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Path integral for diffusion equations
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Introduction

The purpose of this paper is to consider the path integral for the diffusion
equation defined on a Riemannian manifold, which is compared to
Feynman’s path integral for the Schrodinger equations.

For a certain Lagrangian function of the form L(x, v)=27"v|*— V (x)
on the Euclidean (d-) space R? Ito [10-11] defined a generalized uniform
measure on the Hilbert space of paths on R? By using this measure, he
proposed the concept of the path integral for the Schriodinger equation which
corresponds to this Lagrangian function. It seems to be natural to extend
his idea to the general Lagrangian function L(x,v) on the Riemannian
manifold M. Though, by following [10-11], we can define the Hilbert
space Q(t,x, M) of paths on M (cf. §1, (1.1)), there may be a slight
difficulty to give a “ uniform measure” on Q(¢, x, M) rigorously.

Our main aim is to give a meaning of the path integral for diffusion
epuations on the Riemannian manifold by using the Lebesgue measure on the
space Q*(¢t, x, M) of the polygon paths on M with the mesh |A| (See §1,
(1.2)). Thisidea is similarly discussed by Elworthy-Truman for a heat
equation on a Riemannian manifold. We generalize this idea to non-
-degenerate diffusion equations on R* (or on a compact manifold). Namely,
using the Lebesgue measure on Q*(¢, x, M), we consider the (approximate)
functional integration u, which corresponds to the given Lagrangian
function. Then, we obtain the convergence of u, by tending the limit |A| —
0 and show that it gives the solution of a diffusion equation. As a result, it
can be defined the path integral for the diffusion equation and also, the rate
of their convergence is given explicitly.

Lastly, we note that these analogies of Feynman’s path integral on
curved space are based on the stochastic development which was studied by
Gangoli [6], Eells-Elworthy and so on (See also [2], p.157). Also,
we refer that other than these probabilistic approach, there are analytic ones
by Inoue-Maeda and Fujiwara [4-5].
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§1. Statement of the result

Let (M, g) be a d-dimensional Riemannian manifold, x a point of M
and ¢ a positive number. We denote by C;(R% the set of C"(R? class
functions whose i-th derivatives (i=0, ..., ») are all bounded. We consider
the path space on M as follows :

1. QU x, M)= {c: [0, t]>M ; absolutely continuous,
t
c=xand | g.r,(i(2), é(r)droo}.

In § 2, we shall introduce a Hilbert space structure into Q(t, x, M) (See
I'heorem 2. 4). Next let 7 >0 and

A: 0:t<t]<...<tL:T

be an arbitrary subdivision of the interval [0, T]. We put
'AI = max Itk_tk——ll-
1=k=sL

We also put, for any ¢t (0 <¢t<7T),
(1.2 Q% x, M)

={c€Q(, x, M) ; Foreack k=1,..., t(A), c|[Ss1, Sx] issmooth
and satisfies (D;,,0) () =0(z €(se1, Sx)).}.

Here D is the covariant derivative. As for the definitions of s, and #(A), see
(2.2) and (2.3).

It will be shown in[Theorem 2 5 that Q2(¢ x, M) is a dt (A) -dimensional
linear subspace of Q(¢, x, M). Using the inner product of Q(¢ x, M), we
will give a uniform measure F?$.(dc) to Q*(t x, M) at the end of § 2.

To show our result, we need some preliminaries. Throughout this
section we shall assume that (M, g ) is of the type (4) or (B):

(A) M is compact
(B) M=R?and if we write g using the global coordinates as

g= Edl g (%) dx;® dx;,

7, 7=1

then we have

@D g5 € CYRHG.j=1,...,d)
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(2) there exists a positive constant K, such that

S g (DEE K| E|* (E€RY.

7, 7=1

We note that in both cases (M, ¢g) is complete.

Now let & be a C? vector field on M and V a C? function on M with
compact support. In case of (B), we further assume that 5'(x) & C3}(R%
(i=1,...,d), where

d
oxt”

d
b(x)= g}bi(x)
We consider the diffusion equation on M :

ou 1
1.3 a(z‘, x)—(zAg+b+ VOou(t, x)

u(+0,x)=¢ (x),

were ¢ €C7(M)(C* function with compact support) and A; is the Laplace-
-Beltrami operator of (M, g). We note that general non-degenrate
diffusion equation of second order on R? is rewritten as (1.3) (See
Ikeda-Watanabe [9], p.274). It is known that bounded C([0.c0)x M)
class solution of (1.1) uniquely exists. We denote it as «(f, x). We put,
for t<[0, T,
t .

A0 wGo= [, el [ L@, d)dridc®)IF (o),

where L : TM—R is defined by

(1.5) L(x, v)= ——Zl—l v—b(x)lzx——%-divb(x)Jr V(x), [+]x= gx(e,*)"
((x, v VETM).
Now let us show our main theorem in the present paper.

THeorReM 1.1. Assume (A) or (B) and that < CF(RY. Then
there exists a positive constant K,=K,(T) such that, for any t<[0, T], x&
M and A, we have

(1.6) lu(t, x)—ups(t, )| = K| A2

Here, the constant K, is independent of t, x and A. In particular, u,(t, x)
convereges to u(t, x) uniformly in (¢, x)€ [0, T]X R% as |A]|—0.

The proof of [[Theorem 1. 1l will be foundin § 4. In§ 2, we will study path
space on a Riemannian manifold. § 3 is devoted to prove some facts which
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will be used in the proof of [Theorem 1. 1.

