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ABSTRACT. In 1987, we established an operator inequality as follows; A >
B>0= (A%APA%)% > (A%BPA%)% holds for (*) p>0,¢>1,r >0 with
(14+7)q > p+r. It is an extension of Lowner-Heinz inequality. The purpose of
this paper is to explain geometrical background of the domain by (*), and to
give brief survey of recent results of its applications.

1. INTRODUCTION

A capital letter means a bounded linear operator on a Hilbert space H. An
operator 7' is called positive (simply A > 0) if T" is positive semidefinite (simply
A > 0) and invertble.

Theorem 1.1 (LH(LOowner-Heinz inequality)). A > B > 0 ensures A* > B® for
any o € [0,1].

Although Theorem LH is very useful, but the condition “ « € [0,1] 7 is too
restrictive. In fact Theorem LH does not always hold for « ¢ [0, 1]. The following
result [25] has been obtained from this point of view.

Theorem 1.2 (F (Furuta inequality)). If A > B > 0, then for each r > 0,
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() (BEAB%)1 > (B2 B'B?)i

and o X

(ii) (A2APA%)s > (A2 BPA%)s
hold for p >0 and ¢ > 1 with (14+1r)q > p+r.

P (l+r)jg=p+r

FIGURE 1.

The domain drawn for p,g and r in Figure (1) is the best possible one K.
Tanahashi [64].

Theorem F yields Lowner-Heinz inequality asserting that A > B > 0 ensures
A® > B* for any « € [0, 1], when we put » =0 in (i) or (ii). Consider two magic
boxes o o

f(O) = (B20B2)a and ¢g(0) = (A2[0A2)«

Although A > B > 0 does not always ensure AP > BP for p > 1, Theorem F
asserts the following “ two order preserving operator inequalities”

f(A?) = f(B?) and g(A?) = g(B")
hold whenever A > B > 0 under the condition p, ¢ and r in Figure (1).

We have been finding a lot of applications of Theorem F in the following three
branches (A) operator inequalities, (B) norm inequalities, and (C) operator equa-
tions. We would like to concentrate ourselves to state typical examples of recent
applications of Theorem F without their proofs.

(A) OPERATOR INEQUALITIES

(A-1) Several characterizations of operators log A > log B and its applications.

(A-2) Applications to the relative operator entropy.

(A-3) Applications to Ando-Hiai log majorization.

(A-4) Generalized Aluthge transformation on p-hyponormal operators.

(A-5) Several classes associated with log-hyponormal and paranormal operators.

(A-6) Order preserving operator inequalities and operator functions implying
them.

A-7) Applications to Kantorovich type operator inequalities.
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A-8) Some variations of Choi inequality.
A-9) Furuta inequalty of indefinite type on Krein space.

(
(
(B) NORM INEQUALITIES

(B-1) Several generalizations of Heinz—Kato theorem.
(B-2) Generalizations of some theorem on norms.
(B-3) An extension of Kosaki trace inequality and parallel results.

(C) OPERATOR EQUATIONS

(C-1) Generalizations of Pedersen-Takesaki theorem and related results.
(C-2) Positive semidefinite solutions of some operator equations.

Lemma 1.3 (Lemma A [28]). Let X be a positive invertible operator and Y be
an invertible operator. For any real number X,

(YXY* )P =YXz (XYY X2\l Xay™,

Proof. Let Y X > = UH be the polar decomposition of Y X %,Where U is unitary
and H = |Y Xz|. Then we have

(YXY*) = (UHU* = YXTH T HP HT XY = YX3 (XY Y X2 )M IXEY ™,
O

Proof. of Theorem F. At first we prove (ii). In the case 1 > p > 0, the result is
obvious by Theorem LH. We have only to consider p > 1 and ¢ = 1 J”" since (ii) of
Theorem F for values ¢ larger than ¥ J”" follows by Theorem LH, that is, we have
only to prove the following

AT > (A3BPA3 )p+f for any p > 1 and r > 0. (1.1)

We may assume that A and B are invertible without loss of generality. In the
case r € [0,1], A > B > 0 ensures A" > B" holds by Theorem LH. Then we have

(AEBPAS)»it = ASBE(BF A"B7F)5 B A% by Lemma 1.3
< ASBY(BYBBY) B5AS
= A2BA> < AT,

and the first inequality follows by B™" > A™" and Theorem LH since ;% € [0,1]
holds, and the last inequality follows by A > B > 0, so we have the following

(1.2)
AT > (AZBPAS )P+r for p>1and r € [0, 1]. (1.2)

Put A, = A" and B, = (A2BPA2 )P+T in 1.2. Repeating 1.2 again for A; >
By >0,r €[0,1] and p; > 1,

71 1+7rq

At > (A BplA BR!
Put p; = p” > 1 and ry = 1, then

A2(147) > (AT+2BPAT+ )p+27+1 forp > 1, and r € [0, 1] (1.3)
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Put 5 =7 +% in 1.3. Then ngj_?l = ;ﬁ since 2(1+7) = 1+ s, so that 1.3 can
be rewritten as follows;
AV > (A%BPA%)% for p > 1, and s € [1, 3] (1.4)
Consequently 1.2 and 1.4 ensure that 1.2 holds for any r € [0, 3] since r € [0, 1]
and s = 21 + 1 € [1, 3] and repeating this process, 1.1 holds for any r > 0, (ii) is
shown. .
If A> B >0, then B! > A7! > 0. Then by (ii), for each r > 0, B~ 7 >
(B%A_pB%r)% holds for each p and ¢ such that p > 0, ¢ > 1 and (1+7r)q > p+7.

Taking inverses gives (i), so the proof of Theorem F is complete. OJ
This one page proof of Theorem F in T. Furuta [26], T. Furuta [30] and the
original one in T. Furuta [25]. Alternative proofs are in M. Fujii [11] and E.
Kamei [53].

Remark 1.4. A> B> 0 <= A" > (AngAg)% for p > 1 and r > 0.
BACKGROUND OF THEOREM F

We would like to explain “how to conjecture the form of Theorem F” via
Lowner-Heinz inequality by using “FIGURE” illustration.

A>B>0

< (a) A > B“ for a € [0, 1] (1-dimensional interval a € [0, 1])
(Lowner-Heinz inequality).

(07

! eeeeeee—— |
FIGURE 2.

<= (b) A" > B4 for ¢ > p>0,q > 1 (2-dimensional (g, p) domain).
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FIGURE 3.



