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A Santalo’s formula in L-P

Graciela Silvia BIRMAN
(Received April 27, 1987, Revised May 26, 1988)

Abstract It is show that a formula by Santalé on hyperbolic space of
curvature —1 holds for Lorentz-Poincaré upper half space with curvature 1.

Introduction We call L-P plane, or simply L-P, relating to Lorentz-

. . . . 2__ dxz_dyz
Poincaré, to the upper half space with the metric ds T The

curvature of the L-P plane is 1.

If z is a complex variable, the group SL(2) acts on the upper half plane

Im(z)>0 as the transformation group.
_aztbh
pztq

Where a, b, p, ¢ are real numbers. This is the classical Poincaré model
for non-euclidean hyperbolic geometry. In the first section we introduce the
double numbers, see [1], [7] and [8]. The referee observed that the refer-
ence [6], pag. 166, is appropiate. We show that substitution in the above
transformation of the complex variable by a double number variable we
obtain the Lorentz-Poincaré geometry. We also find relationship between
double numbers, curvature and geodesics. Our main results is the integral
formula in the third section.

Along the second section we obtain different expressions for the density
of points, pair of points, geodesics, pair of geodesics, and kinematic density
as is customary in integral geometry. Some of them will be used in the
following section.

aq—bp=1

1. Double numbers in L-P

Let L-P plane be the upper half plane of Lorentz-Poincaré that means,
the upper half plane y>0 with the metric

_ dx*—dy’
yZ

(1 ds®

Considering and [7], we find an interesting relation between this metric
and the so-called double numbers.
As a generalization of complex numbers, Benz, [1], and Yaglom, [7]

)
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[8], call z=x+jy with x, vER, j*=1, j+=+1: this set is a commutative
ring. On the natural way, the conjugate of z, z, is z=x—sy, y>0.

LEMMA. Let z be a double number. The element of arc of the L-P
plane 1is

dzAdz
(2) d —4 (Z —)2

and (2) is invariant under Moebius transformations.

PROOF. Routine calculation gives (2).
Applying a Moebius transformation to double numbers we get z'=
az+b

with a, q, », bER, aq—pb=1, z, 2’ double numbers.

pztq
We obtain
o = Laztb)(pz+q)—(az+b)(pz+q)
(pz+4q)(pz+q)
_pb(z—2)+aq(z+2) _(ag—pb)—(2—2)
(pz+q)(pz+q) (pz+q)pz+q) -
On the other side, from the expression of 2” we get
da = _(a(pz+q)—plaz+b)) 02
(pz+q) (pz+q)*’
and conjugating we have
., dz
dz'= (pz+4q)*
and
S dzAdz
N = T g (pz T a)
Finally,

2 AZAdZ _  dZ’AdZ’
R e 0

Any point (x, y) in the L-P plane can be parametrized by a double number.
Let us consider x=jv, y=¢ 7’ with u, vER, where e¢™’* is the
exponential function defined by the serie

_,u_kzo( ju)"

then we have dx=j dv, dy=—j. e "*du. Replacing in (1) we get
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dvl—e ¥ du’ _
pei —du*+ e**dv*

(3 ds*=

which we call the polar form of the element of arc. It is well known that the
Gauss curvature K is given by

k=5 (7es) (g
2JEG \ v \JEG /u
where E, G are the coefficients of the first fundamental form and the sub-

scripts denote partial derivation.
We can rewrite (3) as

ds*=(1)*du*+ e¥*dv?, *=-—1.

Considering the coefficients of the first fundamental form E=7% G=¢** an
easy computation gives

=57 _22” (< sz eem )u)_l'

Therefore, the L-P plane with metric (3) has constant Gauss curvature 1.
If we do not want to mix double and complex numbers we can take the
complex parametrization x=1iv, y=e ** then ds’=du’*+e**dv* and also,
K=1.

At any point (xo, o) of the L-P plane, the metric (1) is associated to
the following inner product, if P=(p1, p2) and Q@=(q1, g2) with p.>0, g2>0

@  <p@>=hacbhe

Mo
v |P1 p2|

Then essentially, the L-P inner product coincides with the Lorentzian
one of [2], and [3].

In n-dimensional spacetime, it is usual to give a time orientation by
saying a timelike vector X(<X, X><0) is future pointing if its n-
coordinate is positive ; in our case, every vector of the L-P plane is future
pointing and the lemma of holds in the following way :

and the norm of P, is ||P|="4—=-

LEMMA. Let P and Q be timelike vectors in the L-P plane then

(1) <P @Q><0
(i) P+ Q is a timelike vector
(iii) —<P, Q>=||P||Q|, and the equality holds if and only if Q=
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cP for some c¢>0.

