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ABSTRACT. In this paper, new sequence spaces X (r,s,t; A) for X € {l., ¢,
¢o} defined by using generalized means and difference operator of order m are
introduced. It is shown that these spaces are complete normed linear spaces and
the spaces co(r, s, t; AU™), ¢(r,s,t; AU™) have Schauder basis. Furthermore,
the a-, 8-, v- duals of these spaces are computed and also obtained necessary
and sufficient conditions for some matrix transformations from X (r, s, t; A("™))
to X. Finally, some classes of compact operators on the spaces ¢o(r, s, t; A(m))
and I (r, s,t; AU™) are characterized by using the Hausdorff measure of .

) e

1. INTRODUCTION

The study of sequence spaces has importance in the several branches of analysis,
namely, the structural theory of topological vector spaces, summability theory,
Schauder basis theory etc. In addition, the theory of sequence spaces is a powerful
tool for obtaining some topological and geometrical results using Schauder basis.

Let w be the space of all real or complex sequences « = (x,,), where n € Ny =
{0,1,2,...}. For an infinite matrix A and a sequence space A, the matrix domain
of A, which is denoted by A4 and defined as Ay = {z € w: Az € A\} [22]. Basic
methods, which are used to determine the topologies, matrix transformations and
inclusion relations on sequence spaces can also be applied to study the matrix
domain A 4. In recent times, there is an approach of forming new sequence spaces
by using matrix domain of a suitable matrix and characterize the matrix mappings
between these sequence spaces.
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Kizmaz[12] first introduced and studied the difference sequence space. Later on,
several authors including Ahmad and Mursaleen [1], Colak and Et [7], Bagar and
Altay [2], Polat and Bagar [19], Aydin and Basgar [4] and others have introduced
and studied new sequence spaces defined by using difference operator.

On the other hand, sequence spaces are also defined by using generalized
weighted mean. Some of them can be viewed in Malkowsky and Savag [14],
Altay and Bagar [3]. Mursaleen and Noman [18] also introduced a sequence space
of generalized means, which includes most of the earlier known sequence spaces.
But till 2011, there was no such literature available in which a sequence space
is generated by combining both the weighted mean and the difference operator.
This was first initiated by Polat et al. [20]. Later on, Basarir and Kara [5] gener-
alized the sequence spaces of Polat et al. [20] to an mth-order difference sequence
spaces X (u,v; A™) for X € {l,c,co} which are defined as

X (u,v; AM) = {x = (z,) € w: ((G(u,v).AMz),) € X},

where u = (u,),v = (v,) € w such that u,,v, # 0 for all n, A™ = Am=D o A
form € N={1,2,...} and the matrices G(u,v) = (gnr), A" = (4,x) are defined
by

| uyy, 0<k<n S (—1)"*, n—1<k<n
Gk = 0, k>n k0, otherwise

for all n, k € Ny, respectively. For some results related to generalized weighted
mean and difference operator one can see [6] and [11].

The aim of this present paper is to introduce new sequence spaces defined
by using both the generalized means and the difference operator of order m.
We investigate some topological properties as well as the a-, §-, v- duals and
bases of the new sequence spaces are obtained. We also characterize some matrix
mappings between these new sequence spaces. Moreover, we give the character-
ization of some classes of compact operators on the spaces co(r, s, t; A™) and
loo(r, 5,t; A(™) by using the Hausdorff measure of .

2. PRELIMINARIES

Let I, c and ¢y be the spaces of all bounded, convergent and null sequences
x = (x,) respectively with the norm ||z| = sup|z,|. Let bs and cs be the

sequence spaces of all bounded and convergent series respectively. We denote by
e=(1,1,---) and e, for the sequence whose n-th term is 1 and others are zero
and Ny = {0,1,2,...}. A sequence (b,) in a normed linear space (X, ||.||) is called
a Schauder basis for X if for every x € X there is a unique sequence of scalars
(it5,) such that

— 0 as k — oo,

k
o
n=0
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le, xr = Zunbn [22].
n=0

For any subsets U and V' of w, the multiplier space M (U, V') of U and V is defined
as

MU, V) ={a=(a,) € w:au= (ayu,) €V for all u = (u,) € U}.
In particular,
U®= M(U,l,), U° = M(U,cs) and U" = M (U, bs)
are called the a-, 5- and ~- duals of U respectively [15].
Let A = (@uk)nk be an infinite matrix with real or complex entries a,,. We
write A,, as the sequence of the n-th row of A, i.e., A, = (an)x for every n. For

x = (z,) € w, the A-transform of x is defined as the sequence Azr = ((Ax),),

where
(o)

An(z) = (Ax), = Zankxk,
k=0
provided the series on the right side converges for each n. For any two sequence
spaces U and V', we denote by (U, V), the class of all infinite matrices A that
map from U into V. Therefore A € (U, V) if and only if Ax = ((Ax),) € V for
all z € U. In other words, A € (U, V) if and only if A, € U for all n [22].

The theory of BK spaces is the most powerful tool in the characterization of
matrix transformations between sequence spaces. A sequence space X is called
a BK space if it is a Banach space with continuous coordinates p, : X — K,
where K denotes the real or complex field and p,(x) = z, for all z = (z,) € X
and each n € Ny. The space [; is a BK space with the usual norm defined by

x| = Z |zx|. An infinite matrix T' = (t,x)nx is called a triangle if ¢,,, # 0 and

k=0
toe = 0 for all £ > n. Let T be a triangle and X be a BK space. Then Xr is
also a BK space with the norm given by ||z|x, = ||Tz|/x for all z € X7 [22].