18 T. FURUTA

= (o) (AZAPAR)S > (ABBPAR) for
p>0,¢g>1and (1+0)(g—1)>p—1.
— (@ (A2 APAZ)T > (A5BPAS)  for
(x) r>0,p>0,¢g>1land (1+7r)(g—1)>p—1
= (e) (ASAPAZ)S > (ASBPAS)T  for
(xx) 7>0,p>0,g>1and (1+7r)g>p+7

Recall that (xx) in (e) is equivalent to (%) in (d). Since (d) = (¢) is trivial and
we prove the equivalence relation between (c¢) and (d) in the proof of Theorem F'.

We would like to emphasize that the condition on « € [0,1] in (a) could be
converted to 2-dimensional domain ¢ > p > 0, ¢ > 1 in (b) and this idea is most
important.

0,0)
(07 _7])

FIGURE 4.

An excellent and tough proof of the best possibility of Theorem F is obtained
in K. Tanahashi [64], that is, the domain drawn for p,q and r in FIGURE 1 is the
best possible one.

Some of closely related papers in this chapter: [13,

Y ]

2. (A-6) FURTHER EXTENSIONS OF FURUTA INEQUALITY AND OPERATOR
FUNCTIONS IMPLYING THEM

) Y ) Y Y ) Y

We show the following Theorem G which interpolates Theorem F and the
equality equivalent to log majorization in [38] (see §5 and §10).

Theorem 2.1 (Theorem G [28]). If A> B > 0 with A > 0, then fort € [0,1]
andp > 1,

AT > {Ag(A%BpA%t)SA%}<P1:tt)ﬁ" fors>1andr >t. (2.1)
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Proof. We may assume that B is invertible. First of all, we prove that if A >
B >0 with A > 0, then

A> {A5(AT BPAT P A5 oo fort € [0,1],p > 1 and s > 1. (2.2)
In case the 2 > s> 1, as s — 1, m € [0,1] and A* > B* by Theorem LH, so

by Lemma A and Theorem LH we have
By = {A?(A7 BPAT ) AS Yot
— {Bg(B%A—tgg)s—lgg}m
< {B%(B%B—th)s—lB%}m
=B< A=A (2.3)

fort € [0,1], p > 1 and 2 > s > 1. Repeating (2.3) for Ay > B; > 0, then we
have
Ay > {Aﬁ(A;TlB{”A;Tl)“AFl}(Prtll)Sl“l fort; € [0,1],pr >1land 2> s, > 1
(2.4)
Putt; =t and py = (p—t)s+t > 1in (2.4). Then we obtain

A> {AS[AT AF (AT BPAT P AS AT A5 oo (2.5)
= {AR(AT BPAT )1 A5 eossivi for t € [0,1],p > 1 and 4 > 55, > 1

Repeating this process from (2.3) to (2.5), we obtain (2.2) for ¢t € [0,1], p > 1
and any s > 1.

Put Ay = A and By = {A% (A% BPAS S A5} oo in (2.2).

Applying (ii) of Theorem F for Ay > By > 0 by (2.2) for t € [0,1], p > 1 and
s > 1, so we have

2 ry dgr
Ayt > (A222 B§2A222 )P2+f2 holds for ps > 1 andry > 0 (2.6)
We have only to put 7o =r —t >0 and py = (p —t)s +¢t > 1 in (2.6) to obtain
the desired inequality (2.1) O

Remark 2.2. Theorem G implies; A > B > 0 = A'™" > (A%BPA%)% forp>1
and 7 > 0 so that Theorem G is an extension of Theorem F.

Remark 2.3 (Best possibility of Theorem G [66]). Let p > 1, ¢t € [0,1], r > ¢ and
11—t
s>1.If ot < «, then there exist positive invertible operators A and
(p—t)s+r

B such that A > B > 0 and A{P—Ds+rle % £A35(A5 BPAS ) Az},

Theorem 2.4 ([30, 37]). The following (i),(ii),(iii) and (iv) hold and follow from
each other.

(i) If A> B >0 with A > 0, then for each t € [0,1] and p > 1,
AT > {Ag(A%BpA%)SAg}ﬁ holds forr >t and s > 1

(ii) If A> B >0 with A >0, then for each 1> q >t >0 and p > q,
ATHT > LAS (AT BPAT ) ASYG 0o holds forr >t and s > 1
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(iii) If A> B >0 with A > 0, then for each t € [0,1] and p > 1,
Fpu(A,B,r,s) = A7 {A3 (A7 BPAZ )P A3} o A7
s decreasing function forr >t and s > 1.
(iv) If A> B >0 with A > 0, then for each t € [0,1], ¢ > 0 and p > t,
Gooi(A B, s) = A7 {A5 (AT BPAT ) A5} 5 sim AT
is decreasing function for r >t and s > 1 such that (p —t)s > q —t.
Corollary 2.5 ([30, 37, 53]). If A > B > 0, then the following inequalities (i)
and (ii) hold.
t —t —t t 1 t —t —t t 1
(i) {B2(B2 APB2 )’B2}G-vstr > A > B > {A2(Az2 BPA= )’ Az} o-tstr
(i)
—(r—t) r—t  l1—t+r 7(27” —(r—t) r—t  1—t+r —(r—t)

B~7 (Bz APB'7 )r ' B >A>B>A"7 (A7 BPAZ )oir A= 7

foreacht € [0,1],p>1,r>t and s > 1.

Corollary 2.6 ([30, 53]). If A> B > 0, then the following inequality holds

147

BT (BiAPB:)r"B? > A>B > A7 (A:BPAs)rir AT
forp>1andr >0

Some of closely related papers in this chapter: [21, 23, 24, 28, 30, 39, 10, 11,

) Y ) Y ) Y

3. (A-1) SEVERAL CHARACTERIZATION OF OPERATORS log A > log B AND
ITS APPLICATIONS

A function f is said to be operator monotone if f(A) > f(B) whenever A >
B >0.

f(t) =t~ is a famous typical example of operator monotone for « € [0, 1] by
Theorem LH. Another typical example of operator monotone is logt. In fact,
then

If A> B >0, A* > B* > 0 for any « € [0, 1] by Theorem L-H, so

A*—T1 _ B*—1
> .
Q@ o
Hence we have the desired result log A > log B by tending o — +0.