Gv) [P+ QI=|P|+|Ql and the equality holds if and only if Q=cP
for ¢>0.

We conclude that every results related to pure angles and triangles, see
[3], holds in the L-P plane.

From we have another point of view. Nomizu considers the group
of matrices G: consisting of all 2 X2 matrices of the form

[1)61

> &
1] p>0 g=k

and a diffeomorphism of G: onto the L-P plane given by ¢=G,—(q, p).
The action of G: on the L-P plane is

(5) (x, y)—(px+q, py)=u(p, q).

We find that the metric (1) is invariant by the action (5) of G: and cor-
responds to a left invariant Lorentz metric on the G: of constant Gauss
curvature 1.

Let (x(¢), ¥(¢)) be a geodesic with ¢ affine parameter. The equations

are (see [4])

d’x . (dx) (dy)
6) & a ar

(G () )

The geodesics are classified in:

1) null, given by null lines
2) spacelike, given by the curves x(u)=0b+a. shu, y(u)=a-chu with
“ du
Uo chu
3) timelike, given by the vertical lines x=0, y=ae® respect to the
affine parameter ¢ and also, by two half branches of hyperbolas (y>
0) parametrized by x(«)=b=a-chu y(u)=shu y>0and the proper-
“du_
uo Shut"

the arc-lenght parameter ¢ is given by ¢=¢#(u)=

time parameter ¢ measured from #=uwuo>0 being #(u)=

According to the Yaglom’s classification, pag. 223, these spacelike
geodesics are the great circles of an Euclidean hyperbolid of two sheets ; in
fact our geodesics are the great circles of one sheet of an Euclidean hyper-
boloid of two sheets. The distance can be defined as we define angular
measure in a pencil of lines in the Minkowskian plane ; this metric is hyper-
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bolic. Therefore, its integral geometry is well known from [5], chap. 17.
Also, according to Yaglom, [8], the non-null timelike geodesics can be
obtained intersecting the hyperbolic hemicylinder with planes which planes
which contain the z-axe.
In this way, we can consider the L-P plane with the trigonometry given
by the relations

a=b+c

A_ B _ C

sha shb shc
A*=B*+C*+2BC ch a

where A, B, C are angles of a pure triangle, , and a, b, ¢, its opposite
sides.

This trigonometry corresponds to the co-Minkowskian geometry which,
in fact, is dual to the Lorentzian trigonometry, [3], [8] The motions of the
co-Minkowskian plane are induced by the motions of the three-dimensional
space

x'=chx+shy+a
v=shx+chy+b
Z=ux+v-yt+tw-z+c.
with y>0, v'>0.
2. Densities in L-P

We already showed that the group SL(2) keeps the form (2) invariant.
In fact, the group SL(2) acts on the L-P plane as a transformation group :

= az+b
pzt+q’

ag—pb=1 a, b, p, =R and z’, z double numbers.

Its Maurer-Cartan forms are equal to those of SL(2) acting on the classical

hyperbolic model of Poincaré. Then from [5], pag. 174, we have
wi=qda—bdp, wo—q db—>bdg, ws=—p da+a dp.

Keeping in mind that d(aq—pb)=0, we get

da=a w,+b w; dp=p w+q ws

0 db=—>b w+a w- dq=—q ur+p we.

The structure equations are

dwl = T/U2A?/U3, szZ - 27/01AM)3, dw3: —2wsAuwn
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The isotropy group Go at z=j (j°=1) is a characterized by a=gq, b=p
which are equivalent to wi=0, w.—ws=0. Since d(unA(w:—ws))=0, fol-
lowing [5], we have that the invariant density of G/Go is the density of
points of the L-P, i.e.

(8) d(G/Go)= dp= (w1 A(w>— ws))
=q¢*daAdb+ b*dpAdg— bg(daAdg+ dpAdb)+ dpAda.

. 2__ dxz_ dyz . R
Also, since ds =T we know that density of points PEL-P (or

its element of area) is given by

_dxAdy
==

9 dP

For geodesics
a) From , we can parametrize the non-null timelike geodesics by

(10) x(u)=b+achu v(u)=a sh u.

. dx dy > . 1 .
The tangent vector is (—du’—du and its lenght T Its proper time
parameter ¢ will be t:t(u)Z/u 1 dr=1n<tgh—li— tgh—u°> for uo>0
uo shr 2 2 0 )

We identify LJ)/ ﬂ € G, with (x, y)EL-P and applying it to geodesics
we have
an {a séz u bialch u]

The action defined by (5) can be rewritten as

{p q][ashu biachu]~[pashu pbipachu+q]
0 1 0 1 0 1 '

It follows that
(12) x'=pbtqgxtpachu, y=pashu.

