nnalsof ~ Ann. Funct. Anal. 6 (2015), no. 1, 12-23
¢ http://doi.org/10.15352/afa/06-1-2

unctional  JSYN: 2008-8752 (electronic)

nalysis http://projecteuclid.org/afa

M*-TYPE SHARP MAXIMAL FUNCTION INEQUALITIES AND
BOUNDEDNESS FOR TOEPLITZ TYPE OPERATOR
ASSOCIATED TO PSEUDO-DIFFERENTIAL OPERATOR
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ABSTRACT. In this paper, we establish the M*-type sharp maximal function
inequalities for the Toeplitz type operator associated to the pseudo-differential
operator. As an application, we obtain the boundedness of the operator on
Lebesgue and Morrey spaces.

1. INTRODUCTION AND PRELIMINARIES

As the development of singular integral operators(see [6, 17]), their commuta-
tors have been well studied. In [2, 15], the authors prove that the commutators
generated by the singular integral operators and BMO functions are bounded
on LP(R™) for 1 < p < oo. In [7, 8, 10], some Toeplitz type operators associ-
ated to the singular integral operators and strongly singular integral operators
are introduced, and the boundedness for the operators are obtained. In this pa-
per, we will study the Toeplitz type operator generated by the pseudo-differential
operator and BMO functions.

First, let us introduce some notations. Throughout this paper, ) will denote
a cube of R"™ with sides parallel to the axes. For any locally integrable function
f, the sharp maximal function of f is defined by

MA@ = s [ 150) ~ saldy
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M*-TYPE SHARP MAXIMAL FUNCTION INEQUALITIES 13

where, and in what follows, fo = |Q|™! fQ x)dz. It is well-known that (see
6, 17)
M#(f)(z) ~ sup inf — / f(y) — c|dy.
(o)~ s int = [ 1) =
We say that f belongs to BMO(R") if M#(f) belongs to L>(R") and define
| fllBao = ||M#(f)||rs. It has been known that (see [17])
I|f = fargllBro < CK||f|lBmo-

Let
M(f)(x —sup|Q|/|f )/dy.

Q>3
For 1) > 0, let My (f)(x) = M(|f|")"/"(x) and M (f) = M#(|f|")!/".
For k € N, we denote by MP* the operator M iterated k times, i.e., M*(f) =
M(f) and

ME(f) = M(M*1(f)) when k> 2.

Let ® be a Young function and @ be the complementary associated to ®, we
denote that the ®-average by, for a function f,

. 1 /)
1£llsc —mf{A >0 @/ch (T> dy < 1}

and the maximal function associated to ® by

Mo(f)(x) = Slelg||f||<1>,Q‘

The Young functions to be using in this paper are ®(t) = t(1+logt) and ®(t) =
exp(t), the corresponding average and maximal functions denoted by || || Logr),0
M ogry and || - ||eapr,@> Meapr- Following [15], we know the generalized Hélder’s
inequality and the following inequalities hold:

|Q|/ ) |dy<||f||¢’@||g||¢Qa

1 Laogryo < Migogry(f) < CMP(f),

||f - fQHexpLQ < C||f||BMO
and

Hf - fQ||ea¢pL,2’€Q < C’k'||f||BMO
The A, weight is defined by (see [0]), for 1 < p < oo,

A, = {w e L. (R"): sp <|Q| / (x)dm) (ﬁ/@w(z)_l/(p_l)dm)pl < oo}

and

={we Ll (R"): M(w)(zx) < Cw(x),a.e.}.
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Given a weight function w. For 1 < p < oo, the weighted Lebesgue space
LP(w) is the space of functions f such that

Il = ([ rtoputoa) <o

Definition 1.1. Let ¢ be a positive, increasing function on R* and there exists
a constant D > 0 such that

©(2t) < Dp(t) for t > 0.

Let w be a weight function and f be a locally integrable function on R™. Set, for
I1<p<oo,

zER™, d>0 Sﬁ(d)

where Q(z,d) = {y € R" : |x —y| < d}. The generalized Morrey space is defined
by

1 1/p
llren = s (o [ IfPuman)
Q(z,d)

LP2(R" w) = {f € Ligo(R") ¢ || fl]1rsw) < 00}

If o(d) = d", n > 0, then LP¥(R",w) = LP"(R",w), which is the classical
weighted Morrey spaces (see [13, 14]). If o(d) = 1, then LP¥(R™, w) = LP(R™, w),
which is the weighted Lebesgue spaces (see [0]).