3. SEQUENCE SPACES X (r,5,t; AU™) FOR X € {l, ¢, ¢}

In this section, we first begin with the notion of generalized means given by
Mursaleen et al. [18].
We denote the sets U and U, as

L{:{u:(un)ew:un#()foralln} andl/loz{u:(un)ew:uo%()}.

Let r = (r,),t = (t,) € U and s = (s,) € Uyp. The sequence y = (y,) of
generalized means of a sequence = = (x,,) is defined by

1 n
Y rnkzzgs Kk, (n € Ny)

The infinite matrix A(r, s,t) of generalized means is defined by
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Sn—kt
n_kk, nggn

Since A(r,s,t) is a triangle, it has a unique inverse and the inverse is also a
triangle [10]. Take D{ = o and

S1 So 0 0--- 0
S9 S1 So 0--- 0
s . . . .
D,Q:# : : : : formn=1,2,3,---
0
Sp—1 Spn—2 Sn-3 Spn—4°"" S0
Sn Sp—1 Spn—2 Sn-3°°° S1

Then the inverse of A(r, s, t) is the triangle B = (bn)nk, which is defined as

D(S)
bop = (—1)”7’C ;:’“rk, 0<k<n
0, k> n.

We now introduce the sequence spaces X (r, s,t; A™) for X € {l,c,co} as
X(r,s,t; AM) = {x = (2,) € w: (((A(r, 5,1).AM™)2),) € X},

which are the combination of the generalized means and the difference operator of
order m. By using matrix domain, we can write X (r, s, t; A™) = X (s t:00m) =
{z €w: A(r,s, t; A™)x € X}, where A(r, s, t; A™) = A(r, s,t).A™, product
of two triangles A(r,s,t) and A™. The sequence y = (y,) is A(r,s,t).A™-
transform of a sequence r = (z,,), i.e.,

1 n n s m
= [ (s
=0 = i=j
These sequence spaces include many known sequence spaces studied by several
authors. For examples,
(1) ifr, = i, t, = Vp, 8, = 1 for all n, then the sequence spaces X (r, s, t; A™)
for X € {l,c,co} reduce to X (u,v; A™) studied by Basgarir and Kara
[5] and in particular for m = 1, the sequence space X (u,v; A) introduced
by Polat et al. [20].
(2) if r, = %, t, = 07‘1—7;, Sy, = (1_75‘)n, where 0 < a < 1, then the sequence
spaces X (r,s,t; A) for X € {lo, ¢, co} reduce to e2 (A™), e*(A™)
and eg(A™) respectively studied by Polat and Basar [19)].
3)ifr,=n+1,1t, =1+ a" where 0 < o < 1 and s, = 1 for all n, then
the sequence spaces X (r, s, t; AU™) for X € {c, co} reduce to the spaces of
sequences a2 (A) and af(A) studied by Aydin and Basar [1]. For X = [,
the sequence space X (r, s,t; A™) reduces to a2 (A) studied by Djolovié
(4) ifrp, = Antn = Ap—An_1, 5, = L and m = 1 then the spaces X (r, s, t; A(™)
for X € {c,co} reduce to cj(A) and ¢*(A) respectively studied by Mur-
saleen and Noman [16].
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4. MAIN RESULTS

In this section, we begin with some topological results of the newly defined
sequence spaces.

Theorem 4.1. The sequence spaces X (r,s,t; A™) for X € {lo,c,co} are com-
plete normed linear spaces under the norm defined by

iZ {Z(—l)”(. " ) Snitz} ;
Tn % — =]

Jj=0 = i=j
= sup [(A(r, 5,1; Al™)z),].

n

H'THX(r,s,t;A(m)) = sup
n

Proof. Since A is a linear operator, it is easy to show that X (r,s,t; A™) is a
linear space and the functional ||.||x(.s.aem) defined above gives a norm on the
linear space X (r, s, t; At™).
To show completeness, let (2°) be a Cauchy sequence in X(r, s, t; A™)), where
= (1) = (2,28, 2%,...) € X(r,s,t; A™) for each i € Ny. Then for every
€ > 0 there exists 7o € N such that
||l‘l - xjHX(T,s,t;A(m)) < ¢ for 27] > iO-

The above implies that for each k € Ny,

((A(r, s, t; ATz — (A(r, s,t; A™)ad), | < e for all 4,5 > i, (4.1)
Therefore the sequence ((A(r, s, t; A™)z?),); is a Cauchy sequence of scalars for
each k € Ny and hence ((A(r, s,t; A™)z?),); converges for each k. We write

lim (A(r, s, t; A™)z?), = (A(r, s,t; A™)z),  for each k € Ny,

Letting 7 — oo in (4.1), we obtain
(A(r, s, t; Az — (A(r, s, t; AU™)x),| < € for all @ > iy and each k € Ny.
Hence by definition, ||2° — z| x(. s amm) < € for all i > 4p. Next we show that
r € X(r,s,t; A™). Since (z) € X(r,s,t; A™), we have
2 lxrstam) < N2 x s mammy + 127 = 2| x (s ma0m),
which is finite for i > 4y. So x € X (r, s,t; AU™). This completes the proof. [

Theorem 4.2. The sequence spaces X (r,s,t; A™) for X € {lw,c,co} are lin-
early isomorphic to the spaces X € {l, ¢, co} respectively, i.e., l(r, s,t; A(m)) ~
l007 C(T, S, t, A(m)) > e oand CO(T, S,t; A(m)) o~ Co.

