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Abstract. Given ϕ : U → U, an analytic self-map of the open unit disc
in complex plane, the composition operator Cϕ is defined by Cϕf = f ◦ ϕ
for f belonging to some Hilbert space of analytic functions on U. In the
present paper, we introduce a generalization of the composition operators and
reproducing kernel functions on the weighted Hardy spaces. We also obtain
the adjoints of generalized composition operators with rational symbol acting
on the Hardy, Bergman and Dirichlet spaces.

1. Introduction

Let U denote the open unit disc of the complex plane. For each sequence β =
{βn} of positive numbers, the weighted Hardy space H2(β) consists of analytic
functions f(z) =

∑∞
n=0 anz

n on U for which the norm

‖f‖β =

(
∞∑
n=0

|an|2β2
n

) 1
2

is finite. Notice that the above norm is induced by the following inner product〈
∞∑
n=0

anz
n,

∞∑
n=0

bnz
n

〉
β

=
∞∑
n=0

anbnβ
2
n,

and that the monomials zn form a complete orthogonal system for H2(β). Conse-
quently, the polynomials are dense in H2(β) (see [4, Section 2.1]). Every weighted
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216 A. SALARYAN, H. VAEZI

Hardy space H2(β) contains a family of the reproducing kernels {Kw : w ∈ U};
that is, 〈f,Kw〉β = f(w) for every f ∈ H2(β). Indeed, Kw(z) =

∑∞
n=0

1
β2
n
w̄

n
zn.

Observe that particular instances of the sequence β = {βn} yield well-known
Hilbert spaces of analytic functions. In particular, βn = 1 corresponds to the
Hardy space H2(U). If β0 = 1 and βn = n1/2 for n ≥ 1, the resulting space is the
classical Dirichlet space D and if βn = (n + 1)−1/2, we have the Bergman space
A2(U). The reproducing kernel function Kw at the point z ∈ U for the Hardy,
Bergman and Dirichlet spaces is given by

1

1− w̄z
,

1

(1− w̄z)2
, 1 + log

1

1− w̄z
,

respectively.
The inner product of two functions f and g in any of these spaces may also be

computed by integration. For the Hardy space H2(U),

〈f, g〉H2(U) =

∫ 2π

0

f(eiθ)g(eiθ)
dθ

2π

where f and g are defined a.e. on ∂U via radial limits (see [5]). In the case of
the Bergman space,

〈f, g〉A2(U) =

∫
U
f(z)g(z)dA(z),

where dA is normalized area measure on U. For the Dirichlet space, the inner
product is given by

〈f, g〉D = f(0)g(0) +

∫
U
f ′(z)g′(z)dA(z).

If u is analytic on the open unit disc U and ϕ analytic self-map of the unit disc,
the weighted composition operator on H2(β) with symbols u and ϕ is the operator
(Wu,ϕf)(z) = u(z)f(ϕ(z)) for f in H2(β). When u(z) ≡ 1 we call the operator
a composition operator and denote it by Cϕ. The multiplication operator Mu

corresponds to the case ϕ(z) = z and is given by Muf(z) = u(z)f(z). For general
information in this context, one can see the excellent monographs [4, 14].

In recent years the concept of composition and weighted composition operators
has been generalized in the literature. The generalized weighted composition
operator Dn

ϕ,u, which was introduced by Zhu [16] (see also [15]), is defined

(Dn
ϕ,uf)(z) = u(z)f (n)(ϕ(z)),

where f (n) denotes the nth derivative of f for n ≥ 0. Another generalization of
composition operators may be defined via anti-derivatives:

C [n]
ϕ f(z) = f [n](ϕ(z)),

where f [n] denotes the nth anti-derivative of f with f [1](0) = f [2](0) = · · · =
f [n](0) = 0. One reason to study this type of operators is that they appear in
the adjoint formula for rationally induced composition operators on the Bergman
space (see [7, Theorem 3.5, Corollary 3.6]).
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One of the most fundamental questions relating to composition and generalized
composition operators is how to obtain a reasonable representation for their ad-
joints. The problem of computing the adjoint of a composition operator induced
by a linear fractional symbol on the Hardy space was solved by Cowen [2]. Hurst
[9] used an analogous argument to obtain the solution in the weighted Bergman
space A2

α(U). In both of these cases, the adjoint consists of products of a compo-
sition operator, a Toeplitz operator and the adjoint of another Toeplitz operator.
In 2003, Gallardo-Gutiérrez and Montes-Rodŕıguez [6] computed the adjoint of
a composition operator acting on the Dirichlet space by a different method from
those used by Cowen and Hurst. Hammond, Moorhouse and Robbins [8] solved
the case for rationally induced composition operators on the Hardy space H2(U).
Bourdon and Shapiro [1] reproduced the Hammond–Moorhouse–Robbins formula
in a straightforward algebraic fashion. The authors in [7] gave the adjoint for-
mula for rationally induced composition operators on the Dirichlet and Bergman
spaces. For more details we refer interested reader to [3, 12, 13].