Theorem 3.1 ([68]). Let A and B be positive invertible operators. Then the
following (i) and (ii) are equivalent7:

(i) logA >logB.

(ii) A" > (A2 BPA%)# for all p > 0 and r > 0.

Proof. (i) = (ii). We recall the following obvious and crucial formula

1
lim (I + —log X)" = X for any X > 0. (3.1)
n

n—oo
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The hypothesis log A > log B ensures
log A
n

log B
A =1+ °8

> ]+

— B,

for sufficiently large natural number n. Applying (ii) of Theorem F to A; and
By, we have

AT > (AF B A2 )wtw forall p > 0 and 7 > 0 (3.2)

since (1 + nr)(™2") > np + nr holds and this condition satisfies the required

condition of Theorem F. When n — 00, (3.2) ensures (ii) by (3.1).
(i) = (i). Taking logarithm of both sides of (ii) since logt is operator mono-
tone function , we have

r(p+r)log A > rlog(A2BPAz) for all p > 0 and r > 0
and tending » — +0, hence we obtain log A > log B. 0J

Theorem 3.2 ([17, 27]). Let A and B be positive invertible operators. Then the
following assertions are mutually equivalent.

(i) A> B (i.e., log A >log B).
(ii) For any fized t > 0, F(p,r) = B%(BgApB%)%B% is an increasing
function of both p >t and r > 0.
(iii) For any fizedt > 0, G(p,r) = A%T(AngAg)ﬁA%r is a decreasing func-
tion of both p >t and r > 0.

Some of closely related papers in this chapter: [5, 16, 17, 27,

Y Y ]

4. (A-4) GENERALIZED ALUTHGE TRANSFORMATION ON p-HYPONORMAL
OPERATORS

An operator T on a Hilbert space H is said to be p-hyponormal if (T*T)P >
(TT*)P for positive number p.
Define T as follows:
T =|T|:|U|T|?
which is called “ Aluthge transformation”.

Theorem 4.1 ([1]). Let T = U|T| be p-hyponormal for p > 0 and U be unitary.
Then

(i) T= \T@U\T@ is (p+ 1)-hyponormal if 0 < p < L
(ii) T = |T|2U|T|2 is hyponormal if 53 <p <1

Proof. (i) Firstly we recall that if 7" is p-hyponormal for p > 0 , the following
(4.1) holds obviously

U*|T|*U > |T|* > U|T|*U* for any p > 0. (4.1)

Let A = U*|T|*U, B = |T|* and C = U|T|*U* in (4.1). Then (4.1)
means
A>B>(C>0. (4.2)
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As (14 L)z2; =1

o ﬁ + 2% holds, we can apply Theorem F, that is,

p+%

(T*Ty*s = (TRUTIUIT|S"* = (B A% B )+
> (B% B% B )P*3 > (B%(C% B )P+s
= (ITIUIT|U™|T|z )t = (T (4.3)
Hence (4.3) ensure (T*T)Ptz > BY% > (TT*)P*= that is, T is p + 3
-hyponormal.
1) As > , we have > y eorem L-H since 5- € |5, 1],
i) As [T|% > |T*2, we have |T| > |T*| by Th L-H since 2 € [1,1
or equivalently
U > (7] > UITIU® (1.4)
Then we have
T*T — TT* = |T|>(U*|T|U — U|T|U*)|T|z > 0 by (4.4) (4.5)
(4.5) implies T*T > TT*, that is, T is hyponormal.

U

Some of closely related papers in this chapter: [, 2, 3, 29, 30, 42, 43, 45, 10].
5. (A-3) APPLICATIONS TO ANDO—-HIAI LOG MAJORIZATION

Let us write A > B in [8] for positive semidefinite matrices A, B > 0 and

(log)

k k
call the log-majorization if H)\,-(A) > H)‘i(B)’ and k =1,2,--- ,n—1, and

i=1 i=1
[12(A) =[] 2(B), ie. det A = det B. where \i(A) > Ap(A) > -+ > A, (A)
i=1 i=1
and A(B) > Xo(B) > -+ > \,(B) are the eigenvalues of A and B respectively
arranged in decreasing order.

The a-power mean of A, B > 0is defined by A#,B = AY2(AY/2BA1/2)x A2,
for 0 < o < 1. Similarly define A fj,B by for any s > 0 and for A > 0 and B > 0

A bsB — Al/Q(A_l/QBA_l/Z)SAl/Z.

Using Theorem G and the same way as in the proof of [8, Theorem 2.1|, we
can transform Theorem G into the following log-majorization inequality.

Theorem 5.1 ([28]). For every A>0,B >0, 0<a<1 and eacht € [0,1]
(A#QB)h (}) AI_H_T#@ (Al—t hsB)
log

-t 1—t
holds fors > 1, andr >t > 0, where § = o +7) and b — ( +71)s _
(1—at)s+ar (1—at)s+ar
Corollary 5.2 ([28]). For every A,B >0 and0 < o < 1, (A#.B)" (1>)AT#,L_QBS
og s

forr>1and s> 1, where h = [as™ + (1 —a)r™!] ™"
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Corollary 5.2 yields the following result of T. Ando and F. Hiai [8, Theorem
2.1].

Theorem 5.3 (AH [3]). Forevery A,B>0and0 < a <1, (A#.B)" (1> A"#,B"
og)
forr >1.

Remark 5.4. The following result is pointed out in [3].
(i) (A#.B)" (>)AT#QBT forr > 1and 0 < a <1 in Theorem AH <=
log

(ii) if A> B > 0 with A > 0 ensures A" > {A%(A%BPA%)TA%}% forp>1
and r > 1.
(ii) follows by Theorem G since we have only to put t = 1 and r = s in Theorem

G.

Theorem G can be transformed into Theorem 5.1 as an extension of Corollary 5.2
containing Theorem AH. Theorem G interpolates both Theorem F and Theorem
AH as follows,

Theorem G
t=0y Nt=1landr=s
Theorem F Theorem AH

Some of closely related papers in this chapter: [0, 8, 15, 16, 28, 30, 34, 44, 69].

6. (A-3) OPERATOR INEQUALITIES AND LOG MAJORIZATION

As stated in section §5, A f,B in the case 0 < s < 1 just coincides with the
usual a-power mean. We shall show a log majorization equivalent to an order
preserving operator inequality.

Using Theorem G and the same way as in the proof of [8, Theorem 2.1], we
can transform Theorem G into the following log majorization inequality different
from Theorem 5.1.

