, we can prove that St2ðF½X ;X�1�Þ is a universal central

extension of SL2ðF½X ;X�1�Þ as in R. Steinberg’s paper [15], in which he proved

that if F0F4;F9, St2ðFÞ is a universal central extension of SL2ðFÞ. On the other

hand, if F ¼ F4 or F9, St2ðFÞ is not a universal central extension of SL2ðFÞ.
In this section, we assume that R is a commutative ring with 1 such that

there exists a A R� satisfying a2 � 1 A R�. We fix such an element a for each R.

Define bStSt2ðRÞ to be the group generated by x̂xGðtÞ ðt A RÞ with the following

defining relations:

(B) 0 n̂nGðvÞx̂xGðtÞn̂nGðvÞ�1 ¼ x̂xHð�v�2tÞ,
ðŷy1Þ ŷyGðt; t 0Þ is central,

ðŷy2Þ ŷy is biadditive, i.e.,

ŷyGðt; t 0ÞŷyGðt; t 00Þ ¼ ŷyGðt; t 0 þ t 00Þ,
ŷyGðt; t 00ÞŷyGðt 0; t 00Þ ¼ ŷyGðtþ t 0; t 00Þ,

ðŷy3Þ ŷyGðt; t 0Þ ¼ ŷyGða2t 0; tÞ,

where t; t 0 A R, v A R�, n̂nGðvÞ ¼ x̂xGðvÞx̂xHðv�1Þ�1
x̂xGðvÞ and ŷyGðt; t 0Þ ¼

x̂xGðtÞx̂xGðt 0Þx̂xGðtþ t 0Þ�1. We define:

ĥhGðvÞ ¼ n̂nGðvÞn̂nGð1Þ�1;

ĉcGðv; v 0Þ ¼ ĥhGðvÞĥhGðv 0ÞĥhGðvv 0Þ�1:

We can construct the canonical group homomorphism ĵj from bStSt2ðRÞ onto

St2ðRÞ given by ĵjðx̂xGðtÞÞ ¼ xGðtÞ ðt A RÞ. Obviously, ð bStSt2ðRÞ; ĵjÞ is a central

extension of St2ðRÞ, whose kernel is the subgroup of bStSt2ðRÞ generated by

ŷyGðt; t 0Þ ðt; t 0 A RÞ. As in the last of Section 2, we can prove that St2ðRÞ is perfect
and its universal central extension exists. We will show that bStSt2ðRÞ is a universal

central extension of St2ðRÞ, later.

The group presentation of bStSt2ðRÞ depends on the fixed element a. There-

fore, bStSt2ðRÞ should be written as bStSta2 ðRÞ. Let a 0 be an another such element. A
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universal central extension defined from a 0 is isomorphic to the first one since a

universal central extension is uniquely determined up to isomorphism. There is a

direct proof of bStSta2 ðRÞF bStSta 0

2 ðRÞ. See Remark 3.9 for the proof.

Proposition 3.1. The following relations hold in bStSt2ðRÞ:
ðaÞ ĥhGð1Þ ¼ 1; ð1Þ

ðbÞ ŷyGðt; 0Þ ¼ ŷyGð0; tÞ ¼ 1; ð2Þ

ðcÞ x̂xGð0Þ ¼ 1; ð3Þ

ðdÞ ŷyGðt; t 0Þ�1 ¼ ŷyGð�t; t 0Þ ¼ ŷyGðt;�t 0Þ; ð4Þ

ðeÞ ŷyGðt; t 0Þ ¼ ŷyGð�t;�t 0Þ; ð5Þ

ðfÞ ŷyGðt; t 0Þ ¼ ŷyHðt; t 0Þ; ð6Þ

ðgÞ ŷyGðt; t 0Þ ¼ ŷyGðv2t; v2t 0Þ; ð7Þ

ðhÞ ½x̂xGðtÞ; x̂xGðt 0Þ� ¼ ŷyGðða2 � 1Þt 0; tÞ; ð8Þ

where t; t 0 A R and v A R�.

Proof. (a): ĥhGð1Þ ¼ n̂nGð1Þn̂nGð1Þ�1 ¼ 1.

