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Global stability in a logistic equation with
piecewise constant arguments!

Joseph W.-H. So and J. S. Yu?
(Received June 29, 1994; Revised November 22, 1994)

Abstract. In this paper we consider the logistic equation with piecewise constant ar-

guments
dN(t =
PO rene (1 - ZajN<[t—j1>> .20
§=0
where [-] denotes the greatest integer function, r : [0,00) — (0,00) is continuous and
aj € [0,00), 5 =0,1,- -, m with anmn > 0. We establish some sufficient conditions for an

arbitrary solution N(t) satisfying the initial conditions of the form
N({@O0)=No >0 and N(—j)=N_; >0, j=1,2,---m

to converge to the positive equilibrium N* =1/ Z;'nzo aj; as t — oo.

Key words: Logistic equation, global stability, piecewise constant argument.

1. Introduction

The delay differential equation

2() = ra(t) (1 _ Q) >0, (1.1)

called the Hutchinson’s equation, was used by Hutchinson in [9] to model
the growth of a herbivore. Here z(t) is the population of a single species at
time t, r is the intrinsic per capita growth rate of the population, K > 0 is
the carrying capacity of the habitat and 7 > 0 is the time lag. By means of
a change of variable, we can make 7 into 1 and becomes

2 (t) = re(t) (1 _ -"””'—(-tf'(‘—l)) Ct>0. (1.2)
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Equation has been extensively discussed in the literature, e.g. see [5
7,9, 11, 17]. When the growth rate r in depends on time ¢, we have

9

o' (t) = r(t)z(t) (1 — ﬂlg—n) , t>0. (1.3)

This equation has also been studied by many authors. One refers to 3, 11,
15, 16, 18] and the references cited therein.
In [2, 14], the equation with piecewise constant arguments

N'(£) = rN(2) (1 - @) L t>0 (1.4)

was considered as a semi—discretization of . Our aim in this paper is
to consider the semi-discretization of (1.3), namely, we consider the more
general equation with piecewise constant arguments

N'(t) = (1—2% t—j]) t>0. (1.5)

Here [p| = the greatest integer < p, r : [0,00) — (0,00) is continuous,
;> 0,7 =0,1,-- — 1 and a,, > 0. The linearized oscillation of (1.5) m

has been 1nvest1gated in [8].

For the special case when r(t) = r (a constant), has been inves-
tigated by several authors, see for example [5, 6, 7]. In particular, they
established some results on the oscillation and asymptotic behavior of all

positive solutions of (1.5). In [6], Gopalsamy, Kulenovic and Ladas showed
that if

m
r >0, ag,ai, --,a, > 0 with Zaj>0andr+m7$1
=0
and

e1’(m—|—1)

< 2, (1.7)

then every positive solution of the equation

dN(t)

0 (1ZCI,J ([t —7]) ) t>0 (1.8)

tends to the positive equilibrium N* =1/ > itpa; ast — oo.
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Gopalsamy in [5] conjectured that, instead of , if
r(m+ 1)e" ™) <1 (1.9)

holds, then the above conclusion remains true.

By a solution of (1.5), we mean a function N which is defined on the
set

{-m,-m+1,---,—-1,0} U (0, c0)

and possesses the following properties:
(i) N is continuous on [0, c0);
(ii) The derivative %t(i) exists at each point ¢t € [0,00) with the
possible exception of the points ¢ € {0,1,2,- - -} where left-sided
derivatives exist;

(iii) m is satisfied on each interval [n,n + 1) withn = 0,1, 2,
Using a method similar to in [6], one can easily show that
together with initial conditions of the form

N(O):N0>0andN(—j):N_j20, j=12,---.m (1-10)

has a unique solution N(t) which is positive for all ¢t > 0.