Proof. We prove the theorem only for the case X = ¢q. For this, we need to show
that there exists a bijective linear map from cy(r, s, t; A(m)) to cg.
We define a map T : co(r, s,t; A™) — ¢ by 2 +—— Tx =y = (y,,), where

LSS (2 e
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Since A(™ is a linear operator, so the linearity of T is trivial. It is clear from
the definition that Tx = 0 implies x = 0. Thus T is injective. To prove T is
surjective, let y = (y,) € co. Since y = (A(r,s,t).AM)z, ie.,

z = (A(r,s,t). Ay = (AL A(r, s, 1)1y
So we can get a sequence x = (x,,) as

n n (s)
(mHn—k—1\D;_,
Tpn = ZZ(—l)k J( n—k ) :k ]ijja n e No. (42)

=0 k=j

Then

ﬁ%[z ( TJ>S” th]x]

Thus = € co(r,s,t; A™) and this shows that T is surjective. Hence T is
a linear bijection from co(r,s,t; A™) to ¢y. Also T is norm preserving. So
co(r, s, t; AM) = ¢
Similarly, we can prove that I (r,s,t; A™) 2 1. ¢(r,s,t; A™) = ¢. This com-
pletes the proof. O

Since X (r,s,t; A™) = X for X € {cy,c}, the Schauder bases of the sequence
spaces X (1, s,t; AU™) are the inverse image of the bases of X for X € {cy, c}. So,
we have the following theorem without proof.

Theorem 4 3. Let uy, = (A(r,s,t; A1), k € Ny. For each j € Ng, define the
sequence bU) = (b by ) of the elements of the space co(r, s,t; A™) q

n (s)

m+4+n—k—1 Dk,‘ .

, —1)kd e 0<j<
07 j>n

= 5P [yn] = [[ylloo < c0.

Hcho(r,s,t;A(m)) = sup |—
n

and ( )
=2 D (- (m ke 1) b —r;.
20 k—j n—=k tk
Then the followings are true:
(i) The sequence (bD)%2, is a basis for the space co(r,s, t; A™) and any x €
co(r, s, t; AU™) has a unique representation of the form

T = Z 1169,
=0

(ii) The set (BD)%2_, is a basis for c(r,s,t; A™) and any x € c(r, s,t; A"™) has
a unique representation of the form

=Y + Z(H]‘ -
=0

where £ = lim (A(r, s, t; AU™)x),,.

n—oo
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Remark 4.4. In particular, if we choose r, = %, t, = v, S, = 1 for all n, then
the sequence spaces X (r, s,t; A™) reduce to X (u, v; A™) for X € {co, c}. With
this choice of s,, we have DS = D = 1 and DY) = 0 for n > 2. Then the
sequences V) = (bﬁf)) for j = —1,0,1,... reduce to

j+1
' k) m+n—k—1\ 1 < i<
pu) — Z( 1) ( n—Fk ujvk, 0<j<n

n k=j
07 ] > n.

and

no j+1
-1 _ kg m—l—n—k—l) 1
b ;;( D ( n—k vy
The sequences (b(j))]o-‘;o and (b(j));?‘;fl are the bases for the spaces co(u, v; A™)
and c(u, v; A™) respectively [5].
Let F be the collection of all finite nonempty subsets of the set of all natural
numbers. Let A = (@), be an infinite matrix and consider the following con-
ditions:

sup Z ‘ Z Apg| < 00 (4.3)
KeF 020 kek
supz |ank| < 00 (4.4)
" k=0
lim >~ Jak| = 0 (4.5)
" k=0
lim a,, = 0 for all k (4.6)
lim » " apy, = 0 (4.7)
" k=0
lim a,,;, exists for all k (4.8)
limz |, — limapg| =0 (4.9)
lim Z () €Xists (4.10)
k=0

We now state some results given by Stieglitz and Tietz [21] which are required
to obtain the duals and matrix transformations.

Theorem 4.5. [21]

(a) A€ (co,l1),A€ (c,lh), A€ (lo, 1) if and only if (4.3) holds.
(b) A € (co,lo)s A€ (¢,ln0), A € (looy o) if and only if (4.4) holds.
(¢) A € (co,co) if and only if (4.4) and (4.6) hold.
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(looy €o) if and only if (4.5) holds.

¢, co) if and only if (4.4), (4.6) and (4.7) hold.
(co,c) if and only if (4.4) and (4.8) hold.

(Ioo, €) if and only if (4.4), (4.8) and (4.9) hold.
(¢,c) if and only if (4.4), (4.8) and (4.10) hold.

4.1. The a-, y-duals of X(r,s,t; AU™) for X € {l,c,co}. Now we compute
the a-, y-duals of X (r,s,t; A™) for X € {lo, ¢, co}.