(b): By ðŷy2Þ, ŷyðt; 0Þ2 ¼ ŷyðt; 0Þ and ŷyð0; tÞ2 ¼ ŷyð0; tÞ.
(c): By (2), x̂xGð0Þ ¼ x̂xGð0Þx̂xGð0Þx̂xGð0Þ�1 ¼ ŷyð0; 0Þ ¼ 1.

(d): By ðŷy2Þ and (2),

ŷyGðt; t 0ÞŷyGð�t; t 0Þ ¼ ŷyGð0; t 0Þ ¼ 1;

ŷyGðt; t 0ÞŷyGðt;�t 0Þ ¼ ŷyGðt; 0Þ ¼ 1:

(e) is obvious from (4).

(f ) is proven by:

ŷyGðt; t 0Þ ¼ n̂nGð1Þx̂xGðtÞx̂xGðt 0Þx̂xGðtþ t 0Þ�1
n̂nGð1Þ�1 by ðŷy1Þ

¼ x̂xHð�tÞx̂xHð�t 0Þx̂xHð�ðtþ t 0ÞÞ�1 by ðBÞ0

¼ ŷyHð�t;�t 0Þ

¼ ŷyHðt; t 0Þ by ð5Þ:
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(g) is proven by:

ŷyGðt; t 0Þ ¼ n̂nGðv�1Þx̂xGðtÞx̂xGðt 0Þx̂xGðtþ t 0Þ�1
n̂nGðv�1Þ�1 by ðŷy1Þ

¼ x̂xHð�v2tÞx̂xHð�v2t 0Þx̂xHð�v2ðtþ t 0ÞÞ�1 by ðBÞ0

¼ ŷyHð�v2t;�v2t 0Þ

¼ ŷyGðv2t; v2t 0Þ by ð5Þð6Þ:

(h) is proven by:

½x̂xGðtÞ; x̂xGðt 0Þ� ¼ ðx̂xGðtÞx̂xGðt 0Þx̂xGðtþ t 0Þ�1Þðx̂xGðtþ t 0Þx̂xGðtÞ�1
x̂xGðt 0Þ�1Þ

¼ ŷyGðt; t 0ÞŷyGðt 0; tÞ�1

¼ ŷyGða2t 0; tÞŷyGð�t 0; tÞ by ðŷy3Þð4Þ

¼ ŷyGðða2 � 1Þt 0; tÞ by ðŷy2Þ: r

Proposition 3.2. The following relations hold in bStSt2ðRÞ:
ðaÞ x̂xGðtÞ�1 ¼ x̂xGð�tÞŷyGðt; tÞ; ð9Þ

ðbÞ n̂nGðvÞ�1 ¼ n̂nGð�vÞŷyGðv; vÞ; ð10Þ

ðcÞ ĥhGðvÞ�1 ¼ ĥhGðv�1ÞĉcGðv; v�1Þ�1; ð11Þ

ðdÞ n̂nGðvÞ ¼ n̂nHð�v�1Þ; ð12Þ

ðeÞ ĥhGðvÞ ¼ ĉcHðv�1;�1Þ�1
ĥhHðv�1Þ; ð13Þ

ðfÞ x̂xGðvÞ ¼ x̂xHðv�1Þn̂nHð�v�1Þx̂xHðv�1ÞŷyHðv; vÞ; ð14Þ

where t A R and v A R�.

Proof. (a) is proven by:

x̂xGðtÞðx̂xGð�tÞŷyGðt; tÞÞ ¼ ŷyGðt;�tÞŷyGðt; tÞ by ð3Þ

¼ 1 by ðŷy2Þð2Þ:
(b) is proven by:

n̂nGðvÞ�1 ¼ x̂xGðvÞ�1
x̂xHðv�1Þx̂xGðvÞ�1

¼ x̂xGð�vÞx̂xHð�v�1Þ�1
x̂xGð�vÞŷyHð�v�1;�v�1Þ�1ŷyGðv; vÞ2 by ðŷy1Þð9Þ
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¼ n̂nGð�vÞŷyHð�v;�vÞ�1ŷyGðv; vÞ2 by ð7Þ

¼ n̂nGð�vÞŷyGðv; vÞ by ð5Þð6Þ:

(c): By (1), ĥhGðvÞĥhGðv�1ÞĉcGðv; v�1Þ�1 ¼ ĉcGðv; v�1ÞĉcGðv; v�1Þ�1 ¼ 1.