On any interval of the form [n,n+1) for n =0, 1,2, ---, we can integrate
andobtainforn§t<n—|—1 and n=0,1,2,---

N(t) = N(n) exp{(l—z% n—])/tr(s)ds}. (1.11)

Letting t — n+ 1 in (1.11), we find

N(n+1) = N(n)exp {rn (l—iajN(n—j)) } (1.12)

where r, = [ *11(s) ds. The possible complex behavior of the solutions of

(1.12) can be demonstrated by looking at the following simple special case
of (1.12). Consider

N(n+1) = N(n)exp{r(1 — N(n))} (1.13)

i.e, m =0and ap = 1. has been studied in its own right as a discrete
population model of a single species with non—overlapping generations. It



272 J. W.-H. Soand J. S. Yu

was shown in May and May and Oster that for certain values of
the parameter r, solutions of is “chaotic”. Our purpose in this paper
is to establish some sufficient conditions for the solution of the initial value
problem (IVP) and (1.10) to be attracted to the positive equilibrium
N*. This then shows that complex (chaotic) behavior or even persistent (i.e.
undamped or periodic) oscillations are impossible under these assumptions.

In [10], Kocic and Ladas considered another special case of (1.12),
namely,

N(n+1)=N(n)exp{r(l - N(n—m))} (1.14)
where r > 0 and m is a positive integer. They proved that if
rm+1) <1, (1.15)

then every solution of with (1.10) tends to 1 as n — oo.

For recent literature on differential equations with piecewise constant
arguments and their applications, we refer to Aftabizadeh and Winner ,
Cooke and Winner [4], Gopalsamy [5] and Gyori and Ladas [7, 8] and the
references cited therein.

In [15], we studied the global stability of the zero solution of the differ-
ential equation with constant delay

Y () =—r®)(1+y®)y(t - 1).

and a global stability result in Wright was generalized to this non—
autonomous case. In this paper we apply the idea developed in to
equation (1.5) with piecewise constant arguments. The rest of the paper
is organized as follows: In Section 2, we consider a sufficient condition
for the boundedness of solutions of . In Section 3, we establish a
result for the global stability of the equilibrium N* of [1.5). Our result
shows that Gopalsamy’s conjecture is true under much weaker conditions.
In addition to that, it also shows that conditions and can be
greatly improved.

2. Boundedness results

In this section, we consider conditions under which solutions of
will be bounded.

Lemma 2.1 Let N(t) be the solution of IVP (1.5) and (1.10). If N(t) is
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eventually greater (resp. less) than N*, then the limit
lim N (¢) (2.1)
t—o0

ezists and is positive. Furthermore if

/Ooo r(s)ds = oo, (2.2)

then lim; o, N(t) = N*.

Proof.  From (1.11), we know that N(t) is positive for ¢ > 0. Assume that
N(t) is eventually greater than N*. The case when N(t) is eventually less
than N* is similar and its proof is omitted. By [1.5), we have eventually

dj?;ft) < rN(@®) (1 —j;ajzv*) — 0

which implies that N(t) is eventually decreasing, and so the limit in

)
exists. Set

a = lim N(t).
t—o0
We will show that implies « = N*. Indeed, suppose a > N*. Then
there exists tg > m, such that
N({t—m)>a, for t>t,

since N(t) eventually decreases to a. Using this and [1.5), we have

dN (t)

o < r(t)N(t) (1 —ajz—%a])

—_ (% - 1) r(t)N(t), for t> to.

Integrating from tg to t, we have

20 < (1)

which in turn implies, due to 2.2),

tig, In (J]vvér?)) =
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Hence lim; o, N(t) = 0, contradicting a > 0. The proof is complete. []

Lemma 2.2  Assume that a solution N(t) of IVP (1.5) and (1.10) is
oscillatory about N*. If for some constant M > 0, we have

n+1
/ r(s)ds <M, forall n=mm+1,---, (2.3)

then N (t) is bounded above and is bounded below away from 0.

Proof.  First we prove that N(t) is bounded above. Suppose limsup;_, .,
N(t) = oo. Since N(t) is both unbounded and oscillatory, there exists a
t* > m such that

N(t )zorgntaé)g*N(t)>N.

