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Finite p-groups with a fixed-point-free automorphisms

of order seven
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Abstract. We prove several properties of finite p-groups which are generated by two
elements of prime order p and which have a fixed-point-free automorphism of order
seven.
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1. Introduction

In this paper, we study properties of finite p-groups which are gener-
ated by two elements of prime order p and which have a fixed-point-free
automorphism of order seven.

An automorphism « of a group G is said to have a fized point g in G
if g* = g. Cg(a) denotes the subgroup of G consisting of all the elements
fixed by az Cg(a) :={g € G| g* = g}. If Cg(a) = 1, then « is called
fized-point-free (for brevity, f.p.f.).

In [6] Thompson showed that if a finite group has a f.p.f. automorphism
of prime order, then, it is nilpotent. In [3] Higman showed that if a finite
nilpotent group has a f.p.f. automorphism of prime order ¢, then its nilpotent
class is bounded by a function depending only on ¢. It is well-known results
that if ¢ = 2 then its nilpotent class is 1 and that if ¢ = 3 then its one is less
than 3. Without the aid of Lie algebra theory, the purpose of this paper is
to prove the following theorem.

Theorem 1 Let p > 7 be a prime and let P be a finite p-group which has
two generators of prime order p. If P has a f.p.f. automorphism « of order
7, then it has nilpotent class less than 7.

Moreover, suppose that p =1 (mod 7) and let a, b be generators of P
such that a® = a%wy, b* = b’we (w1, we € ®(P)). Then
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1. If v =wu (mod p), then for all (x1,...,27) € {a,b}7,
[x1, 22, 23, T4, T5, T6, T7] = 1.

2. Ifv=u? (mod p), [a,b,b,b] = [a,b,b,a,a] = [a,b,a,a,a,a] = 1.
3. Ifv=u?® (mod p), [a,b,b] = [a,b,a,a,a] = 1.
4. If v=1b, [a,b] = 1.

Our notation is standard possibly except for the following:

®(G): Frattini subgroup of a group G,
Ci;: the commutator of z; and x;,
C;..k: the commutator [x;,..., x| of x;, ... zk,
Coap.. »: the commutator [a,b, ..., z] of a,b,...,z,
L;(G): the lower central series of G.

We use the “bar” convertion for homomorphic images. Thus if G is
a group, N is a normal subgroup and G denotes the factor group G/N,
then, for any subset X of G, X denotes the image of X under the natural
projection G — G.

The organization of the paper is as follows. Section 2 contains prelimi-
nary results. In Section 3, we discuss properties of finite p-groups which are
generated by two elements of prime order p and which have nilpotent class
5 and 6. We prove our theorem in Section 4.

2. Preliminary results

In this section, we collect a number of preliminary lemmas to be used
in later section.

The equations below are fundamental to commutator calculus. Let
x,v, z be elements of a group. Then:

[
C2 [zy, 2] = [z, 2]y, 2] = [z, 2][z, 2, y][y, ]
C3 [z, yz] = [z, 2] [z, y]* = [z, 2][x, Y[z, y, 2]
C4 [,y = (fy)Y )~
C5 [t y) = ([z,y)" )7
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C6 [z,y 1, 2%y, 27 )z, 27 L y]" =1
The properties of the lower central series are listed here ([2]).

L1 L;(G) char G for all i.
L2 L;i+1(G) C Li(G).
L3 L;(G)/L;1+1(G) is included in the center of G/L;11(G).
(Let z,2" € L;i(G),y,y € L;j(G),z € Ly(G).)
L4 [z,y] € Lit;(G).
L5 If z = 2’ (mod L;11(G)) and y = 3’ (mod L;11(G)), then [z,y] =
[2',y'] (mod Lit;11(G)).
L6 [22',9] = [r,9][e/,] (mod Liss41(G)).
L7 [z,yy'] = [z, ][z, y'] (mod Liy;j11(G)).
L8 [z,y, 2|y, z, ][z, z,y] =1 (mod L;jik+1(G)).
L9 For any non-negative integer a, [z,y]* = [z%y] = [z,y?] (mod

Litj+1(G)).

Proposition 1  Let p,q be prime numbers. If a non-abelian p-group P
which is generated by two elements of P has a fized-point-free automorphism
a of order q, then p=1 (mod q).