(d) is proven by:

n̂nGðvÞ ¼ n̂nGðvÞn̂nGðvÞn̂nGðvÞ�1 ¼ n̂nGðvÞx̂xGðvÞx̂xHðv�1Þ�1
x̂xGðvÞn̂nGðvÞ�1

¼ x̂xHð�v�1Þn̂nGðvÞx̂xHðv�1Þ�1
n̂nGðvÞ�1

x̂xHð�v�1Þ by ðBÞ0

¼ x̂xHð�v�1Þn̂nGð�vÞ�1
x̂xHðv�1Þ�1

n̂nGð�vÞx̂xHð�v�1Þ by ðŷy1Þð10Þ

¼ x̂xHð�v�1Þx̂xGð�vÞ�1
x̂xHð�v�1Þ ¼ n̂nHð�v�1Þ by ðBÞ0:

(e): By (12),

ĥhGðvÞ ¼ n̂nGðvÞn̂nGð1Þ�1 ¼ n̂nHð�v�1Þn̂nHð�1Þ�1 ¼ ĥhHð�v�1ÞĥhHð�1Þ�1

¼ ĥhHð�v�1ÞĥhHð�1Þ�1
ĥhHðv�1Þ�1

ĥhHðv�1Þ ¼ ĉcHðv�1;�1Þ�1
ĥhHðv�1Þ:

(f ) is proven by:

x̂xHðv�1Þn̂nHð�v�1Þx̂xHðv�1ÞŷyHðv; vÞ

¼ x̂xHðv�1Þðx̂xHð�v�1Þx̂xGð�vÞ�1
x̂xHð�v�1ÞÞx̂xHðv�1ÞŷyHðv; vÞ

¼ ŷyHðv�1;�v�1Þx̂xGð�vÞ�1ŷyHð�v�1; v�1ÞŷyHðv; vÞ by ð3Þ

¼ ŷyHðv;�vÞx̂xGðvÞŷyGð�v;�vÞŷyHð�v; vÞŷyHðv; vÞ by ð7Þð9Þ

¼ x̂xGðvÞ by ðŷy1Þðŷy2Þð2Þð6Þ: r

Proposition 3.3. The following relations hold in bStSt2ðRÞ:
ðaÞ x̂xGðtÞx̂xGðt 0Þx̂xGðtÞ�1 ¼ x̂xGðt 0ÞŷyGðða2 � 1Þt 0; tÞ; ð15Þ

ðbÞ n̂neðvÞx̂xdðtÞn̂neðvÞ�1 ¼ x̂x�dð�v�2edtÞ; ð16Þ

ðcÞ ĥheðvÞx̂xdðtÞĥheðvÞ�1 ¼ x̂xdðv2edtÞ; ð17Þ

where t; t 0 A R, v A R� and e; d A fþ;�g. Notice that ed ¼ þ if e ¼ d, and ed ¼ � if

e0 d.

Proof. (a) is obvious from ðŷy1Þ and (8).

(b) is obvious from (B) 0 and (12).
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(c) is proven by:

ĥheðvÞx̂xdðtÞĥheðvÞ�1 ¼ n̂neðvÞn̂neð1Þ�1
x̂xdðtÞn̂neð1Þn̂neðvÞ�1

¼ n̂neðvÞx̂x�dð�tÞn̂neðvÞ�1 by ð16Þ

¼ x̂xdðv2tÞ by ð16Þ: r

Proposition 3.4. The following relations hold in bStSt2ðRÞ:
ðaÞ n̂neðvÞn̂ndðv 0Þn̂neðvÞ�1 ¼ n̂n�dð�v�2edv 0Þ; ð18Þ

ðbÞ ĥheðvÞn̂ndðv 0ÞĥheðvÞ�1 ¼ n̂ndðv2edv 0Þ; ð19Þ

where v; v 0 A R� and e; d A fþ;�g. Notice that ed ¼ þ if e ¼ d, and ed ¼ � if e0 d.