Theorem 4.6. The a-dual of the space X (r,s,t; AU for X € {l,c,co} is the

set

(s)
A=<a=(a,) €w: sup ) ( ) Lria, <oo}.
Proof. Let a = (a,) € w, z € X(r,s,t; A(m)) andy € X for X € {l,c,c}. Then
for each n € Ny, we have

noon (s)
o Am+n—k—-1\D
Unln = ZZ(_l)k J< n— k )%Tjanyj = (Cy)na

7=0 k=j

where the matrix C' = (¢;)y,; is defined as
n (s)
, —k—1\D
Z(_l)k—j (m +:_ . )ﬁwm 0<j<n
P

07 j>n

an

and z,, is given by (4.2). Thus for each z € X(r,s,t;A™), (a,2n)n € 1 if
and only if Cy € l;, where y € X for X € {l.,c,c}. Therefore a = (a,) €
(X (r,s,t; A™)]* if and only if C' € (X,1;). By using Theorem 4.5(a), we have

(X (r,s,t; A™)]* = A.
0

Theorem 4.7. The v-dual of the space X (r,s,t; A™) for X € {lo,c,co} is the
set

F:{a: Gp) € W: sup en<oo},
(@) € ws sup Y el

where the matriz E = (ey,) is defined by

( n+1 (s) l .
Dkn (m+]—k—1)
" . a;
€n = ! D(S) : m+7—k—1
k k—n J
BT (7 ) v
k=n-+2 =k
\O, n > 1.

(4.11)
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l
Note: We mean >, =0 ifn > .

j=n

Proof. Let a = (a,) € w, x € X(r,5,t; A™) and y € X for X € {lo,c, 0},
which are connected by the relation (4.2). Then, we have

l l n o n . D(S)
PITEIED ) 39 I il (AN &

n=0 n=0 j=0 k=j
-1 n n (s)
‘ —k—1\D
“X Yy (M) )—k
n=0 j=0 k=j n—k t
11 (S)
, — k- Dy
+ (—1)k (m ti—k 1) L
S Ik tk

k=0
l WD (m+j—k—1
e (M o
k=2 j=k
D 2 D,(fl : m—l—j— -1
e S g2 (T e
k=1
l (S) l . (3)
D;” m+7—k—1 D
+ Z:(—l)’“*1 kol Z ( J )aj:| ry A+ ey
pt te J—k t
J
l n+1 (s) l .
a D7 m+j—k—1
2 LOtn+Z( S ( j—k )aﬂ
n=0 k=n j=n+1
l e DY S (mA =k —1
_1)k—nZk=n .
F D e (M
k=n-+2 =k
(Ey)la

where E is the matrix defined in (4.11).
Thus a € [X(r, s, t; AU)]" if and only if az = (a,z,) € bs for z € X (r, s, t; A™)
l

if and only if (Z anxn> € loo, i.e., By € I, for y € X. Hence by Theorem 4.5(b),
n=0
we have

(X (r,s,t; A(m))] T=T.
0]

Remark 4.8. In particular, if we choose r,, = t, tn, = Un, S, = 1 for all n, then
the sequence spaces X (r,s,t; A™) for X € {l,c,cy} reduce to X (u,v; A™)
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[5]. With this choice of s,, we have D = D! =1 and DY) = 0 for n > 2.
Therefore the y-dual of the space X (u,v; A™) for X € {lo,c,co} is the set

(" e <)

4.2. f-dual and Matrix transformations. Here we first discuss about the (-
dual and then characterize the matrix transformations. Let T' be a triangle and
X7 be the matrix domain of 7" in X.

1 [a, <2 (=1)kn
o My

k=n j=n+1

a=(a,) €w: sup
{o=t cw: sy

Theorem 4.9. ([10], Theorem 2.6) Let X be a BK space with AK property and
R = S, the transpose of S, where S = (s;) is the inverse of the matriz T.
Then a € (X7)? if and only if a € (XP)p and W € (X, cp), where the triangle

W = (wpr) is defined by wyr, = Y a;js;x. Moreover if a € (X7)°, then

J=p
Zakzk = Z Ri(a)Ty(2) for all z € Xp.
k=0 k=0

Remark 4.10. ([10], Remark 2.7) The conclusion of Theorem 4.9 is also true for
X =l

Remark 4.11. ( [10], [15]) We have a € (cr)? if and only if R(a) € l; and W €
(c,c). Moreover, if a € (cr)” then we have for all 2 € ¢

Y az =Y Ri(a)Ti(z) =1,
k=0 k=0

P
where 7 = klim Ty(z) and v = lim prk.
> k=0

p—00

To find the 3-duals of the sequence spaces X (r,s,t; A™) for X € {l, ¢, co},
we define the following sets:
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{aEw Z\Rk ]<oo}
Bgz{aew: limwpk:()forallk:}
p—00
Bs = {a cw: supz |wpr| < oo}
P k=0
p
B4:{a6w: limZ]wpk|:0}
P =0
By = {a € w: lim w,, exists for all kf}
p—0Q
Bg = {a € w :IJILI&prk ex1sts}
where
k41 .
ag DiZy k m4+j—i— 1)
Ry(a) =rp|—— + o a,
=[S 5 (e
> DY & fm+j—k—1—1
DYCIED Ol )]
1—2 b j=k+l J—k—l
and "
P ) — D,S_ S m | —1— > Dl > m 'Z
= | SIS (M RS (|
i=k j=p i=p+1 Jj=i

Theorem 4.12. We have [co(r, s,t; AT™)]# = By B2 Bs, [loo (7, 5, ; A™)]8 =
Bl m B4 and [C(T, S, t, A(m))]ﬂ = Bl m Bg m B5 ﬂ Bﬁ.