§ 2. A path space on a Riemannian manifold

Let (M, g) be a d-dimensional C3-Riemannian manifold, 7M, the
tangent space of M at x&M and TM the tangent bundle of M. We often
regard TM, as an affine space. The metric g,( , ) of TM, is often written
simply as (, )x. Let O(M) be the set of (d+1)—tuples (x, e, ..., es),
where x&eM and {e, ..., e;} is an orthonormal basis of TM,. Let =:
O(M)>M be given by n(x, e, ..., es)=x. Now we have the bundle of
orthonormal flames (O(M), n, M) with the strucure group O(d). We will
denote the bundle by O(M) alone. If we take local coordinates (x!, ..., x%
in a coordinate neighborhood U of M, every orthonormal frame r&xz~'(U)
may be expressed in the form

d
r=(, e, ..., eq) and e,:kZ‘, eka (i=1,....d),

; foxk

where we have

d
% erelgu=20y (1,7=1,...,d)

k, 1

and
d . .
gx= 2 gi;(x)dx*® dx’.
i7=1

Let "}, be the coefficients of the Riemannian connection associated
with the Riemannian metric g :

;14,0 O O N kiip o
o= 9 k§1<axpgkq+ axquk axkgpq>g G, pq=1,..,d),

where
@D =)
We introduce a path space on M.

DerINITION 2.1.  For x&M and t>0, Q(t, x, M) s defined by
2. Qlt, x, M)
={c: [0, t]>M ; absolutely continuous, c(0)=x

and ft (1), £(1))wpdr< oo},
0
Let 7 >0 and
A . O:to<t1<<tL:T
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be an arbitrary subdivision of the interval [0, T'].
We put

(22) [T]+<A>:tk, [T]_<A>:tk_1 and T(A)Ik if tk_1ST<tk.
Also put, for any t<[0, T,
(23) S()_——to, S]Ztl, ey St(A)—lztt(A)—l and St(A):t.

DEFINITION 2.2.  For x€M, t€[0, T] and a subdivision A of [0, T],
Q2(t, x, M) is defined by

2.4 Q2(t, x, M)

={ceQ(t, x, M) ; For each k=1,...,t(A), c|[Sk-1, Sx] 1S smooth
and satisfies (D) () =0(r E(Sp-1, S&)). }.

We want to regard Q(¢, x, M) as a Hilbert space and Q4(t, x, M) asits
finite dimensional linear subspace. For that purpose, some notions which
are usually defined for smooth curves need to be generalized to the elements
of Q(t x, M). Let ¢ be an element of Q(t, x, M) and v(z)(0<7<¢) an
adsolutely continuous vector field along ¢. Then v is said to be parallely
transported along ¢ if the equality

(2.5) (Dipyv)(2)=0 (ae. 7<[0,t])

is satisfied, where the left hand side of (2.5) is expressed in local
coordinates as
0.6  (Deo) (D=3 1L )+ 3 Ta e

' “ ' dr pa dr o’
For any c€Q(t x, M) and vETM,, there exists a unique absolutely
continuous curve (¢(7),0(z))(0<r<t) in TM which satisfies equation
(2.5) with the initial condition v(0)=wv. In fact, if there exists a local
coordinate neighborhood U such that ¢(z) €U for r<[0, ¢], then equation
(2.5) is written as

dpry=— 3 T2 () D) (@=1,...,d ae r€[0,t])
dr pa=1 dr
and the solution (v'(7), ..., v¥(z)) is expressed as
‘' (), ..., v4r))
—{I+3 A AL, ... dA)

i=1Y0=0,s... =07

X (01 (0), ..., v40)),
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where A(1) is a d X d matrix defined by
d dC‘D
A('U"":_El I“;,q(c(/l))%(/l) (a=1,...,d, q=1,...,d).

We note that the above series is convergent since ¢(z) is square integrable.
Even if ¢ is not contained in a single coordinate neighborhood, we can reduce
it to the above case by deviding the interval [0, #] as usual. Thus given a
curve ¢c€Q(t, x, M), we obtain a unique vector at c¢(s)(0<s'<t) by
parallely transporting any given vector from c¢(s)(0<s<¢) along ¢. This
parallel transfer from c(s) to ¢(s") is a linear isomorphism from 7M., to
TM. ., which preserves all scalar products. This linear isomorphism is
denoted by c?.

If we rtansport an orthonormal basis of TM, along a given curve c&
Q(t, x, M) parallely, then we obtain an absolutely continuous curve ¢=
(c(r),e(r)) (0=7<t) in OM). We call it the horizontal lift of c.
Namely, &) =(c(7), e(7)) is the horizontal lift of c€Q(t, x, M), iff

Q2.1 (Diyre)(t)=0 (ae 7€[0,t], a=1,...,d).

Next we shall prove the existence and uniqueness theorem for solutions
of ordinary differential equations in the form needed here.

Let D, be a domain in R a a point in D, and Fi(y) (i=1,...,n, j=1,
..., m) continuous functions on ). Furthermore let y(z) (—6=<7<6)
(6>0) be an absolutely continuous curve in R™ such that

8
y(0)=0 and f_a | 5() | 2dr < co.

Now we consider the equation

i i < d_’yJ o
2.8) s (T)—]_glfj(x(‘r)) T () (G=1,...,n)

x(0)=(x'(0), ..., x"(0) =a.
THEOREM 2. 1. Suppose that fi(y) (i=1,...,mn, j=1,..., m) belongs
to C'(Dy). Then, for any point a in Dy, theve exists a unique family of n
Sfunctions x(v)=x"(7), ..., x"(r)) defined on [—0’, 8] (0<d'<d) such
that
(1) x(r) is absolutely continuous

and

(2) «x(z) satisfies equation (2.8) for a.e. r&[—4d", &'].
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PRrOOF. Let ¢, be a positive constant such that the set {yER";
|y—a|<c¢} is contained in [,. For a positive number ¢’, we put F={x&
C(—-0¢, 0']>RY; |x(zv)—a|L£c(—8=r<d6)}. Then F becomes a

Banach space with the norm |x|.= sup |x(7z)].
—0'srsd’

Now we put

(To) () =a+ il fa)P(ds (-8’78, 1EF),

=

where f,=(f}, ..., fH(G=1,...,m). For any x&F, it holds that

| Tx—alosal [ 30s)]ds)"

oo == (2 s b

where ¢, is a positive constant which does not depend on x nor ¢ (<d).
Therefore, by choosing 6" small enough, we may assume that 7 maps F into
F. Furthermore, for any x any y €F, it holds that

)
| Tx=Tylesal [ 19(5)1%d) " 2= 5],

where ¢; is a positive constant which depends on neither x, y nor 6. Thus,
again, by choosing ¢’ small enough, we may assume that 7" is a contraction
map from F to F. Then the theorem follows from the usual iteration
technique. This completes the proof.