Proof. (a) and (b) are obvious from (16) and (17). r

Proposition 3.5. The following relations hold in bStSt2ðRÞ:
ðaÞ ĉcGðv; v 0Þ is central in bStSt2ðRÞ; ð20Þ

ðbÞ n̂neðvÞĥhdðv 0Þn̂neðvÞ�1 ¼ ĥh�dðv 0Þĉc�dðv 0;�v�2edÞ�1; ð21Þ

ðcÞ n̂neðvÞ�1
ĥhdðv 0Þn̂neðvÞ ¼ ĥh�dðv 0Þĉc�dðv 0;�v�2edÞ�1; ð22Þ

ðdÞ ĥheðvÞĥhdðv 0ÞĥheðvÞ�1 ¼ ĥhdðv 0Þĉcdðv 0; v2edÞ�1; ð23Þ

ðeÞ ĥheðvÞ�1
ĥhdðv 0ÞĥheðvÞ ¼ ĥhdðv 0Þĉcdðv 0; v�2edÞ�1; ð24Þ

where v; v 0 A R� and e; d A fþ;�g. Notice that ed ¼ þ if e ¼ d, and ed ¼ � if e0 d.

Proof. (a) is obvious from (17).

(b) is proven by:

n̂neðvÞĥhdðv 0Þn̂neðvÞ�1 ¼ n̂neðvÞn̂ndðv 0Þn̂ndð1Þ�1
n̂neðvÞ�1

¼ n̂neðvÞn̂ndðv 0Þn̂neðvÞ�1
n̂neðvÞn̂ndð1Þ�1

n̂neðvÞ�1

¼ n̂n�dð�v�2edv 0Þn̂n�dð�v�2edÞ�1 by ð18Þ

¼ ĥh�dð�v�2edv 0Þĥh�dð�v�2edÞ�1
ĥh�dðv 0Þ�1

ĥh�dðv 0Þ

¼ ĥh�dðv 0Þĉc�dðv 0;�v�2edÞ�1 by ð20Þ:

90 Yasutomo Asai



(c) is obvious from ðŷy1Þ, (10) and (21).

(d) is proven by:

ĥheðvÞĥhdðv 0ÞĥheðvÞ�1 ¼ ĥheðvÞn̂ndðv 0Þn̂ndð1Þ�1
ĥheðvÞ�1

¼ ĥheðvÞn̂ndðv 0ÞĥheðvÞ�1
ĥheðvÞn̂ndð1Þ�1

ĥheðvÞ�1

¼ n̂ndðv2edv 0Þn̂ndðv2edÞ�1 by ð19Þ

¼ ĥhdðv2edv 0Þĥhdðv2edÞ�1
ĥhdðv 0Þ�1

ĥhdðv 0Þ

¼ ĥhdðv 0Þĉcdðv 0; v2edÞ�1 by ð20Þ:

(e) is obvious from (11), (20) and (23). r

Using the relations of bStSt2ðRÞ and that of St2ðRÞ, we can prove the uni-

versality of bStSt2ðRÞ.
Theorem 3.6. ð bStSt2ðRÞ; ĵjÞ is the universal central extension of St2ðRÞ.

The idea of the proof is in Steinberg’s lecture notes [16]. We will check that

ð bStSt2ðRÞ; ĵjÞ satisfies (UC1) and (UC2).

Lemma 3.7. The group bStSt2ðRÞ is perfect.

Proof. We have:

½x̂xGðt 0Þ; x̂xGðða2 � 1Þ�1
tÞ� ¼ ŷyGðt; t 0Þ by ð8Þ:

Hence, ŷyGðt; t 0Þ A ½ bStSt2ðRÞ; bStSt2ðRÞ� for all t; t 0 A R. Then, for all t A R,

½ĥhGðaÞ; x̂xGðtÞ� ¼ x̂xGða2tÞx̂xGðtÞ�1 by ð17Þ

¼ x̂xGða2tÞx̂xGð�tÞŷyGðt; tÞ by ð9Þ

¼ x̂xGðða2 � 1ÞtÞŷyGða2t;�tÞŷyGðt; tÞ:

Thus, x̂xGðtÞ A ½ bStSt2ðRÞ; bStSt2ðRÞ� for all t A R. r

Let ðG 0; kÞ be a central extension of St2ðRÞ. We have to show there exists a

group homomorphism k 0 : bStSt2ðRÞ ! G 0 such that k � k 0 ¼ ĵj.

