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THE GENERALIZED VON NEUMANN-JORDAN CONSTANT
AND NORMAL STRUCTURE IN BANACH SPACES
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Communicated by J. Esterle

ABSTRACT. Recently, a new geometric constant called generalized von Neumann—
Jordan constant was introduced. In this paper, the relationships between above
constant and generalized Garcia—Falset coefficient are given. In terms of this
constant, the lower bounds for the weakly convergent sequence coefficient of a
Banach space X are also shown. Moreover, some sufficient conditions which
imply normal structure and uniform normal structure are presented.

1. INTRODUCTION AND PRELIMINARIES

Let X be a real Banach space. For a nonempty bounded subset C' of X, denote
that

diam(C) :=sup{|| z — y ||: z,y € C} and rad(C) := irelgsup{H r—y|yeC}

We say that X has normal structure if every bounded closed convex subset C'
of X with diam(C') > 0, verifies rad(C) < diam(C'). X is said to have uniform
normal structure if there exists ¢ € (0, 1) such that, for all bounded closed convex
subsets C' of X with diam(C') > 0, the inequality rad(C) < ediam(C') holds.

A Banach space X is said to have the fized point property if every nonexpan-
sive mapping T : C' — Ci.e.,

| Te =Ty |[<||z—y ||,Vz,y € C

acting on a nonempty bounded closed and convex subset C' of X has a fixed point.
It was proved by Kirk [9] that every reflexive Banach space with normal structure
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has the fixed point property. Many geometrical properties of Banach spaces
implying normal structure and uniform normal structure have been studied.
The von Neumann—Jordan constant was defined by Clarkson as follows:

2 o 2
| r+vy || 2+ || X 2y H cx,y € X, notbothzerO}.
2(lz >+ 1y [1?)

The weakly convergent sequence coef ficient of X, WCS(X), was defined in
[3] as the supremum of the set of all numbers M with the property that for each
weakly convergent sequence (z,,), there is some y in the closed convex hull of the
sequence such that

Cny(X) := sup{ |

Mlimsup || z, —y ||< lim sup{| z; — z; ||: 4,5 > n}.
n—00 n—roo
It is clear that 1 < WCS(X) < 2 and it is known that X has weak normal
structure if WCS(X) > 1 [3].
The coefficient R(a, X'), which is a generalized Garcia—Falset coefficient R(X)
[5], is introduced by Benavides [2]: For a given a > 0,

R(a, X) := sup{liminf || =, + z ||},
n—oo

where the supremum is taken over all x € X with || z ||< a and all weakly null
sequences in the unit ball By such that limy, ;ptm || Tn — T | < 1. It is clear

that R(1, X) = R(X). Benavides [2] also defined the coefficient M (X') by

M(X):= sup{% ca > 0}.

The coefficient RW (a, X) was introduced in [6]: For each a > 0,
RW (a, X) := sup{min{liminf || z,, + = ||, liminf || z, — z ||} },
n— o0 n—oo

where the supremum is taken over all x € X with || z ||< a and all weakly null
sequences in the unit ball Bx. It was proved that for any Banach space X, the
inequality RW (a, X) > R(a, X) holds [11].
Recall that n
. opx(t
(0) := lim —~2
Px(0):= lim ==,
where px[0,00) — [0, 00) is the modulus of smoothness of X defined by
r+ty| +|r—1ty
oxtt) = supfLEE L=ty
The coefficient p(X), defined by the infimum of the set of real numbers r > 0
such that

—1:z,y € Bx}.

limsup || z + z, ||< rlimsup || x — z, ||
n—oo n—oo
for all z € X and all weakly null sequences (z,) in X. It was proved that if the
condition p'y(0) < ﬁ holds, then X has normal structure [11].
The modulus of convexity of X is the function dx : [0,2] — [0, 1] defined by

) r+y
ox(e) = inf{1- | S 2y € Bx, | 2y |2 2},
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The characteristicof convexity of X is the number
go(X) :=sup{e : dx(g) = 0}.

In this paper, some relationships between the generalized von Neumann—Jordan
constant and generalized Garcia-Falset coefficient are given. The lower bounds
for the weakly convergent sequence coefficient of a Banach space X are also
shown. Moreover, some sufficient conditions for normal structure and uniform
normal structure are presented.

2. THE CONSTANT AND THE FIXED POINT PROPERTY

Recently, Cui, Huang, Hudzik and Kaczmarek [4] introduced a new geometric
constant C’J(\[,’}(X ) called generalized von Neumann—Jordan constant, defined by

vyl +llz—yl”
27 ([ P+ 1y [17)

C’%’?,(X) = sup{” rx,y € X, (z,y) # (0,0)},

where 1 < p < 0.
The parametrized formula of this constant is the following

ty " + |z —ty ||”

2p=1(1 + tP)

Cﬁ}(X):sup{|lx+ cx,y € Sx,0<t <1},

where 1 < p < 0.
It was proved that the generalized von Neumann—Jordan constant satisfies the

inequality C’](\fb),(X ) <2, and that Banach space X is uniformly non-square if and
only if CP)(X) <2 [4].