The geodesics remain invariant under the transformation if and only if p=
1, ¢=0. Thus the subgroup H of G. which leaves the geodesics invariant is
H={id}; then we have a bijection between the set geodesics of the L-P plane
and the homogeneous space G:/H. The Lie algebra of H is #={0} and the
Lie algebra of G: is
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ARIE D

We call 7 the subspace of . such that £ =c# P o# and Ad(H)ct =c#.
Trivially «# =.” and dpAdg is the 2-form invariant by Ad(H).

On the other side, it is known that the forms of Maurer-Cartan of a
group G are given by A™'-dA for ASG. Thus, if

A=[? 1] we have an=[Vr mab) g )

0 1 0 1 0 0
and
dap dq
A '"dA=| D P}
0 0

Therefore the density of geodesics is

13) dcz%

b) We will find another expression for dG. The equation of the non null
timelike geodesic G is

(x—b)—y*=a?
or equivalently
x=b+achu, v=ashu.

By the action (5), the geodesic G transforms into (12). We see that under
the action u(p, ¢g), the coordinates a, b of G transform according to

a=pa, b'=pb+tgq
so that

da'=pda, db'=pdb
then

7\2

da/ Adb' = P2dadb :< “ ) daAdb
and we get

da'Adb’ _ daAdb

(a/)Z a2 .

This 2-form is invariant under the transformation (12). We obtained

19  dG= d“fl‘zdb
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c) Now we want to express the density in terms of the affine parameter «.
We already have (11)

1 —bachu
A:[ashu biachu} and A-1=| ashu 7S u
0 1 0 1

hence

sh u u+a ashu

0 0

AN dA=

chud da —ubichuda¢ashudu]

From it is known that

___ _chu — daAdb _ dulda
dG= a sh® u duidb+ @ shu " ash®u-

In part b) we showed (14), so we get

1 \_  chu — dulda
dG<1 shu)ﬁ ashzuduAdb+ash2u

and, finally

_chudulhdbF dulda
(15) dG= a(sh u—1)

d) Itis known that the equation of Gis (x —b)*—3y*=a® and differenciating
(x—b)(dx—db)—y dv=a da. Using this and (14) we obtain the density of
geodesics in terms of the coordinates x, y, and of parameter & :

(x—b)dxAdbF ydvAdb
((x—b)*—y?)**

e) We want to obtain an expression of dG in terms of double numbers.
The geodesics |z|=1 where z=x+/y, j2=1 and y>0is invariant under
the subgroup G: of G given by a=—¢q, b=p or a=q, b=—p.
In view of (7), this is equivalent to w1=0, w:+ws=0 and d(wiA(w.+
ws))=0, then the invariant density of G/G, is

d( G/Gl) - Z/U1A( we+ Z/U3).

(16) dG=

An element of SL(2) transforms the L-P geodesic |z|=1 on another one
with center (&, 0) and radius ». To obtain & and » we have that

az+b — o th (qw—>5)(qw —b)
pz+gq (—pw+a)—pw+a
(¢*—p)w w+(ap—bp)w+ )+ b*—a>=0

):1 and
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Since aq—pb=1, it follows that

£= ap—bp 1
q2_p2 _pZ
We know that up to a constant factor, the invariant density for set of
geodesics is

and r=—
q

an  dG/G)= dg‘;ff —dG

Density of pairs of points

Let P and P; be two points of the L-P plane. There is a geodesic G
which passes through these two points.
We consider

x1i=b+tachu xe=b+a ch u;
P Py
n=a sh u Ve=a sh u

They satisfy the equation

(11— b) = yi=(0—b)*—33=a’
or equivalently

(1= 0)+ (22— 0)) (01— x2) = yi— 33
that is

1— X2

1 2_ .2

7(X1+Xz_%‘i>:b

where b is unique because y:>0 and y.>0. Substitution in the general
equation gives

_1_( _ yf")’%)_ 2_ 2
9 X1 X2+*xl_x2 y=a.

As a>0, a is also unique and the geodesic is well determined. Computing

dxy=db=xch uy da+ta sh u, du
dnw=sh u, da+a ch w, du
dx:=db=x ch usda=+ a sh usdu,
dy:=sh usda+a ch usdus

From (9)

_ a’xiAa’yz-

dP; 2

for 7=1,2 and u:>0.
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sh uidbAda— a daAduy+ a ch undbAdu,

ah= a’sh*u

and

sh uodbAda— a daAdus+ a ch w.dbAdu:

P, = a’sh*us

The density of pairs of points is

dPAdP=-Cl 2= Ch s . A A dandb
a‘sh*uish”us

or equivalently

B wus— ch
(18) dPAdP:= Cshi‘;lsljzuz‘l duAdusAdG

where G is the geodesic through P and P.. As a kind of duality we look
for.