Proof. « induces a fixed-point-free automorphism on X := Lo(P)/Ls(P).
Since X is cyclic, its subgroup Y of order p is characteristic. Hence a induces
a fixed-point-free automorphism on Y. We get p=1+ gk =1 (mod ¢). O

Lemmal Let P be a group. Letl, m be natural numbers, and y € Ly, (P)
(1<A<ZI), 2, € L, (P) (1 <p<m), wy € Ly, 41(P) and we € Liy41(P).
We get the following equation

K H y,\>w1,< H Z“)wz]z H [yx, 2] (mod Ly, 41,41 (P)).

1<A<I 1<u<m 1<A<I
1<pu<m

Proof. By induction on [ + m, we have
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11 yx>w17w2H< 1T yk>w1, 1T Zu]m (by C3)

w1
Yx, Zu} |:w17 11 Zu] (mod Ly, 4k,+1(FP)) (by C2)
1<X<I 1<pu<m 1<pu<m
Yns 24 (mod L, 4k,+1(P)) (by L4 and L3)
1<A<E 1<p<m

e T1 af o TT =] nod Luseiwaa(P) by 00)

1<pu<m

o LA

L1<A<i—1  1<p<m—1 1<A<I—1
e ]l 2] (m0d L (P) (by 17
1<p<m—1

< 11 [yx,zu])( 1 [yx,sz)< 11 [yl,zu])[yz,zm]
1<A<I—1 1<A<I—1 1<pu<m—1
1<p<m-—1

(mod Ly, +k,+1(P)) (by induction)
H [y)wz/,b] (mOd Lk1+k2+1(P)) O
1<A<I
1<Zm

Lemma 2 Let Y1 € Lkl (P): Y2 € Lkz(P)7 wy € Lk1+1(P)z w2 € Lk2+1(P)
and nq,no natural numbers. We obtain

Proof.

[yl wr, Y52 wa] = [y1,y2)™ " (mod Ly, 4xy41(P)).

In lemma 1, we put | = ni, m = ng, yx = y1 and 2z, = ya. 0
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Lemma 3 Let y; € L1(P), w; € La(P) and let n; be natural numbers
(1 <i<t). One gets
(Y7 we, y52wa] = [y1, 2] (mod L3(P)),
(Y1 wi, Yy wa, yy*ws] = [y, y2,y3]™ "™ (mod Ly(P)),
[y we, Y52 wa, .yt we] = (Y1, Y2, -,y ™™ (mod Ligq (P)).

Proof.

[y?lwl,y;”wz] = [y1,92]™"™  (mod L3(P)) (by Lemma 1)

[y?lwl,y;l?wz,yg‘?*wg] = [[yl,yg}"m?zl,yg?’wg] (21 € L3(P))
= [y1, Y2, y3]" ™™ (mod L4(P)) (by Lemma 1)

]n1n2-~nt712t7 ytntwt]

(2t € Li(P))

= [y17y27._.’yt]n1n2...nt (mod Lt+1(P))
(by Lemma 1) O

[y?lwlaygzw% SRR y?twt] = [[yl)y% s Yt—1

Lemma 4 Let yy, y2 € Lk, (P), y3 € Ly, (P) and let ny,na,ng be natural
numbers. Then one obtains

[nl no

Yy, yst] = [y, ys] ™ ™ [y2, ys) ™™ (mod Ligy 4k, 41 (P)).
Proof.

[y?lySvaQS] = [y?l,?/gs] [9327?/?] (HlOd Lk1+k2+1(P)) (by L6)

"1 [y2, y3]"*"* (mod L, 4k,+1(P))
(by Lemma 1) O

= [y1,y3

Lemma 5 If a finite nilpotent group G is generated by two elements a,b,
then for each i > 2 L;(G)/Li+1(G) is generated by {[x1, 2, ..., zi]Lit1(G) |
(z;) € {a,b}", z1 # x2}. And a element of L;(G)/Li+1(G) is reprsented by

[[lz1, 22, )™ Liga (G),

%
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where the product []; runs over x = (z;) € {a,b}" such that T, # 2.

