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Mk-TYPE SHARP MAXIMAL FUNCTION INEQUALITIES AND
BOUNDEDNESS FOR TOEPLITZ TYPE OPERATOR

ASSOCIATED TO PSEUDO-DIFFERENTIAL OPERATOR

LANZHE LIU

Communicated by D. H. Leung

Abstract. In this paper, we establish the Mk-type sharp maximal function
inequalities for the Toeplitz type operator associated to the pseudo-differential
operator. As an application, we obtain the boundedness of the operator on
Lebesgue and Morrey spaces.

1. Introduction and preliminaries

As the development of singular integral operators(see [6, 17]), their commuta-
tors have been well studied. In [2, 15], the authors prove that the commutators
generated by the singular integral operators and BMO functions are bounded
on Lp(Rn) for 1 < p < ∞. In [7, 8, 10], some Toeplitz type operators associ-
ated to the singular integral operators and strongly singular integral operators
are introduced, and the boundedness for the operators are obtained. In this pa-
per, we will study the Toeplitz type operator generated by the pseudo-differential
operator and BMO functions.

First, let us introduce some notations. Throughout this paper, Q will denote
a cube of Rn with sides parallel to the axes. For any locally integrable function
f , the sharp maximal function of f is defined by

M#(f)(x) = sup
Q3x

1

|Q|

∫
Q

|f(y)− fQ|dy,
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Mk-TYPE SHARP MAXIMAL FUNCTION INEQUALITIES 13

where, and in what follows, fQ = |Q|−1
∫

Q
f(x)dx. It is well-known that (see

[6, 17])

M#(f)(x) ≈ sup
Q3x

inf
c∈C

1

|Q|

∫
Q

|f(y)− c|dy.

We say that f belongs to BMO(Rn) if M#(f) belongs to L∞(Rn) and define
||f ||BMO = ||M#(f)||L∞ . It has been known that (see [17])

||f − f2kQ||BMO ≤ Ck||f ||BMO.

Let

M(f)(x) = sup
Q3x

1

|Q|

∫
Q

|f(y)|dy.

For η > 0, let Mη(f)(x) = M(|f |η)1/η(x) and M#
η (f) = M#(|f |η)1/η.

For k ∈ N , we denote by Mk the operator M iterated k times, i.e., M1(f) =
M(f) and

Mk(f) = M(Mk−1(f)) when k ≥ 2.

Let Φ be a Young function and Φ̃ be the complementary associated to Φ, we
denote that the Φ-average by, for a function f ,

||f ||Φ,Q = inf

{
λ > 0 :

1

|Q|

∫
Q

Φ

(
|f(y)|

λ

)
dy ≤ 1

}
and the maximal function associated to Φ by

MΦ(f)(x) = sup
x∈Q

||f ||Φ,Q.

The Young functions to be using in this paper are Φ(t) = t(1+logt) and Φ̃(t) =
exp(t), the corresponding average and maximal functions denoted by || · ||L(logL),Q,
ML(logL) and || · ||expL,Q, MexpL. Following [15], we know the generalized Hölder’s
inequality and the following inequalities hold:

1

|Q|

∫
Q

|f(y)g(y)|dy ≤ ||f ||Φ,Q||g||Φ̃,Q,

||f ||L(logL),Q ≤ ML(logL)(f) ≤ CM2(f),

||f − fQ||expL,Q ≤ C||f ||BMO

and

||f − fQ||expL,2kQ ≤ Ck||f ||BMO.

The Ap weight is defined by (see [6]), for 1 < p < ∞,

Ap =

{
w ∈ L1

loc(R
n) : sup

Q

(
1

|Q|

∫
Q

w(x)dx

)(
1

|Q|

∫
Q

w(x)−1/(p−1)dx

)p−1

< ∞

}
and

A1 = {w ∈ Lp
loc(R

n) : M(w)(x) ≤ Cw(x), a.e.}.
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Given a weight function w. For 1 ≤ p < ∞, the weighted Lebesgue space
Lp(w) is the space of functions f such that

||f ||Lp(w) =

(∫
Rn

|f(x)|pw(x)dx

)1/p

< ∞.