Theorem 6.1 ([31]). The following (i) and (ii) hold and are equivalent:
(i) If A, B > 0, then for each t € [0,1] and r >t
AF(AT BPAT ) AY = AT 5 (BEBEATBE ) BE Y AT e

(log)

holds for any s > 1 and p > q > 0.
ii) If A> B >0 with A > 0, then for each t € [0,1] and r >t

(p—tq)s+rq

AT > {AT(AT BIAT ) A )es
holds for any s > 1 and p > q >0
Corollary 6.2 ([31]). The following (i) and (ii) hold and are equivalent:
(i) If A, B >0, then for each r > 0

A2(A:BPAR)F Az = AZ0H59 Brgs(+50

(log)

holds for any p > q > 0.
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(ii) If A> B > 0, then for each r > 0
AYET > (A1 B7A2)3
holds for any p > q > 0.
Theorem 6.3 ([31]). If A, B > 0, then, for every t € [0,1] and p >0,
Tr[Alog(A™2 BPA™2 )*] > (r — ts)Tr[Alog A] + Tr[Alog{B% (B% A" B%)* ' B%}]
holds for any r >t and s > 1.

Sketch of the proof of Theorem 6.3. Since log majorization yields weak
mojorization, (ii) of Theorem 6.1 ensures the following
PTR[A(A BPA™)3] > Te[A"" 2 {B3(BY AP B)*~' B3} ]

holds for t € [0,1], r > ¢, s > 1 and p > g > 0. Since both sides of the inequality
stated above are equal to Tr[A] when ¢ = 0, we have

> diqTr [A

(p—ta)s+rq
2

diqTr [A(AT?BPA%*) Z} {B%(B%APBQ)S—lBg};%]

q=0 q=0

and the desired result follows by simple calculation of ¢ derivation.

Theorem 6.3 easily implies the following result.
Corollary 6.4 ([31]). If A, B >0, then, for every p >0 and r > 0,

Tr[Alog(AZ BPA%)*] > Tr[Alog A’] + Tr[Alog{ B2 (B% A" B%)*"' B%}]
holds for any s > 1. In particular,
Tr[Alog(A2 BPA?)] > Tr[Alog A" + Alog BY]
and
Tr[Alog(A2 BPA%)?] > Tr[Alog A"] + Tr[Alog(B? A" BP)].
We need the following useful lemma to prove Theorem 6.7 and Theorem 6.9

Lemma 6.5 ([31]). If A, B,C and D are Hermitian, then for any positive num-
bers a and
eAtaB+aB(C+D) _ li{g{e% (6% (6’% epD€§ )567)(16% }%
p
in particular,
pATa(B+0) _ hm{epA(egepce%)aepA}%
pd0

Remark 6.6. When C' = 0 and o = 1, Lemma 6.5 implies the famous Lie-Trotter
formula

3=

eAtB = lim(e's ePBe? ).
pl0
When B = —A and C' = B, Lemma 6.5 implies the well known a— mean version
of the Lie-Trotter formula by Hiai and Petz
e(l—a)A—l—aB _ lim(epAJjaepB)% )
pl0
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We remark that by using Theorem 6.1 and Lemma 6.5, we have Theorem 6.7 and
Theorem 6.9.

Theorem 6.7 ([31]). If A, B > 0, then, for every p > 0,
D D 1 D b b b
“Ti[Alog(AS BP A5)|—~Tr[Alog{ B5(B5 AP B%)*"1 BE}] > Tr[Alog A]
p p

holds for any p > 0 and s > 1, and the left hand side converges to the right hand
side as p | 0.

Corollary 6.8 ([31]).
(i) If A, B >0, then, for every p >0,

1T:r[A log(A%BPA%)] > Tr[Alog A + Alog B
p

holds and the left hand side converges to the right hand side as p | 0.
(ii) If A, B >0, then, for every p > 0,

2Tr[A log(A2 BPA%)] — 1Tr[A log(B? AP B?)|> Tr[Alog A
p p
holds and the left hand side converges to the right hand side as p | 0.
Theorem 6.9 ([31]). If A >0 and B > 0, then, for every positive number [3,

;Tr[A log(ApbﬁBp)]—%Tr[A log{ A= (APhgBP)* A2 }] > Tr[Alog A]

holds for any p > 0, s > 1, and the left hand side converges to the right hand side
as p 4 0.

Closely related papers in this chapter: [0, 8, 31, 1]

7. (A-5) LOG-HYPONORMAL = CLASS A OPERATOR == PARANORMAL

An operator T is said to be paranormal if ||T?z|| > ||Tz||* for ||z|| = 1 and T is
said to be lass A operator if |T?| > |T'|? and also T is said to be log-hyponormal
if T' is invertible and log |T'| > log |T™|

We recall that log |T| > log |T*| implies | 7|22 > (|T[?|T*|2?|T|?)z for all p > 0
by Theorem 3.1, so that we have easily the following Theorem 7.1

Theorem 7.1 ([30, 38]). log|T| > log |T*| => |T? > |T|* => ||T?z|| > ||Tz||?
for ||z|| = 1, that is,
log-hyponormal = class A operator = paranormal.

We show the following interesting parallelism between Theorem 7.2 on paranormal
operators and Theorem 7.3 on class A operators.

Theorem 7.2 ([17]).
(1) If T is a paranormal, then ||T"x||x > ||Tx|| holds for every unit vector x
and for all positive integer n.
(2) If T is a paranormal, then T™ is also a paranormal operator for all positive
integer n.
(3) If T is invertible and paranormal, then T~ is also a paranormal operator.
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(4) If T is a paranormal, then
1Tl < |77 < - < [|T"
holds for every unit vector x and for all positive integer n.

Theorem 7.3 ([17]).

(1) If T is an invertible class A operator, then |T"
positive integer n.

(2) If T is an invertible class A operator, then T™ is also a class A operator
for all positive integer n.

(3) If T is an invertible class A operator, then T~ is also a class A operator.

(4) If T is an invertible class A operator , then |T|2 < |T?|--- < |T™|~ holds
for all positive integer n.

1
n

@ > |TJ? holds for all

Some of closely related papers in this chapter: [30, 38, 16, 47, 65, 71, 73].