Proof. When i = 2, we shall show that zL3(G) = [a$1b%2wy,
a®21b%22wy) L3 (G) (w1, ws € Ly(Q)) is reprsented by [a, b] L3(G).

2L3(G) = [a*1b52, a5 b2 L3(G)
= a8, a1 552 [b92, a1 1622 ] Ly (@)
= [a%, b ] [652, 0% Ly(G)
= [a, perrem et [4(G)

When i — 1, let us suppose that the claim is true. It is enough that for any
y € L;_1(G) and any z € G, [y, 2]Li+1(G) is reprsented in the form

H[xl,ﬂﬂza oz L1 (G).

By induction, one has y = (Hi_l[xl,mg, .. .,xi_l]”ﬂﬂ)v for some v € L;(G)
and z = a%1b%2w; for some w; € Ly(G). Hence, from Lemma 1,

[y, 2] Liy1(G) = Kﬂ[zl,@, e J:i_l]"z)v, a&lb&zwi] Lit1(G)

i—1

= |:H[$1a T2, ... a-xi—l]nzva‘g“]

i—1

. |:H[.’B1, o, ... ,$i_1]nz,b£i2:| Lz+1(G>

i—1

- H [[931,962, e ,xi_l]”zjaﬁn]

i—1
: H [[w1, 22, .o @ia]™, 652 Lit1 (G)
i1
= H[fUl,xza---7$i]lILi+1(G)- O

We shall need the following lemmas.
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Lemma 6 Letp be an odd prime and leti (2 < i < 5) be natural number. If
a nilpotent group P is generated by two elements a, b both of which have order

p, then for all x1,...,x; € {a,b}, and for all natural numbers ny,...,n;, a
commutator [z, x5%, ..., 2] of weight i have order p or 1 on LlH(P)
Proof.
[, 252, 2P = [af,2h?, .. 2™ (mod Liyq(P)) (by L7)
= [21', 2%, .., 27 1] (mod L1 (P))
=1 (mod L;+1(P)). O

Lemma 7 Let p be an odd prime number. If a group P is generated by
two elements a,b both of which has order p, then Ly(P)/L5(P) is generated
by three elements |a,b,a,a|Ls(P), [a,b,b,a]|Ls(P), and [a,b,b,b]Ls(P).

Proof.  Since Lemma 4, it is enough to prove that [a, b, a,b]Ls(P) is repre-
sented by [a, b, b, a]L5(P).

[a,,8][a, b,b, [a, brl], o™ a0 e, b)) (mod Ls(P))
la,b,0),a™"] " [[a, bl[a, b, b6~ a1, [a,b]] " (mod Ls(P))

= [a,b,b,a)* [[a,b],[a,b]] " (mod Ls(P))

= [a,b,b,a] (mod Ls(P)). O

3.1. p-group of class 5

We will get the following equations for p-groups which are generated by
two elements of order p and which have nilpotent class five. We study the
following group:
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Py = <a,b | a? =P =1, [x1, %2, 23,24, Ts5,26] = 1 for all (z;) € {a,b}6>.

We have the following equations.
Q1 [szaac 5] = 14345 C1a354
Q2 [ml,xé] = iz01(5201(2201(332201(321201_2(232)1
i 5) (5 1)i(2i—1)/6 Di(2i-1)/6
Q3 [:UlaxQ] 01201(2301(32101(2311CY211%1( i Ciy (l Jiz=n/
Q4 Ca131 = Cpahy
Q5 021345 Cf2345
Q6 Ca13 = Cr5C12312C 5501

Q7 012212 = 012221
Q8 012112 = 012121

Proposition 2  Ls(Ps) is generated by four elements [a,b,a,a,al,
[a,b,b,a,al, [a,b,b,b,a] and [a,b,b,b,b].

Proof. Since L4(Ps)/Ls(Ps) is generated by three elements [a,b,a,al,
[a,b,a,b] and [a,b,b,b], we deduce that Ls(Ps)/Le(P5) = Ls(Ps) is gen-
erated by six elements [a,b,a,a,a], [a,b,a,a,b], [a,b,a,b,a], [a,b,a,b,b],
[a,b,b,b,al], and [a, b, b,b,b]. From the equations above, we get

Cabaab - Cababa (by Q8)
= Cubbaa (by Lemma 7),
Cabbab = Cabbba- (by Q7)

Therefore Ls(Ps)/Le(Ps) is generated by four elements [a,b,a,a,al,
[a,b,b,a,al, [a,b,b,b,a], and [a,b,b,b,b]. O

Proof. Equations (Q1)—(Q3) follow from induction and (C1)—(C6).