Definition 1.1. Let ϕ be a positive, increasing function on R+ and there exists
a constant D > 0 such that

ϕ(2t) ≤ Dϕ(t) for t ≥ 0.

Let w be a weight function and f be a locally integrable function on Rn. Set, for
1 ≤ p < ∞,

||f ||Lp,ϕ(w) = sup
x∈Rn, d>0

(
1

ϕ(d)

∫
Q(x,d)

|f(y)|pw(y)dy

)1/p

,

where Q(x, d) = {y ∈ Rn : |x− y| < d}. The generalized Morrey space is defined
by

Lp,ϕ(Rn, w) = {f ∈ L1
loc(R

n) : ||f ||Lp,ϕ(w) < ∞}.

If ϕ(d) = dη, η > 0, then Lp,ϕ(Rn, w) = Lp,η(Rn, w), which is the classical
weighted Morrey spaces (see [13, 14]). If ϕ(d) = 1, then Lp,ϕ(Rn, w) = Lp(Rn, w),
which is the weighted Lebesgue spaces (see [6]).

As the Morrey space may be considered as an extension of the Lebesgue space,
it is natural and important to study the boundedness of the operator on the
Morrey spaces (see [3, 4, 9, 12]).

In this paper, we will study certain pseudo-differential operator as following
(see [1]).

We say a symbol σ(x, ξ) is in the class Sm
ρ,δ or σ ∈ Sm

ρ,δ, if for x, ξ ∈ Rn,∣∣∣∣ ∂µ

∂xµ

∂ν

∂ξν
σ(x, ξ)

∣∣∣∣ ≤ Cµ,ν(1 + |ξ|)m−ρ|ν|+δ|µ|,

where µ, ν are multi-indices and |µ| = |µ1| + · · · + |µn|. A pseudo-differential
operator with symbol σ(x, ξ) ∈ Sm

ρ,δ is defined by

T (f)(x) =

∫
Rn

e2πix·ξσ(x, ξ)f̂(ξ)dξ,

where f is a Schwartz function and f̂ denotes the Fourier transform of f . We
know there exists a kernel K(x, y) such that (see [1])

T (f)(x) =

∫
Rn

K(x, x− y)f(y)dy,

where, formally,

K(x, y) =

∫
Rn

e2πi(x−y)·ξσ(x, ξ)dξ.

In [5], the boundedness of the pseudo-differential operators with symbol σ ∈
S−β

1−θ,δ(β < nθ/2, 0 ≤ δ < 1 − θ) are obtained. In [11], the boundedness of the
pseudo-differential operators with symbol of order 0 and −∞ are obtained. In
[1], the sharp function estimate of the pseudo-differential operators with symbol
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σ ∈ S
−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ) are obtained. In [5, 16, 18], the bound-

edness of the pseudo-differential operators and their commutators with symbol

σ ∈ S
−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1− θ) are obtained. Our study are motivated by

these papers.
Suppose T is a pseudo-differential operator with symbol σ(x, ξ) ∈ Sm

ρ,δ. Let b
be a locally integrable function on Rn. The Toeplitz type operator associated to
T is defined by

Tb =
m∑

k=1

T k,1MbT
k,2,

where T k,1 are the pseudo-differential operator T with symbol σ(x, ξ) ∈ Sm
ρ,δ or

±I(the identity operator), T k,2 are the bounded linear operators on Lp(w) for
1 < p < ∞ and w ∈ A1, k = 1, · · · , m, Mb(f) = bf .