8. (A-9) FURUTA INEQUALITY OF INDEFINITE TYPE ON KREIN SPACE

Let M, (C) denote the algebra of n x n complex matrices. For a selfadjoint
involution, J = J* and J? = I, we consider an indefinite inner product [,] on C"
given by

[2,y] = (Jz,y)  (z,y €C")
where (-,-) denotes the standard inner product in C™.
The J- adjoint matrix A* of A is defined by

[Az,y] = [z, A%]  (z,y €C")
equivalently, A" = JA*J.

A matrix A is said to be J-selfadjoit if A* = A or JA is selfadjoint: JA = A*J.

For a pair of J-selfadjoint matrices A, B, the J-order, denoted as A >/ B, is
defined by

[Az,z] > [Bx, x] (x e C"),

that is, JA > JB.

A matrix A is called J-positive if [Az, z] > 0 for z € C", that is, JA > 0.

A matrix A is said to be a J-contraction if I >/ A*A or [z, 2] > [Ax, Az] for
xeCn.

Theorem 8.1 ([62]). Let A, B be J-selfadjoint matrices with non-negative eigen-
values and I >7 A >7 B. Then for each r > 0,

(A5 APA%)s >7 (ASBPAS )
holds for p >0, ¢ > 1 with (1+7r)g > p+r.

As an application of Theorem 8.1, the following characterization of the J-
chaotic order has been obtained.

Theorem 8.2 ([63]). If A, B are J-selfadjoint matrices with positive eigenvalues
and I >7 A and I >’ B. Then the following statements are equivalent:

(i) Log(A) >/ Log(B)

(ii) A" >7 (A5BPA%)# for allp >0 and r > 0.
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Remark 8.3. Theorem 8.1 is regarded as Theorem F of indefinite type (compare
Theorem 8.1 with Theorem F). Also Theorem 8.2 is regarded as Theorem 3.1 of
indefinite type (compare Theorem 8.2 with Theorem 3.1)

Some of closely related papers in this chapter: [7, 9, 10, 62, 63].

9. (C-2) POSITIVE SEMIDEFINITE SOLUTIONS OF THE OPERATOR EQUATION

d AIXAT =B
j=1
In [13], the following result is shown; let A be positive definite matrix and B

is positive semidefinite matrix. The solution X of the following matrix equation
is always positive semidefinite

A’X + XB? = AB + BA.

In [13], the following question was posed. How can one characterize all the func-
tions f such that the solution of the matrix equation

Ff(A)X + Xf(B) = AB + BA

is positive semidefinite?

Although Theorem F in §1 itself is operator inequality, we show that Theorem
F is useful to discuss positive semidefinite solutions of the following operator
equation:

d AIXAT' =B
j=1
where B is of special type.
We need the following lemma to prove Theorem 9.2 which is the main result.

Lemma 9.1 ([35]). Let A be a positive definite matriz and B be a positive semi-
definite matrix. Let m be a natural number and t > 0. Let the following equation
be the polynomial expansion of (A + tB)™ with respect to t:

(A+tB)" = A" +tFi(A, B,m) +t*Fy(A, B,m) + -+t F;(A, B,m) +---t"B™
Then Fi(A, B,m) can be expressed as
Fi(A,Bym)=A""'"B+ A" ?BA+---+ A" /BA" + ... 4+ BA™ .
Theorem 9.2 ([37]).
Let A be a positive definite operator and B be a positive semidefinite operator.
Let m and n be natural numbers. There exists positive semidefinite operator

solution X of the following operator equation:

n m
. . nr —J j—1 nr
E An_JXA]_l — A2(7n+r') < E AnETJﬂJ) BAn'r(rz+r')>A2(m+7“)
j=1

j=1

r>0 ifn>m (i)
m for r such that m—n ) .
ifm>n>2 (ii).




28 T. FURUTA

Sketch of the proof of Theorem (9.2). The inequality (i) of Theorem F and
Theorem LH ensure

A > B > 0 ensures (B%APB%);i:O‘ > BUHMY for p> 1,7 >0 and a € [0, 1]
(9.1)
Since A 4+ tB > B holds for ¢t > 0, so that we replace A by A+ tB and B by A
n (9.1) and we have

(A3(A+tB)™ A3 )m+r > AW for m > 1,6 >0,7>0 and a € 0,1] (9.2)

For oo = L in (9.2), we take a as follows: a = n’gﬂ) € [0,1] forr such that
r>0 ifn>m (i
p> 0 fm>n>2 (i)

n J—
Then (9.2) implies
Y (t) = [AR(A+tB)" A7 > (i) or (ii). (9.3)
Then (9.3) ensures Y (t) > Y (0) = A"%" for any ¢ > 0. Therefore
X=Y'(0)>0. (9.4)
Differentiating the equation Y"(t) = A5(A +tB)™A3? and then letting ¢t = 0,

Y(0)" Y (0) + -+ Y(0)"IY ()Y (0L + - + Y (0)Y(0)"!
d

SAR(A 4 1B Ay

m—4r

and we have the following operator equation for X = Y'(0) since Y (0) = A™%
holds:

A(m+r)(n l)X A(m+r)(n 2)XA(m;rr) N A(m+r1)1(n*j)XA(m+r7)l(j*1)
F XA AR (AMIB 4+ A" 2BA+ -+ AT BATT
+ A" 2BA 4+ 4 AMTIBATT 4 BA™T)AS (9.5)

and we can replace A by Amin in (9.5) and (9.5) can be rewritten as

n

m
n—iy Ai-1 _ Az almod) i
A XA — A2(m+r) A m+r BA m+r AZ(m+'r)

j=1
r>0 ifn>m (i)
for r such that m-—n ) .
r > ifm>n>2 (ii).
n—1
Corollary 9.3. [35] Let A be a positive definite operator and B be a positive

semidefinite operator. There exists positive semidefinite operator solution X of
the following operator equation (i),(ii), (iii), (iv) and (v) respectively:

247r 24r

(1) A2 X + XA2 = A2(AB + BA)Az forr > 0.
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(11) (2+3r)2 XA(2+T)2 _ A% (AB n BA)A% for - Z 0.

(i) A “””X A3§TXA3+T XA“’*”Z = A5(A2B+ABA+ BA2) A5 forr >0

(iv) A5 X + XA*F = A5(A2B + ABA + BA2)A5 forr > 1.

(v) A" X + XA = A5(A*B + A3BA + A2BA? + ABA3 + BAY) A for
r> 3.