Let ¢§: TM,..,,—TM, be the parallel displacement along c€Q (¢, x, M)
from c¢(7) to ¢(0)=x Since it holds that
t t
fo (CS(é(rD,CS(C'(r)))xdr:/; (6(2),¢(T)) (rdr <00,

we have the next definition

DErFINITION 2.3.  We define a map ® from Q(t, x, M) to Q(¢t, 0, TM,)
by
(2.9 <I>(c)(r)=forcg(&(8))ds 0=zt ceQlt, x, M))

and call it the development of c¢ into the affine tangent space TM,.

Next we shall construct the inverse map of ® when M is complete. This
is carried out by “rolling” M along a curve y€Q(¢, 0, R%). To be precise,
let y€Q(t, 0, RY and (x, e)€0(M) and define an absolutely continuous
curve &(r)=(c(7r),e(r)) in O(M) by
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d
Zid;(:(r) =a§1%37’ (r)e, ()

(2.10) (Derre)(z)=0 (a.e. T€[0,1t])
c(0)=x
e(0)=e.

Or in local coordinates,
. d -
L iity= 5 Ly (o)l

21D | eD== 3 Thle()elmrtenm)

m, =1
c'(0)=x«*
el M=e! (4, a=1,..,d ae €[0,t]).

By the next theorem we know that ¢ is well defined if M is complete.

THEOREM 2.2.  Suppose that M is complete. Then, for any
y€Q( 0, RY) and (x, e)es O(M), there exists a wunique absolutely
continuous curve &(r)=(c(z), e(r))(0<r<t) in OM) which satisfies
equation (2.10).

Proor. The proof is in two steps.
(1) Suppose that there are two such curves ¢(z) = (c(z), e(r)) and &' ()=
(c'(7), e'(r)). We put

t=inf{z€[0,t]; é(z)=2(7)}.

Then &(z)=¢&(7) for any z&€[0,4). While, since both ¢ and & are

continuous, we have &(#,)=7(4). If 4<{ in view of [ITheorem 2.1 there
exists a positive number ¢ such that &z)=¢(z)(t<7<4+6). Thisis a
contradiction. Therefore, #, must coincide with £

(2) In view of [Theorem 2.1, we have an absolutely continuous curve ¢(z)
which is defined on [0, 8] for some & (>0) and satisfies equation (2.10).
Let ¢, be the supremum of those ¢’s. Then, with the aid of (1), we have a
curve &(7)(0<7<t) which is absolutely continuous on each [0,s] (0=
s<t) and satisfies equation (2.10). Now we shall show that ¢ can be
extended up to £, as an absolutely continuous curve. For a sequence {7:}%-1
such that 7, 1 %, {c(zs)}%-; forms a Cauchy sequence in M. Infact, in view
of equation (2.10) it holds that

dis(c(zx), c(7))
< [T o (E(e), ()
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[ 0,30 20 (b, 100,

Therefore, since M is complete, {c(z:) }%-, converges to some point pEM.
As {c(zy) %=1 is arbitrary, we know that ¢(z) convereges to p as 7 1 t.
Now we put ¢(f,)=p. We wish to show that ¢(z)(0<z<t4,) is absolutely
continuous. Take a local coordinate neighborhood U in M such that the
closure U of U is compact and c¢(%) is in U. Then c(z)(s<7z<t) is
contained in U for some s(<%). Since z~'(0) is compact, ei(z)(z E[s, 1),
i, a=1,...,d) are all bounded. Therefore, it follows that

t d —H

L2 L (Dei()|de<oo (i=1,...,d).

Hence, by the dominated convergence theorem, if we let z 1 # in

c(r)—C(3>+/ dr (z—)dr (i=1,...,d),

we obtain

=+ [ 2L el dr (=1, d).

This shows that ¢(z) (0=7=+t) is absolutely continuous. Now let &'(z)=
(c(7), e’(r)) be the horizontal lift of c¢(z) (0<z<4). Then, by the
definition, we have the equality

(Dirye)()=0 (a.e. T€[0, ]).

Since the solution of equation (2.5) is unique, it follows that e(z)=¢'(7)
(0=r<t). This shows that ¢ is the absolutely continuous extension of ¢
(r)(0=7<t) to [0, %] as desired. We write this ¢ as ¢ again. Now
suppose that £, <t. Then, in view of [Theorem 2. 1, #is extended up to %+
d for some §>0. But this contradicts the definition of £. Hence % must
coincide with £. This completes the proof of the theorem.

Let M be a complete Riemannian manifold and (x, e)€O(M). We
denote by ¥ the following map from Q(¢, 0, TM,) to Q(t x, M)
(2.12) V(y)(o)==n(&7)) (yEQ( 0, TM,), 0S7<1),

where ¢(7)=(c(7),e(r)) is the solution of equation (2.10) with
(2.13) y()=(y(m), eDx ... ,(¥y(T), e)x).

By the next theorem, we know that ¥ does not depend on the choice of
orthonormal basis of TM,. Furthermore, this theorem will be used to
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regard Q(¢, x, M) as a Hilbert space.

THeorM 2.3.  If M is complete, ® is bijective and @' is given by ¥

ReMmARrRk 2.1. We can also show the converse: if ® is bijective, M is
complete.

Proor. In view of [Theorem 2.2, we have a map ¥ defined by equation
(2.12) when M is complete, where the orthonormal basis ¢ of TX, is chosen
arbitrarily. Take an element y of Q(¢, 0, TM,) and let &(z)=(c(7), e(7))
be the solution of equation (2.10) with (2.13). Then, by the definition,
c=Y(y). Inview of (2.10) and (2.13), we derive

BN = (2 77 (D, ()
= 2 7 ()cile, (o)

;:‘. (y(1), e,) xe,
=y(7).