Define the element x 0
GðtÞ of G 0 to be ½k�1ðhGðaÞÞ; k�1ðxGðða2 � 1Þ�1

tÞÞ� for all
t A R. The element x 0

GðtÞ A G 0 is uniquely determined by Corollary 1.7. We also
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define:

n 0
GðvÞ ¼ x 0

GðvÞx 0
Hðv�1Þ�1

x 0
GðvÞ;

h 0
GðvÞ ¼ n 0

GðvÞn 0
Gð1Þ

�1;

c 0Gðv; v 0Þ ¼ h 0
GðvÞh 0

Gðv 0Þh 0
Gðvv 0Þ

�1

y 0
Gðt; t 0Þ ¼ x 0

GðtÞx 0
Gðt 0Þx 0

Gðtþ t 0Þ�1;

where, t; t 0 A R, v A R�. We remark that kðx 0
GðtÞÞ ¼ xGðtÞ.

Lemma 3.8. Notations are as above.

(a) n 0
GðvÞx 0

GðtÞn 0
GðvÞ

�1 ¼ x 0
Hð�v�2tÞ,

(b) h 0
GðvÞx 0

GðtÞh 0
GðvÞ

�1 ¼ x 0
Gðv2tÞ,

(c) x 0
Gð0Þ ¼ 1,

(d) y 0
Gðt; t 0Þ, ½x 0

GðtÞ; x 0
Gðt 0Þ� is central in G 0,

(e) ½x 0
GðtÞ; x 0

Gðt 0Þx 0
Gðt 00Þ� ¼ ½x 0

GðtÞ; x 0
Gðt 0Þ�½x 0

GðtÞ; x 0
Gðt 00Þ�,

(f ) ½x 0
GðtÞx 0

Gðt 0Þ; x 0
Gðt 00Þ� ¼ ½x 0

GðtÞ; x 0
Gðt 00Þ�½x 0

Gðt 0Þ; x 0
Gðt 00Þ�,

(g) ½x 0
GðtÞ; x 0

Gðt 0Þ� ¼ y 0
Gðða2 � 1Þt 0; tÞ,

where, t; t 0; t 00 A R and v A R�.

Proof. (a): In St2ðRÞ, we have by Proposition 2.2:

nGðvÞhGðaÞnGðvÞ�1 ¼ hHðaÞcHða;�v�2Þ�1;

nGðvÞxGðða2 � 1Þ�1
tÞnGðvÞ�1 ¼ xHð�v�2ða2 � 1Þ�1

tÞ:

From Proposition 2.2 (i) and Corollary 1.7,

n 0
GðvÞx 0

GðtÞn 0
GðvÞ

�1

¼ ½n 0
GðvÞh 0

GðaÞn 0
GðvÞ

�1; n 0
GðvÞx 0

Gðða2 � 1Þ�1
tÞn 0

GðvÞ
�1�

¼ ½k�1ðnGðvÞhGðaÞnGðvÞ�1Þ; k�1ðnGðvÞxGðða2 � 1Þ�1
tÞnGðvÞ�1Þ�

¼ ½k�1ðhHðaÞcHða;�v�2Þ�1Þ; k�1ðxHð�v�2ða2 � 1Þ�1
tÞÞ�

¼ ½h 0
HðaÞc 0Hða;�v�2Þ�1; x 0

Hð�v�2ða2 � 1Þ�1
tÞ�

¼ ½h 0
HðaÞ; x 0

Hð�v�2ða2 � 1Þ�1
tÞ�

¼ x 0
Hð�v�2tÞ:
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(b): In St2ðRÞ, we have by Proposition 2.2:

hGðvÞhGðaÞhGðvÞ�1 ¼ hGðaÞcGða; v2Þ�1

hGðvÞxGðða2 � 1Þ�1
tÞhGðvÞ�1 ¼ xGðv2ða2 � 1Þ�1

tÞ:

From Proposition 2.2 and Corollary 1.7, we have:

h 0
GðvÞx 0

GðtÞh 0
GðvÞ

�1

¼ ½h 0
GðvÞh 0

GðaÞh 0
GðvÞ

�1; h 0
GðvÞx 0

Gðða2 � 1Þ�1
tÞh 0

GðvÞ
�1�

¼ ½k�1ðhGðvÞhGðaÞhGðvÞ�1Þ; k�1ðhGðvÞxGðða2 � 1Þ�1
tÞhGðvÞ�1Þ�

¼ ½k�1ðhGðaÞcGða; v2Þ�1Þ; k�1ðxGðv2ða2 � 1Þ�1
tÞÞ�

¼ ½h 0
GðaÞc 0Gða; v2Þ

�1; x 0
Gðv2ða2 � 1Þ�1

tÞ�

¼ ½h 0
GðaÞ; x 0

Gðv2ða2 � 1Þ�1
tÞ�

¼ x 0
Gðv2tÞ:

(c): In St2ðRÞ, xGð0Þ ¼ 1. Then, k�1ðxGð0ÞÞ is central in G 0. Thus,

x 0
Gð0Þ ¼ ½k�1ðhGðaÞÞ; k�1ðxGð0ÞÞ� ¼ 1:

(d) is clear from kðy 0
Gðt; t 0ÞÞ ¼ kð½x 0

GðtÞ; x 0
Gðt 0Þ�Þ ¼ 1.

(e): From (d),

½x 0
GðtÞ; x 0

Gðt 0Þx 0
Gðt 00Þ� ¼ ½x 0

GðtÞ; x 0
Gðt 0Þ�x 0

Gðt 0Þ½x 0
GðtÞ; x 0

Gðt 00Þ�x 0
Gðt 0Þ

�1

¼ ½x 0
GðtÞ; x 0

Gðt 0Þ�½x 0
GðtÞ; x 0

Gðt 00Þ�:

(f ): From (d),

½x 0
GðtÞx 0

Gðt 0Þ; x 0
Gðt 00Þ� ¼ x 0

GðtÞ½x 0
Gðt 0Þ; x 0

Gðt 00Þ�x 0
GðtÞ

�1½x 0
GðtÞ; x 0

Gðt 00Þ�

¼ ½x 0
GðtÞ; x 0

Gðt 00Þ�½x 0
Gðt 0Þ; x 0

Gðt 00Þ�:

(g): From the definition of x 0 and (d),

y 0
Gðt; t 0Þ ¼ h 0

GðaÞy
0
Gðt; t 0Þh 0

GðaÞ
�1

¼ ½h 0
GðaÞ; x 0

GðtÞ�x 0
GðtÞ½h 0

GðaÞ; x 0
Gðt 0Þ�x 0

Gðt 0Þx 0
Gðtþ t 0Þ�1½h 0

GðaÞ; x 0
Gðtþ t 0Þ��1
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¼ x 0
Gðða2 � 1ÞtÞx 0

GðtÞx 0
Gðða2 � 1Þt 0Þx 0

Gðt 0Þx 0
Gðtþ t 0Þ�1

x 0
Gðða2 � 1Þðtþ t 0ÞÞ�1

¼ x 0
Gðða2 � 1ÞtÞx 0

GðtÞx 0
Gðða2 � 1Þt 0Þx 0

GðtÞ
�1
y 0
Gðt; t 0Þx 0

Gðða2 � 1Þðtþ t 0ÞÞ�1

¼ x 0
Gðða2 � 1ÞtÞ½x 0

GðtÞ; x 0
Gðða2 � 1Þt 0Þ�x 0

Gðða2 � 1Þt 0Þy 0
Gðt; t 0Þ

� x 0
Gðða2 � 1Þðtþ t 0ÞÞ�1

¼ y 0
Gðða2 � 1Þt; ða2 � 1Þt 0Þ½x 0

GðtÞ; x 0
Gðða2 � 1Þt 0Þ�y 0

Gðt; t 0Þ:

Replacing t, t 0 by t 0, ða2 � 1Þ�1
t respectively, we can get

y 0
Gðða2 � 1Þt 0; tÞ ¼ ½x 0

Gðt 0Þ; x 0
GðtÞ�

�1 ¼ ½x 0
GðtÞ; x 0

Gðt 0Þ�: r

To prove Theorem 3.6, we must show that x 0
GðtÞ; n 0

GðuÞ; yGðt; t 0Þ satisfy

the relation (B) 0, ðŷy1Þ, ðŷy2Þ, ðŷy3Þ, where (B) 0, ðŷy1Þ, ðŷy2Þ are obvious from Lemma

3.8.