In Section 3 of this paper we construct generalized reproducing kernel func-
tions on the weighted Hardy spaces. In Section 4, after a summary discussion
of boundedness, we investigate the adjoint of a generalized composition operator

C
[n]
ϕ . Then for a rational self-map ϕ of the open unit disc, we obtain the adjoint

of C
[1]
ϕ on the Hardy, Bergman and Dirichlet spaces.

2. Preliminary results

Let H2(γ) and H2(β) denote the weighted Hardy spaces with weight sequences
{γn} and {βn} , respectively . Then H2(γ) ∩ H2(β) contains all polynomials
and hence is not empty . The following theorem and its corollary (see [7]) are
necessary for our work .

Theorem 2.1. Let T0 and T1 be bounded operators on H2(γ) and H2(β) respec-
tively , such that T0p = T1p for any polynomial p , and define T : H2(β)→ H2(γ)
by T (

∑∞
n=0 anz

n) =
∑∞

n=0 an
βn
γn
zn . The operator T is invertible , and

(i) T−1T ∗0 Tp = TT ∗1 T
−1p for any polynomial p.

(ii) If H2(γ) ⊂ H2(β) with continuous inclusion , then T−1T ∗0 Tg = TT ∗1 T
−1g

for any g ∈ H2(γ).

Corollary 2.2. Let H2(γ) ⊂ H2(β) with continuous inclusion . Then for T0 ,
T1 and T as in the statement of Theorem 2.1 , we have

T ∗1 f = T−1(T−1(T ∗0 (T (Tf)))), (f ∈ H2(β)).

Note that Theorem 2.1 and its corollary cover a wide class of well known opera-
tors including (generalized) composition and (generalized) weighted composition
operators on weighted Hardy spaces . Hence this theorem may be used to trans-
late results relative to the adjoint problem from one case to another , as we will
see in the next section .

Let Rat(U) denote the collection of all rational functions of one complex vari-
able on U , and let ϕ be a function in Rat(U) that maps U into itself . The
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degree of ϕ is the larger of the degrees of its numerator and denominator . Define
ϕe := ρ ◦ ϕ ◦ ρ , where ρ is defined on extended complex plane Ĉ by ρ(z) = 1/z̄ .

If the degree of ϕ is d, then for each point w ∈ Ĉ the inverse image ϕ−1({w}) has
, counting multiplicities , exactly d points . If ϕ−1({w}) has d distinct points we
will say w is a regular value of ϕ . For any rational function , all but finitely many
points of Ĉ are regular values . The collection of points in Ĉ that are regular
values of ϕ is denoted by reg(ϕ) . Let {σj}dj=1 be d distinct branches of ϕ−1

e which
are defined on a suitable neighborhood of any regular point of the open unit disc
. For more details on above concepts one can see [1] .

Let H be one of the spaces H2(U) , A2(U) or D and define B0 : H → H by

(B0f)(z) =

{
f(z)−f(0)

z
if z ∈ U \ {0},

f ′(0) if z = 0,

which is just the backward shift operator when H = H2(U) . Let Q : H → H
be defined by Qf = F , where F is anti-derivative of f with F (0) = 0 . A rather
simple computation involving Maclaurin series shows that both B0 and Q are
bounded on H . Denote the derivative of f ∈ H by Df = f ′ . Clearly , D is not
a bounded operator on H . We will need the following theorem from [1] .

Theorem 2.3. If ϕ ∈ Rat(U) , then for each f ∈ H2(U) ,

C∗ϕf(z) =
f(0)

1− ϕ(0)z
+ z

d∑
j=1

σ
′

j(z)(B0f)(σj(z)), (z ∈ reg(ϕe) ∩ U).

Further results from [7] are required in the next section .

Theorem 2.4. Let ϕ ∈ Rat(U) and suppose U ⊆ reg(ϕe) . Then for each f ∈ D
and z ∈ U ,

C∗ϕf(z) = f(0)Kϕ(0)(z) +
d∑
j=1

Cσjf(z)−
d∑
j=1

Cσjf(0).