Note that the commutator [b, T ](f) = bT (f)−T (bf) is a particular operator of
the Toeplitz type operator Tb. The Toeplitz type operator Tb are the non-trivial
generalizations of the commutator. It is well known that commutators are of great
interest in harmonic analysis and have been widely studied by many authors (see
[15]). The main purpose of this paper is to prove the sharp maximal inequalities
for the Toeplitz type operator Tb. As the application, we obtain the Lp-norm
inequality and Morrey spaces boundedness for the Toeplitz type operator Tb.

2. Some lemmas

We begin with the following lemmas.

Lemma 2.1. (see [6], p. 485) Let 0 < p < q < ∞ and for any function f ≥ 0.
We define that, for 1/r = 1/p− 1/q

||f ||WLq = sup
λ>0

λ|{x ∈ Rn : f(x) > λ}|1/q, Np,q(f) = sup
E
||fχE||Lp/||χE||Lr ,

where the sup is taken for all measurable sets E with 0 < |E| < ∞. Then

||f ||WLq ≤ Np,q(f) ≤ (q/(q − p))1/p||f ||WLq .

Lemma 2.2. (see [15]) We have

1

|Q|

∫
Q

|f(x)g(x)|dx ≤ ||f ||expL,Q||g||L(logL),Q.

Lemma 2.3. (see [1]) Let T be the pseudo-differential operator with symbol σ ∈
S
−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ). Then T is bounded on Lp(w) for 1 < p < ∞,

w ∈ A1 and weak (L1, L1) bounded.

Lemma 2.4. (see [1]) Let σ ∈ S
−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ) and K be the

kernel of the pseudo-differential operator T with symbol σ ∈ S
−nθ/2
1−θ,δ . Then, for
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|x0 − x| ≤ d < 1 and j ≥ 1,

(∫
(2jd)1−θ≤|y−x0|<(2j+1d)1−θ

|K(x, x− y)−K(x0, x0 − y)|2dy

)1/2

≤ C
|x0 − x|(1−θ)(m−n/2)

(2jd)m(1−θ)
,

provided m is an integer such that n/2 < m < n/2 + 1/(1− θ).

Lemma 2.5. (see [1]) Let σ ∈ S0
ρ,δ(0 < ρ < 1) and

K(x, w) =

∫
Rn

e2πiw·ξσ(x, ξ)dξ.

Then, for |w| ≥ 1/4 and any integer N ≥ 1,

|K(x, w)| ≤ CN |w|−2N .

Lemma 2.6. (see [6]) Let 0 < p < ∞, 0 < η < ∞ and w ∈ ∪1≤r<∞Ar. Then,
for any smooth function f for which the left-hand side is finite,

∫
Rn

Mη(f)(x)pw(x)dx ≤ C

∫
Rn

M#
η (f)(x)pw(x)dx.

Lemma 2.7. (see [3, 4]) Let 1 < p < ∞, w ∈ A1 and 0 < D < 2n. Then, for
any smooth function f for which the left-hand side is finite,

||M(f)||Lp,ϕ(w) ≤ C||f ||Lp,ϕ(w).

Lemma 2.8. Let 1 < p < ∞, 0 < η < ∞, w ∈ A1 and 0 < D < 2n. Then, for
any smooth function f for which the left-hand side is finite,

||Mη(f)||Lp,ϕ(w) ≤ C||M#
η (f)||Lp,ϕ(w).
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Proof. For any cube Q = Q(x0, d) in Rn, we know M(wχQ) ∈ A1 for any cube
Q = Q(x, d) by [6]. By Lemma 2.6, we have, for f ∈ Lp,ϕ(Rn, w),∫

Q

|Mη(f)(y)|pw(y)dy

=

∫
Rn

|Mη(f)(y)|pw(y)χQ(y)dy

≤
∫

Rn

|Mη(f)(y)|pM(wχQ)(y)dy

≤ C

∫
Rn

|M#
η (f)(y)|pM(wχQ)(y)dy

= C
(∫

Q

|M#
η (f)(y)|pM(wχQ)(y)dy

+
∞∑

k=0

∫
2k+1Q\2kQ

|M#
η (f)(y)|pM(wχQ)(y)dy

)
≤ C

(∫
Q

|M#
η (f)(y)|pw(y)dy +

∞∑
k=0

∫
2k+1Q\2kQ

|M#
η (f)(y)|p w(Q)

|2k+1Q|
dy

)