Since N(t) > 0 for t > 0, it follows by that
dN(t)
dt
From now on, let D~x(t) denote the left-sided derivative of x(t). Then
D~ N(t*) > 0. Furthermore, if t* ¢ {0,1,2,...} then

< N(t)r(t), for t>m. (2.4)

and so Y 7L a; N ([t* — j]) < 1. Thus there exists £ € [[t* —m],t*) such that
N(€)=N*and N(t) > N* for t € (£,t*]. Integrating (2.4) from & to t*, we

have
N]\(ft**) < exp </§t T(S) dS) = (/[:*m] T<S) ds)

[t*]+1
< exp (/ r(s) ds> <eM,
[t*]—m

If t* € {0,1,2,...} then

0 < D™N(t*) = r(t")N(t") (1 - iajN(t* - 1))
5=0

and so 37 ga;N(t* —j — 1) < 1. This implies that there exists { € [t* —
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m — 1,t*) such that N(§) = N* and N(t) > N* for t € (§,t*]. By (2.4), we

have
N{E) < exp (/ r(s) ds) < exp </ r(s) ds) <eM
N* ¢ t*—m—1

Consequently, limsup, . N(t) < N*eM. This contradiction shows that
N(t) is bounded above. From the discussion above, we also see that

N(t) < N*eM for t>m. (2.5)

Substituting this into [1.5), we have

WO > e (1 —jf%ajN*eM)
= r(t)N(t) (1 - eM) for t > 2m. (2.6)

Next, we will show that N(t) is bounded below away from 0. Suppose
that liminf; .o N(t) = 0. Since N (t) is oscillatory about N*, there exists
t« > 3m such that N(t,) = ming<i<¢, N(t) < N*. Clearly, D~ N(t,) < 0.
Furthermore, if ¢, ¢ {0,1,2,...} then

s (- Fot-)

which shows that there exists n € [[t« — m|,t.) such that N(n) = N* and
N(t) < N* for t € (n,t.]. Integrate (2.6) from 7 to t., we have

N]\(ft**) > exp ((1 oMy /nt* r(s) ds)

> exp ((1 — M) /[t*_m] r(s) ds)

> exp ((1 —eM) [

Ift, € {0,1,2,...} then
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which implies that there exists n € [t, — m — 1,t,) such that N(n) = N*
and N(t) < N* for t € (n,t.]. By (2.6), we get

N]\(ft**) > exp ((1 — M) Lt* r(s) ds)

t*
> exp ((1 — eM)/ r(s) ds) > e(l=e")M
t

+—m—1

Consequently, liminf; oo N(t) > N*exp (—M(eM — 1)) > 0, which is a

contradiction. Hence the proof is complete. []
Combining with Lemma 2.2, we immediately have

Theorem 2.3  If (2.3) holds, then the solution N(t) of IVP (1.5) and
(1.10) is bounded above and is bounded below from 0.

3. Global stability results

In this section, we provide sufficient conditions for the global stability
of the positive equilibrium N* of [1.5). The main result is:

Theorem 3.1 Assume that

n+1 3
/ r(s)ds< -, for n=mym+1,--- (3.1)
n—m 2
and
o0
/ r(s)ds = 0. (3.2)
0
Then the solution N(t) of IVP (1.5) and (1.10) satisfies
lim N(t) = N*. (3.3)
t—o00

If we apply Theorem 3.1 to (1.8), we have immediately
Corollary 3.2 Assume that

r>0, ag, - am_1>0 and a, >0 (3.4)
and

r(m+1) <

Do | W

(3.5)
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Then the solution of IVP (1.8) and (1.10) tends to N* as t — oc.
Clearly, (3.5) is weaker than [1.9). This shows that Gopalsamy’s con-

jecture mentioned in Section 1 is true under less stringent conditions. At
the same time, we also find that (3.5) is an essential improvement of [1.7).

When we apply [Theorem 3.1 to (1.10), we have that (1.11) can be
improved by (3.5).

Proof of [Theorem 311 In view of Lemma 2.1, it suffices to prove that
holds for a solution N(t) which is oscillatory about N*. By Lemma 2.2,
N(t) is bounded above and bounded below away from 0. Set

u = limsup N(t), v =liminf N(¢). (3.6)

t—o0 t—o00

Then 0 < v < N* < u < oo. It suffices to prove that u = v = N*. For any
e € (0,v), choose an integer T' = T'(e) > 0 such that

n=v—e<N{it-m)<u+e=u, for t>T. (3.7)
Using (1.5), we have

dN(t) U1

< — fi t> .

pn < r(t)N(t) (1 N*)’ or t>T (3.8)
and

dN(t) Ul

—2 > —r(t)N(t — >T. .