Proposition 2.5. Put H2(γ) = H2(U) , H2(β) = A2(U) and let T : A2(U) −→
H2(U) be the operator introduced in Theorem 2.1 for these spaces . Then for any
f ∈ H2(U) with T−1f ∈ H2(U) ,

T−1(T−1f)(z) = (zf(z))′ = f(z) + zf ′(z). (2.1)

Also for any f ∈ A2(U) ,

T (Tf)(z) = B0Qf(z). (2.2)

3. Generalized reproducing kernel

In this section we extend the reproducing kernel property to the higher order
anti-derivatives of elements of H2(β).

Theorem 3.1. Let H2(β) be a weighted Hardy space and let f [n] denote the nth
anti-derivative of f with f [1](0) = f [2](0) = · · · = f [n](0) = 0. For every point
w in the open unit disc and every positive integer n, the function that takes f
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to f [n](w) is a bounded linear functional on H2(β). Moreover, the corresponding
n-generalized reproducing kernel function is given by

Kw,n(z) =
∞∑
m=0

1

(m+ 1) · · · (m+ n)β2
m

w̄
m+n

zm. (3.1)

Proof. For Kw,n given in the statement of the theorem we have

‖Kw,n‖2
β =

∞∑
m=0

1

(m+ 1)2 · · · (m+ n)2β4
m

|w|2(m+n)β2
m <

∞∑
m=0

1

β2
m

|w|2m = ‖Kw‖2
β.

Hence Kw,n ∈ H2(β) and it is easily seen that for f ∈ H2(β)

f [n](w) = 〈f,Kw,n〉β. (3.2)

Now it follows immediately from (3.2) that this functional is linear and bounded
on H2(β) for w ∈ U. �

It follows from (3.1) that for every weighted Hardy space, K0,n = 0 for n ≥ 1.
Moreover, we have

Kw,n(0) =
1

n!β2
0

w̄
n

, Kw,1(z) =
∞∑
m=0

1

(m+ 1)β2
m

w̄
m+1

zm. (3.3)

Now, we obtain the 1-generalized reproducing kernel Kw,1 on the Hardy, Bergman
and Dirichlet spaces.

Proposition 3.2. The 1-generalized reproducing kernel function Kw,1 on the
Hardy space H2(U) is given by

Kw,1(z) =

{
1
z

log 1
1−w̄z if z ∈ U \ {0},
w̄ if z = 0.

Proof. It is evident from (3.3) that Kw,1(0) = w̄. Again, using (3.3) for z 6= 0 we
have

Kw,1(z) =
∞∑
m=0

1

m+ 1
w̄

m+1

zm =
1

z

∞∑
m=0

1

m+ 1
w̄

m+1

zm+1

=
1

z

(
∞∑
m=0

w̄
m+1

zm

)[1]

=
w̄

z

(
1

1− w̄z

)[1]

=
1

z
log

1

1− w̄z
.

�

Proposition 3.3. The 1-generalized reproducing kernel Kw,1 on the Bergman
space A2(U) is given by Kw,1(z) = w̄

1−w̄z .

Proof. By applying (3.3),

Kw,1(z) =
∞∑
m=0

w̄
m+1

zm = w̄
∞∑
m=0

(w̄z)
m

=
w̄

1− w̄z
.

�
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Proposition 3.4. The 1-generalized reproducing kernel Kw,1 on the Dirichlet
space D is given by

Kw,1(z) =

{
2w̄ + 1−w̄z

z
log(1− w̄z) if z ∈ U \ {0},
w̄ if z = 0.

Proof. By using (3.3) for z 6= 0,

Kw,1(z) = w̄ +
∞∑
m=1

1

m(m+ 1)
w̄

m+1

zm = w̄ +
w̄

2

z

∞∑
m=1

((w̄z)m−1)[2]

= w̄ +
w̄

2

z

(
1

1− w̄z

)[2]

= 2w̄ +
1− w̄z
z

log(1− w̄z).

The equality Kw,1(0) = w̄ is clear. �

4. Adjoints of generalized composition operator with rational
symbol

From now on, we let Qf = F be the anti-derivative of f with F (0) = 0.
Clearly, Q is linear onH2(β). In this section we discuss the adjoint of a generalized

composition operator C
[n]
ϕ on H2(β). Then we obtain C

[1]∗
ϕ on the Hardy, Bergman

and Dirichlet spaces for a rational self-map ϕ of U. We start with a summary
discussion on boundedness.