Therefore, we obtain

fOTCSCC'(S))dSzy(r) 0=z<t),

which shows that ®o¥ =the identity.

Conversely, let ¢ be an arbitrary element of Q(¢, x, M) and &(7)=
(c(7), e(r)) be its horizontal lift with &0)=(x, ¢). We put y=®(c).
Then, in view of (2.9), we obtain

(Y(1), ex)x=(c§(c()), c§(e, (7))«
=), () oo

and from this and (2.5) we see that #is the solution of equation (2.10) with
(2.13). This implies

c=®(y)=V¥d(c)

and therefore o® =the identity. Now the proof of the theorem is complete.
Now let us introduce a Hilbert space structure into Q(¢, x, M). At first,
we note that Q(¢, 0, TM,) is regarded as a Hilbert space in a natural way,
because TM, is a finite dimensional vector space with an inner product. In
particular, the inner product <, > of Q(¢t, 0, TM,) is defined by

t
<> = [ (@), () edr (1, 7. €00 0, TH).
In view of [Theorem 2.3, we have a bijection ® from Q(¢t x, M) to
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Q(t, 0, TM,) when M is a complete Riemannian manifold. Therefore, we
can regard Q(¢, x, M) as a Hilbert space through ®. To be precise, we
define linear combination and inner product of Q(¢t, x, M) as

(1) linear combination

(214) d]C+a'2€,:(D_1<CY1®(C>+a’2q)(c,>>
(2) inmer product
(2.15) <¢c>=<®(),®(c)>. (ar, azER, ¢, c'EQ(L, x, M)).

It is easy to see that the Hilbert space structure induced from
Q(t, 0, TM,) into Q(¢t, x, M) through @ is characterized as follows.

THEOREM 2.4.  Suppose that M is complete and let x&M. Then,
(1) for any a,, a,ER and any ¢, c'EQ(t, x, M), there exists a unique
element ¢”"EQ(t, x, M) such that

(2.16) "5 () =aci(E(2)) +ac5((7)) (a.e. TE[0,t]) and if we
write ¢” as a,c+axc’, then Q(t, x, M) becomes a vector space.
Furthermore,

(2) if we define an inner product of Q(t, x, M) as
@I <a > = [ (D), FE ),

then Q(t, x, M) becomes a Hilbert space.

REMARK 2.2. As mentioned before, ¢§ denotes the parallel displace-
ment along ¢ from c¢(z) to ¢(0). Therefore, the both sides of (2.16)
should be regarded as elements of TM,.

Now let A be the subdivision of the interval [0, T'] as before. Since
geodesics in TM, are nothing but line segments, Q*(¢, 0, TM,) introduced in

(2.4) consists of piecewise linear curves with respect to A. If we put (x, e)
e0(M) and

T — Sp—1
(2.18) y&.(z)= {(3k—8k_1)1/ze"‘ (TE[Sk—l, Sx])
0 (z<[0, t]—[se-1, s:])
(a=1,...,d, k=1,... tA)).

then {y%,; a=1,...,d, k=1,...,t(A)} forms a basis of Q*(t, 0, TM,).
Here we have used the notations in (2.2) and (2.3). In particular,
Q2 0, TM,) is a dt(A)-dimensional linear subspace of Q (¢, 0, TM,).

THEOREM 2.5.  Suppose that M is complete. Then ®Q*(t x, M))=



82 A. Inoue

Q%4 0, TMy). In particular, Q*(t, x, M) is a dt(A)-dimensional linear
subspace of Q(t, x, M).

Proor. Let y€Q2(t, 0, TM,). Then, (y(7), e,)»=constant for any 7
E(Su-1, S (k=1,...,t(A), a=1,...,d). Now we put c=¥(y). In view of
equation (2.10) with (2.13), we have

(Dicey) ()= Dicor (2 576 ()
= 2 70 (Din )
=0 (e <7<5se, k=1, ..., t(A)).
Thus we have proved that
O (QA(L 0, TMD)C QAL x, M).
Since ® is bijective, this shows that
Q%4 0, TM)C®QA(t, x, M)).

Conversely, if c€Q4(¢, x, M), then ct(¢(7)) is the same element of
TM, for any 7&(s,-1, sx). Hence ®(c)€Q(¢, 0, TM,) and this shows that

QAL x, M)HCTQ(4, 0, TM,).

This completes the proof of the theorem.
Now let us introduce a uniform measure into Q*(t, x, M). Let {y,} #%

be an arbitrary orthonormal basis of Q2(¢, x, M,) and define a linear
isomorphism T : Q*(¢, x, M)—>R#® by

2.19 T=(Kea>,...,<¢ cany>) (cEQA(L x, MD)).

DEFINITION 2.4.  We define the uiform measure F? ,(dc) of
Qr(t, x, M) by

(2.20) pe=F°T,
where F is defined by
(2.21)  F=Qn)~"®"%(Lebesgue measure of R*®).

We note that F'7, does not depend on the choice of orthonormal basis of
Q2L x, M).

§ 3. Approximation theorems and some related estimates.

In this section, we shall prove two approximation theorems and some
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estimates related to stochastic integrals and stochastic differential equations.
They will be used in § 4.

We first introduce some notations. Fix an arbitrary positive number 7 .
Let (W5 T, #,P) be the r-dimensional Wiener space with the usual
reference family (% ,),.,.r. Thatis, W§T"={weC([0, T]—>R"; w(0)=0],
%, and ¥ denote the smallest o-field with respect to which w(z) are
measurable for 0=<7<¢ and for 0=<7< T respectively and P is the Wiener
measure on (W5 T, ).