Proof. Here the triangle T = A(r,s,t).A™. So T—1 = (A(r,s,t).AM)"1 =
(A= A(r,s,t) ", Let S = (s;,) be the inverse of T. Then we have

J ()

j m+j—i— Di, .
oo ) EE)THET) R o<k <
i=k
0, k> 7.

To find the 3-dual of X (r,s,t; A(™) for X € {l,¢,co}, we need to show R(a) =
(Ri(a)) € Iy, where R = S* and characterize the classes W € (co, ¢o), W € (I, o)



SOME mTH-ORDER DIFFERENCE SEQUENCE SPACES 181

and W € (¢,c). Now

Ry(a) = Zajsyk’
j=k
2 o (m+j—i—1 D(i)k
I - s
, 7 —1 t;
j=k i=k
(s) S (s)
_ i—k m+j_l_1 Dz—k
= —rkak—l— Z Z(—l) ( j—Z ) tl ?"kCL]
j=k+1 i=k
k+1 (s) 00
Ak ik DTy m+j—1—1
= —_— -1
e St 2 (M4 e
k Jj=k+1
> DY & fm+j—k—1—1
DISVECD M )a
1=2 w57, J—k—l
and
Wpk, = Zaijk
Jj=p
2 < o (m+j—1—1 D
S ) NI (R B
— £ 7 —1 t;
Jj=p i=k

i=k v j=p J—
i—k i—k J ?
D ) (A ]
i=p+1 v =i

Using Theorem 4.9 and Remark 4.10 & 4.11, we have [co(r, s,t; A™))8 = B, N By
N Bs, [lso(r,5,t; AT™)]# = B, By and [c(r, s,t; A™))% = B, (B3 Bs () Bs.
0J

Theorem 4.13. ([10], Theorem 2.13) Let X be a BK space with AK property,
Y be an arbitrary subset of w and R = S*, where S = (s;i,) is the inverse of the
matriz T. Then A € (Xp,Y) if and only if B4 € (X,Y) and W4 € (X, cy) for
alln = 0,1,2,---, where B* is the matriz with rows BY = R(A,), A, are the
rows of A and the triangles W4 for n € Ny are defined by

An _ Z a‘njsjka O S k g p
W = J=p

Oa ]{f > p.
Theorem 4.14. ([10]) Let Y be any linear subspace of w. Then A € (cp,Y) if
and only if Ri(A,) € (co,Y) and W4 € (¢, c) for all n and Ry(A,)e — (7,) €Y,
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where v, = hm Zwk form=0,1,2--

Moreover, ’LfA € (CT, Y') then we have

Az = Ri(A)(T(2)) — n(yn) for all z € ¢y, where n = klim Ty(2).

To characterize the matrix transformations A € (X (r, s, t; A

{loo, ¢, co}, we list the following conditions:

su Ry ( < 00
DILE

lim Ry(A,) =0 forall k

n—oo

supZ]w " < oo foralln

P k=0
lim wAk =0 for all n
p—00
lim Ry(A,) exists for all k
lim Z |Ri(A,)| =0

lim E |w;4k”\ =0 foralln
p—00
k=0

lim i ‘Rk(An) ~ lim Re(A)| =0

n—oo n—oo

lim wA" exists for all k,n
k

p—oo P

lim Z w exists for all n

p—00

Rk(An e —
Rk(An € —
where ~,, = lim Z wﬁk",
p—0o0
k+1 D\ s)k

Ri(A,) —Tk{ank-i-z Zk

Sotk

t; —1
i T J

DY & mtj—k—1-1
Iad)
ey (ke
=2

e

(V) €l forall y,, n=0,1,2,---

Rk(An) — () € ¢ forallv,, n=0,1,2,---
)
Je —(vn) €c  forally,, n=01,2,---

i (m+j—g—1

m))Y) for X,Y €

(4.12)

(4.13)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
(4.23)
(4.24)
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and

An - ik D mej—i—1 i sz e 2 mej=i=1
wy = 7| 2 (=1) t Z( T ang + E (1) Z( T ) ang |-
J=p 7=t

i=k 1=p+1

Theorem 4.15. (a) A € (co(r,s,t; A™), ¢) if and only if (4.12), (4.13), (4.14)
and (4.15) hold.

(b) A € (co(r,s,t; A™), ¢) if and only if (4.12), (4.14), (4.15) and (4.16)hold.

(c) A€ (co(r,s, t; A™) 1) if and only if (4.12), (4.14) and (4.15) hold.

Proof. We only prove the part (a) of this theorem. The other parts follow in a
similar way. We first compute the matrices B4 = (Ry(4,)) and W4 = (wﬁk”)
forn =0,1,2,--- of Theorem 4.13 to determine the conditions B* € (cg, co) and

W4 € (e, cp). Using the same lines of proof as used in Theorem 4.12, we have

R (An) = Z sjkanj
ji=k

D > 2 m+j—i—1 D,(s)
=t 32 Sy () B,

j=k+1 i=k g
k+1 (s) 00
ke e Dilh m+j—i—1
= | ="k 1 .
Tk[sotk+2,;( ) t; _Zk: ( J— i
j=k+1
- D m+j—k—1-1
I e ( )a]
; I+k _Zk-i-l J—k—l ’
and
An
wo = Zsjkan]
Jj=p
p (s) o0
e D7 m+j—1—1
= ey (" e
i=k ' j=p J
T Z(_l) g ; ( . )aw}
i=p+1 v Jj=t J

Using Theorem 4.13, we have A € (co(r, s,t; AM™), ¢y) if and only if the conditions
(4.12), (4.13), (4.14) and (4.15) hold. 0

We can also obtain the following results.