Corollary 4.1. Suppose that there exists a constant C > 0 such that for every
non-negative integer m, the weight sequence of H2(β) satisfies βm+1

βm
≤ C and let

ϕ be an analytic self-map of U. Then
(i) Q is a Hilbert-Schmidt operator on H2(β).

(ii) If Cϕ is bounded on H2(β), then C
[n]
ϕ is Hilbert-Schmidt on H2(β).

Proof. (i) Let {em}∞m=1 defined by em(z) = 1
βm
zm be the orthonormal basis for

H2(β). Then Qem(z) = 1
(m+1)βm

zm+1 and we have

∞∑
m=0

‖Qem‖2
β =

∞∑
m=0

1

(m+ 1)2β2
m

β2
m+1 ≤ C2

∞∑
m=0

1

(m+ 1)2
<∞.

Therefore Q is a Hilbert-Schmidt operator on H2(β). Part (ii) follows imme-

diately from C
[n]
ϕ = CϕQ

n and the fact that Hilbert-Schmidt operators form a
two-sided ∗-ideal in the C∗-algebra of bounded operators on H2(β). �

As a consequence of Littlewood’s Subordination Principle, every composition
operator on the Hardy space is bounded. By Proposition 3.4 in [11], this fact also
holds for every composition operator on the Bergman space. In view of Corollary
4.1, for the generalized composition operators on the aforementioned spaces we
have even more.

Corollary 4.2. Let ϕ be an analytic self-map of U. Then C
[n]
ϕ is a Hilbert-

Schmidt operator on the Hardy and Bergman spaces.

Now we consider the following theorem on the adjoint of the generalized com-
position operators on the weighted Hardy spaces.
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Theorem 4.3. Let B denote the backward shift operator on H2(β) and suppose
Q is bounded on H2(β). Then

(i) Q∗ = BQB.

(ii) C
[n]∗
ϕ = (BQB)nC∗ϕ.

(iii) For f ∈ H2(β) with f(z) =
∑∞

j=0 ajz
j,

Q∗f(z) =
∞∑
j=1

1

j

β2
j

β2
j−1

ajz
j−1. (4.1)

Proof. (i) Let j and m be arbitrary non-negative integers and define ej(z) = 1
βj
zj.

Then {ej} is an orthonormal basis for H2(β) and

Qej(z) =

∫ z

0

ej(w)dw =
βj+1

(j + 1)βj
ej+1(z). (4.2)

By considering two cases j = m and j 6= m separately, we have

〈Q∗Uej, em〉β = 〈Q∗ej+1, em〉β = 〈ej+1, Qem〉β

=

〈
ej+1,

βm+1

(m+ 1)βm
em+1

〉
β

=

〈
βj+1

(j + 1)βj
ej+1, em+1

〉
β

= 〈Qej, Uem〉β = 〈BQej, em〉β,
where U is the unilateral shift operator on H2(β). Therefore, Q∗U = BQ and
hence Q∗UB = BQB. Moreover, the equality

〈Q∗e0, ej〉β = 〈e0, Qej〉β =

〈
e0,

βj+1

(j + 1)βj
ej+1

〉
β

= 0

implies Q∗e0 = 0. Since every constant function is in kerB and UB = I on
the subspace {f ∈ H2(β) : f(0) = 0} of H2(β), it follows that for arbitrary
f ∈ H2(β),

BQBf = Q∗UB(f − f(0)) +Q∗UB(f(0)) = Q∗(f − f(0))

= Q∗f −Q∗(f(0)) = Q∗f.

(ii) Observe that C
[n]∗
ϕ = (CϕQ

n)∗ = (BQB)nC∗ϕ.

(iii) Let fj(z) = zj. Then, (4.2) implies that for j ≥ 1,

Q∗fj = βjQ
∗ej = βjBQBej = βjBQej−1 = βj

βj
jβj−1

Bej

=
β2
j

jβj−1

ej−1 =
β2
j

jβ2
j−1

fj−1,

and since Q∗e0 = 0, we obtain (4.1). �

For any self-map ϕ of U and f belonging to the weighted Hardy space H2(β)
we see that,

(C [1]∗

ϕ f)(0) =

〈
C [1]∗

ϕ f,
1

β2
0

〉
H2(β)

=

〈
f,

1[1] ◦ ϕ
β2

0

〉
H2(β)

=

〈
f,
ϕ

β2
0

〉
H2(β)

.
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In the remaining of this section we give an expression for the adjoint of a gener-

alized composition operator C
[1]
ϕ with rational symbol ϕ on the Hardy, Bergman

and Dirichlet spaces.