Let

A: 0=t<t<..<t,=T
be an arbitrary subdivision of the interval [0, T]. We put as in § 2 that

[z]7A)=t, [7] (D)=t and z(A)=Fk
Z:f tk_1§’['<tk.

DerINITION 3.1. By piecewise linear approximation of Wiener process,
we mean a family {wa(z)=(wi(T), ..., wi(T))} of r-dimensional
continuous processes defined over the Wiener space such that

B.D W@ =w )+ w ) —w o),

(tk,1§'l'<tk, kzl, ,L, Z:]., ceey 7’).

Let ¢ (i=1,...,d, j=1, ..., r) be real valued functions on R? such that
cieCi(R%. Consider the system of ordinary differential equations

(3.2 EXi(r w)=BolXals w)Lwh (D), X40, w)=x

(i=1,...,d).

We also cosider the system of stochastic differential equations
(3.3) dX(z, w)Z_Zr]lo‘ﬁ(X(f, w))edw'(z), X0, w)=x'(i=1, ..., d).
=

Here x=(x', ..., x») &R, For any x&R? the solutions of equations (3.2)
and (3.3) exist uniquely, which we shall denote by X,(z,x w)=
(X (z, x, w), ..., Xi(z,x, w)) and X (z, x, w)=(X'(z, x, w), ...,

X%z, x, w)) respectively. For simplicity, we shall often suppress w.

First, we shall prove two approximation theorems in the form needed in
§ 4.

TheorReM 3.1. Let T >0 be fixed. Then, theve exists a positive
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constant Ks=K;(T) such that
3.4  E[XUxw—X,(t, x, w|]]]SKs|A]

for any t€[0, T] and x&R*. The constant K; is independent of A, t and
X.

THEOREM 3.2. Let T >0 be fixed and assume that ucC3(R%). Then,
therve exists a positive constant K,=K,(T) such that

3.5 Ell [ u(Xalrx w)id(mde— [ u(X (r, x, w)edw'()|?]
<Kl

for any t<[0, T], x€R*and j=1, ...,d. The constant K, is independent of
A, t and x.

These are slight modifications of approximation theorems in Ikeda-

Nakao-Yamato and in the following proof we will follow their idea.
First, we shall prepare some lemmas.

Lemma 3.1.

3.6 El [ ih(0)wh(t)—wh()de )] 7, ]

1 1
= (T +—2‘§z'j> (te—tp-r)?

and

@D EL [ Wk )~ wh (@) de| 5, 1= 0l b,

Proor. Both are proved by direct calculations.

LemMma 3.2. Let Z/(z, w) be a bounded (7 ,)-adapted process defined
on (W5 T, &, P) with piecewise continuous sample paths. Then,

3.8 B V201 @) [0 ) wh ([717(8)) — wh (£)) — 6]
a’r}z] |
< (KTIA| G =1, 1),
wherve Ks= sup |Z (7, w)]|.
0sz=T, w

Proor. In view of (3.7), we have
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E[ft: Ly (2) (s () — wih (7)) — %:drl% 1=0

and therefore it follows that

3.9 EL [ Zdr)l @)k (0 wh (7] @A) —wh (1) —5 8]
dr }?]

tA)—1

ELE 204 [ LA @Wh (o) —wh (0) —58,)de 7).
While, using [Lemma 3.1, we have
(3.10) E[{ftk [y (7) (Wi (3) —wh (7)) — u]drlef"z,, N
_E[ fh WA(‘f)(wA(tk) wA('Z'))dT 2[% ] ( §zj>2(tk—tk—1)2
é—z-(tk—l‘k—l)z-
Combining (3.9) and (3.10), we derive
ELC [0 (=] @)Lk () wh ([7]* @) = wh ()
1
—Z“dij]d‘l-’}z]
1 L
§_<K5>2k§1(tk—tk—l>2
< (KOHA|T.

This completes the proof of the lemma.

LEMMA 3.3. Let Ky be a positive constant and Z,(r, w) a stochastic

process defined on (Wi T, 7, P) with piecewise continuous sample paths
satisfying the condition

v 1)
1D 1ZzMIsKY [ ligmlde 0st=T).

Then, theve exists a positive constant K;= K,(T) such that, for any t<[0, T],
we have

[¢17(B)
(3.12) E[{ fo Z,(7) i () (wis ([ ]7(A)) — wh (2)) dr 17]
<K Al Gog=1,...,7).

Heve, the constant K, is independent of t and A.
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Proor. Using (3.11), we obtain

[ 2@ @ wd (] ) —wh ()1 dz |
<7 [ 120 Pl (o) 1 wh (] (8) — wh ()

14

sT& (3 [ lig@lder [ lin @)

o) at e J WA T)|ary b | wa (7 T
tx

x{ [ () dri?

L 7
= T<K6)2k§1<tk_ tk_l)“‘{millzll wm(te) —w™(te-1) |
X I wl<tk> - wl<tk—1> | I wl(tk) - wl(tk—l) | 2' wj<tk> - wj(tkﬂ) | 2} .
Hence, the left hand side of (3.12) is bounded by

T(KD'E (b te)™ {3 S B0t — w0t
X | wh (te) — wi () | | wh (8) — wha () |2 wiy (8) — ij(tk D121}
<T(Ks>22 (b=t ) D ZE[lwm(tk> w™(te-1) [ 1]

m=1l=1

XE[le<tk> w Ge-) 1M E | wi () — wi(fe) 3]
X E[ | w(te) — w'(ter) |*]7)

= T'(K,)?315" 2 ,?31<fk— to1)?
<315"2(K,Tr)?|A|.
This completes the proof.

ProrosiTION 3.1.  Assume that uecC3i(R*. Then, there exists a
positive constant Ky= Ky(T) such that, for any t<E[0, T] and j=1,
we have

3.1 Ell [ u(Xalr, 1 w))id ()de— [ u(X (7, x, w))edw(n) |’
< KA+ [ EL Xa(z, 3 )= X (7, 5, w))[*ldr).

Here, the constant K, is independent of t, x, 7 and A.

