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Gromov—Witten Invariants of the Hilbert Scheme of Two
Points on a Hirzebruch Surface

YonNnG Fu

ABSTRACT. In Gromov—Witten theory the virtual localization method
is used only when the invariant curves are isolated under a torus action.
In this paper, we explore a strategy to apply the localization formula to
compute the Gromov—Witten invariants by carefully choosing the re-
lated cycles to circumvent the continuous families of invariant curves
when there are any. For the example of the two-pointed Hilbert scheme
of Hirzebruch surface F|, we manage to compute some Gromov—
Witten invariants, and then by combining with the associativity law
of (small) quantum cohomology ring, we succeed in computing all
1- and 2-pointed Gromov—Witten invariants of genus O of the Hilbert
scheme with the help of [13].

1. Introduction

In the 1990s, enumerative geometry experienced a big impetus from the work by
physicists, in which they calculated the number of rational curves of arbitrary de-
gree in a quintic threefold. To explain their work and verify their results, Gromov—
Witten theory was established. Now this subject finds applications in many areas
of mathematics, for example, enumerative geometry, the theory of singularities,
integrable systems, to name just a few.

One of the big problems in Gromov—Witten theory since its inception is how
to compute the Gromov—Witten invariants. Generally, this is a very hard problem.
Some techniques have been developed to attack the problem, for example, the
degeneration method, finding a mirror model to reduce the problem to period
calculations, and so on. When the spaces enjoy much symmetry, the computation
problem can be dealt with more easily. Especially when there is a torus action
on the target space, computations can be carried out by the virtual localization
method [10], which is a modification of the usual topological localization formula.
This is the main technique adopted in this work.

Gromov—Witten invariants can be wrapped up as the quantum product on
the cohomology ring of the target space. See [4; &] for references. This quan-
tum product is associative and supercommutative, so that it makes the coho-
mology ring into a new ring called the quantum cohomology ring. This new
ring structure is a deformation of the cohomology ring of the space. If unrav-
eled properly, the associativity of the quantum product exhibits very strong rela-
tions among Gromov—Witten invariants. These relations can be more efficiently
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utilized when combined with other methods for the computations of the invari-
ants.

From the early stage on, Gromov—Witten invariants and quantum cohomology
have been computed for spaces with strong symmetry; see, for example, [1; 2;

]. There are other cases where quantum cohomology is successfully decided
for spaces with weaker symmetry. For example, Okounkov and Pandharipande
[15] determine the ring structure of the equivariant quantum cohomology of the
Hilbert schemes of points on the plane together with its relations to other areas
of mathematics; Graber [9] and Pontoni [ 6] compute Gromov—Witten invariants
and describe the quantum cohomology of the Hilbert scheme of two points on P2
and P! x P! and study their enumerative applications.

In this work, we consider the Hilbert scheme of two points on a Hirzebruch
surface. The Hilbert scheme is of dimension four, admitting a two-dimensional
torus action, which is not regarded as sufficient amount of symmetry for standard
application of the localization method. In fact, the condition for complete applica-
tion of the localization formula is quite strict: the invariant curves under the torus
action have to be isolated. This happens when the target space admits a torus ac-
tion of high enough dimension. When the invariant curves occur as continuous
families, it is not known how to carry out in general the localization process. The
Hilbert scheme we study exhibits continuous families of invariant curves in ad-
dition to isolated invariant curves. To attack the problem, we adopt the following
strategy. We make use of the property of this space that it admits different invari-
ant subvarieties to represent relevant cohomology classes by the Poincaré duality
and thus by carefully choosing representing cycles to avoid the continuous fam-
ilies of invariant curves we are able to implement the standard localization pro-
cedure. This strategy allows us to compute all one-pointed and some two-pointed
Gromov—Witten invariants of the space with the help of [13]. These results suffice
for us to compute the quantum product of generators of the cohomology ring of
the Hilbert scheme. Then with the relations from the associativity of the (small)
quantum cohomology ring, we can calculate all two-pointed GW-invariants. If we
work harder, then we can even determine the (small) quantum cohomology ring
of the Hilbert scheme [6].

The structure of this paper is as follows. In Section 2, we first introduce the
necessary background for the Hilbert scheme. This includes its blowup construc-
tion and thus its cohomology ring. We determine the weights at fixed points and
the invariant curves of the two-dimensional torus action. After these preparatory
work, we start out to compute one-pointed Gromov—Witten invariants and some
two-pointed invariants in Section 3. In Section 4, we compute the quantum prod-
uct for the generators of the cohomology ring, and then with the associativity
law of the quantum product we determine all other two-pointed Gromov—Witten
invariants.
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2. Background
2.1. The Hilbert Scheme of Two Points over an Algebraic Surface

For the definition and structure of Hilbert schemes of points over smooth algebraic
surfaces, we refer the reader to [14]. Since the spaces we are going to deal with ad-
mit torus actions with only finitely many fixed points, their odd degree homology
and cohomology groups vanish, so we adopt the convention Ay (X) = Ha(X) and
AK(X) = H?*(X). By the Poincaré duality, A*(X) = A,_(X) for n = dimc X,
and thus we go back and forth between homology and cohomology groups. To
decide the cohomology groups of the two-pointed Hilbert scheme, we first recall
its blowup construction.

Let A: S — S x S be the diagonal, and S x S be the blowup of S x S along
A with the exceptional divisor P (T S), the projectivization of the tangent bundle
of S. The group Z; acts on S x S by switching the points, which fixes the di-
agonal, so automatically inducing an involution on the blowup, which fixes the

exceptional divisor. The Hilbert scheme S! is the quotient of S x S under this
involution.
This blowup construction can be described in the fiber square

—~—

P(TS) —'— Sx5

3l \r

s 2, sxs,

where j is the inclusion, and f, g are the projections.