Corollary 4.16. (a) A € (Io(r,s,t; A™), ¢o) if and only if the conditions (4.17)
and (4.18) hold.

(b) A € (Ioo(r,s,t; A™), ¢) if and only if the conditions (4.12), (4.16), (4.18) and
(4.19) hold.

(c) A€ (loo(r,s,t; A™) 1) if and only if the conditions (4.12) and (4.18) hold.
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Corollary 4.17. (a) A € (c(r, s,t; A™), ¢y) if and only if the conditions (4.12),
(4.13), (4.14), (4.20), (4.21) and (4.22) hold.

(b) A € (c(r,s, t; A™), ¢) if and only if the conditions (4.12), (4.14), (4.16), (4.20),
(4.21) and (4.24) hold.

(c) A € (c(r,s, t; A™) 1) if and only if the conditions (4.12), (4.14), (4.20), (4.21)
and (4.23) hold.

5. COMPACT OPERATORS ON THE SPACES X (r,s,t; A™) FOR X € {co, o0}

In this section, we apply the Hausdorff measure of to establish necessary and
sufficient conditions for an infinite matrix to be a compact operator from the
space X (r,s,t; A™) to X for X € {co, s}

As the matrix transformations between BK spaces are continuous, it is quite
natural to find necessary and sufficient conditions for a matrix mapping between
BK spaces to be a compact operator. This can be achieved with the help of Haus-
dorff measure of . Recently several authors, namely, Malkowsky and Rakocevié¢
[13], Djolovi¢ et al. [9], Djolovi¢ [8], Mursaleen and Noman [17], Basarir and
Kara [5] and others have established some identities or estimates for the opera-
tor norms and the Hausdorff measure of of matrix operators from an arbitrary
BK space to arbitrary BK space. Let us recall some definitions and well-known
results.

Let X, Y be two Banach spaces and Sx denotes the unit sphere in X, i.e.,
Sx = {z € X : ||z]] = 1}. We denote by B(X,Y), the set of all bounded
(continuous) linear operators L : X — Y, which is a Banach space with the
operator norm || L|| = sup ||L(z)|]y for all L € B(X,Y). A linear operator

TESx

L : X — Y is said to be compact if the domain of L is all of X and for every
bounded sequence (z,) € X, the sequence (L(z,)) has a subsequence which is
convergent in Y and we denote by C(X,Y), the class of all compact operators in
B(X,Y). An operator L € B(X,Y) is said to be finite rank if dimR(L) < oo,
where R(L) is the range space of L. If X is a BK space and a = (a;) € w, then

we consider
o

lallz = sup | apa (5.1)

€Sy k=0

provided the expression on the right side exists and is finite which is the case
whenever a € X7 [17].

Let (X, d) be a metric space and M x be the class of all bounded subsets of X.
Let B(z,r) = {y € X : d(z,y) < r} denotes the open ball of radius r > 0 with
centre at x. The Hausdorff measure of of a set Q € My, denoted by x(Q), is
defined as

X(Q) = inf{e >0:QC UB(xi,ri),xi eX,r;<ene NO}.
=0

The function x : Mx — [0,00) is called the Hausdorff measure of . The basic
properties of the Hausdorff measure of can be found in ([9], [13]). For example,
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if @, and @ are bounded subsets of a metric space (X, d) then
x(Q) = 0 if and only if @ is totally bounded and
if Q1 C Q5 then X(Ql) < X(QQ)'

Also if X is a normed space, the function y has some additional properties due
to linear structure, namely,

X(Q1+ Q2) < x(Q1) + x(Q2),
x(aQ) = |a|x(Q) for all « € K.

Let ¢ denotes the set of all finite sequences, i.e., of sequences that terminate in

zeros. Throughout we denote p’ as the conjugate of p for 1 < p < oo, i.e., p' = #

for p > 1 and p’ = oo for p = 1. The following known results are fundamental for
our investigation.

Lemma 5.1. [17] Let X denote any of the sequence spaces ¢y orly. If A € (X, ¢),
then

(1) ap = lim a,y exists for all k € Ny,
(i1) o = (o) € ly,

oo
(141) supz |ane — | < 00,
" k=0

() lim A,(x) = i agxy for all v = (z) € X.

n—00
k=0

Lemma 5.2. ([13], Theorem 1.29) Let X denote any of the spaces co, ¢ or ls.
Then, XP =1, and ||a||% = ||all, for all a € I;.

Lemma 5.3. [17] Let X D ¢ andY be BK spaces. Then (X,Y) C B(X,Y), i.e.,
every matriz A € (X,Y) defines an operator Ly € B(X,Y), where Ls(x) = Ax
forallz € X.

Lemma 5.4. [8] Let X D ¢ be a BK space and Y be any of the spaces cg, ¢ or
lo- If A€ (X,Y), then

[Lall = [[Allx10) = sUP [[An[5 < 0.