Proor To begin with, we note that, for every A and z€[0, T'], it
holds that

(3.10)  |Xalr 0—Xa([z]"A), 0=a [0 |aps)|ds,

m=1 [T]-(B)

where ¢, is a positive constant determined by ¢} (1=1,..., d, j=1,..., 7).
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Integration by parts yields
tr . :
3.1 [ " u(Xa(r )ik (D)dr

tr . .
= [" uX G ) wh (8~ wh (0 dr
tr-1 T

k

=u(X p(teer, W’ (Be) — w(fe-r) |
3B [ (e (X (r )ik () wh (80— wh (1) d.

m=1i=1 tr

In view of (3.3), we have

3.16) [ u(X(x, )odwi(e)

= [(utX () dw ) +4 3 [ Qham (X (x4

m= ox

It follows from (3.15) and (3.16) that

[ uX G i (@ dr— [ u(X (2, 0)edw (D=2 1A, 1,
where

LA L x)= j{:_(m u(X (7, x))wjy (r)dr— L:_(A) u(X (7, x))dw’(r)
1 4

t ou _,
2 m2=1 ’/[;]—(m La?ﬂ"JD(X (7, x))dr.

(t]7(a)

LA, L x)= fo {u(Xa([7]7(A), 0) —u(X (z, x)) }dw’ (),
4 (2] (a)

LA, L )=3

m=1i=1 J0

X [ () wh ([7]*(8)) = wh ()}~ 8,1 .

(o (Xa([7]7(8), )

[t1" (&

d d
LA, Lx)=2 2

ou .,
R {<~a—x7n0’f>(XA(T, x))
— (o™ (Xu([7]7(8), )
X ify (2){ iy ([7](A)) = wh () .
Ea bo=23 [T (Qhen (X2l ), )

— (%o (X (7, 1)) d.

Now, we easily obtain
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E[IL(A, L x>|2]
S{E[|w/([t]17(A) —w'([t]~ (AN |?]

+ [, EL03(X (z, 2))dr + 1A% = 6| A.

Next, by (3.14), we have
E[|L(A, £, 0|?]
= [ ELuXsUr) ), 0)—u(X s, ) ) dr
sa [ E[Xa(r) (), 0~ X (5, 0)|]dr
<20l [ E[Xa([7](8), 0~ Xa(r, 0 |"]dr
+ [(ElXa(z, )= X (z, 0|7] dr

SelBUt—tELE [* o) dr)?)

+  E[|Xa(z, x)—X (7, x)|*]dr)
gc6{|A|+fotE[|XAcz, 0—X (7, 0)|?] dr.

If we fix j and put
d ou _, _

then Z(z, x, w) satisfies the conditions of Lemma 3.2. Therefore, by
(3.8), we have
E[ILA, t, O’ ]=c|Al.

Next, we put

Z(r, % w)= 3 (e (Xalr, 1)~ (oo (X ([7](A), ).
Then (3.14) shows that Z(z, x, w) satisfies (3.11) in for each
xE€R?. Therefore (3.12) yields

E[|LA, x)|*]=clA].
Finally, as in the case of L(A, t, x), we have

E[IL(A, t, x)]?]
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¢, [ E[1X,([7]7 (), »)— X (z, )| "] dz
<collAl+ [ B[ Xa(r 0~ X (2. 0)|2]dr .

This completes the proof of the proposition.
Proor oF THeorReM 3.1. Using Preposition 3. I; we have
E[| X x, w)— XAt x, w)|?]
d 7r t . i t
scl B BE[ [(oiX (5,5 w))edw(m)— [ oi(X stz w))
i=1j=1 0 0
X wh(z)dr|?
t
<ollal+ [ Bl Xu(s 5 w) =X (5,5 w)|*)dr).
Then, by Gronwall’s inequality, we obtain
E[1 X x w)—X(t x, w)|*]£c|Al

which completes the proof.

Proor oF THEOREM 3.2. This follows easily from [Theorem 3.1 and
IProposition 3. 1.

The following two propositions will be used in § 4 to prove Theorem 1.
1, too.

ProrosITION 3.2. Let ueCiy(R* and T >0. Then, theve exists a
positive constant Ky=Ky(T) such that, for any t<[0, T), we have

(3.17) E[expufotu(X(f, % w)edw ()| 1<Kes G=1, ..., 7).

Here, the constant K, is independent of t, x and j.

Proor. In view of the property of exponential martingales, we have

(3.18) E[exp{efotu(X(r, x))de‘(f)—% fotu(X(r, O)dri]=1
(e=1, —1).

Since # is bounded, there exists a positive constant ¢, such that

(3.19) exp{—% Otu(X('r, )T >

(3.18) and (3.19) show that
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(3.20) E[exp{efotu(X(r, ) dw(r) ] <ci.
From (3.16) and (3.20), we derive

E[explfotu(X(r, x))odw(7)|]
<cElexp| [ u(X (, ) dw'(z)|]

gcz{E[exp<fotu<X<r, x))dwi<r>>+exp(—fotu<xcr, )
dw’(t))]}

<2cc7t.
This completes the proof.

ProrosiTION 3.3. Let ucCi(R% and T >0. Then, there exists a
positive constant K,o=K\o(T) such that, for any t&[0, T] and x<R?, we
have

(3.21) E[exp|fotu<XA<r, % w)) i () dz | 1< Ko,

where the constant K, is independent of A, t, x and j.

Proor. In this proof, ¢; (1=1,...,8) denotes positive constant which
is independent of A, ¢, 7 and x. The proof is in six steps.
(1) First, we shall introduce some notations. We put

=3 (Sem () G=1,...,7)

and

a=max | fi| .
1sisr

We shall prove the proposition in the case of ¢ >0 only. If ¢, =0, the
inequality (3.21) is proved in the same way and more easily.