Let ¢: S/>\</S — S be the quotient, and let A*(S/)\(/S)Zz be the fixed sub-
group of A*(S/;/S) of the involution. By Example 1.7.6 in [7], there is a canoni-
cal isomorphism ¢*: A*(Sm) — A*(@/S)Z% where for a subvariety V C NEN
¢*[V] = > ew[W], the sum over all irreducible components of q)’l(V), and
ew =#{g € Z; : glw = idy}. We have the identities

P p. =2id,  ¢.p* =2id.

Furthermore, the intersection products are related by x - y = %qb* (p*x - ¢*y) for
x,y € Ay (SP). See Example 8.3.12 in [7].

Let T be the tautological bundle O(—1) on P(TS), and let E = ¢g*(TS)/T.
Because f is a local complete intersection morphism of relative dimension zero,

the Gysin map f*: A,(S x §) — A*(S/;_E) is well-defined. From Proposi-
tion 6.7 and Example 8.3.9 in [7] we have the following:

PROPOSITION 2.1. There are split exact sequences

0— Ar(S) —%— AL(P(TS)) ® Au(S x S) —— A(Sx S)— 0
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Figure 1 Special Divisors in Fy,

with a(x) = (c{(E) N g*x, —Ax) and B(X, y) = j«X + f*y. A left inverse for a
is given by (X, y) +> g+«(X). The ring structure of A*(S x S) is determined by the
following rules:

@ f*y- Y =r0-;

(i) JjuX - jux’ = julcr(T) - X - X');
(i) f*y- juX = ju((g"A%y) - X).
This proposition tells us that Ak(S/;/S)Z2 consists of two parts, coming from
Ar(S x §) and Ag(P(TS)). The former part is given by the Gysin map f*. From

Theorem 6.7 in [7], the relation between f™* and the proper transform is described
in the following:

PrROPOSITION 2.2. Let V be a k-dimensional subvariety in S x S, and let V be the
proper transform of V in S x S. Then

FIVI=[VI+ jule(E)Ng*s(VN A, V)

in Ay (E;/S), where {-} means the degree k part of a class. In particular, when
dim(VNA) <k —2,wehave f¥*[V]=[V].

The latter part is presented in the following proposition. See P.606 [11].

ProrosiTION 2.3. Let { = c((T). Then, as graded rings,
A*(P(TS)) = A*(S)[Z)/(&* = c1(TS)¢ + (T S)).

Now we specialize to the Hirzebruch surface F, = Proj S*F with projection
n: F, — P! for F = Op1 ® Opi(—a), a > 0. The projection F — Opi(—a)
determines a section of s, which is denoted as Su; the projection 7 — Opi
determines another section of m, denoted as Sy. Note that the twisting sheaf
OF,(1) = L(S«) [12]. We call the points on S over (0, 1), (1,0) Pl as A
and C, the points on Sy over (0, 1), (1,0) € P! as B and D, respectively. We de-
note the fibers over (0, 1) and (1, 0) by fo and f, respectively. These special
divisors and their geometric configuration are illustrated in Figure |.
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There are numerical equivalence relations So = Soo +af and K = —2S5)— (2 —
a) f for the canonical divisor class K. Also, any two fibers of 7 are numerically
equivalent. So Ag(F,) =Zpt, A1(Fy) =ZS®Zf,and Ay(F,) = ZF,, where pt
is any point, § means either one of Sy and S, and f means either one of fj and
foo- We keep the freedom to choose whichever one of them is needed later. The
intersection products of the generators are as listed here:

Si=a, S =—a, So-Seo=0, f?=0, S-f=1.

From Proposition 2.3, A,(P(T F,)) consist of two parts, the pullbacks of the
homology classes of F, under g and the cap products of ¢ with these pullbacks,
which can be simplified by the following:

LEMMA 2.4. We have the following relations among various classes:

(1) P(T Falsy) = P(T Fals,) +aP(T Faly);

@) ¢NP(TFs) =Q2—a)P(TFylp) —c1(E) N P(T Fyls,,);

() ¢NP(TFylsy) = 2+ a)P(T Falp) — c1(E) N P(T Fylsy);

4 ENP(TFlf) =2P(T Falpr) — c1(E) N P(T Faly);

(5) ¢NP(TF,) =2P(TFals,,) + 2+ a)P(TFaly) —c1(E) N P(T Fy).

Proof. (1) is obtained by pulling back the relation Sy = S + af. To prove (2),
note that ¢ (g*(T F,)) =c1(T) + c1(E) =¢ 4+ c1(E), so
¢ N P(T Falsy,) = c1(g(T Fa)) N P(T Fyls,,) — c1(E) N P(T Fyls,,)-

But ¢1(g*(T Fy)) N P(T Fuls,,) = §*2S0 + 2 —a)f) N P(TFyls,,) = (2 —
a)P(TFy|r) N P(T Fyls.,) =2 —a)P(T F,|p), noting that ¢ (T F,) = —K =
28y + (2 — a) f. This finishes (2). The remaining cases can be proven simi-
larly. O