Next, we will show the relationships between the constant C]%)}(X ) and the
coefficient R(a, X), and we will obtain a sufficient condition for the fixed point
property.

Proposition 2.1. Let X be a Banach space. For any a > 0,

() R(a, X)P
N X) 2 55

Proof. Let a > 0. For any weakly null sequence (z,) in Bx and any = € X with
| z [|[< a, by the definition of C](\];‘)](X), we have,

P (x) > [en +a P+ | 2 = [P min{]| @, + |7, | 20 — 2 |['}
A (N E 2 D S (EN R D)
Therefore,
(p) X)) > RW<O’7X)p
CNJ( ) — 2p*2(1 +Clp)
and since the inequality RW (a, X) > R(a, X) holds, we obtain
(p) X > R<a’7X)p
CnsX) 2 202(1+ar)’



THE CONSTANT AND NORMAL STRUCTURE IN BANACH SPACES 209

Proposition 2.2. If X is a Banach space, then

1
o xy > T Gray)

D0 2 —

Proof. For any € > 0, there exists € Sy and (x,,) in Bx such that
liminf || z, + 2z ||> R(X) —e.
n—oo
We may extract a subsequence, still denoted by (z,), such that liminf, . ||

x, — x || exists and
liminf || z, +z ||> R(X) —e.
n—oo

So we obtain,

22C'P)(X) > liminf || 2, + 2 ||” +liminf || z, — = ||?
n—00 n—00

1
> liminf || z, + 2 ||” (1 +
it et 0 ey
1
> (R(X) —¢)P(1+ ).
(n(X))P
By the arbitrariness of € > 0, we get C’}f;}(X) > (R(X))pél_tw(xw)_ O

As a consequence of the preceding proposition, we have the following corollary.

Corollary 2.3. If C}@(X) <1+ m, then R(X) < 2, that is, such a Banach

space X has the fixed point property.

3. THE GENERALIZED VON NEUMANN—JORDAN CONSTANT AND NORMAL
STRUCTURE

Now we show some inequalities on the generalized von Neumann—Jordan con-
stant, and the constants £¢(X) and p'y(0). By these inequalities we obtain some
sufficient conditions which imply normal structure.

Proposition 3.1. For any Banach space X, we have the following:
(1) CRHX) 2 1+ 25

2 7

(2) CW(X) = 1+ ply(0)P.

Proof. (1)Let € € [0,2]. Suppose that there exists x,y € By such that || z —y ||>
€. Then ) ) > L
) (x) > I fﬂjy [P+ z—y| > [z +y|P+e
=[x 1P+ [y 7) 2

which is equivalent to

r+vy €
1= 2 21— oo - G

By the definition of dx, we get

3

5x(e) 21— (e - G
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that is,

O (X) 2 (5 + (1= bx(e))"

We conclude that
€
Oy () 2 sup{(5) + (1= 6x(e))? : € [0, 2]}
and in particular, by eo(X) = 2(1 — lim._,5 0x ())(see [7]),

P ) 2 T (G + (1 - ax(e) = 1+ (28,

(2) By(i), and go(X*) = 2px(0)(the consequence of Lindenstrauss’ formulae
)

[10]), we obtain that
. £o(XT)"
CRH(X) = OR)(X™) 2 14 (T2 0) = 1+ ply (0
Corollary 3.2. Let X be a Banach space. If C’J(@( X) <1+ x5, then pik(0) <
1
WX
Lemma 3.3. [11] Let X be a Banach space. IF (x,) be a weakly null sequence in
Sx such that imy, p oo ntm || Tn — Tm ||=: d exists, then there exist (uy,), (v,) and
(wy), weakly null sequence in Sx and (f,) and (g,), sequences in Sx» for which
. 1
lim fo(=up) = lim g, (un) =
a
]" n n 2 9
i faltn) 2 2%
li n\Yn > =
am gn(vn) 2 Be a4
and )
min{ lim £, (wn), i g, (wn)} > XA

Relationships between the generalized von Neumann—Jordan constant, the
weakly convergent sequence coefficient, the coefficient R(a, X') and the coefficient
M(X) is given in the following proposition.