Density of pair of geodesic

We assume G; and G are each a branch of timelike geodesic. From
(14) we know that density of geodesic dGF@"aATdbi where b; is its center

and a; its radius, 7:1, 2.
Considering the geodesic defined by (x—b:)?—y*=d?, i:1, 2 we already
know their densities, (16), i.e.,

— Ui i A i .
dG.=42 b(()f’i%?_yyz)ﬁ doi =1, 2

and the density of pairs of geodesics is given by

(b2— b))y dbiAdbAdxAdy
(= b=y ((x = 52— )"

dGiAdG:=

Equivalently,

(bz — b1)y3db1AdbzAdP
= b= ) (e— b =)

where P is the point of intersection of G: and Ge..

Kinematic density
According to [5], chapters 15 and 18, and , the kinematic density is

dK=wiAw.Aws=(q da—b dp)A(q db— b dq)A(—p da+a dp)
=q(aqg—pb)daAdbAdp+ b(aq— pb)daAdpAdq
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=(b dg—q db)AdaAdp.
A motion in the L-P plane can be represented by

x'=chax+shayta
v=shaxtchay+b

with y>0, ¥">0. This is essentially the motion on the Lorentzian plane,
[3]; consequently we can assert that Poincaré’s formula holds as in but
only for two timelike curves. Thereupon, the statement of this result is.

PROPOSITION. Let T'y and I'; be two timelike curves. Suppose that
the lenght of T"; is L; and 7; is the tangent line to I'; at the point of inter-
section of these curves, for 7:0, 1. Then

f dK=4LoL,
ToNTi# ¢, 0<(Ty, TV)<arc chb
where (T, Tv) denote the angle from 7% to To.

3. An integral formula

THEOREM. Let C be a simple, closed curve in the L-P plane, which is
the border of convex set K of area F. Let o be the lenght of the geodesic
segment obtained by the intersection of branch of geodesic G with K then

_ _ 1.,
AQM( o+ sho)dG="4F

PrROOF. Let P, and P, be two points of K and G the branch of
geodesic determined by them. Let u: and . be these abscisas on G of P
and P, varying on [a, 8] with @>0. It is well know that

faPnap,=F*
b, hReEK
From (18) we get

E (8 ch ui—ch us L
/CZHK:¢,££ ShzuIShzug a’ulAa’uzAa’G—F.

First, we will compute

if"/ﬁch Ur—ch uz
2 Ja Ja ShzuIShzuZ duAduz

[ “chwdus (" ch usdus )
_/a dm(fa sh*uish*us /; sh2uishus
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[ ch u1<_ m)_ 1/ 1 1))
_f; < sh’u coth uz p shur\  sh us la du

B
:/a- < EZZZ (coth a= coth ui)— Sh%ul ( shla' B Shlul >>a’u1
- 1 ﬁ)_ bchw , 1 (_ ﬂ) ¢ duy
—cotha( sh ui |a ./a sh*u, dun sha coth uy, +./a sh*u,

2

— coth a( 1 1 )_/"ch 7/tla,u1+cotlaﬁ?+coz‘ha+ du,

sha shp sh3u, sh a sha = shlwu

_cotha coth B | [*l—chu
- shB sha ') sh*u dus

_ cothB+shf3— sha cotha _/ﬁ sh’u duy = CMB—cha _f’* du,

shpB+ sha sh®u, shfB sha sh u
_chB—cha , ,, wi|®_ chB—cha ( tha/2>
= hBosha P T s sha T M iz )

Replacing this in (19) we have

As o is the geodesic distance, we have

T - Y. |
L.a’s—o“—lnthz Znth2

we want to express % in terms of o.
Since
=4l S
we obtain

ch—cha _ e 1—cha-chp
shp3 - sha sha-shp
and
chff—cha o0
shiB+sha

Coming back to (20) we find the thesis.

—%(e"vL e %)=sho.

REMARKS. 1) Under the above hypothesis and fixing the radio of G
we have

mea db=F



but we can say nothing about [0 dG because the integral
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da

GNK+¢ a2

depends on the positions of the convex set K.
2) This integral formula looks like a Santald’s one, pag. 317, but
the difference should be noted : The curvature of the L-P plane is 1.

Acknowledgment : The author is indebted to the referee and Prof. Jorge Hounie for their

useful remarks.
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