From this lemma, the homology groups of P(T F,) can be generated as follows:
Ao(P(T Fy)) = Zpt,
AV(P(T Fy)) = ZP(T Falpr) ® Ze1 (E) 0 P(T Fyls,) @ Zey (E) N P(T Fyl p):
Ar(P(TFy)) =ZP(T Fuls) ®ZP(T Fylf) ® Zei1 (E) N P(T Fy);
A3(P(TF,)=7ZP(TF),).
Also, we take generators for Ag(F, x F)%2 in the following way:
Ao(Fy x F)™ =TLpt;
A1(Fa X FQ)™ = Z(Soo X pt + pt X So) @ Z(f X pt + pt X [);
Ag(Fy x F)™2 = 7(S0 X Seo + Soc % S0) ® Z(fo X foo + foo X f0)
D Z(Seo % f+f X Seo) ® Z(Fy X pt + pt X Fy);
A3(Fy X Fa)" = Z(Fy X Soo + Soo X Fa) ® Z(Fa x f + f X Fo):
A4(Fy x F)P2 = 7(F, x Fy).
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Under the identification of o in Proposition 2.1, ¢ (E) N P(T F,|s,) is identified
with Ay (Seo), c1(E) N P(T F4ly) is identified with A, (f), and c1(E) N P(T F,)
is identified with A, (F,). However, in A (F, X Fa)Zz,
Ay (So) = Soo X pt + pt X Sco,

A(f)=f x pt+pt x [,

a
A*(Fa)zFaxpt+pt><Fa+Sooxf+fooo+§(f0Xfoo+fooxfo),

so we can take the generators in A*(F;;/Fa)Zz either from A, (P (T F,)) via j,
or from A (F, x F,)%2 via f* as follows:
ag=2pt, Vpte P(TF,);
o1 =2P(T Fylpt),
o2 = Soo X pt + pt X Seo,
a3 = f x pt+ pt X f;
o4 =2P(T Fals,,),
as =2P(TFaly),
g = S0 X Soo + S0 X S,
a7 = fo X foo + foo X f0s
o8 = Seo X [+ f X Scos
a9 = Fy X pt + pt x Fg;
a0 =2P(TF,),
a1 = Fy X Soo + S0 X Fg,
ap=F; x f+ f X Fg;
a3 =Fy X Fg,

where we omit the symbols j, and f*. Define g; = (¢*) ' (;) = %qﬁ*(ai) for
each i. Then the homology groups of Féz] are generated by B, B1, ..., 13-

The intersection products of the generators of complementary dimensions can
be computed by Proposition 2.1. For generators of A (F,EZ]) and A3(F¢£2]), they
are

Bi - Bio=-2, Bi- B =0, Bi-Br2=0;
B2 - B1o =0, B2 - Bi11 = —a, B2-Br2=1, 2.1
B3 - 1o =0, B3-Bu=1, B3 B12=0.
We also compute the following intersection products for later use:
Bo-Bro =2p1, Bo - B11 = P2, Bo - Br2 = B3,
Blo = 4B4 + 22+ a)Bs — 2apy — 4P — 4Po,
Bio- Bt =284, Bio-B2=2Ps5, B =Ps—aPs —apo,
Bii-Bra=Ps+Po.  Bir=P1

(2.2)
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from which we conclude that the cohomology ring of FCP] is generated by Bio,
Bi1, B12, and the nondivisor class B9, and the other basis elements are expressed
as

2

1
Bs = 5,310,312, Be = B?, + Bii B2, Br =B, Bs = B11B12 — Po.

1 1
B1 = = BoPo, B2 = BoPi1, B3 = BoBi12, Ba= 5,310/311,

2.2. Torus Action on Hilbert Schemes

As a toric variety, F, can be constructed from the following fan:

(=La), 7,01

A
o1
03 — » (1,0
o
Y (07 _l)

The four affine varieties from the four two-dimensional cones are
Uy, = SpecClx, yl, Us, = SpecClx, y~ 11,
Us, =Spec(C[x_l,x_“y_1], Us, =Spec(C[x_l,xay].

Note that the origins of the four affine planes correspond to the points we named
A, B, D, and C, respectively, in Figure |. Now the two-dimensional torus
T = C*? acts on F, by acting on the variables (A, u) - (x,y) = (A" 'x, u='y)
so that the weights at the fixed points are A: A, u; B: A, —u; C: —A, ak + u;
and D: —X, —aA — u. A moment of thinking shows that the representative cycles
B1 through B3 are invariant under the torus action, so they can be lifted to the
equivariant cohomology groups. This is how they are used in localization proce-
dure.

There are two types of fixed points of the torus action on the Hilbert scheme,
the reduced ones and nonreduced ones. The reduced fixed points are unordered
pairs of distinct fixed points on F,, thatis, A, B, C, and D. These points and their
weights under the torus action are listed in the following:

LEMMA 2.5. The weights of the T -action on the tangent spaces of FL£2] at these
six fixed points are:

(1) (AB): &, s Ay —p4;

(2) (AC): A, i, —h, ah + u;
3) (AD): A, u, —A, —ar — u;
4) (BC): A, —jt, —A, ak + 1
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(5) (BD): A, —pt, —A, —aA — 4}
(6) (CD): — X, ah+u, —A, —ak — 1.

The nonreduced fixed points are located at fixed points on F,. It is easy to see that
around each such fixed point, there are two fixed points of F,Ez], one corresponding
to the direction of S, or Sp and one corresponding to the direction of the fiber
through it. We denote them using subscripts “1” or “2”, respectively. In total, we
have eight of them, A1, A2, By, B, C1, Ca, D1, and D.

To determine the weights of the torus action at these fixed points, we take A
as an example. It lives in the first affine plane Uy, , where A is represented by the

ideal (x2, y). The full deformation of (x2, y) in Fam is described by (2 +e1x +
€2,y +¢e3x +¢&4). So there are four curves passing through A; given by families of
ideals in C[x, y]: I1(e) = (x> +&x, y), [o(e) = (x* + &, y), I3(e) = (x%, y + %),
and Li(e) = (x2, y+e).

LEMMA 2.6. The weights of the T -action on the tangent space of Fa[z] at Ay are
A 2M, ) — A, and L.