ðŷy3Þ: By Lemma 3.8 and the biadditivity of y 0
G,

y 0
Gðt; t 0Þ ¼ ½x 0

GðtÞ; x 0
Gðt 0Þ�y

0
Gðt 0; tÞ

¼ y 0
Gðða2 � 1Þt 0; tÞy 0

Gðt 0; tÞ

¼ y 0
Gða2t 0; tÞ:

Then, we can construct a group homomorphism k 0 : bStSt2ðRÞ ! G 0 such that

k 0ðx̂xGðtÞÞ ¼ x 0
GðtÞ and it is easily shown that k � k 0 ¼ ĵj.

Remark 3.9. Let a, a 0 be elements of R� satisfying a2 � 1, a 02 � 1 A R�

respectively, and denote by bStSta2 ðRÞ, bStSta 0

2 ðRÞ, the groups defined by the relations

(B) 0, ðŷy1Þ, ðŷy2Þ, ðŷy3Þ respectively. Then, we can prove bStSta2 ðRÞF bStSta 0

2 ðRÞ directly,

as follows.

From the proof of Theorem 3.6, we can construct a group homomorphism

paa 0 from bStSta2 ðRÞ to bStSta 0

2 ðRÞ sending x̂xGðtÞ ðt A RÞ to:

½ĥhGðaÞ; x̂xGðða2 � 1Þ�1
tÞ�

¼ x̂xGða2ða2 � 1Þ�1
tÞx̂xGð�ða2 � 1Þ�1

tÞŷyGðða2 � 1Þ�1
t; ða2 � 1Þ�1

tÞ by ð9Þð17Þ

¼ x̂xGðtÞŷyGða2ða2 � 1Þ�1
t;�ða2 � 1Þ�1

tÞŷyGðða2 � 1Þ�1
t; ða2 � 1Þ�1

tÞ by ðŷy1Þ

¼ x̂xGðtÞŷyGðt; ða2 � 1Þ�1
tÞ�1 by ðŷy2Þð4Þð5Þ:
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Similarly, we can construct a group homomorphism pa 0a from bStSta 0

2 ðRÞ tobStSta2 ðRÞ sending x̂xGðtÞ ðt A RÞ to x̂xGðtÞŷyGðt; ða 02 � 1Þ�1
tÞ�1. Then,

pa 0a � paa 0 ðx̂xGðtÞÞ

¼ pa 0aðx̂xGðtÞŷyGðt; ða2 � 1Þ�1
tÞ�1Þ

¼ pa 0aðx̂xGðtÞx̂xGðtþ ða2 � 1Þ�1
tÞx̂xGðða2 � 1Þ�1

tÞ�1
x̂xGðtÞ�1Þ

¼ x̂xGðtÞŷyGðt; ða2 � 1Þ�1
tÞ�1ŷyGðtþ ða2 � 1Þ�1

t; ða 02 � 1Þ�1ðtþ ða2 � 1Þ�1
tÞÞ�1

� ŷyGðða2 � 1Þ�1
t; ða2 � 1Þ�1ða 02 � 1Þ�1

tÞ by ðŷy1Þ: ð}Þ

Using the relations ðŷy1Þ–ðŷy3Þ and (1)–(7), we can prove that ð}Þ ¼ x̂xGðtÞ.
This means that pa 0a � paa 0 is the identity map of bStSta2 ðRÞ. Similarly, we can show

that paa 0 � pa 0a is the identity map of bStSta 0

2 ðRÞ. Therefore, paa 0 is an isomorphism.

In the remainder of this section, we assume that R is a Laurent polynomial

ring F½X ;X�1� and F is a field with more than 4 elements. we choose the element

a A F� satisfying a2 � 1 A F� and fix it. Denote the canonical group homomor-

phism from bStSt2ðF½X ;X�1�Þ to St2ðF½X ;X�1�Þ by ĵj, again.