Proposition 9.4 ([35]). Let the diagonal matriv A = diag(ay,aq, -+ ,a;) with
each a; > 0 and B be the | x I matriz all of whose entries are 1. Let m and n
be natural numbers. There exists positive semidefinite matriz solution X of the
following matrixz equation:

DA AT - 4s (YA IBAT ) A
j=1 7=l
for r such that sz—;z ifm>n>9 (ii).
n j—

The positive semidefinite matriz solution X can be expressed as:

Z% 5 (Z "k gk- 1)
X = )
(m+r)(n—Fk) (m+r)(k 1)

E a n . ) 127 7l

Examples of positive semidefinite matrices. Let the diagonal matrix A =
(a1, as, -+ ,a,) with each a; > 0 and B be n x n matrix all of whose entries are 1.
Then the positive semidefinite solutions X; of (i),(ii),(iii),(iv) and (v) of Corollary
2 are given by:

T T
5 3
aa?(a; + a;)
7 T ]
X ==+ — for r > 0.
2 2
a; " +a; ij=12,..,
‘o (a; + a))
2 2
aa:(a; + a;
_ i & (i T 4y
Xy = 2(2+7) 24r  24r 2(2+7) ) for r > 0.
3 3 3
a; +a, a; + a,; 3,j=1,2,...n
T
X3 = aa(a +a,a]—|—a) for r >0
3 — 2(347) 34+r 34r 2(3+71) - Y.
3 3 3 3
a; +a;° a;° +a; J=1,2,00
r r
a;a?(af 4 aa; + a3)
Xy = T e forr > 1.
2
a;® +a;* =12,
5 5 4 3 2.2 3 4
aiaj(a; + a;a; + aia; + a;a; + a;)
X5 = 547 547 for r 2 3.
2 2
a; = +a ij=1,2,...n

Some of closely related papers in this chapter: [1, 11, 12, 13, 35, 60, 61, 80, 81].
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10. (A-6) FURTHER EXTENSIONS OF ORDER PRESERVING OPERATOR
INEQUALITIES

We recall the following order preserving operator inequalities:

(i) A>B>0= A" > (AngAg)zl’% forp > 1 and r > 0.
r —t —t T 1—t+r
(i) A> B >0 with A > 0 => A"t*" > {(A3 (AT BPAT )5 A5)} o o5+ for
te0,1],r>t,p>1and s> 1.

In fact (i) is the essential part of Theorem F in §1 (see Remark 1.4) and also (ii)
is (G-1) itself of Theorem G in §2 which is an extension of (i).

In this chapter we study further extensions of order preserving operator in-
equalities including (i) and (ii) by applications of Theorem F and Lemma A.

Theorem 10.1 ([32]). Let A> B > 0 with A > 0, t € [0,1] and p1,pa, -+ , Pon >
1 for natural number n. Then the following inequality holds for r > t:

A17t+7'
1—t+4nr
T —t t —t t —t —t + —t + —t pon - | ? 2n;r,t
> {Az[ Az {A2 ... A2 {A2 (A2 BPt AT )P2A PR AT ]PAAT . AT ] Az}
eA%t n times and A% n — 1 times by turns — A%ﬁ n times and A% n — 1 times by turns
where [2n;r,t] is defined by
ol2m;rit] = { [{[(pr — 2 + lps — hpa + tlps — -+ — thpan +7

J

~
-t appears n times and t appears n-1 times by turns

2n 2n 2n 2n
=r+][]pi+ (e +]]pi++]]pi+ -+ prcipon)t
i=1 =3 1=5 =7

J

Vv
n-1 terms

2n 2n 2n
- (H pi + Hpi + H pi+ -+ Pan-1)P2n—1P2n + P2n)t.
=2 =4 =6

-

~~
n terms

Theorem 10.1 easily yields the following result.

Corollary 10.2 ([32]). If A> B > 0 with A >0, t € [0,1] and p1,p2,p3,ps > 1,

t t ¢ ¢ t ¢t P4 [“Pl*t)P;jrt’;];gft]pzﬁr
AT A [A%{AE (A2 B A7 )2 As }pSA%i| e

holds for r > t, where [{(p1 — t)p2 + t}ps — t|ps + 7 = p1papsps + (P3ps — pap3ps —
pa)t + 1.
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Theorem 10.3 ([33]). Let A> B > 0 with A >0, t € [0,1] and p1,pa, -+ , Pon >
1 for natural number n. Then

Ga plrpa] = A7

t t

14+r
- - — — _ _ _ - w[2n;r,t] o
.{A%[ AT {AE ... AT {AE(A—J BP1 A—zt)PzA%}”SA—z‘]“A% AT ]”“Aa} AT

=t x - L
— A 2 n times and A2n — 1 times by turns — A 2 n times and A2 n — 1 times by turns

s a decreasing function of pa, > 1 and r > t, and the following inequality holds
Ga,alr,p2n) > Galr, pan], that is,

1—t+r

SLas[ AFAS L [AFT{AS(AT  pr ATV AR AP AT as VT
[ { [A= {A3( ) } ] }

=t T =t t
<A 2 n times and A2 n — 1 times by turns — A2 n times and A2 n — 1 times by turns

Corollary 10.4 ([32]). If A> B > 0 with A >0, t € [0,1] and p1,p2,p3,ps > 1,

1—t+r

N
} [{(p1—t)p2Ftlp3—tlpatr

pPa .

Gaplr,pl= A= {A% (A% (A5 (a7 Braz matyae ] A

—_r

Az

is a decreasing function of py > 1 and r > t, and the following inequality holds
Gaalr,ps] > Gaplr,pal, that is,

r —t t —t _t . _1pa H(P1*t)p12jrt;]f;37t]p4+r
Al—t-l—rz Az [A7 {A§ (ATBPIAT)IJQAE }pSAT} As
holds for t € [0,1], r >t and p1, p2, p3, pa > 1.

Theorem 10.5 ([33]). If A> B >0 with A >0, t € [0,1] and p1,pa,- - ,Pan >
1, then

A>B
> (A5 (AT BM AT P2 A3 Y Grvm

Z{A% (A7 {AZ(AT B AT )2 Az} AT ] A } Him=tpa iz =tivase

1
q[2n]
> | af{aF[af. (AT {ab@@T BP azmaiyeaT]" a5 AT al

— A%t and A% alternately n times — A%t and A% alternately n times
(10.1)
where q[2n] is defined by
q2n] = { ----- {{(p1 — O)p2 +tlps — t}pa + tlps — -+ — t}pzn +t.