T r(t) ()<N* 1), for t>T (3.9)

Let {T},} be an increasing sequence such that T, > T +2m, D~ N(T,,) > 0,
N(T,) > N*, limy_,oo N(T},) = u, and lim,, o, T, = c0. If T}, ¢ {0,1,2,...}
then by [1.5), we have

Y aN([Tn—j]) <1

§=0

which implies that there exists &, € [[T,, — m|,T,) such that N(&,) = N*
and N(t) > N* for t € ({,,Ty). If T, € {0,1,2,...} then by

m
Y aN(T,—j—-1)<1
7=0

and so there exists &, € [T, — m — 1,T,) such that N({,) = N* and
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N(t) > N* for t € (&,,T,]. Thus, by (3.1) we have

Th 3
/ r(s)ds < 3"

For T <t < &,, by integrating (3.8) from ¢ to &,, we get

o (U) < (1 32) o

or
) v\ [
N(t)> N*exp | — (1 — W) / r(s)ds |, for T <t < &,. (3.10)
t
For each 7 = 0,1, - -, m, we define the sets

Elj = {t € [gnaTn] : [t'—j] > én}a
By = {t€6nT] : [t—4] <)

Then Ey; U Egj = [€n,Tn),7 = 0,1,- - -,m. Note that t € [¢,,T,] implies
[t —m] < &,. For t € Ey;, we have

N(t— ) 2 N* > N*exp (— (1- 1) /[f_"m] (s ds)

and for t € Ey;, by (3.10)

N([t —j]) > N*exp

€n
> N*exp (— 1—U—1*>/ r(s)ds),
[t—m]

since [t —j|>[t—-—m|>[& —m]| > [[Th —m]—m|>[[T+m]-—m]|=T.
Hence

N([t - §]) > N* exp (— (1- %)
for 7=0,1,---,m.

Substituting this into (1.5), we have

g%]—fﬁ < r(t)N(t) (1 — exp (— (1 _— )
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for ¢ € [&,, Tyl

Denote 1 — g% by v*. Then 0 < v* < 1. Thus, for ¢ € [£,,T},] we have
dln N (¢ &n
dln N(t) < min | r(t)v*, r(t) <1—exp(—v*/ r(s) ds)) . (3.11)
dt [t—m]
We will prove that

N(T, 1
In ( Jif )) <ot — gv*? (3.12)

There are two possibilities:

Tn
Case 1: / r(s)ds < — = -
€n

Then by (3.11),

n én
_ jnr(t) dt — Lo (exp(v* /:"r(s)ds) - 1)
:/£n" r(t) dt

L (adi ) (1=~ [ a5))

Note that the function z — z — Ui*e_v*(%_w) (1 - e‘“*w) is increasing for

0 <z < 3. Thus for fé:" r(t)dt < —n{l=v?) < 3, we have

()
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I
|
—_
=
—
—
|
[
*
N
|
e}
»4
o
|
[
*
N
|
+
[S—
~~
—
|
e
SN—
N~
N———

< -1+ v —

y
:év—— (/ da:)dy
2 o 1—=x

3
<2v ~—/ / 1+ z)dzdy =v* _EU (3.13)

For fg;" r(s)ds <3 < — ln(lv °")  we have

U*
according to [3.12) in [17].
In(1 —v* Tn 3
Case 2: (=9 < / r(s)ds < —.
v* n 2

Choose hy,, € (&n,Ty) such that

/Tn r(s)ds = _—ln(l — v*).
hn

,U*

Then by (3.11) and (3.1),
N(T,)
ln(—N* )

< /;n r(t)v* dt + /}:n r(t) (1 — exp(—v* /[:cjm] r(s) ds)) dt
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_1_)1_*_ exp (‘U*(g _ [: r(s) ds)) (1 - exp(—v* /th r(s) ds))

k03

_ /:r(t) dt + ]:nr(t)dt-exp(—v*(g—/jnr(s)ds))

— o /ST" r(t)dt + (1 — v*) /fn r(t) dt

n

— exp (—v*(; - /jn r(s) ds)>

__(1=v")In(1—v") e /ET" r(t)dt

since the function x — v*x —exp (—v* (§ — :c)) is increasing for 0 < z <

3
2 2"
Thus, according to (3.13),

N(T, 1
h] ("‘%) < 'U* — 6'1)*2.