≤ C

(∫
Q

|M#
η (f)(y)|pw(y)dy +

∞∑
k=0

∫
2k+1Q

|M#
η (f)(y)|p M(w)(y)

2n(k+1)
dy

)

≤ C

(∫
Q

|M#
η (f)(y)|pw(y)dy +

∞∑
k=0

∫
2k+1Q

|M#
η (f)(y)|p w(y)

2nk
dy

)

≤ C||M#
η (f)||pLp,ϕ(w)

∞∑
k=0

2−nkϕ(2k+1d)

≤ C||M#
η (f)||pLp,ϕ(w)

∞∑
k=0

(2−nD)kϕ(d)

≤ C||M#
η (f)||pLp,ϕ(w)ϕ(d),

thus

||Mη(f)||Lp,ϕ(w) ≤ C||M#
η (f)||Lp,ϕ(w).

This finishes the proof. �

Lemma 2.9. Let T be the pseudo-differential operator with symbol σ ∈ S
−nθ/2
1−θ,δ (0 <

θ < 1, 0 ≤ δ < 1− θ), 1 < p < ∞, w ∈ A1 and 0 < D < 2n. Then

||T (f)||Lp,ϕ(w) ≤ C||f ||Lp,ϕ(w).

The proof of the Lemma is similar to that of Lemma 2.8 by Lemma 2.3, we
omit the details.
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3. Theorems and proofs

Theorem 3.1. Let T be the pseudo-differential operator with symbol σ ∈ S
−nθ/2
1−θ,δ (0 <

θ < 1, 0 ≤ δ < 1 − θ), 0 < r < 1, 2 < s < ∞ and b ∈ BMO(Rn). If T1(g) = 0
for any g ∈ Lu(Rn)(1 < u < ∞), then there exists a constant C > 0 such that,
for any f ∈ C∞

0 (Rn) and x̃ ∈ Rn,

M#
r (Tb(f))(x̃) ≤ C||b||BMO

m∑
k=1

(M2(T k,2(f))(x̃) + Ms(T
k,2(f))(x̃)).

Proof. It suffices to prove for f ∈ C∞
0 (Rn) and some constant C0, the following

inequality holds:

(
1

|Q|

∫
Q

|Tb(f)(x)− C0|r dx

)1/r

≤ C||b||BMO

m∑
k=1

(M2(T k,2(f))(x̃)+Ms(T
k,2(f))(x̃)).

Without loss of generality, we may assume T k,1 are T (k = 1, · · · , m). Fix a
cube Q = Q(x0, d) and x̃ ∈ Q. We consider the following two cases:

Case 1. d ≤ 1. In this case, let Q̃ be the cube concentric with Q of side length
d1−θ. We write, by T1(g) = 0,

Tb(f)(x) = Tb−b2Q̃
(f)(x) = T(b−b2Q̃)χ2Q̃

(f)(x)+T(b−b2Q̃)χ(2Q̃)c
(f)(x) = f1(x)+f2(x).

Then

(
1

|Q|

∫
Q

|Tb(f)(x)− f2(x0)|r dx

)1/r

≤
(

C

|Q|

∫
Q

|f1(x)|rdx

)1/r

+

(
C

|Q|

∫
Q

|f2(x)− f2(x0)|rdx

)1/r

= I1 + I2.