WV
-t and t alternatively n times appear



32 T. FURUTA

Although Corollary 10.6 is nothing but a simple corollary of Theorem 10.1, we
shall show an interesting relation among Corollary 10.6, Theorem G, Theorem F,
and log majorization (Theorem AH under below) by Ando-Hiai [3].

In fact, we recall in Remark 5.4 that Theorem G interpolates Theorem F and
an inequality equivalent to this log majorization.

Corollary 10.6 ([33]). If A> B >0 with A >0, t € [0,1], p1,pa, 3,04 > 1
and r > t, then

[Vl

t t t t + £ P4 [{(P1ft)p121t,fT;:3,t]p4+T
Al—t—H"Z A2 [A%{Ai (A%BZIHA%);;QA5 }pSA%:| A

p2=p3=1 \L
Theorem 10.7 (G). If A> B > 0 with A > 0, then fort € [0,1] andp > 1,
AITHT > TAS (AT BPAT ) AT ot
holds forr >t and s > 1.

t=0and s=1 t=1landr=s
v N
Theorem 10.8 (F). If A> B >0 with A > 0, then
A>B>0= A" > (A5BrAz)r A" > {A5(A7 BPAZ ) A3}
forp>1andr > 0. for r,p > 1.

0

Theorem 10.9 (AH). For every A,B>0,0<a<1andr>1
(A#.B)" = A"#.B"
(log)

Some of closely related papers in this chapter: [15, 16, 18, 19,20, 21, 24,25, 30,

) Y ) Y ) Y ) Y ) Y ) Y ) Y ) Y ) Y ) Y ) Y ]'

11. (A-6) OPERATOR FUNCTIONS ON CHAOTIC ORDER INVOLVING ORDER
PRESERVING OPERATOR INEQUALITIES

The purpose of this paper is to emphasize that the chaotic order A > B is
sometimes more convenient and more useful than the usual order A > B > 0.
Definitions of C4 g [n;p1, D2, , Pnet1, PulT1, 72, + s Tne1, T, (denoted
by C4,[n] or Cpy) briefly) and q[n;p1,pa. -+, puets Pulri 72+ Tz1,7a] (de-
noted by q[n] briefly):

Let AAB>0,pi,p2,--ypn=>0andry,re, -+ 1, >0 for a natural number n.
Let Ca g [n;Plapm e Dn—1,Pnl|T1, T2, ,Tn—l,rn} be defined by
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Ca[nip1,p2, Paet1, PulT1, T2, - T, T
_ A% {A”Zl [ AR [AF(AF B AT AF I AT o1 AT }p"A%"
(11.1)
For examples,
Capll] = A7BMA? and Cp[2] = AT (AT BRI AT AT
Particularly put A = B in CA’B[TL] in (11.1). Then
Caa [n;pl,p2, S DPne1s PalT1, T2y T, Tn]
_ A%‘{AT”;I [ AT{AR (AT AP AT 2 AT P AT e 47 }p”A%"
— AlA@itropztratpstera-ilpntra. (11.2)

Next let q [n;p1>p2> e apn—lapn|r1>r2a Ty -1, rn] be defined by
q [n;pl,pg, S D1, DPn|T1, T2, T, rn} = the exponential power of A in (11.2)

— [.-.{(pl—'—Tl)p2—|—7"2}p3—|—"'Tn_l]pn+Tn. (113)
q[n;pl,pQ, T >pn—1>pn|rlar2a T arn—larn} denoted by q[p17p27 e 7pn—17pn]
or denoted by q[rl, T, ,Tp_1, Tn] or by q[n] briefly.

For examples, q[l] = p1 + 11 and q[Q] = (p1 + 7“1)]72 + 7

For the sake of convenience, we define

Capl0] = B and q[0] = 1. (11.4)

We have the following basic and fundamental relations.
Capln] = AFCypln — 1]P"AF (11.5)
aln] = aln — 1py + 1y (11.6)

In this chapter §11, we shall state further extensions of the results in §2 and §3.
By using Theorem 3.1 in §3 and Mathematical Induction we can easily show
the following result.

Theorem 11.1 ([30]). Let A > B and ry,r9,--+ , 1, > 0 for a natural number
n. Then the following inequality holds,

ritre-+rn ritro-+rn

Y S [ I S B O (11.7)

fOT P1,P2, " ,Pn Satleymg
T1+T2+"'+Tj_1

pj = alj = 1] forj=1,2,---.n (rg=0andq[0]=1), (11.8)
j_
that s,
p1 > 0,py > T+ T ~,pnzrl+r2+"'+rn—1

» P Z s T
p1+ 11 ’ (p1 +71)p2 + 12 qin — 1]

Corollary 11.2 ([36]). Let A> B and ry,re,r3 > 0. Then
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. T3 ) T1 T1 1+7ratrs
(1) Aritratrs > {A7 [A7 (A7 BP1 A7)P2A ]PSA }[(p1+r1)P2+T2]P3+T3
holds for py > pl’_: and ps3 > ( [t

" W
(ii) Artrz > {AT—2 (Ar—prlAr—l)pzA%}m
holds for p1 > 0 and py > —1L

— pitr’
Similarly we have the following two results on usual order which are contained in
Corollary 11.7 and also this Corollary 11.7 is a simple corollary of the forthcoming
Theorem 11.6 on chaotic order.

Theorem 11.3 ([36]). Let A> B > 0 andry,r9, -+ ,ry > 0 for a natural number
n. Then the following inequality holds,
ALFritratra @AvA[n]””Ei% > CA7B[n]W+W (11.9)

forp1>p2>"' » Pn satzsfymg
1+7’1 > 1—|—T1+7’2 N 1+7’1+7’2+"'+7’n_1

plzl,pzzplwl,ps_(plwl)pﬁm’ o Pn = qn — 1]
(11.10)
Corollary 11.4 ([16]). Let A> B >0 and r1,79,735 > 0. Then
(i) Altritratrs > {AT—S[ %Q(A% BplA%)IQATTQ]IBATTS}[(P1+1j17n)1p;127“;;33+7'3
holds for py > 1, pa > pllfﬁl and p3 > ﬁ%-

14+r1+rg

(i) AM+rtr2 > {A%(A s BPL AT )PzA } @itz
holds for p1 > 1 and py > 21

p1t+71
Theorem 11.5 ([30]). Let A > B and ry,r9, -+ ,1, > 0 for a natural number
n. For any fixed 6 > 0, let p1,pa,--- ,pn be satisfied by

5+T1 5+T’1+T2+"'—|—Tk,1 5+T1—|—T2+"'—|—T’n,1
a"'vpkz 7"';pn2
p1+71 alk —1] qln — 1]

p1>0,p2 >

The operator function §Fx(pr,x) for any natural number k such that 1 < k <n
is defined by
- St+ritrot-+rg —rL
Sk(pr, i) = A2 Cy k| alk] Az,
Then the following inequality holds:
A kgl%k—l(pk—lark—l)A% > Sk(pkﬂ’k) (30(170,7"0) = 35) (11-13)

for every natural number k such that 1 < k < n.