Let A be a subdivision of [0, T']. If we devide the set A={1, ...,
t(A)—1} into two subsets

A ={k€A; |ti—thii| >6'(r+1 i}
and
Ar={kE€EA; |ti— | 67 (r + D7 Mcty,

then we have
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(3.22) E[exp| f "u(Xa(z, ) () dr| ]

<(Elexp| B [ 3uXa(r, )i (1) de |11

k

x(Elexp| B [ 3u(Xs(z, ) (9)dr ]}
x(Elexp| [ 3u(Xalz 0)id(0)dr (]},

(2) We note that #4,<6(r+1tc. Then, putting
Xe=w (t) —w/(tey) (REA)),

we obtain

3.2 Elexol 3 [ 3u(X,(z, 0)il()dr ]

k

< E[exp! &3 | w(te) —w (o) | 1]

1 2
IO L

= 2exp{ 27 ()2 (ty— trr) } S 280+ DIoexp{ 27 (¢,) %t ).

I R{27t<tk_ te-1) 7 %expl Ca| Xe | —

kEA,

dxk

Similarly we have

@20 Elexp| [ 3u(X.(r 0)id(Ddr|1Z 0

(3) Integration by parts and (3.3) yield

5[ X (e 0)ih () de

k€A, Yie

= 3 u(X s, Wt =/t

+3 [ AKX a0 (2 wh (1) — wh () b de

i=lk€A, tr-1

=M@, D+ LA, 0.

Hence we have

tr

(3.2 Elexp{| X J,  3u(Xal(z, 2)in(r)dr|}]
<{Elexp|3(r+DMA, x)|]}'™
% I {E[exp 307+ DG, 0[]}

91
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(4) Since M (A, x) is a stochastic integral with

<M, x)> :kgA U(X A (b)) 2(le— ) < Cs,

as in the proof of [Proposition 3.2 we have
(3.26) E[exp|3(r+DMA, )|]<c.
(5) If we put
2e=w(t) —wi(t) (G=1,...,7, kEAY),

then it follows that, for each i=1, ..., 7,
(3.27)  Elexp|3(»+DIL(A, x)|]

éE[eXp{3cl(r+1)k§42I w () —w(te-) | | w? () —w'(t-1) | 1]
(i) + (xp)?

ZkEAszzexp{Bcl(hLDlle | 25| BTN }
X{27t<tk“tk—1)}dxidx2

3 2_ (xk>2
<[ I ﬁe exply (r+ D) g 24—

X {27 (b — o) } V2 dx, |
:kHA {1=-3a(r+ 1D (fe—tey) } 7

Consider the function log(1—x)! (O<x§é). By the mean value theorem,

we have

log(1—x)'=x+ 2 (0<0<x).

1
2(1—6)%"

Hence, noting 0<3¢,(r +1) (t,—ts_y) é%, we obtain the estimate

1og[kgA{1—3cl<r+1><tk—tk_l>}‘1]
<3a(r—1) 2 (tk“tk—1>+18(6’1>2(7’+1>2 2 (tk_tk-—1>2
keA, k€A,

S3a(r+1Dt+18(c)*(r +1)2¢2
This and (3.27) show that
(3.28) Elexp|3(r+DLA, x)|]<¢ (i=1,...,7).
(6) Now we are ready to prove the proposition. (3.25), (3.26) and
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(3.28) imply the inequality

3.29) Elexpl 8 [ 3u(Xu(z, 2 id(2)dr|] <.

k

Then, by (3.22), (3.23), (3.24) and (3.29) we have
E[exp fotu(XA(r, O (Ddr|]1 <.

This completes the proof of the proposition.
§4. Proof of Theoren 1.1.

First we shall assume that M satisfies the assumption (B). The case of
the assumption (A) will be proved at the end of this section. Thus M =R“
and if we write g and b as

d
axz' ’

then it holds that g,;(x) €C3(RH) (i, j=1,...,d) and bi(x)€Ci(RH(i=1, ...,
d). We also assume that V is a compact support C? function and ¢ is a
compact support C* function. Now we put

0= 3 g, (D) dx'® d, bi= 550

L=

4.1 5a<r>:jk§_1gjk<x>bkcx>ez;
(a=1,...,d, r=(&x, e)e0M)).

We note that 5, (a=1,...,d) can be extended to R*¥*Y as a C?% class
function. Next we put

(4.0 =g div(® (O] "+ V (),
where

161*(x)= 2} lgfj(x)bi(xD b'(x).
1, J=
The horizontal Brownian motion &(z, 7, w)=(c(z, v, w), e(z, v, w)) is
a diffusion on O(M) governed by the following stochastic differential
equation
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d
dci(z, v, w)= 2_1e,’;(r, v, weoduf(z) (i=1,...,d)

4.3 | dei(r,rwy=— 3 TinleCr, 7, w)ek(z, 7, wyede™(z, 7, w)

k, m=
c0, r,w)=x* (i, a=1,...,d)
el (0, 7, w)=e’.

where the initial point (x, e)=(x%, ¢.) isin O(M). If we put
d t_
4.0 ut O=Elexpl 2 [ 5,(ez, )edur (@

+/Otf(c(r, r)dri¢ (c(d, 7))]

for ¢ €C5(M), then we have the next theorem (cf. [10].

THEOREM 4.1.  u(t, x) is the unique bounded C™* ([0,c0)X M) class
solution of equation (1.1).

Now consider the following equation

. d .
%C’A(r, 7, W)= 2:162‘,(1, 7, W)é,%wZ(r) (t=1,...,d)

d i _ 4 . d .,
4.5 dTeAa(r, 7, w)= . §:1ka(CA<T, r,w))ek, (7,7, w) drCA(r’ v, w)
i, a=1,...,d)

ca(0, 7, w)=x
er(0, 7, w)=e,

where » =(x, ) €0O(M). We denote the solution of equation (4.5) as & (z,
r, w)=C(calz, v, w), ex(z, v, w)). We note that & is in O(M).