For I1, recalling s > 2, for 1 < t1 < ∞ with 1/s + 1/t1 = 1/2, let σ(x, ξ) =
σ(x, ξ)|ξ|nθ/2|ξ|−nθ/2 = q(x, ξ)|ξ|−nθ/2, we have q(x, ξ) ∈ S0

1−θ,δ, set S be the
pseudo-differential operator with symbol q(x, ξ), by the Hardy-Littlewood-Soboleve
fractional integration theorem and the L2-boundedness of S (see [1]), we obtain,
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for 1/s = 1/2− θ/2,

1

|Q|

∫
Q

|T k,1M(b−b2Q̃)χ2Q̃
T k,2(f)(x)|dx

≤
(

1

|Q|

∫
Rn

|T k,1M(b−b2Q̃)χ2Q̃
T k,2(f)(x)|sdx

)1/s

≤ |Q|−1/s

(∫
Rn

|SM(b−b2Q̃)χ2Q̃
T k,2(f)(x)|2dx

)1/2

≤ C|Q|−1/s

(∫
Rn

|M(b−b2Q̃)χ2Q̃
T k,2(f)(x)|2dx

)1/2

≤ C|Q|−1/s

(∫
2Q̃

(|b(x)− b2Q̃||T
k,2(f)(x)|)2dx

)1/2

≤ C
|Q̃|1/2

|Q|1/s

(
1

|2Q̃|

∫
2Q̃

|b(x)− b2Q̃|
t1dx

)1/t1 ( 1

|2Q̃|

∫
2Q̃

|T k,2(f)(x)|sdx

)1/s

≤ C||b||BMO

m∑
k=1

Ms(T
k,2(f))(x̃),

thus

I1 ≤ C
m∑

k=1

(
1

|Q|

∫
Q

|T k,1M(b−b2Q̃)χ2Q̃
T k,2(f)(x)|rdx

)1/r

≤ C||b||BMO

m∑
k=1

Ms(T
k,2(f))(x̃).

For I2, recalling n/2 < m, by Lemma 2.4, we get, for 1 < t2 < ∞ with
1/s + 1/t2 = 1/2 and x ∈ Q,

|T k,1M(b−b2Q̃)χ(2Q̃)c
T k,2(f)(x)− T k,1M(b−b2Q̃)χ(2Q̃)c

T k,2(f)(x0)|

≤
∫

(2Q̃)c

|b(y)− b2Q̃||K(x, x− y)−K(x0, x0 − y)||T k,2(f)(y)|dy

≤
∞∑

j=1

∫
(2jd)1−θ≤|y−x0|<(2j+1d)1−θ

|b(y)− b2Q̃||K(x, x− y)−K(x0, x0 − y)|

×|T k,2(f)(y)|dy

≤ C
∞∑

j=1

(∫
2j+1Q̃

|b(y)− b2Q̃|
t1dy

)1/t1 (∫
2j+1Q̃

|T k,2(f)(y)|sdy

)1/s

×
(∫

(2jd)1−θ≤|y−x0|<(2j+1d)1−θ

|K(x, x− y)−K(x0, x0 − y)|2dy

)1/2

dx
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≤ C

∞∑
j=1

||b||BMOj(2jd)n(1−θ)/r1(2jd)n(1−θ)/s d
(1−θ)(m−n/2)

(2jd)m(1−θ)

×
(

1

|2j+1Q̃|

∫
2j+1Q̃

|T k,2(f)(y)|sdy

)1/s

≤ C||b||BMO

∞∑
j=1

j2j(1−θ)(n/2−m)

(
1

|2j+1Q̃|

∫
2j+1Q̃

|T k,2(f)(y)|sdy

)1/s

≤ C||b||BMOMs(T
k,2(f))(x̃),

thus

I2 ≤ C

|Q|

∫
Q

m∑
k=1

|T k,1M(b−b2Q̃)χ(2Q̃)c
T k,2(f)(x)− T k,1M(b−b2Q̃)χ(2Q̃)c

T k,2(f)(x0)|dx

≤ C||b||BMO

m∑
k=1

Ms(T
k,2(f))(x̃).