Lemma 5.5. [13] Let Q € M, and P, : co — co (I € Ny) be the operator defined
by P(x) = (xo, 21, -+ ,2,0,0,--+) for all x = (xy) € cg. Then

X(Q) = Jim (sup (7 = A)(w) )

where I 1s the identity operator on cg.

oo
Let z = (2,) € . Then z has a unique representation z = le + Z(Z" — D,
n=0

where ¢ = lim z,. We now define the operators P, (I € Ny) from ¢ onto the linear
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span of {e,eg,eq, -+, ¢} as
P(z) =le+Y (20— Den,

for all z € c and ¢ = lim Zn.-

Then the following result gives an estimate for the Hausdorff measure of in the
BK space c.

Lemma 5.6. [13] Let Q € M, and P, : ¢ — ¢ be the operator from ¢ onto the
linear span of {e,eq,e1,...€}. Then

2 Jim (sup (7 = P)(@) ) < (@) < Jim (sup (7 — P2,

l—o0 \ zeQ 0 N zeQ

where 1 1s the identity operator on c.
Lemma 5.7. [13] Let X,Y be two Banach spaces and L € B(X,Y). Then
IL0l = x(L(Sx))

and

L e C(X,Y) if and only if ||L|, = 0.

We establish the following lemmas which are required to characterize the classes
of compact operators with the help of Hausdorff measure of .

Lemma 5.8. Let X(r,s,t; A™) be any sequence spaces for X € {co,lo}. If
a = (ag) € [X(r,s,t; AN then a = (a) € XP =1, and the equality

o0 o0
E apTy = E Ry
P k=0

holds for every v = (z1) € X(r,s,t;A™) and y = () € X, where y =
(A(r,s,t).A™)z. In addition

k+1 (s) () . .
- aj e Di” m+j—i—1
a'f:“{ﬁ+2<‘” =t ( i )
0% ik L=kt J
> DY & m4j—k—1—-1
—1) = . 5.2
+z2—;< )tl—i—k _z:( j—k—1 )a]] (5-2)
= Jj=k+l1

Proof. Let a = (ay) € [X(r,s,t; A™)]%. Then by Theorem 4.9 and Remark 4.10,
we have R(a) = (Ry(a)) € X =1, and also

o0

Z apTy = Z Rip(a)Ty(z) for all z € X (r,s,t; A™),
k=0

k=0
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where
k+1 (s) 0o . .
Ak ik DTy m+j—i—1
Rila) = 1 |25 )ik ik .
He) = Lofk ! ;( ) ti ; ( j—i 4
1= Jj= +1
> DY & fm+j—k—1—1
DT DI (s o] =
1=2 biew =kt J—k—l
and y = T(z) = (A(r, s,t).A™)x. This completes the proof. O
Lemma 5.9. Let X(r,s,t; AT™) be any sequence spaces for X € {co,ls}. Then
we have
all X s, :00my = llalls = Z |ay| < o0
k=0

for all a = (az) € [X(r,s,t; A8, where a = (ay,) is defined in (5.2).

Proof. Let a = (ai) € [X(r,s,t; A)]?. Then from Lemma 5.8, we have d =
(ar) € li. Also x € Sy, s.a0m) if and only if y = T(z) € Sx as ||z x5 1.a0m) =
|Y||oo. From (5.1), we have

oo oo
lallxoiaom = sup | D] = sup | D a| = lally.
TEI % (rys,t;a0m)) | k=0 vesx o
Using by Lemma 5.2, we have ||a||}(Tst_A(m)) = ||la|l%; = ||al|1, which is finite as
a € l;. This completes the proof. Il

Lemma 5.10. Let X (r, s,t; AM™) be any sequence space for X € {co,loo}, Y any
sequence space and A = (an)np an infinite matriz. If A € (X(r,s,t; AM™)Y),
then A € (X,Y) such that Ax = Ay for all z € X (r,s,t; A™) and y € X, which
are connected by the relation y = (A(r, s,t).A)x and

A= (Gnk )k 1S given by

k+1 s) ) . .
~ Ank ik Dilk m+j—1—1
nk — —1 nj
Ank = Tk [Sotk + ;:k( ) "y E < (U

U=kt J—i
> DY & fm+j—k—1—1
B el i 5.3
+§( )tij;rl( Jg—k—1 >&]1’ (5.3)

provided the series on the right side converges for all n, k.

Proof. We assume that A € (X(r,s,t; A™),Y), then A, € [X(r,s,t; A™)]? for
all n. Thus it follows from Lemma 5.8, we have A, € X? = [, for all n and
Az = Ay holds for every z € X(r,s,t; A), y € X, which are connected by the
relation y = (A(r, s,t).A)z. Hence Ay € Y. Since z = (A™)~1(A(r, s,t)) 1y,
for every y € X, we get some x € X (r,s,t; A™) and hence Ae (X,Y). This
completes the proof. O
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Lemma 5.11. Let X (r,s,t; AU™) be any sequence spaces for X € {co,l}, A=
(@i )nk be an infinite matriz and A = (Gnk)nx be the associate matriz defined in

(5.8). If A€ (X(r,s,t; AT™))Y), where Y € {cy, ¢, s}, then

ILall = Al (x.00) = sUD D _ Jéii| < 00
" k=0

Proof. Since the spaces X (r,s,t; A™) for X € {cy,ls} are BK spaces, using
Lemma 5.4 we have

1Zall = 140 iy = 50 I Anl i
Now from Lemma 5.9, we have
HAn Il rasiaimy = 1Anlls =D lainkl,
k=0
which is finite as (A,) € [;. This completes the proof. O
Now we give the main results.