ProposiTiON 4.1.  For every r=(x, e)€O0OM) and t<[0, T], we
have

U8 [ €00 [ Lle(®), E)dr}$ (c(D)FF (do)

=Elexp( £ [ 8,(ae, mi(e)dr+ [ fleam, r)de)
¢ (ca(t, )]

Proor. Put
Ca=0" () (y»€0°(1, 0, THL)).

Let &\(z, v)=(calz, 7), ex(z, 7)) be the horizontal lift of c,(z, 7).
Then it holds that
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j‘;cA(r, r)zéﬁl(%(f), Ca) x6a (7, 1)

4.7 (D; pce, @) (7, ¥)=0 (a.e. 7€[0, t])
&0, N=r=(x o),

where »=(x, e)€0O(M). Hence we have

4.8 [ Latn m), iaCe, Mde
:—%fot(;@(r), ‘;'/A(T))xd‘t-!-é f0t5,,<c}(r, 7)) (Wa (1), e)xdr
+f0tf(cA(r, r))dr).

Let {y%(z); @a=1,...,d, k=1,...,t(A)} be the orthonormal basis of
Q4(t, 0, TM,) defined by (2.18). We put, as in § 2,
S$=l, Si=t, ..., Siar-1=bkway-1 and Sy=*t

Then we have

Se)s € )x— Sk-1), €4
<'},A, 'yaAk>:(’yA< k) € ) (yAl(/zk 1> € )x
(Se—Sk-1)

(k=1,...,t(A), a=1,...,d).

Now we put
6= (Yalse), e)x (k=1,..., t(D), a=1,..., d).

Then, by this coordinate transformation of Q&(¢ 0, TM,), F2,(dys)
changes into

A dxh ... dxd
(4.9) kr:ll{27l'<$k—3k—1> paz

We note that

410+ [ a0, 7a(e) =t S LBl

k=1 Sp— Sp-1

and

(4.11) (ja(2), o) =K%y

Sk Sp—1
(X(]:O, Sk_1§7<sk, a:1, ey d, kzl, ceey t(A))

We define a curve A,(7)=21,(7|x, ..., Xay) in R* by
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T— Su_
)

lA(r):xk_HrSk_sk_l
(e S <se, k=1,...,t(A)),

where we put x.=(xk, ..., x%) (k=1,...,t(A)) and %=0. Let 6,(z, )
=0(z, 7|x, ..., Xay) = (047, 7), nalz, 7)) be the solution of the following
equation on O(M)

4 (5, 1)=3 2 12(Dnaa(r, )
dT A ’ ld’f A ﬂAa ’

a =

12 ) (Dige 1) (7, =0 (@ e. 70, £])
0.0, ) =7r=(x, e.
Then, by (4.7)~(4.12), we have
S expt [ Lic(o), &r)deid(c()FE (do)
= [ o 800 [[ Llca(e), () dr)d Ceale)) F2 o(dys)
= [ &0l 2 [ B, (BuCeDAa(@)de+ [ Bu(x)dr)

X ¢ (0,(1))
1) 1 P A LI
Xkrzll{ZTF(Sk—Sk-J}d/zcxp{ kglz(sk—sk—l)}kr——ll allldxk

=Elexp{ 3 [ 8, car, 7, w) i (2)de
+f0tf(cA<r, v, w)drid (calt, v, w))].

This completes the proof of the proposition.

Now let us prove [Theorem 1.1 in the case of (B). We put

up(t, x):E[exp{i‘,l'/o-tb—a(c”A(r, v, w)wE (v)dr

[ feaCr, 1 w)dz)d (et 7, w1,
We note that

i‘é‘,lei(r, 7, w)Zg%g(ea(r, Y, W), ea(-r, 7, w)):% (=1, ...,d)
and

d 1 _ .
Ele’m(r, 7, WS grg(ens (7, 7, W), exa(7, 7, W) =4
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(a=1,..., d).

Hence we may regard the two families of coefficients of equations (4.3) and
(4.5) as the same bounded C? class functions. We may also regard b, as
bounded C? class functions. Therefore, we can apply the results of § 3 to
them. Now we have

lu(t, x)—up(t, %) |

SE[|L0)-I8 0| L& 0| | B |]
+E[| I8 OBt ) =15t 0| | B 2] ]
+E[| I8 0|15t O B ) —15( 0| ]

=h+Lt+r,
where
d t _
L, D=expl 2 [ 8,(eCz, 7, w))edur (1))
Lt x):exp{ftf(c(r, 7, w))dr!
L1, x)zchCth 7, w))
and

18 D=expl 2 [6,(6r, 7, )ik dr)

13(t, x)zexp{fotf@A(r, v, w))dr}

I3t x)=¢ (calt, v, w)).
We note that
(4.13)  |e*—e’|=|x—ylexp(Jx|+|y]) (x, yERD.
Then, from (3.5), (3.17), (3.21) and (4.13), we see that

saBl S [ B e ryedun (-3 [ 8,6 )ik
xexpl| 3 [.(2Cx, r)odur(0)

+13 [(Bls m)utde)]

SalEL S [ B myedur (0

ol N A CACEO AL LI

=c|A
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Next, in view of (3.5), (3,21) and (4.13), we have

Rl EL [ fleCa, rw)de— [ fleals, 7 w)dr |2
écs{](:tE[lc(r, 7, w)—calz, v, w)|*dr}'?

éCﬁ]All/z.

Finally, (3.4) and (3.21) show that

LEciE[|c(t v, w)—c (L 7, w)|*] 2
<c|A| A

This completes the proof.

Finally, we shall prove [Theorem 1.1 with the assumption (A). We
note that [Proposition 4.1 also holds for compact manifold. Take an
embedding i: O(M)—R" for some xn. Since O(M) is compact, we can
extend the vector fields on O(M) which define holizontal Brownian motion
as well as b, f, and ¢ smoothly to R™ Furthermore, we may assume that
they all have compact supports. Then, using [Proposition 4. 1 the theorem

is proved in the same way with (B) (cf. [2], Theorem 4). This completes
the proof.
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