(Q4) Coi34 = [01_217373;9U4]
= [Crag™ 4] (by C5)
_0701721
= Clo31” (by C5)
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(Q5) 021345 = [01_2%;)4,%5] (by Q4)
= Cragld” (by C5)
= 01_2%2.45'

(Q6) Co13 = [Cﬁl, 1‘3}
et

- 012312 (by C5)
= C125[Cr3, O]
= C125C12312C 5501 - (by Q1)

(Q7) Indeed

[xl,xé] = [:Ué,xl]_l

o () A ; i—1)i(2i—1)/6 ~—(i—1)i(2i—1)/6) "1
= (Cél02(302(3202(%22051222 ( & C’21(212 e / )
(by Q3)

i—1)i(2i—1)/6 ~—(i—1)i(2i-1)/6 ~—(2) ~—(3) ~—(2) ~—i
= 05121% S C'21(221 Jizimn/ 021(22)2021(232)02 (2)021

—(=1)3(2i—=1) /6 ~(i—1)i(2i—1) /6 ~(4 :
= 012(212 . )/ 05222% ( / 01(2%22 Cl(ggz
N———

(by Q5) (by Q4)

%
122~12212~12221 012

(by\?%)
= o8, i ol o) ol
—_—
(by Q1)
1—1)1(279—1)/6 ~—(2—1)7(27—1)/6
'05122131( =/ 012(2121 Jiz=n/

i 5 ; H i—1)i(5i—4)/6 ~—(i—1)i(5i—4)/6
= 01201(2201(3%201(2222C£221% ( / 012(221 i /

and (Q2) so that

i—1)i(4i—2)/6 i—1)i(4i—2)/6
C£221% ( /6= C£222% ( e,
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Since there exists an integer i such that 1 < i < p—1 and f(i) =
(1 —1)i(2i — 1)/3 # 0, one has

C12212 = Cla221.
(Q8) Interchanging the index 1 and 2 in (Q7), we obtain
Ca1121 = Ca1112-
From (Q5),

Ci2121 = Ci2112- O

3.2. p-group of class 6
We study the following group:

Ps:={(a,b|a? =t =1,
(1, 22, T3, x4, 5, 6, 7] = 1 for all (z;) € {a, b}7>.

We obtain the following equations.

i i — i o= i il ij —ij
R1 [0123’0 ]_0123450123540123445012345401235540123545

_ i —1ij
R2 [01234, ] C123456C 123465

_ g
R3 [012345a956] = C3456

Z 2
R4 [ 234,x5} C'123450123455
-1

R5 [0123,0456] = 0123645012365401234560123546

R6 Ci21112 = Ci21121
R7 Ci22212 = Ci22201
R3 [sz?)adi] = 012340123)4401235)444
R9 Ci21212 = Ci21221

Proposition 3 Lg(Ps) is generated by five elements [a,b,a,a,a,al,
[a,b,b,a,a,a], [a,b,b,b,a,al, [a,b,b,b,b,a] and [a,b,b,b,b,b].

Proof. Since Ls5(Ps)/Le(Ps) is generated by [a,b,a,a,al, [a,b,b,a,a],
[a,b,b,b,al], and [a,b,b,b,b] by Proposition 2, Lg(Ps)/L7(Ps) is generated
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by [a,b,a,a,a,al, [a,b,a,a,a,b], [a,b,b,a,a,a], [a,b,b,a,a,b], [a,b,b,b, a,a],
[a,b,b,b,a,b], [a,b,b,b,b,a], and [a,b,b,b,b,b]. And from the above equa-
tions, we obtain

Cabaaab = Cabaaba  (by R6)
= Cupbabaa  (by Q8)
= Cabbaaa  (by Lemma 7),
Cabbaab = Cabbaba  (by R9)
= Cabbbaa  (by QT),
Cabbbab = Cabbova  (by RT).
This completes the proof. O

Proof. Equations (R1)-(R4) and (R8) follow from induction and (C1)-
(C6).