Theorem 4.4. Let C
[1]
ϕ be a generalized composition operator with rational symbol

on H2(U). Then for each non-zero z ∈ reg(ϕe) ∩ U,

(C [1]∗

ϕ f)(z) = f(0)Kϕ(0),1(z) +
d∑
j=1

B0CσjQB0f(z).

Furthermore, (C
[1]∗
ϕ f)(0) = 〈f, ϕ〉H2.

Proof. Let z ∈ reg(ϕe)∩U be non-zero. For h0(z) = 1

1−ϕ(0)z
, one can use elemen-

tary calculus to observe that

B0QB0h0(z) =
1

z
log

1

1− ϕ(0)z
. (4.3)

For hj(z) = zσ′j(z)(B0f)(σj(z)), we have

QB0hj(z) =

∫ z

0

σ′j(w)(B0f)(σj(w))dw

= (QB0f)(σj(z))− (QB0f)(σj(0)),

which implies

B0QB0hj(z) =
CσjQB0f(z)− CσjQB0f(0)

z
= B0CσjQB0f(z). (4.4)

Therefore, using (4.3), (4.4), Theorem 2.3 and Theorem 4.3, we have

C [1]∗

ϕ f(z) = (CϕQ)∗ f(z) = Q∗C∗ϕf(z) = B0QB0C
∗
ϕf(z)

= B0QB0

(
f(0)h0 +

d∑
j=1

hj

)
(z)

= f(0)
1

z
log

1

1− ϕ(0)z
+

d∑
j=1

B0CσjQB0f(z)

= f(0)Kϕ(0),1(z) +
d∑
j=1

B0CσjQB0f(z).

�

Theorem 4.5. Let C
[1]
ϕ be a generalized composition operator with rational symbol

on A2(U). Then for each z ∈ reg(ϕe) ∩ U,

(C [1]∗

ϕ f)(z) = f(0)Kϕ(0),1(z) +
d∑
j=1

Wσ′j ,σj
B2

0Qf(z).
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Proof. Assume that T0 and T1 are the generalized composition operator C
[1]
ϕ on

H2(U) and A2(U) respectively, and let T : A2(U)→ H2(U) be the corresponding
isometric isomorphism defined in Theorem 2.1. Then by (2.2) for z 6= 0,

T (Tf)(z) = B0Qf(z) =
F (z)

z
,

and since B0Qf(0) = 0, it follows from Theorem 4.4 that

T ∗0 (T (Tf))(z) = T ∗0 (B0Qf)(z)

=
1

z
log

1

1− ϕ(0)z
f(0) +

d∑
j=1

B0CσjQB
2
0Qf(z). (4.5)

For every h ∈ A2(U), we have (zB0h(z))′ = (h(z)− h(0))′ = h′(z). Therefore by
(2.1), (4.5) and Corollary 2.2, for every non-zero z ∈ reg(ϕe) ∩ U we have

(T ∗1 f)(z) = T−1(T−1(T ∗0 (T (Tf))))(z) = (zT ∗0B0Qf(z))′

= f(0)

(
log

1

1− ϕ(0)z

)′
+

d∑
j=1

(
QB2

0Qf(σj(z))
)′

= f(0)
ϕ(0)

1− ϕ(0)z
+

d∑
j=1

σ′j(z)B2
0Qf(σj(z))

= f(0)
ϕ(0)

1− ϕ(0)z
+

d∑
j=1

Wσ′j ,σj
B2

0Qf(z)

= f(0)Kϕ(0),1(z) +
d∑
j=1

Wσ′j ,σj
B2

0Qf(z).

The statement of the theorem also holds for z = 0 by analyticity. �

Now let ϕ(z) = az+b
cz+d

be a linear fractional self-map of U and define the asso-

ciated linear fractional transformation by σ(z) = āz−c̄
−b̄z+d̄ , which is known as the

Krein adjoint of ϕ. It was shown by Cowen [4] that ϕ is a self-map of U if and
only if σ is a self-map of U. Now it can be seen from Theorem 4.5 that the
adjoint of a generalized composition operator with linear fractional symbol has
an explicit formula on the Bergman space as follows.