This completes the proof of {(3.12). Letting n — oo and € — 0 in [3.12), we
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have

1<“><<1 ”) 1(1 “)2 (3.14)
v ) = N*) 6 N*) ‘
Next, let {S,} be an increasing sequence such that S, > T + m,

D™N(S,) <0, N(S,) < N*, lim, ., N(S,,) = v, and lim,,_,o S, = .
If S, ¢ {0,1,2,...} then by [1.5), we have

Zaj (S, —34]) >1

which implies that there exists n, € [[S,, — m],S,) such that N(n,) = N*
and N(t) < N* for t € (n, Sp]. If Sp, € {0,1,2,...} then by

Y ajN(Sp—j—-1)>1
j=0

and so also there exists n, € [S, —m — 1, 5,) such that N(n,) = N* and
N(t) < N* for t € (np, Sp]. Thus, in light of (3.1), we get

Sn 3
/ r(s)ds < 5"

For T' <t < ny, by integrating (3.9) from ¢ to 7, we get
N(nn) ( u ) /”n
1 > — -1 d
n( N@) ) ="\ , (s)ds

N(t) < N*exp ((; - 1) /t"” r(s) ds) Cfor T<t<m. (3.15)

or

Now let

Fij = {t €[, Sn] : [t —3] > nn},
= {t € [ﬁn,Sn] : [t_j] < 77n}-

Then Fy; U Fyj = [1n, S, = 0,1, - -, m. Noting the fact that ¢ € [n,, S]
implies [t — m] < 7y, we have for ¢t € Fy;,

N([t—j]) < N* < N*exp ((Z\lfb* — 1) /[Zlm]r(s) ds)
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and for ¢t € Fy;, by (3.15)

N([t-j]) < N¥exp ((1\1;* - 1) ‘/[le]r(s)ds>

Hence

N([t —j]) < N*exp ((J\I;* — 1) /[Zlmlr(s)ds) :

for j=0,1,---,m.

Substituting this into [1.5), we have for ¢ € 1, Sy],

0 s (o (5 0) [ 94) 1)

Set u* = 1% — 1. We obtain for ¢ € [n,, Sy]

dln N(t)
dt

> ma,x{—r(t)u*,—r(t) <exp(u* /[t Tm]’r(s)ds) - 1)} (3.16)

We now prove that

N(Sn) 1 2
~1 <+ —ut?, .
n( N >_u +6u (3.17)

There are three cases to consider:

Sn
Case 1: / r(t)dt < 1.

Then by (3.16),

N(Sn Sn 1
—ln< (S))Su*/ r(t)dtgu*<u*—|—6u*2.
U
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Clearly v* > 2 in this case. As in case 1, we have

N(S, Sn
—ln( ](\i)) < u*/nn r(t)dt
3 * * * *2
< U —In(14+u") <u* + =u*".
(c.f. [15]).
* Sn
Case 3: 3_hi+d) </ r(t)dt < §
2 u* " 2

Choose g, € (7, Sn) such that

9gn 1 *
[Mrar=3 - BEAE)
. 2 u*
Then by (3.16),

(N5

dn
3, % Sn t
+e§“/ 7(t) exp —u*/ r(s)ds) dt
gn in
dn Sn
:u*/ r(t) dt—/ r(t) dt
n gn
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K\Dlw

/ / (1—y dyd:c—u—l— u

This proves that (3.17) holds. Let n — oo and € — 0 in (3.17), we have

—ln<%) g(ﬁ*—l)Jrl (%—1)2. (3.18)

Set z = & — 1,y =1— x%. Then z > 0,1 >y > 0. By (3.14) and (3.18),

1 1
—In(1 —y) gx—l—gasz, In(l1+z)<y-— 83/2. (3.19)
In view of in [15], (3.19) has only the solution x = y = 0. This

shows that u = v = N* and the proof is complete.
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