(R5)  [C123, Case]
= [Cias, 025130&1045556]

= [Cras, 25 ' Cusw] [Ci23, C' | [Ch2s, O w5 " Cuswe)

€L7(Ps)

= [Cha3, Cusw6) [Craz, 25| [Ch2s, 25 ', Cus ]

(012354 Cf21345 01_2%:,5540123545 C123445 01_2%3454) (by R1)

= [C123, 26][C123, Cu5][Ci23, Cas, x6) (01_2%3601(2%36)601(2%6)66)

(by R8)

1 —1 1
[Clas, 25", 26 [Cras, w5 ', Cas | [Clas, g+, Cus, w6
C Cih i Ot /O C Crt
12354%Y12345Y123554 123545123445 123454
1 1 1
= C1236 (C12345C12354C123445 C123454C123554C 3545 ) (by R1)

[(0123450525401}%4450123454012355405}3545) , T (by R1)

-1 -1

(Cjiéé6(7$2§g6(7523366>
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[(széfjol(z_%lg(scl(z_igﬁﬁ) ) 956} (by R8)

-1
[(Cﬁ%601(2236)601(2§6)66>7045] (by R8)
(012354Of2§4505255401235450123445Cfgé454)

= C1236 (012345Cfgé54Cf2§44501234540123554Cfg%545)

1
[Cl2345, T6) 12354 [Cﬁéma 6]

C—l 0(721) 0(731)
123612366 123666
2 _
—1 Claz66 2
[012367 556] [0123667 ‘736}
—1
[012367045J
(C12354C12545Cra554C123515C123445C' 54
12354%“12345V123554“ 123545123445V 123454

-1 —1 -1
= 01236 (012345 012354 0123445 C’123454 C(1235546'123545)

C123456 Ca8546 (by R3)
(Cl_2é6cl(2?’)6)601(2§6)66) (by R4)
01_2%6601(2?36)66 (by R3)
Cas645C123654 (by R2)

-1 -1 -1
(012354012345012355401235450123445 0123454)
-1 -1
= C123456C123546 C123645 C123654-

(R6) By substituting (x1,x2,x1,21,22,21) for (x1,x9,x3,24,%5,26) in
(R5),

1 =[Ci21,Ci21] = Cl_21111201211210121121Cl_211211~
USng (Qg), we have 0121121 = 0121211 so that we get

Ci21112 = Ci21121-
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(R7) By substituting (x1,x2,z2,z1,T2,22) for (x1,z2,xs,24,25,26) in
(R5),

1 = [C122, C123] = Claho12C122201 C122120C 1 3ho12-
USiIlg (Q7)7 we have 0122212 = C122122 so that we get

(7122212 = (7122221~

(R9) By (R5), we have

1
[Ci23, Ca56] = [Case, Craz] ™,
1=0.%.,-C C oL
— U123645V123654%“123456'“ 123546
1 1
Cs6312C156321 Cu56123C 156213-

By substituting (z1, z2, 21, 1, T2, x2) for (x1, 2, x5, 24, T5, Te) in the
above equation, one gets
1=C o
- 121221%Y121212
Crom115C C Cro
122112V@122121 ©122121VY199211
~——
=1 (by Q7)
121212121122
=1 (by Q8)
=C Cr
— V121221%121212
122112V@122121

= CP21221C153212- (by Lemma 7) O

4. Proof of the theorem

Proof. Since P is generated by two elements of order p, we have ®(P) =
Ly(P). If P is an abelian group, then we have the desired conclusion. By
Proposition 1, p = 1 (mod 7). There exists a generator system {a,b} of P
such that a and b are of order p and such that a® = a*w; and b = b%w, for
some u, v integers and some wy, we € ®(P). Thus it is enough that we shall
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prove the remainder of the theorem. Our calculation in Examples allows us
to compare the dimension of the vector space L;(P)/L;11(P) over the finite
field F,, with that of the subspace which is generated by the elements fixed
by a.