Corollary 4.6. Let C
[1]
ϕ be a generalized composition operators on A2(U) with

linear fractional symbol ϕ(z) = az+b
cz+d

. Then for each f ∈ A2(U),

(C [1]∗

ϕ f)(z) = −f(0)
ā

āz − c̄
+

ād̄− b̄c̄
(āz − c̄)2

F

(
āz − c̄
−b̄z + d̄

)
,

where F is the anti-derivative of f with F (0) = 0. Moreover, (C
[1]∗
ϕ f)(0) =

〈f, ϕ〉A2.
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Theorem 4.7. Let U ⊂ Reg(ϕe) and suppose that C
[1]
ϕ is a generalized composi-

tion operator on D with rational symbol. Then C
[1]
ϕ is Hilbert-Schmidt on D and

for f ∈ D and z 6= 0,

(C [1]∗

ϕ f)(z) = f(0)Kϕ(0),1(z) +
d∑
j=1

σ′j(0)f ′(σj(0)) +
d∑
j=1

QB2
0Cσjf(z).

Proof. Any self-map of U with bounded multiplicity induces a bounded compo-
sition operator on the Dirichlet space (see [10, Proposition 1.1]). Therefore Cϕ is
bounded on D. On the other hand, by Corollary 4.1(i), Q is a Hilbert-Schmidt

operator on D. Consequently, C
[1]
ϕ = CϕQ is a Hilbert-Schmidt operator on D.

For f in the Dirichlet space with Maclaurin series expansion f(z) =
∑∞

n=0 anz
n,

by using (4.1) we have

Q∗f(z) =
∞∑
n=1

1

n

β2
n

β2
n−1

anz
n−1 = a1 +

∞∑
n=2

1

n− 1
anz

n−1

= a1 +

∫ z

0

∞∑
n=2

ant
n−2dt = a1 +

∫ z

0

B2
0f(t)dt

= f ′(0) +QB2
0f(z). (4.6)

Moreover,

Q∗Kϕ(0)(z) = 〈Q∗Kϕ(0), Kz〉 = 〈Kϕ(0), QKz〉
= 〈QKz, Kϕ(0)〉 = QKz(ϕ(0))

= 2ϕ(0) +
1− ϕ(0)z

z
log(1− ϕ(0)z) = Kϕ(0),1(z).

From equality (4.6), Theorem 2.4 and the fact that the constant functions are in
kerQ∗, we conclude that

(C [1]∗

ϕ f)(z) = Q∗(C∗ϕf)(z) = f(0)Kϕ(0),1(z) +
d∑
j=1

σ′j(0)f ′(σj(0)) +
d∑
j=1

QB2
0Cσjf(z).

�
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6. E. Gallardo-Gutiérrez and A. Montes-Rodŕıguez, Adjoints of linear fractional composition

operators on the Dirichlet space, Math. Ann. 327 (2003), no. 1, 117–134.
7. A. Goshabulaghi and H. Vaezi, Adjoints of rationally induced composition operators on

Bergman and Dirichlet spaces, Turkish J. Math. 38 (2014), no. 5, 862–871.
8. C. Hammond, J. Moorhouse and M.E. Robbins, Adjoints of composition operators with

rational symbol, J. Math. Anal. Appl. 341 (2008), no. 1, 626–639.
9. P.R. Hurst, Relating composition operators on different weighted Hardy spaces, Arch. Math.

(Basel) 68 (1997), no. 6, 503–513.
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12. M.J. Mart́ın and D. Vukotić, Adjoints of composition operators on Hilbert spaces of analytic

functions, J. Funct. Anal. 238 (2006), no. 1, 298–312.
13. J.N. McDonald, Adjoints of a class of composition operators, Proc. Amer. Math. Soc. 131

(2003), no. 2, 601–606.
14. J.H. Shapiro, Composition Operators and Classical Function Theory, Springer-Verlag,

Berlin, 1993.
15. A.K. Sharma, Generalized composition operators between Hardy and weighted Bergman

spaces, Acta Sci. Math. (Szeged), 78 (2012), no. 1-2, 187–211.
16. X. Zhu, Products of differentiation, composition and multiplication operator from Bergman

type spaces to Bers spaces, Integral Transforms Spec. Funct. 18 (2007), no. 3-4, 223–231.

Department of Mathematics, Faculty of Mathematical Sciences, University
of Tabriz, P. O. Box: 51666, Tabriz, Iran.

E-mail address: a goshabulaghi@tabrizu.ac.ir

E-mail address: hvaezi@tabrizu.ac.ir


	1. Introduction
	2. Preliminary results
	3. Generalized reproducing kernel
	4. Adjoints of generalized composition operator with rational symbol
	References