Proof. We have
() - T1(©) = 2% + 27 e w7y = 0 +eda, y) = L ().
So the weight on the tangent direction of this curve is A. Similarly,
() - h(e) =A% + e, uy) = D(erd),
(o1 - I3(e) = 202wy + e ™) = Ier~ ),
Oy 1) - Ia(e) = 7202, 1wy 4 ) = La(epo).
So the weights on the tangent directions of these curves are 2A, u — A, and . O

The weights at the remaining seven fixed points can be determined similarly. We
list all the weights here:

AL A 20, 0 — A, 1
Ax:i A, Uy A — L 2u;
Br:2 A A, —u, —A — u;
Bo:h, =2, —p, A+
Cr: =21, =1, ar+pu, (a+ DA+ u; 2.3)
Cyr: =X, 2ar+2u,ar+ p, —(a+ DA — u;
Dy —x, =20, (1 —a)h — u, —ar — u;
Dy: =\, —al—pu,(@a— DA+ u, —2ar —2u.
Aq (Fa[z]) is freely generated by B1, B2, B3. For later use, we need the intersec-
tion numbers of the curve classes with its anticanonical bundle, which are used

to decide the virtual dimensions of the moduli space of stable maps. They are
worked out in the following
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2 2 2
LEMMA 2.7. [, cl(TF2Y =o, Js, c(TFPYy=2—q, Js, c(TFPY =2.

Proof. Take the image of P (T F,|4) in the Hilbert scheme under ((,13*)_1 in Sub-
section to represent 8. The two fixed points in this curve are A; and A,, at
which T acts with weights A — u and u — . Then by the localization formula,

A+20+p—A+ Atpu+Ai—pu+2
/CI(TF[?]): g pAtp mt2p
Bi A—p =
where the numerators are the respective sums of the weights at A; and A,. Other

two equalities can be verified similarly by taking pf to be B in the definition of 8
and f to be fp and pt to be C in the definition of 83. O

07

2.3. Invariant Curves

Here an invariant curve means an irreducible curve of genus O in the Hilbert
scheme invariant under the T -action. To apply virtual localization to calculate
GW-invariants, we have to find all of them. To this end, we make use of the blowup
construction of the Hilbert scheme.

Let us recall that f: F, x F, — F, x F, is the blowup of F, x F, along the
diagonal A, with the exceptional divisor P(T F,). Then F(EZ] is the Z;-quotient
of the blowup. Since this quotient map is equivariant for T, it suffices to find the

invariant curves in F, x F,. First of all, an invariant curve either is completely
contained in P(T F,), or is disjoint from it, or intersects it at only points.

We first consider the case where the invariant curve is contained in P(T F,).
Since the projection P(T F,) — F, is equivariant, this invariant curve is mapped
to either a fixed point or an invariant curve in F,. In the former case, it must be
the fiber of P(T F,) over this fixed point, one for each of A, B, C, and D. They
are isolated invariant curves. We assign names to these curves by listing their end
points. For example, the invariant curve over A is denoted as [A1, A>], connect-
ing A; and A;. Here and subsequently the symbol [P, Q] means the invariant
curve connecting two fixed points P and Q. Three other such invariant curves are
[B1, B2], [C1, C2], and [ Dy, D3]

In the latter case, the invariant curve is mapped onto an invariant curve in
F,. We only have four invariant curves in Fy, that is, Seo, So, fo, and foo. Take
Soo through A and C as an example. Then the invariant curve must be contained
in P(T F,ls,,), but TFyls,, = TSoc ® Ns,|F,, Where Ng_|F, represents fiber
directions at S in Fy, so P(T Fy|s,,) is also a rational ruled surface. With the
induced torus action on this surface, the two sections corresponding to the tangent
directions and fiber directions of Sy, in F; are invariant. The section from tangent
directions goes from Aj to Cy, but from the further discussions it will follow that it
is not isolated, so we put it aside for now. The other one [A»>, C>], representing the
fiber directions, is isolated. Similarly, we have isolated invariant curves [Ay, B1],
[B2, D>], and [C1, D1], corresponding to fiber or normal directions of fy, So, feo-

Assume now that an invariant curve only intersects P (T F,) at points. Since the
blowup map f composed with the two projections from F, x F, to F, gives rise to
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two equivariant maps to F,, the images of the invariant curve under these maps are
either fixed points or invariant curves in F,. They cannot both be points since the
curve is connected. If they are a point and a curve not containing it, we get an iso-
lated invariant curve in F,EZ]. Considering the Z;-symmetry, we have eight of them
[AB,AD],[AC, AD],[AB, BC],[BC, BD],[AC, BC],[BC,CD],[AD, BD],
and [AD, CD]. If the point is contained in the curve, then we get an invariant
curve with a nonreduced point on it, which is also isolated. They are listed as
[A1, AC], [A2, AB], [B2, AB], [B1, BD], [Cy, AC], [C2,CD], Dy, BD], and
[D2, CD].

Suppose both images are curves. When they are disjoint, they are either the pair
S0, So or the pair fy, foo. In the first case, the T-action near (A, B) € Sxo X So
is described by (A, u) - (x, ¥) = (Ax, Ay), so we have a one-dimensional family
of invariant curves connecting AB to CD. Near (A, C) € fy X fx., the action is
expressed as (A, u) - (x, y) = (ux, A*uy). Since the two weights are independent,
no invariant curve is generated from this action.

Now we turn to the case where the two image curves are distinct, thus intersect-
ing at one fixed point, for example, S, fo. Then T -action near (A, A) € S X fo
is expressed as (A, i) - (x, y) = (Ax, ny). This action does not produce any invari-
ant curve satisfying the condition. Other combinations neither produce anything
new.

