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On infinitesimal projective transformations

satisfying the certain conditions

By Kazunari YAMAUCHI
(Received May 20, 1977: Revised July 6, 1977)

§1. Introduction.

We consider the following problem
PROBLEM. Let M be a compact Riemannian manifold with positive

constant scalar curvature. If M adminits a nonisometric infinitesimal pro-
jective transformation, then is M a space of positive constant curvature?

For this problem, the following results are known.

THEOREM A. Let M be a complete Riemannian manifold with parallel
Ricci tensor. If M admits nonaffine infinitesimal projective transformations,
then M is a space of positive constant curvature. [1].

THEOREM B. Let M be a compact Riemannian manifold with con-
sant scalar curvature K. If the scalar curvature is nonpositive, then an
infinitesimal projective transformation is a motion. [2].

THEOREM C. Let M be a compact Riemannian manifold satisfying
a condition V,K;;—V,;K,;=0, (Kx0), where V,, K;;, denote a covariant
derivative and Ricci tensor, respectively. The projective Killing vector v
can be decomposed uniquely as follows,

v =wt+q",
where w" and q" are Killing vector and gradient projective Killing vector,
respectively. [2].
THEOREM D. Let M be a compact Riemannian manifold satisfying
a condition V,K;;—V,;K,;=0, (Kx0). If M admits nonisometric infini-

tesimal projective transformations, then M is a space of positive constant
curvature. [2].

The purpose of this paper is to prove the following theorems

THEOREM 1. Let M be a complete, connected and simply connectected
Riemannian manifold with positive constant scalar curvature. If a pro-
jective Killing vector v* is decomposable as follows,
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n nn—1)
V=w'——o f*,

n(n—1)

where w" and ok f* are a Killing vector and a non-zero gradient

projective Killing wvector, respectively, then M is isometric to a sphere of

radius \/ iz(nT—l)_ )

THEOREM 2. Let M be a compact Riemannian manifold with constant
scalar curvature and let v* be a projective Killing vector. Put f=V,v'[n+1.

Then the following conditions are equivalent.
n(n—1)

(1 wr=v*+ ok f* is a Killing vector,
K
(2) ;’éﬁ- flC =0, where Z/,:ji =K%+ m ( ,’;glci —0% gji)r and K/?h' de-

notes the Riemannian curvature tensor,

(3) Gj,-fj==0, where Gji =Kji_§gji'

A vector field v” is called an infinitesimal projective transformation or

a projective Killing vector if it satisfies

(L1 S{J;.li}=VjViv"+KZﬁ‘v"= 2o +320;,

where &, {th}, ¢; denote Lie derivation with respect to v”, Christoffel’s

symbol and associated vector, respectively. From this equations, we get
following results

k3= —0%V ;0,+ 03V, s,
8K.7'i = —-(72—'1) Vjsﬁz ’
ViVi‘Uj'I‘Kji‘vi:zgﬁj,
Vj(Vi'U?:)z(n‘i‘l)SDj.

We have f;=¢;, where f; means V, f, therefore ¢; is a gradient vector
and in the following discussions, we use f; instead of ¢;.

§ 2. Proof of Theorem 1.

LEMMA 1. Let M be a complete, connected and simply connected Rie-
mannian manifold of dimension n. In order that M admits a nontrivial
solution ¢ for the system of differential equations

VoV 0+ K295+ 0;0u+¢.0:5)=0, K>0, ¢;=V:¢,
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it is necessary and sufficient that M be isometric with a sphers S* of radius

1 in Euclidean (n+ 1)-space.

VK
For this Lemma, see [3].

LEMMA 2. If‘v,,———w,b——lz(zKél)ﬁ, then we have

K
Vil fi+ m(zﬁcgji+fighi+ﬁghj)= 0.

Proor. Substituting v, into (1. 1), since w, is the Killing vector, we
obtain

2K

(2- 1) VjVif;L_!-Kkjihfk = - m(gmﬁ +gkifj)-
Since V; f,=V, f;, we hove
0=Vj72ﬁ_Vthﬁ
ke K I
= - kjihf_' n(n——l) ghjﬁ+ghifi)+ kjhif
2K
+ ln—1) W Sataufi)
2K

= —ZKkjihfk_ m(gwﬁ“"gﬁﬁz) .

Substituting this result into (2. 1), we get

K
Vil fo+ W_—l)(2fighi+f;lghj+f;bgij)= 0.

From Lemma 1, and Lemma 2, we have [Theorem 1.

§3. Proof of Theorem 2.
In this section we assume M is compact and the scalar curvature is
constant.

LEmMmA 3. If w'=v*+ _72(_7211—5*1) f* is a Killing wvector, then we have

Z/{.bjifk=0.
This is obious from the proof of [Theorem 1.
LemMa 4. If Zp;, f#=0, then we obtain G,; f!=0.
This proof is trivial.

LEMMA 5. There is the following equation,
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(n—1) £f+2KAf+ 2K,V fi=0,

where 4 means g7V ,V,.

For this Lemma, see [2].

Lemma 6. If G; f/=0, then we have Afz—i—g:__—};

Proof is the same as that in page 266, [2]
LEMMA 7. A necessary and sufficient condition for a vector field w"

in M to be a Killing vector is V,w'=0 and V'V ;w"+ K} w*=0.
For thisLemma, see [4]
LemMmaA 8. If G f7=0, then we get v"=w”—£%lg—llf’”.

Proor. If we put w*=v"*+ _7_2“(7211—;_1) f*, then we have

by — [ n(n—1)
Vw,=Vv,+ 5K Af

(n+1)f—(n+1)f
0,

Vjiji"'K{wj = VjVj‘Ui'FKg‘Uj‘*‘ n—(;zg—l) {Vjij;,—l" Kij}

n—1) [ 20+1) 2K
=2fi+ “5x {_ 1) Kﬁ*Tff}

=0.
Therefore w,; is a Killing vector from the Lemma 7. Consequently we

arrive at the complete proof of by means of Lemma 3, Lemma
4 and Lemma 8.
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