As the Morrey space may be considered as an extension of the Lebesgue space,
it is natural and important to study the boundedness of the operator on the
Morrey spaces (see [3, 4, 9, 12]).

In this paper, we will study certain pseudo-differential operator as following
(see [1]).

We say a symbol o(x,§) is in the class 7’5 or o € S, if for z,§ € R”,

o+ o
92 g7’ (2,€)

where p, v are multi-indices and |u| = |p1] + -+ + |pa|- A pseudo-differential
operator with symbol o(z, &) € 7% is defined by

T(f)(x) = / T (2, €) F(€)de,

n

S C,u,z/(l + |£|)mfp|u|+6\,u\’

where f is a Schwartz function and f denotes the Fourier transform of f. We
know there exists a kernel K (x,y) such that (see [1])

T(f)(z) = . K(z,z —y)f(y)dy,

where, formally,
Kloy) = [ oo e

In [5], the boundedness of the pseudo-differential operators with symbol ¢ €
S5 (B < nB/2,0 <6 < 1—6) are obtained. In [11], the boundedness of the
pseuﬂo—differential operators with symbol of order 0 and —oo are obtained. In
[1], the sharp function estimate of the pseudo-differential operators with symbol
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o€ S0 <0 <1,0<d<1-—08) are obtained. In [5, 16, 18], the bound-
edness of the pseudo-differential operators and their commutators with symbol
o€ S:Z{SQ(O <0 <1,0<6<1—0) are obtained. Our study are motivated by
these papers.

Suppose T is a pseudo-differential operator with symbol o(z, &) € s Let b
be a locally integrable function on R". The Toeplitz type operator associated to

T is defined by

Tb — Z Tk’leTk’z,

k=1

where T"! are the pseudo-differential operator 7' with symbol o(x, ) € S or

+1(the identity operator), T"2 are the bounded linear operators on LP(w) for
l<p<ocandwe€ Ay, k=1,--- ,m, My(f) =bf.

Note that the commutator [b, T|(f) = bT'(f) —T(bf) is a particular operator of
the Toeplitz type operator T,. The Toeplitz type operator Tj are the non-trivial
generalizations of the commutator. It is well known that commutators are of great
interest in harmonic analysis and have been widely studied by many authors (see
[15]). The main purpose of this paper is to prove the sharp maximal inequalities
for the Toeplitz type operator Tj,. As the application, we obtain the LP-norm
inequality and Morrey spaces boundedness for the Toeplitz type operator 7.

2. SOME LEMMAS

We begin with the following lemmas.

Lemma 2.1. (see [6], p. 485) Let 0 < p < q < oo and for any function f > 0.
We define that, for 1/r =1/p—1/q

1 llwre = Sglg/\\{w € R": f(z) > A}V N, (f) = sup L xellce/lIxelle

where the sup is taken for all measurable sets E with 0 < |E| < co. Then

1/ llwee < Noo(f) < (a/ (g =) "?[| fllwro-
Lemma 2.2. (see [15]) We have

1
0 /Q F@e@Idr < | llesr.cll6lstoom

Lemma 2.3. (see [1]) Let T be the pseudo-differential operator with symbol o €
:ﬁ?(O <0 <1,0<5<1—46). Then T is bounded on LP(w) for 1 < p < oo,

w € Ay and weak (L', L) bounded.

Lemma 2.4. (see [1]) Let 0 € S;f(i{;Z(O <0 <1,0<d<1—-0) and K be the

kernel of the pseudo-differential operator T with symbol o € S:ﬁ{f. Then, for
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xo—z|<d<landj>1,

1/2
/ |K(x,xz —y) —K(xg,xo—y)|2dy
(21)1-0<Jy—ao] <(27+1)10

|$0 . :L,’(l—H)(m—n/Q)

(27d)m(1=6) ’

provided m is an integer such that n/2 <m <n/2+1/(1—0).

Lemma 2.5. (see [1]) Let 0 € S)5(0 < p < 1) and

K(x,w):/ ™8y (v, £)dE.

Then, for |w| > 1/4 and any integer N > 1,

K (2, w)] < Cy|w| Y.

Lemma 2.6. (see [6]) Let 0 < p < 00, 0 <1 < 00 and w € Ui<,cood,. Then,
for any smooth function f for which the left-hand side is finite,

My()@Pw)de < C | ME(f) (@) w(z)de.
R® Rn

Lemma 2.7. (see [3, 4]) Let 1 < p < oo, w € Ay and 0 < D < 2". Then, for
any smooth function f for which the left-hand side is finite,

||M(f)||Lp*‘P(w) < C||f||pr<p(w).