Finally, we are left with the case where the two image curves coincide. This
situation is reduced to a concrete example. Let C* act on C as A - x = Ax, inducing
an action on C1?l = C®, the symmetric product of C. We define amap 7: C» —
C? by t(x,y) = (x +y, xy), which is an isomorphism. With this map, C? inherits
a C*-action by A - (x,z) = (Ax, A2z). This means that the weights of the torus
action at the origin are A and 2A.

The map t extends to an isomorphism from the symmetric product of P! to
P2, still denoted as 7: (P1)® — P2 by ©((a, b), (x, y)) = (ay + bx, ax, by). The
image of the diagonal of (P')® is a conic curve, but it is not isolated as an invari-
ant curve. In fact, there is a one-dimensional family of invariant conic curves in
P2, which breaks up to two coordinate lines [16]. We summarize the conclusions
in the following:

LEMMA 2.8. Let C* acton P' as & - (x, y) = (Ax, y). Then it induces an action on
P2 as A - (x,y,z) = (Ax, A%y, z) via t. At (0,0, 1) € P2, this action has weights
A and 2\; the three coordinate lines are isolated invariant lines, and there is a
one-dimensional family of invariant curves defined by x> = pyz with u € C* — 0,
whose class is twice the line class in P>. As u — 0, this family approaches the
double cover of the line x = 0; as u — o0, it degenerates to the nodal curve the
union of lines y =0 and z = 0.

Now we apply this picture to Seo, So, fo, and f in F,. Taking S as an exam-
ple, we get an embedding P? in F,P] and the three coordinate lines in P? as the
curves [A1, AC],[AC, C1] before and an isolated invariant curve [A{, C;] from
A1 to C1, which was postponed before, and a one-dimensional family of invariant
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curves from A; to Cj. It is easy to see that the invariant curves [A], AC] and
[A1, C1] at Ay agree with the curves /] and /5 in Lemma 2.6. Similarly, we have
the new isolated invariant lines [A>, B], [B1, D1], and [C2, D3] and the corre-
sponding one-dimensional families of invariant curves. This lemma also explains
that, at every nonreduced fixed point, there always appears a pair of a weight and
its double in the list of (2.3).

Up till this point, we have found all the isolated and one-dimensional families
of invariant curves in F¢£2]. For the purpose of computing GW-invariants, their
curve classes in A (chz]) should be decided. For brevity, we still use the symbol
[P, O] to denote the homology class for the invariant curve from P to Q.

LEmma 2.9. (1) [A1, A2l =[B1, B2] =[C1, C2] =[D1, D3] = B1;

(2) [A1,AC] =[C,AC]1 = B2 — B1, [B1,BD] =Dy, BD] = B2 + aB3 — Bi1,
[A2, AB]=[B2, AB]=[C2,CD]=[D,CD] = B3 — B1;

(3) [A1,C1] = B2 — B1, [A2, B2] = [C2, D2] = B3 — B1, [B1, D1l = B2 +aBs —
Bi;

4) [A2, C2l =282 +api, [A1, Bil=[C1, D11 =283, [B2, D21 =282+ 2ap3 —
a,Bl.

Proof. (1) This is by definition.
(2) Let L be the proper transform of Soc X A + A X S in the blowup of
F, x F, in Section 2.1. Then by Proposition 2.2 we have, as homology classes,

¥ (So0 X A+ A X Se0) =L+ P(T Fala),

where P(T F,|4) comes from the second term in the formula. However, Sy X
A + A x S is rationally equivalent to Soo X pt + pt X S in F, x F,, where
pt is a point off So. After projecting to A*(Fa[z]) by ¢, L gives rise to the curve
[A1, AC], so, as classes, [A], AC] = By — B1. Others can be proven similarly.

(3) We take [A1, C1] as an example. By Lemma the class [A1, C1] is the
same as a line class in ]P’Z, one of which is the curve [A], AC], resulting in the
conclusion.

(4) By Lemma 2.4(2), ¢ N P(T Fy|s.,) = (2 —a)B1 — 282, where here and
in the following the equality takes place as classes in the Hilbert scheme.
Now T Fyls, = TSe ® Ns,|F,» Where TSo = O(2) for Ss >~ P!, 7y and
Ns.r, = O(—a). This means that P(T F,|s,) = Proj(O(=2) & O(a)) =
Proj(O & O(—2 — a)) is also a rational ruled surface, where the isomorphism
is produced by multiplying O(—a). Let n be its oco-section in the standard
convention. Then, by Lemma 7.9, Ch.2 in [12], ¢ N P(T F4ls.,) = —n — aP,
so n = 2B, — 2B;. Clearly, [Az, C;] is the O-section in the ruled surface, so
[A2, C2l=n+ 2 +a)B1 =28, +ap.

Similarly, by Lemma 2.4(4), ¢ N P(T Fylf,) =281 — 2B3. Now P(T Fylp) =
T fo ® NgyrF,, where again T fy = TP! = ©(2), and Ny, TF, is trivial since
clNpyirr,) = (T Fal ) — c1(Tfo) = fo - 280+ 2+ a) fo) — 2 = 0. So we
get P(T Fy|f,) = Proj(O @ O(—2)), which is again a ruled surface. Let n" be
its co-section. Then n’ = —¢ N P(T F,|y,) = 283 — 2B again by Lemma 7.9,
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Ch.2 [12]. As [A], Bq] is the O-section, we have [A|, Bj]=n' +28; =283. Itis
obvious that [C1, D1]=[A1, B1].

Finally, by Lemma 2.4(3) and (1) we have ¢ N P(T F,ls,) = 2+ a)B1 —
2By — 2apPs. Because T Fyls, = TSo @ Nsyr, = O2) & O(a), P(T Fyls,) =
Proj(O(—2) & O(—a)), which is isomorphic to Proj(O & O(2 — a)) by multi-
plying O(2) if a > 2 and isomorphic to Proj(O & O(—1)) by multiplying O(1) if
a=1.