Case 2. d > 1. Similar to the proof of Case 1, we have

Tb(f)(x) = Tb−b2Q
(f)(x) = T(b−b2Q)χ2Q

(f)(x) + T(b−b2Q)χ(2Q)c
(f)(x) = g1(x) + g2(x)

and (
1

|Q|

∫
Q

|Tb(f)(x)|r dx

)1/r

≤
(

C

|Q|

∫
Q

|g1(x)|rdx

)1/r

+

(
C

|Q|

∫
Q

|g2(x)|rdx

)1/r

= I3 + I4.

For I3, by Lemma 2.1, 2.2 and 2.3, we obtain

|T k,1M(b−bQ)χ2Q
(f)(x)|

≤
(

1

|Q|

∫
Q

|T k,1M(b−bQ)χ2Q
T k,2(f)(x)|rdx

)1/r

≤ |Q|−1
||T k,1M(b−bQ)χ2Q

T k,2(f)χQ||Lr

|Q|1/r−1

≤ C|Q|−1||T k,1M(b−bQ)χ2Q
T k,2(f)||WL1

≤ C|Q|−1||M(b−bQ)χ2Q
T k,2(f)||L1

≤ C|Q|−1

∫
2Q

|b(x)− b2Q||T k,2(f)(x)|dx

≤ C||b− b2Q||expL,2Q||T k,2(f)||L(logL),2Q

≤ C||b||BMOM2(T k,2(f))(x̃),
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thus

I3 ≤
m∑

k=1

(
C

|Q|

∫
Q

|T k,1M(b−bQ)χ2Q
T k,2(f)(x)|rdx

)1/r

≤ C||b||BMO

m∑
k=1

M2(T k,2(f))(x̃).

For I4, by Lemma 2.5, we obtain

I4 ≤ C
m∑

k=1

∫
(2Q)c

|b(y)− b2Q||K(x, x− y)||T k,2(f)(y)|dy

≤ C
m∑

k=1

∞∑
j=1

∫
2j+1Q\2jQ

|b(y)− b2Q||x− y|−2n|T k,2(f)(y)|dy

≤ C

m∑
k=1

∞∑
j=1

(2jd)−2n(2jd)n

(
1

|2j+1Q|

∫
2j+1Q

|b(y)− bQ|s
′
dy

)1/s′

×
(

1

|2j+1Q|

∫
2j+1Q

|T k,2(f)(y)|sdy

)1/s

≤ C||b||BMOd−n

m∑
k=1

∞∑
j=1

j2−jn

(
1

|2j+1Q|

∫
2j+1Q

|T k,2(f)(y)|sdy

)1/s

≤ C||b||BMO

m∑
k=1

Ms(T
k,2(f))(x̃).

This completes the proof of Theorem 3.1. �

Theorem 3.2. Let T be the pseudo-differential operator with symbol σ ∈ S
−nθ/2
1−θ,δ (0 <

θ < 1, 0 ≤ δ < 1− θ), 2 < p < ∞, w ∈ A1 and b ∈ BMO(Rn). If T1(g) = 0 for
any g ∈ Lu(Rn)(1 < u < ∞), then Tb is bounded on Lp(w).

Proof. Choose 1 < s < p in Theorem 3.1. We have, by Lemmas 2.3 and 2.6,

||Tb(f)||Lp(w) ≤ ‖Mη(Tb(f))‖Lp(w) ≤ C‖M#
η (Tb(f))‖Lp(w)

≤ C||b||BMO

m∑
k=1

(‖M2(T k,2(f))‖Lp(w) + ‖Ms(T
k,2(f))‖Lp(w))

≤ C||b||BMO

m∑
k=1

‖T k,2(f)‖Lp(w)

≤ C||b||BMO‖f‖Lp(w).