Let j be the group homomorphism from St2ðF½X ;X�1�Þ to SL2ðF½X ;X�1�Þ
introduced in Section 2. From Corollary 1.6, we have:

Corollary 3.10. Notations are as above. Then, ð bStSt2ðF½X ;X�1�Þ; j � ĵjÞ is a

universal central extension of SL2ðF½X ;X�1�Þ. The kernel of j � ĵj is the subgroup

of bStSt2ðF½X ;X�1�Þ generated by ŷyGðt; t 0Þ ðt; t 0 A F½X ;X�1�Þ and ĉcGðv; v 0Þ ðv; v 0 A
F½X ;X�1��Þ.

In the remainder of this section, we will show that bStSt2ðF½X ;X�1�Þ has a Tits

system.

Lemma 3.11. Let ðG 0;B 0;N 0;S 0Þ be a Tits system. Let G 00 be a group and B 00,

N 00 subgroups of G 00, S 00 a subset of left cosets set N 00=ðB 00 VN 00Þ and k a surjective

group homomorphism from G 00 to G 0. We assume:

(a) B 00 ¼ k�1ðB 0Þ,
(b) kðN 00Þ ¼ N 0,

(c) ðB 00 VN 00ÞpN 00,

(d) Let k be the group homomorphism from N 00=ðB 00 VN 00Þ to N 0=ðB 0 VN 0Þ
canonically induced by k. Then, k is the isomorphism,

(e) kðS 00Þ ¼ S 0.
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Then, ðG 00;B 00;N 00;S 00Þ is also a Tits system with a Weyl group isomorphic to

N 0=ðB 0 VN 0Þ.

Proof. We check (T1)–(T4) where, (T1), (T2) are obvious.

(T3): Suppose that s 00 A S 00 and w 00 A N 00=ðB 00 VN 00Þ. Then, we have (T3) since

Ker kHB 00 and

kðs 00B 00w 00ÞHB 0kðs 00w 00ÞB 0 UB 0kðw 00ÞB 0 ¼ kðB 00s 00w 00B 00 UB 00w 00B 00Þ:

(T4) holds since kðs 00B 00s 00ÞQB 0 for all s 00 A S 00. r

We define the subgroups of bStSt2ðF½X ;X�1�Þ by:

ĈC ¼ hŷyGðt; t 0Þ j t; t 0 A F½X ;X�1�i;

M̂M ¼ hĉcGðv; v 0Þ; ĈC j v; v 0 A F½X ;X�1��i;

ÛUðG;mÞ ¼ hx̂xGðsX mÞ; M̂M j s A Fi for all m A Z;

ÛU ¼ hÛUðþ;kÞ; ÛUð�;k 0Þ j k A Zb0; k
0 A Zb1i;

T̂T ¼ hĥhGðuÞ; M̂M j u A F�i;

B̂B ¼ hÛU ; T̂Ti;

N̂N ¼ hn̂nGðvÞ; M̂M j v A F½X ;X�1��i:

Let ŜS be a fn̂nþð1Þ; n̂n�ðXÞ ModðB̂BV N̂NÞg. Using Lemma 3.11, we can prove the

next theorem.

Theorem 3.12. Notations are as above. Then, ð bStSt2ðF½X ;X�1�Þ; B̂B; N̂N; ŜSÞ is a

Tits system and its Weyl group is isomorphic to the infinite dihedral group.

Proof. By Corollary 3.10, ð bStSt2ðF½X ;X�1�Þ; j � ĵjÞ is a universal central ex-

tension of SL2ðF½X ;X�1�Þ and Ker j � ĵj ¼ M̂M. Obviously, we have ðj � ĵjÞ�1ðBÞ
¼ B̂B, ðj � ĵjÞ�1ðNÞ ¼ N̂N and ðj � ĵjÞ�1ðTÞ ¼ T̂T ¼ B̂BV N̂N. By Proposition 2.4,

ðSL2ðF½X ;X�1�Þ;B;N;SÞ is a Tits system, BVN ¼ T and N=T is isomorphic to

the infinite dihedral group. Then, we can easily check (a)–(e) of Lemma 3.11.

r

Here, this Tits system is actually of a‰ne A1 type, and the group B̂B is

corresponding to the so-called Iwahori subgroup (cf. [9]).
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