When a > 2, again by Lemma 7.9, Ch.2 in [12], we have ¢ N P(T Fyls,) =
—& + 281, where £ is the oo-section, hence & = 28, + 2aB3 — af;, and so
[B1,Di] =&+ (a — 2)B1 =282 + 2aB3 — 2B;. When a =1, we get ¢ N
P(TF,|s,) = —&" + B1, where &' is the co-section, hence £’ =28, + 23 — 21
and [By, D2l ="+ 1 =22+ 283 — 1. O

Results (2) and (3) of this lemma agree with the conclusion of Lemma 2.8, which
shows that the two isolated invariant curves described there at a nonreduced fixed
point share the same curve class. Also from this lemma, the generic invariant
curve in the one-dimensional family connecting AB and C D is of class 282 +af3
since, as limits, it breaks up into two nodal curves composed of the curve from
AB to AD of class B> + a3 intersecting the curve from AD to CD of class f;
and the curve from AB to BC of class f; intersecting the curve from BC to CD
of class B, + aBs.

All the isolated invariant curves and one-dimensional families of invariant
curves for Flm are shown in Figure 2. In this diagram, the isolated invariant
curves are depicted by straight or curved lines with their degrees on them; the
one-dimensional families of invariant curves are shown by wavy lines with the
degree of generic curves in the families attached. In Figure 3, we display weights
at each fixed point for convenient reference along isolated invariant curves.

3. Computations of Gromov-Witten Invariants
3.1. Connected Components Analysis

When a torus T" acts on a smooth projective variety with finitely many fixed points,
a fixed point of the induced action on the moduli space of stable maps M ,, (X, B)
has the following properties [10]:

(1) all marked points, nodes, contracted components, and ramification points
on the domain curve are mapped to fixed points in X;

(2) a noncontracted irreducible component has to be rational and is mapped
onto an invariant rational curve in X, ramified only over two fixed points in the
rational curve.

When we fix a degree § € H»(X, Z), the degrees of noncontracted components
have to add up to S. In general, there are higher-dimensional families of invariant
curves in X, but if for some S, all the invariant curves that appear in a connected
component of the fixed point loci in the moduli space are isolated, then a map
f in the connected component can be described by a decorated graph I' in the
following way: I' has one vertex v for each connected component in the inverse
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282+51
/—\Q—ﬁl ﬁ3—/ﬁl/—\
3—Bi B3—Bi
B3—Pi ~ 5 gk c - B3—B1
P go| P2ths BtBs |, 6
B
Bi Bi
283 2pB3
Br—B1 > —B1
AT s C

Ba—Bi
Figure 2 Invariant Curves of F 1[2]

image under f of a fixed point in X, which is labeled with the name of that fixed
point; I has one edge e for each noncontracted component, whose two vertices
are labeled with two different fixed points and which is labeled with the degree d,
of the map from the component to its image. Also, we label each vertex v with a
number for each marked point. Then the connected components are described by
such graphs.

For each decorated graph I', we define Mrp = l_[vef' Mo,val(v)» where by
convention My | = Mo = pt. The universal family of T-fixed stable maps
7w C — Mr induces a morphism y : Mrpr — Mo,n (X, B). The automorphism
group A of this family is filtered by an exact sequence

1 — ]_[ Z)(d,) - A — Aut(I") — 1,
eel’
where Aut(I") denotes the automorphism group of I". The induced morphism
y/A: Mr/A — Moy, (X,B) is a closed immersion as a connected component
of fixed points.
The tangent space T and the obstruction space 72 of My, (X, B) are related
in the exact sequence

0 — Ext®(Qc (D), ©) - HO(C, f*TX)
- T!' 5 Ext'(Qc(D), ) > H'(C, f*X) > T?* - 0,
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Figure 3 Weights at Fixed Points

in which D represents the divisor of marked points on C. When restricted to a
connected component M /A, the four terms other than the sheaves 7' and 72
form vector bundles as fibres, denoted as By, By, B4, and Bs respectively, each
decomposing as the direct sum of the fixed part B,:f and the moving part B" under
the torus action. The moving parts inherit a natural T -action. Then the equivariant
Euler class of the virtual normal bundle of the connected component is computed
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as
eC (BMeC (B
T (BM)eC (B

This is the denominator in the virtual localization formula.

e(C* (NI!H) —

3.2. One-Point Gromov-Witten Invariants

From now on we only consider F and use F' to denote it. We first treat the curve
class dp; for an integer d > 0. In general the virtual dimension of ﬂg,n(X , B)
is equal to virdim M, ,(X, B) = c1(X)B + (1 — g)dim X + 3g — 3 + n. Since
virdimﬂo,,,(F (21, dpf1) =n+ 1 by Lemma 2.7, to get nontrivial GW-invariants
(a1, 02, ...,0,)0,n,4p, TOr o € A*(F'21), the cohomological degrees of «; should
add up to n + 1. This happens only when one class has degree 2 and other classes
all have degree 1. However, by the axiom of divisors of GW-invariants, when
deg(an) = 1, (o1, 02, ..., 0t)o,n.dp; = fdﬁ| o (01, @2, oo Oy 1)0,0—1,dp; - SO it
suffices to compute (c)o, 1,48, for o € A (F121y, noting that dim FP2l = 4. From
[13] we have the following:

THEOREM 3.1. () {Bj)0,1,ds, =0for j=6,7,8,9;
(i) (Ba)o.1.ap =—7.(B5)o.1.ap = —7-
Proof. (i) is clear from [13].
(ii) Again from [13], (B4)o,1,ap, = 2(K - Soc)/d = 2(—2800 —3f) * Seo/d =

~2 and (Bs)o,1.ap = 2(K - [)/d =2(~2S0 = 3[) - f/d = 4. O

A1 (F?1) is freely generated by 1, B2 — B, and B3 — B, and from Figure 2 the
invariant curves can all be expressed as linear combinations in these generators
with nonnegative coefficients. By virtual localization formula, GW-invariants of
any class 8 vanish except for 8 = dB1 +d2 (B2 — B1) +d3(B3 — B1) for nonnegative
integers d, d», d3. With Theorem 3.1, we just need to assume that d, and d3 are
not simultaneously zero. To compute one-pointed GW-invariants, we first note
that virdim Mo 1 (F?!, 8) = do + 2d5 + 2.