Lemma 2.8. Let 1 <p<oo,0<n<oo,wé€ A and 0 < D < 2". Then, for
any smooth function f for which the left-hand side is finite,

||Mn(f)||LW’(w) < C||Mi;’é(f)||m,w(w).
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Proof. For any cube Q = Q(z¢,d) in R", we know M (wyq) € A; for any cube
Q = Q(z,d) by [6]. By Lemma 2.6, we have, for f € LP?(R", w),

/!M y)[Fwly)dy
= [ P OwPe@eldy
< [ M@PMxe) ()i

< / M () ()P M (wxa) (y)dy
_ / M (£)(9) M (wx) (5)dy
+ PM d
Z / g MNP x) 0)a)
C # p d N # P w(Q) d
< o[ [ mnmpee) “,; Lo MO iy
" ,M(w)(y)
< C /|M# y)|Pw(y dy—i—Z/kﬂQ\M# ’Wdy)
. )
< C /|M# ) Pw(y) dy+Z/k+1Q|M# Il dy)
< O”M# pr 22 —nk 2k+1d
< ONMFN oy > 27" D)Fp(d)
k=0
< CIMES)E o),
thus
1My () sy < CHME S [
This finishes the proof. O

Lemma 2.9. Let T be the pseudo-differential operator with symbolo € S, ngf( 0<

0<1,0<d<1-0),1<p<oo,weA and0< D <2". Then

T ()] zrew) < Ol fllzre(w)-

The proof of the Lemma is similar to that of Lemma 2.8 by Lemma 2.3, we
omit the details.
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3. THEOREMS AND PROOFS

Theorem 3.1. Let T' be the pseudo-differential operator with symbolo € S| "99{;2(0 <
0<1,0<d<1-0),0<r<1,2<s<ooandbe BMO(R"). If T1(g )—O
for any g € L*(R")(1 < u < 00), then there exists a constant C' > 0 such that,

for any f € C°(R") and T € R",
MF(T(£)(F) < Cllbllsao Y (M (T**(f))(&) + Mo(T**(f))(&)).

Proof. 1t suffices to prove for f € C5°(R") and some constant Cp, the following
inequality holds:

1/r m
(17 [ @) ~ Gl ) < Clbllawo Y OLT () +ILIH)(2)
k=1
Without loss of generality, we may assume T%! are T'(k = 1,--- ,m). Fix a

cube @ = Q(o,d) and & € ). We consider the following two cases:
Case 1. d < 1. In this case, let () be the cube concentric with @ of side length

d'=%. We write, by T1(g) = 0,
To(f)(@) = Tomb,s (F)(@) = Tio-b,0)x06 (F) (@) + To-b,0)x e () () = f1(2) + fa(2).

Then

(1 et ) s (i [ ntoras) )

1/r
<|Q| / |f2 f2 $0)| dx) :Il+12-

For I, recalling s > 2, for 1 < t; < oo with 1/s + 1/t; = 1/2, let o(x,§) =
o, &)[E"2E| ™ = q(x,€)|¢]™2, we have q(x,§) € S_4, set S be the
pseudo-differential operator with symbol ¢(z, £), by the Hardy-Littlewood-Soboleve
fractional integration theorem and the L?-boundedness of S (see [1]), we obtain,
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for 1/s=1/2—-0/2,

1
el /Q T My, TV (F) (@)

1 1/s
< (i [ 110 e P @I )
1/2
< 107 ([ 18Mocs TP
1/2
< ClOP ([ Mg T )
1/2
< i ([ (e~ bgllT* e
|Q|1/2( >/( L[ ey )“8
< oo |2@|/‘ ~ bygltda |2Q|/| GORE
< Cllllawo > MATH(1)(@),
k=1
thus

m 1 ) 1/r
o< €Y (i [T e g T
k=1 Q

< Clbllsmo Y MJ(T*?(f))(F).

k=1

For I, recalling n/2 < m, by Lemma 2.4, we get, for 1 < t; < oo with
1/s+1/ty=1/2 and x € Q,

T Mip-t,5)x 00 T2 () (@) = T Mot 5)x 00 T () (20))

< [ 1) = bogl (a2 = ) = K, ~ )T w)ldy

(2Q)°

b — b A Xr,r — — To. Tn —

S Z/zjdl O<|y—xo|<(29t1d)1~ | (y) 2Q||K( 7 y) K( 020 y)|

<[T52()(w)ldy

o0 1/t 1/s
_h |l k,2 s

< O ([ o valhan) ([ mowra)