Proposition 3.4.
(1) CVY(X) > watmey + su{ wapr (@ + wosgs ) @ > 0}

M(X)\p
(2) wes(xp > ot

Ons(X)
Proof. (1) Let(z,) be a weakly null sequence in Sy such that lim,, ;oo || Tn —
T ||= d exists. Put @ > 0. By Lemma3.3 , there exist weakly null sequence (u,,)
and (v,) in Sy, sequence (f,) and (g,) in Sx~, for which

n—00 n—00 d’
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E&ﬂ@“ZR@X)

and

lim g,( )>;
n—>oogn Un) = R(a,X)d

Foreach n > 1, || fo = gn |2 fu(—un) + gu(un) and [| fu+ga [|= fu(vn) + gn(vn),
SO 9
lim inf H fn — 9n ||Z 3
n—o0 d

and .
Rax) ¢t g

liminf || f, + gn [[>
n—o0

Since, for each n > 1,

* H Jn+ 9n Hp"i_H Jn = 9n Hp
Oy (X) = Oy (X7) = > ,

we obtain
i + ;@L + l)P
dr - 2PR(a, X)P d’
By the equivalent expression of WC'S(X) [1], we conclude
1 1 1
O(P) X) > P,
v ) 2 sy T R X T wos)
Inequality (2) is a consequence of (i): for all a > 0,
1 1 1
C(p) X) > p
v 2 wesay T e RE X T wos)
1+a
> 1 P,
Z wesoor U SR

Ce(X) >

Thus .
sup{ﬁ:aZO}p

s e S G o
O (X) oW (X

WCS(X)P >

~—

O

Corollary 3.5. If the inequality C%’?,(X) <1+ (M(QX) )P holds, then the Banach
space X has normal structure.

4. THE GENERALIZED VON NEUMANN—JORDAN CONSTANT AND UNIFORM
NORMAL STRUCTURE

(X)) denotes that the subspace of the product space II,,enX equipped with
the norm || (z,,) ||:= sup,.ey || Zn [|< 00. Let U be an ultrafilter on N and let

Ny = {(an) € loo(X) : Tim || 2, [|= 0}

The ultrapower of X, denoted by X, is the quotient space loo(X) /Ny equipped
with the quotient norm, and (Z,) denotes the elements of the ultrapower. Note
that if &/ is non-trivial, then X can be embedded into X isometrically. It was
proved that if X is super-reflexive, that is X* = ()~( )*, then X has uniform normal
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structure if and only if X has normal structure [8]. We show a theorem about
uniform normal structure.

Theorem 4.1. Let X be a Banach space and the inequality

(VA++1t)p

0
s (X) < g am)

holds for some t € (0,1]. Then X has uniform normal structure.

Proof. Since X is uniformly non-square, so X is super-reflexive(see [13]), and
consequently it is enough to show that X has normal structure. Suppose that X
lacks normal structure. Then by Lemma 2 in [12], there exist 1, %2, %3 € S and

fiifo fs € S ¢. satisfying:
(1) || & — &, ||= 1 and fi(Z;) = 0 for all i # ;.

(2) fi(#) =1fori=1,2,3.

(3) | #3 = (T2 + 21) || =] 22 + 21 |-

Let h(t) := &= e %) and we consider three possible cases.

Case 1: If || x1+x2 I< h(t). Let T =31 — 3y and § = (“J(”)”) Then Z,y € By,

and

247 | =l (14 (D= (L= () |
> (1 (%)) (1) — <1—<$>>ﬁ<fz2>
B t

Lt )
as well as

-7 =] 1+ (ﬁ))@ . <$>)z1 u
> (1+ <%>>f2<a:~2> —a- <%>>ﬁ<fl>
:1+(%).

Case 2: If || &1 + &9 | > h(t) and || Z3 4+ T2 — T1 ||< h(t). Let T = &y — &3 and

j= % Then Z, 3 € By, and

1245 1 =l (1 (s = (= (s = () |
> (14 (g V@) — (L= G ol = () o)
=14+ (L)
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as well as
|2 =471 =1 (L G s = (1= () = () |
t t ~ t F o
> (14 () iE) = (L= (o) o) = G o)
t
=14 ()

h(t)

Case 3: If || &y + &2 [|> h(t) and || T3 4+ T2 — T1 ||> h(t). Let T = &3 — &, and

y = To. Then 2,7y € By, and
|24ty || =|| &3+ t22 — 21 |
> T3+ 3o — 31 || —(1 1)
> h(t) +t—1,
as well as
|2 =ty || =[| 25 — (tZ2 + 21) |
2| 5 = (22 + 21) | =(1 =)
> h(t) +t— 1.

Then, by the definition of C{¥)(X) and C%}(X) = C)(X), we obtain

(I+5G) (b)) +t—1)
2p-2(1 +t7)’ 20-2(1 + tP) }
_ (At

220=2(1 +¢r)

CR)(X) > max{

This is a contradiction and thus the proof is complete. O]
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