Since dim F?! =4, we only need to consider (d2, d3) = (1,0), (2, 0), or (0, 1)
to get nonzero invariants. Our strategy is to choose a suitable cycle to represent
the homology class so that only finitely many nodal invariant curves of the given
curve class intersect the cycle, since only these invariant curves have nontrivial
contributions in the localization formula. In particular, if no such invariant curve
intersects the cycle, then the GW-invariant vanishes. This prompts the idea that
we purposely choose the representative of the curve class so that it either stays
away from any such invariant curves or intersects with as few of them as possible.

For the pairs (2,0) and (0, 1), virdim Mo 1 (F'?!, B) = 4, so the insertion for
nonzero GW-invariants must be a point class.

ProposSITION 3.2. For any curve class B € A1 (F [2]), (pt)o,1,5 = 0 except that
(pt)o,1,8, =2.
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Proof. We first remark that in this proof and throughout this chapter, we con-
stantly refer to Figure 2 for configuration of fixed points and invariant curves and
to Figure 3 for relevant weights at fixed points.

For the pair (2, 0), we take the point BD for the point class. Then any con-
nected invariant curve passing through B D has to contain 3 from Figure 2, which
is not allowed in (2, 0). So the localization formula expansion does not have any
nonzero term in it, that is, (pt)o,1,s = 0 in this case.

For the second pair (0, 1), we take the point AC for the point class. When
d # 1, it is away from any nodal invariant curve of degree 8. So (pt)o,1,5 =0in
this case.

Now assume that d = 1, that is, 8 = 3. Then there are two nonzero terms in
the localization formula from the connected components described by the follow-
ing graphs:
| %C 1 % C

C 1 AD
©

r I

—>

where here and in the following, the boldface points mean where the marked
points are mapped to, and the numbers above the line segments mean the degrees
of the maps.

Now we determine the equivariant Euler classes of their virtual normal bun-
dles. For Ty, first of all, ¢©" (B") = —pu, e® (B") = 1. To compute ¢© (BY)/
e (B5"), we use the localization formula to f*T F (2] in equivariant topological
K-theory, which is used in [5], that is, the virtual bundle

A N N e
1—¢t=H 1 —1tr
=14+ttt T R

X(f*TFR) =

and then by taking weights, ¢ (B}")/e (B?) = A*u*(A + p). Hence
e (NYI) = =22k + ).

For I'y, e(c*(Bi") =—A—uand e(c*(BZ') = 1. Again by K-theoretic localiza-
tion formula,

o pl2ly _ A N Ty R R
x(f )= 1 — e 1 —t=hn

e o A o L N A

so ¢©" (B} /e© (BI') = A2 ( + )%, and therefore ¢ (NYI) = =A% (h + ).
Putting these terms in the localization formula, we get

—W2uGt+ )  —APpGtp)
—2u+p)  —APuO4p)
where the numerators are the equivariant class of the point AC, which is the
product of all the weights at AC. O

1+1=2,

(pt)o,1,8, =

For the pair (1, 0), virdimﬂo,l(F[z],,B) = 3, so we need to feed a class in
A(F 21y to get nonzero GW-invariants.
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PROPOSITION 3.3. For B =dpB + (B2 — B1),

(i) (B1)o,1, =0 foranyd;
(i) (B2)o1,=0ford+#1;—1ford =1,
(iii) (B3)o,1,8=0ford#1;1 ford=1.

Proof. (i) Let us take the invariant curve [B], B3] to be the representative of 8.
Since any nodal invariant curve touching this representative has to contain f3,
which is not allowed, (B1)0,1, =0 for any d > 0.

(ii) For B,, we take the invariant curve [AB, BC] as a representative. When
d # 1, for the same reason, this invariant curve does not intersect any nodal in-
variant curve of class 8, so the GW-invariants are equal to zero. When d = 1, that
is, B = Ba, there are two nonzero terms in the localization formula from connected
components described by the following graphs:

AB 1 BC AB 1
1] & ©

C
I ‘e
1

r

— o

Following the same procedure as in the previous proposition, we get
e (NlYllr) = —A2u and e (NF‘;) =22, Using the virtual localization formula,
we have

- Ao
—A2 0" 22 0" -
where the numerators are the equivariant class of the curve [AB, BC] restricted
to AB and BC, which are the products of the weights of the normal bundle of the
curve at these points.

(iii) Finally, for (B3)0,1,5, we take the invariant curve from BC to BD to be
the representative of §3. Again, when d # 1, this invariant curve does not intersect
any nodal invariant curve of class 8, which implies that the GW-invariants vanish.
When d = 1, only one component contributes a nonzero term, described by the
following graph:

-1,

(B2)0,1,8, =

C

r ACB 1

— oy

Now eC"(NY") = A%u. By the localization formula, (B3)0.14 = A2/
Ap)=1. O

Till this point, we have computed all one-pointed GW-invariants of F[2],

3.3. Two-Point Gromov-Witten Invariants

When n = 2, virdim Mg > (F'?!, B) is equal to d» 42d3 + 3 for B = dB1 +dr (B> —
B1) + d3(B3 — B1). For the dimensional reason, we must have d, + 2d3 <5 to get
nonzero invariants. The complete list of these pairs of (d2, d3) is (5, 0), (4, 0), (3,
0), (2,0),(1,0), (3, 1), (2, 1), (1, 1), (0, 1), (1, 2), and (0, 2).