Theorem 5.12. Let X (r,s,t; A™) be any sequence spaces, where X € {co, s}
(a) If A€ (X (r,s,t; AU™), o) then

[ Lally = limsup ) [l (5.4)
=0

n—oo
k=

(b) If A€ (X(r,s,t; At™) ¢) then

1 [e o] o0
§limsupz |t — G| < ||Lally < lmsup Y |G — dxl, (5.5)
where a = lim ay,y for all k.
(c) If A€ (X(r,s,t; A™) 1) then
0 < || Lally < limsup Y |anl. (5.6)

Proof. (a) Let us first observe that the expressions in (5.4) and in (5.6) exist
by Lemma 5.11. Also by using the Lemma 5.1 & 5.10, we can deduce that the
expressions in (5.5) exists.

We write S = Sy, ;a0 in short. Then by Lemma 5.7, we have [[Lall, =
x(AS). Since X (r,s,t; A™) and ¢, are BK spaces, A induces a continuous map
L, from X(r,s,t; At™) to ¢y by Lemma 5.3. Thus AS is bounded in co, i.e.,
AS € M,,. Now by Lemma 5.5,

lim ((sup||( = P)(A2)]| ).

N l—oco \ ;c9

X(AS)
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where P, : ¢ — ¢ is defined by P(z) = (x¢, 21, ,2,0,0,---) for all x =
(xx) € co and [ € Ny. Therefore ||[(I — F)(Az)||cc = sup|A,(x)| for all x €
n>l

X (r,s,t; At™). Using (5.1) and Lemma 5.9, we have
Sup |( = PY(A2)lloe = 5Up | Anll s rco
zeS n>l

= sup [| A, [|x
n>l

Therefore y(AS) = lim ( sup /In 1) = limsup /In 1 = limsup ank|. This
I
=0 N >l

completes the proof.
(b) We have AS € M,.. Let P, : ¢ — ¢ be the operator from ¢ onto the span of
{e,ep, €1, -+ , e} defined as

Py(z) =le+ ) (2 — ey,
k=0

where / = lim z,. Thus for every | € Ny, we have

k—o0

e}
A

(I-P)) = 3 (s — Der.

k=141
Therefore ||(I — P)(2)||os = sup |z — ¢| for all z = (z;;) € ¢. Applying Lemma
k>l
5.6, we have

3 im (sup (7 = P)(A0) ) < [Lally < Jim (sup (7 = P)(AD)]). (5.7

l=00 \ zes

Since A € (X (r,s,t; A™), ¢), we have by Lemma 5.10, Ae (X,c) and Az = Ay
for every x € X(r,s,t;A™) and y € X, which are connected by the relation
y = (A(r,s,t).A0)z. Using Lemma 5.1, we have dz = lim d,;, exists for all

k& = (&) € X =1 and lim A,(y) = Y agys. Since [[(I — P)(2)]|lo =
k=0

sup |z — (], we have
k>1

I(7 = P)(A2) oo = 1T = P)(Ay) 1o

YHOEDS dk?/k’
k=0

= sup
n>l
o0
= sup E (Ank — &k)yk‘-
n>l 5—0
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Also we know that © € S = Sy, s .aem) if and only if y € Sy. From (5.1) and
Lemma 5.2, we deduce

i(dnk — dk)ykD

k=0

sug |(I = P)(Ax)|loo = sup ( sup
T€E

n>l “NyeSx

= sup || A, — a[% = sup |4, — ]l
n>l n>l

Hence from (5.7), we have

o (e.0)
Llimsup Y ik — dx| < [|Lally < limsup Y |ans — .

(¢) We first define an operator P, : lo, — lo, as Pj(z) = (zo, 1, -+ ,2,0,0,- )
for all z = () € I, | € Ng. We have

AS C P(AS) + (I — P)(AS).
By the property of y, we have

0 < x(AS) < x(Pi(AS)) + x((I — B)(AS))
= x((I — R)(AS))
< sup (I = P)(A7)]

= sup HflnHl
n>l
Hence
0 < x(AS) < limsup HzZlnHl = limsupz |G-
This completes the proof. Il

Corollary 5.13. Let X (r,s,t; AU™) be any sequence spaces for X € {co,ls0}.

(a) If A € (X (r,5,t; A™) o), then L4 is compact if and only if lim Z |Gnk] =0
k=0
(b) If A€ (X (r,s,t, A™) ¢) then L4 is compact if and only if

o
lim E |Gnk — | = 0, where &y, = lim ayy, for all k.

(c) If A€ (X(r,s,t, A™) 1) then L4 is compact if lim Z |Gni| = 0.
k=0

Proof. The proof is immediate from Theorem 5.12. OJ

Corollary 5.14. For every matriz A € (loo(r,5,t; AT™) co) or A € (Io(r, s, t;
A ¢) the operator Ly induced by matriz A is compact.
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Proof. Let A € (Ioo(r,5,t; AU), ¢o) then A € (lo, ), where Az = Ay holds for
every o € loo(r,s,t; A™) and y € I, which are connected by the relation y =

(A(r, s,t).A™)z. Since A € (o, ¢), by Theorem 4.5(d), we have lim Z |G| =
k=0

0. Hence by Corollary 5.13(a) the operator L, is compact.
Similarly if A € (Io(r,s,t; A(™) ¢) then A € (I, c). From Theorem 4.5(g), we

have lim " |an — dx| = 0, where Gy, = lim dy for all k. Thus by Corollary
k=0

5.13(b), we have L, is compact. O
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