J

1/2
X (/ IK(m,x—y)—K(xo,a:o—y)lzdy) dx
(29d)1 -0 <|y—ao|<(27+1d)1 0
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> . ) d(1=0)(m—n/2)
07 \n(1=0)/r1 (97 j\n(1—0)/s
S C; ||b||BMO]<2 d) 1(2 d) (de)m(l—e
1 L 1/s
X = T °d
(5 L., T wra)
< C’||b||BMof:j2j(1—0)(n/2—m) 1 |Tk’2(f)(y)|sdy Ve
- =1 |2j+1Q| 2+1Q
]:
< O||bl| paro Ms(T™2())(7),
thus
C
I, < 1l QZlTkle baxige L (F)(@) = T M,y e T () (o) [ da
k=1

< Cllbllzaro ZMS(T’“’2(f))(f)-

k=1

Case 2. d > 1. Similar to the proof of Case 1, we have

Ty(f)(@) = Tombo (F)(@) = Tio-bag)xao (F) (@) + Tlombag)xiaq)e (1) (@) = g1(2) + g2(x)

(|Q| / T @) dx) " (% /Q |gl<x>|fdx)l/
+ (@/Q|g2(x)|rdx) " =13+ Iy

For I3, by Lemma 2.1, 2.2 and 2.3, we obtain

and

IAN AN IA IN

IN

IA A

|Tk71M(bbe)X2Q(f)(x)|

1 1/r
(@ /Q |T'€’1M(b_bQ)X2QT’“2<f><x>|?"dx)

!Q|_1 ||Tk’1M(b7bQ)X2QTk’2(f)XQ||Lr
QI

CIQI 1T My T ()
CIQI Mg peas T ()] 1
clQ™ / ) = g7 ()l

Cl1b = baglleapr 20| T ()] Litogr) 20
C|1bl| paroM> (T (f))(2),




M*-TYPE SHARP MAXIMAL FUNCTION INEQUALITIES 21

thus

m

C ) 1/r
s Y (o T Mg T e )
k=1 Q@

< Clbllpao Y M (T*2(f))(&).

k=1

For I, by Lemma 2.5, we obtain

Loy /(QQ)C () ~ bagl . 2 — )T )y

< oYy / ) — baglle — ol T2(1) (y)\dy

k=1 j=1 ”“‘9\2“»2

1/s

< C (27d)~ (27 d)" ( b(y) — b S’dy)

_1; |29+1Q| 23+1Q‘ ( ) Q’

1 L 1/s
X | —— T%(f)(y de)
(g g P
1/s

< C|b d” T2 sd
< ot Y352 (g [ Ty )

k=1 j=1
< CHbHBMoZMs(Tm(f))(j)-
k=1

This completes the proof of Theorem 3.1. 0

Theorem 3.2. Let T' be the pseudo-differential operator with symbolo € S| ng{f(() <
0<1,0<0<1—-0),2<p<oo,wéeA andbe BMO(R"). If Ti(g )—Ofor

any g € L*(R")(1 < u < 00), then Ty, is bounded on LP(w).
Proof. Choose 1 < s < p in Theorem 3.1. We have, by Lemmas 2.3 and 2.6,
1T ()lzeqwy < IMy(To(P)zre) < CIMI (T o)

IN

Clibllzaro Y UM TP () lwrw) + IM(T () o)
k=1

< chHBMOZHT“ Dllzrcw)

< CHbIIBMollme (w)-

This completes the proof of Theorem 3.2. 0

Theorem 3.3. Let T' be the pseudo-differential operator with symbolo € S| "%Q(O <

0<1,0<6<1-6),0<D<2",2<p<oo,wéeA andbe BMO(R"). If
Ti(g) =0 for any g € L*(R™)(1 < u < 00), then T}, is bounded on LP¥(R", w).
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Proof. Choose 1 < s < p in Theorem 3.1. We have, by Lemmas 2.7, 2.8 and 2.9,

T (oo wy < NIMo(Ty ()| zoow) < CIMF(To(F) Loy

< Ollbllamo Y IMA(TE2(f))|ivse ) + IM(T* () roo )
k=1

< Ollbllmo Y IT**(H)lerew)
k=1

< Cllbllswoll fllrecw-

This completes the proof of Theorem 3.3. 0

Corollary 3.4. Let [b,T](f) = bT(f)—T(bf) be the commutator generated by the
pseudo-differential operator T with symbol o € S:ﬁf(@ <f0<1,0<d<1-0)
and b. Then Theorems 3.1-3.3 hold for [b,T].
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