If v =u% (mod p), we get

[a,b]* = [a“w, b’ oy

[a,b]*"  (mod Ls(P)) (by Lemma 3)
[a,b] (mod Ls(P)). (by Lemma 5)

Since « induces a f.p.f. automorphism on Lo(P)/L3(P), we have [a,b]
L3(P). Lemma 5 states that Lo(P)/L3(P) is generated by [a,b]Ls(P
Hence, we get Lo(P)/L3(P) = 1. Since P is nilpotent, we get La(P) =1
Therefore [a,b] = 1.

If v =u® (mod p), we get

€
)

[a, b, b]* = [a“wl, e’ W, b“gwg]
= [a, b, b]“7 (mod L4(P)) (by Lemma 3)
[a,b,b] (mod L4(P)).

Since «a induces a f.p.f. automorphism on L3(P)/L4(P), we have [a,b,b] €
L4(P) and [a,b,b,al, [a,b,b,b] € Ls(P). Then an elementary but tedious
calculation shows that

[a,b,b]* = [a,b,blws for some ws € L5(P). (1)

[a,b,a,a,a]* = [a“wl, b’ wa, a®wy, a% w1, a“wl]
[a,b,a,a, a]“7 (mod Lg(P)) (by Lemma 3)

[a,b,a,a,a] (mod Lg(P)).

Since « induces a f.p.f. automorphsim on Ls(P)/Lg(P), we have
[a,b,a,a,a] € Lg(P). From Proposition 2, we deduce that L5(P)/Lg¢(P) =
1. This means that Ls(P) = 1. Hence one obtains [a,b,a,a,a] = 1,
[a,b,b,a,a] = 1, [a,b,b,b,a] = 1, [a,b,b,b,b] = 1, [a,b,b,b] = 1 and
[a,b,b,a] = 1. From equation (1) and L5(P) = 1 we have [a, b, b]* = [a, b, b].
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Therefore we conclude that [a, b, b] = 1.
If v = u? (mod p), we get

[a, b, b, b]* [a“wl, b wa, b wa, b wz]
[a,b,b,b]*" (mod Ls(P)) (by Lemma 3)

= [a,b,b,b] (mod Ls(P)).

Since « induce a f.p.f. automorphism on Ls(P)/L¢(P), |a,b,b,b] € L5(P).
And [a,b,b,b,al,[a,b,b,b,b] € Lg(P). Then an commutator calculation show
that

[a,b,b,b]" = [a,b, b, blws for some wg € Lg(P). (2)
[a,b,b,a,a]® = [a”wl, b wa, b wa, a®wy, a“wl]
[a,b,b,a,a]*"  (mod Lg(P)) (by Lemma 3)
[a,b,b,a,a] (mod Lg(P))

Since « induces a f.p.f. automorphsim on Ls(P)/Le(P), [a,b,b,a,a] €
Le(P).

2
(0% u u u u u u
[a,b,a,a,a,al [a wi, b* wo, awy, a%wy, a"wy, a wl]

[a,b,a,a,a, a]”7 (mod L7(P)) (by Lemma 3)
=la,b,a,a,a,a] (mod L7(P))

Since « induces a f.p.f. automorphsim on Lg(P)/L7(P), we have
[a,b,a,a,a,a] € L7(P). From Proposition 3, we deduce that Lg(P)/L7(P) =
1. We get Lg(P) =1. [a,b,b,b,a] = [a,b,b,b,b] = 1. From equation (2) and
L¢(P) =1 and [a,b,b,b] € Ls(P), we have [a,b,b,b]* = [a,b,b,b]. Therefore
[a,b,b,b] = 1.

If v =u (mod p), then for all (z1,z2, 23,74, 75, T6, 27) € {a,b}7,

«
[$17x2,$3,$4,x5,$67$7]
— u u u u u u u
= [xlwsl,x2w82,x3w53,1‘4w54, x5w85,$6w56,1‘7w57]

= [x1, X9, X3, T4, Ts, :cﬁ,x7}“7 (mod Lg(P)) (by Lemma 3)
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= [.’El,.%'27$3,$4,$5,1'6,$7] (mOd Lg(P))

Since «a induces a f.p.f. automorphism on L;(P)/Lg(P), for all (z;) €
{a,b}7[x1, 2, 23, 4, T5, T6, 7] € Lg(P). Hence Ly(P)/Lg(P) = 1. There-
fore L7(P) = 1.

[1]
[2]

[3]

This completes the proof of the Theorem. O
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