This completes the proof of Theorem 3.2. �

Theorem 3.3. Let T be the pseudo-differential operator with symbol σ ∈ S
−nθ/2
1−θ,δ (0 <

θ < 1, 0 ≤ δ < 1 − θ), 0 < D < 2n, 2 < p < ∞, w ∈ A1 and b ∈ BMO(Rn). If
T1(g) = 0 for any g ∈ Lu(Rn)(1 < u < ∞), then Tb is bounded on Lp,ϕ(Rn, w).
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Proof. Choose 1 < s < p in Theorem 3.1. We have, by Lemmas 2.7, 2.8 and 2.9,

||Tb(f)||Lp,ϕ(w) ≤ ‖Mη(Tb(f))‖Lp,ϕ(w) ≤ C‖M#
η (Tb(f))‖Lp,ϕ(w)

≤ C||b||BMO

m∑
k=1

(‖M2(T k,2(f))‖Lp,ϕ(w) + ‖Ms(T
k,2(f))‖Lp,ϕ(w))

≤ C||b||BMO

m∑
k=1

‖T k,2(f)‖Lp,ϕ(w)

≤ C||b||BMO‖f‖Lp,ϕ(w).

This completes the proof of Theorem 3.3. �

Corollary 3.4. Let [b, T ](f) = bT (f)−T (bf) be the commutator generated by the

pseudo-differential operator T with symbol σ ∈ S
−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1− θ)

and b. Then Theorems 3.1-3.3 hold for [b, T ].

Acknowledgement. Supported by the Scientific Research Fund of Hunan
Provincial Education Departments(13K013).

References

1. S. Chanillo and A. Torchinsky, Sharp function and weighted Lp estimates for a class of
pseudo-differential operators, Ark. Math. 24 (1986), no. 1, 1–25.

2. R.R. Coifman, R. Rochberg and G. Weiss, Factorization theorems for Hardy spaces in
several variables, Ann. of Math. 103 (1976), no. 5, 611–635.

3. G. Di FaZio and M.A. Ragusa, Commutators and Morrey spaces, Boll. Un. Mat. Ital. 5-
A(7) (1991), no. 2, 323–332.

4. G. Di Fazio and M.A. Ragusa, Interior estimates in Morrey spaces for strong solutions to
nondivergence form equations with discontinuous coefficients, J. Funct. Anal. 112 (1993),
no. 2, 241–256.

5. C. Fefferman, Lp bounds for pseudo-differential operators, Israel J. Math. 14 (1973), no. 3,
413–417.

6. J. Garcia-Cuerva and J.L. Rubio de Francia, Weighted norm inequalities and related topics,
North-Holland Math., 16, Amsterdam, 1985.

7. S. Krantz and S. Li, Boundedness and compactness of integral operators on spaces of ho-
mogeneous type and applications, J. Math. Anal. Appl. 258 (2001), no. 5, 629–641.

8. Y. Lin and S.Z. Lu, Toeplitz operators related to strongly singular Calderón-Zygmund op-
erators, Sci. China Ser. A 49 (2006), no. 8, 1048–1064.

9. L.Z. Liu, Interior estimates in Morrey spaces for solutions of elliptic equations and weighted
boundedness for commutators of singular integral operators, Acta Math. Scientia 25(B)
(2005), no. 1, 89–94.

10. S.Z. Lu and H.X. Mo, Toeplitz type operators on Lebesgue spaces, Acta Math. Sci. Ser. B
Engl. Ed. 29 (2009), no. 1, 140–150.

11. N. Miller, Weighted Sobolev spaces and pseudo-differential operators with smooth symbols,
Trans. Amer. Math. Soc. 269 (1982), no. 1, 91–109.

12. T. Mizuhara, Boundedness of some classical operators on generalized Morrey spaces, in
“Harmonic Analysis”, Proceedings of a conference held in Sendai, Japan, 1990, 183–189.

13. J. Peetre, On convolution operators leaving Lp,λ-spaces invariant, Ann. Mat. Pura. Appl.
72 (1966), no. 2, 295–304.

14. J. Peetre, On the theory of Lp,λ-spaces, J. Funct. Anal. 4 (1969), 71–87.



Mk-TYPE SHARP MAXIMAL FUNCTION INEQUALITIES 23
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