Proof. Since C4 p[0] = B, q[0] = 1 in (11.4) and pg = 1o = 0 in (11.8), we may
define §o(po,m0) = B° in (11.13). Let A > B. Then for any fixed § > 0,
B’ > AT (AT BM AT )mmA " for py > 6 and r; >0 (11.14)

since F4 g(0,71) > Fa p(p1,71) holds by (iii) of Theorem 3.2 in §3. And (11.14)
can be expressed as

B A So(poﬂ“o)A

2 =i (py, ) by (11.12). (11.15)
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Since the condition (11.11) with § > 0 suffices (11.8) in Theorem 11.1, in fact,
(11.8) is itself (11.11) without 6 > 0, we can apply Theorem 11.1 and we have
the following (11.16) for natural number k such that 1 <k <n
AT1+T2+'“+T’k > CA,B[]{:] T1+T?1;;]H+Tk. (11.16)
Since X >Y > 0 implies X > Y and then X' > Y holds for any ¢ > 0, (11.16)
ensures
d+ry+ro+-+rg

ATTAT AT s €y p[k] T

d+ry+ro+-+rp

Put A} = A°Tritr2t4m and By = Ca plk] alk] and applying (11.14) for
0 =1and A; > Bj, we have

By > AP (A?BPA?)rt A holds for p > 1 and r > 0. (11.17)
Put rpp1 =r(0+ri+ro4 -+ in (11.17). Then (11.17) can be rewritten by

S+ri4--4r T r —Tk
By > A EN (AT k] WP AT A (11.18)
Put p = an%pkﬂ > 1, that is, ppyq > ‘W{ikim in (11.18), then we have
TL L S+ry+rot-+ry
ATSk(pk, Tk)A7 = (CA B[k‘] alk] =B by (11.12)
S4ry+rot-tr+rg —r
> A2 kH (A kﬂ Ca B[k‘] 3 ) %‘[kljkﬂ“IZHkﬂA%

Otrytrot AT treel —rgpgn

FHCaplk+ 1)) T AT
by (11.5) and (11.6)

= Sr1(Pra1, Tke1) by (11.12) for k+1 (11.19)
and we have (11.13) for k such that 1 < k& < n by (11.19) and (11.15) since
(11.15) means (11.13) for k = 1. O

Theorem 11.5 easily implies Theorem 11.6 and Corollary 11.7.

Theorem 11.6 ([30]). Let A > B and ry,r9, -+ ,1r, > 0 for a natural number
n. Then the following z’nequalities hold for any fized 6 > 0:

B > A (AT B AT )i

S+ri+ro 147
> A =2 - 1+ = {A (A 5 BPlA p2A }(p1+r1)p2+72A = 1+ 2)
—(r1+ro+r3) T S+r1trotrs —(r1+ro+r3)
> A T AT AT (AT BRI AT AT P AT Y tom et A2
—(ri+ro+-+rn) Stritrotetrn —(rydrotetrn)
> A 2 CAB[”] aln] A 2
fOT DP1,P2,° " s Pn S(ltZSfyan
o+ O+ri+ra+ - +rp—1 O+ri+re+-+rp1
p1255p22 15"'7ka 7"'apn2 n .
p1+T11 qlk — 1] q[n —1]
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Corollary 11.7 ([36]). Let A > B > 0 and ry,r9, - ,1,, > 0 for a natural
number n. Then

—rq

A> B> A (AT Bn AT i AT

T 1+ry+r —(r1+r
> AL AF (AR Br AR AR ) Gt 47O
—(r T T < T trytrotr —(r T T
> AT AT AT (AT B AT ) AR A e m et AT
(rqi+ro+-+rn) 1+ri+ro+---+rn —(r1+ro+--+rn)
> ATE T )T AR
holds for pi,pa, -, pn satisfying
1+7’1 1—|—T1+7’2 1+7’1+7’2—|—"‘+7’_1
p1>1,p2 > > e Pn > -

y D3 = )
p1+ 71 ’ (p1 +71)p2 + 172 qln —1]

By using Theorem F and Lemma A in §1, we have the following Theorem,
which is further extension of both Theorem 2.4 in §2 and Theorem 3.2 in §3

Theorem 11.8 ([30]). Let A > B and ry,rq9,--+ , 1, > 0 for a natural number
n. For any fixed 0 > 0, let p1,pa,--- ,pn be satisfied by

5+T1 5+T’1+T2+"'+Tk,1 5+T1—|—T2+"'+T’n,1
ptr P qlk —1] b= afn —1] :

p1>0,p2 >

Then
—rn S+ri+ro+-+rn —rn
gn(pnarn) = AT(CA,B[”] afnl Az
is a decreasing function of both rn, > 0 and p, which satisfies
d+ri+ro+ - +ra
qln — 1] '
Corollary 11.9 ([30]). Let A > B andry,ra, -+ ,7, > 0 and also py,pa, -+ , P >
1 for a natural number n. Then

Pn 2

I4rytrot-trn  _ppy

%n(pna Tn) = A%CA7B[H]TA 2
s a decreasing function of both v, > 0 and p, > 1.

We remark that we can give an alternative proof of Theorem 11.5 via Theorem
11.8.
Theorem 11.6 can be considered as further extension of the following result.

Theorem 11.10 (FKN. [22]). If A> B for A,B > 0, then
ATTE e (A'BP) < Atjjl 1B < B

(p—t)s+r

holds forp>1,s>1,r >0 andt < 0.

Some of closely related papers in this chapter: [15, 15, 18, 20, 21, 22/ 28 30,

b ) b ]
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