In the following, we shall treat these cases one by one. The strategy is almost
the same as for computing one-point invariants: if we can choose a cycle rep-
resenting one class that never intersects any nodal invariant curve of the given
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curve class or if we can choose the representative cycles for both classes that do
not intersect any nodal invariant curve of the curve class simultaneously, then the
GW-invariant in question must vanish. Thus we carefully choose such represen-
tatives so that they intersect as few such curves as possible.

When one insertion is a point class, this can be carried out more readily. We
are in such a situation for the pairs (5, 0), (3, 1), (1, 2), (4,0), (2, 1), and (0, 2).
For the former three pairs, Virdimmo,g(F [2], B) = 8, so both insertions must be
the point class.

ProposITION 3.4. For B =dB1 + 5(B2 — B1) and dp1 +3(B2 — B1) + (B3 — B1),
(pt, pt)o,2,p =0 for any d.

Proof. For B =dpy + 5(82 — B1), we choose the point BD to represent one
point class. Then BD does not lie in any nodal invariant curve of degree 8, so
(pt, pt)o,2,p = 0 in this case.

For B =dp; + 3(B2 — B1) + (B3 — B1), we choose BD for one point class
and AC for the other. Then any nodal invariant curve of degree 8 does not pass
through both points simultaneously, so (pt, pt)o,2,g = 0 in this case. U

Unfortunately, for 8 = dB1 + (B2 — 1) +2(B3 — B1), the localization formula does
not apply to (pt, pt)o 2 g since every fixed point is traversed by a one-dimensional
family of invariant curves of the given curve class. In the next section, we will take
on this with the help of the associativity law of quantum product.

Now for the latter three pairs, the other insertion must be from A (F 21y,

PROPOSITION 3.5. For B =dBy+4(B>— B1),dB1+2(B3— B1),and dBy +2(Br —
B1) + (B3 — B, (pt, Bido2,p=0fori=1,2,3 and any d.

Proof. First, for 8 = dp; + 4(B> — P1), if we take the point BD for the point
class, then any nodal invariant curve of the designated degree cannot pass through
this point, so (pt, Bi)o2,s =0fori =1,2,3.

Then for 8 = dB1 +2(B3 — B1), we choose the point D for the point class, the
invariant curve [A1, Az] for By, [AB, BC] for 82, and [BC, AC] for B3. Then we
see that (pt, Bi)o,2,5 =0fori =1,2,3.

Finally, assume that 8 = dB1 + 2(82 — B1) + (B3 — B1). If we take the point
B D for the point class and keep the representative for 81 as before, then we see
that (pt, B1)o,2,5 = 0; if we take the point D; for the point class and keep the
representative for B, as before, then we see that (pt, B2)0,2,5 = 0.

To consider (pt, B3)0,2,5, we take D, for the point class and [B;, AB] for
the representative of B3 — 1. Then we see that no nodal invariant curve of this
degree connects the two cycles. So (pt, B3 — B1)o,2,5 = 0. By the preceding,

(pt, B1)o,2,p = 0, so we have (pt, B3)0,2,5 =0. 0

For the pairs (d2,d3) = (3,0), (1, 1), we have virdim Mo »(F?!, ) = 6. Then
the degree decomposition of the two insertions is either 2 + 4 or 3 + 3. The first
type is dealt with in the following:
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ProrosiTION 3.6. (1) For B = dBy1 + 3(B2 — B1), (pt,Bi)o2p =0 for i
4,5,6,7,8,9 and any d;

(i) For B =dB + (B2 — B1) + (Bs — B1), (pt, Ba)o2.p = (Pt Bslo2.p =
(pt, Bg)o,2,5 = 0 for any d. Also, (pt, Bo)o,2,8 =0 ford #2 and 2 for d = 2.

Proof. (i) We take the point BD for the point class and the standard represen-
tatives for fB; listed in Section 2.1, where fj is assigned to f, and the point A
assigned to pt in those expressions. Then we see that any nodal invariant curve
has to contain B3, which is excluded by the given curve class, so (pt, Bi)o,2,8 =0
fori =4,...,9.

(1) For B =dp1 + (B2 — B1) + (B3 — B1), if we take the point BD for the
point class and the standard representative for B4, then, for the same reason,
(pt, Ba)o,2,p =0 forany d.

Now we compute (pt, Bs)o,2,5. We choose BD for the point class and the
standard representative for B¢. Then we see that (pt, Be)o,2,5 =0 if d # 2. When
d =2, there are nonzero terms from the fixed point loci described by the following
graphs:

BD 1 BC 1 AB BD 1 BC 1 AB
I' ‘e ® © I ‘e © ®
1 2 1 2
BD 1 AD 1 CD BD 1 AD 1 CD
By 2 ° Hes ° 3

For I, eC” (B{") = Aand e« (B}") = =A(A+u). To compute et (Bé”)/e(c* (B3"),
let us use e; to denote the invariant curve from BC to BD and e> to denote the
invariant curve from AB to BC. Then, by K-theoretic localization,

C(FTF], )= PR T M
ey’ —

1 —¢=n
e e
1 —rtn

AT ey L S

Also, X(f*TF[2]|e2) =2t* 4t 4 t7* + 1 by the preceding. Then, applying
a normalization sequence, we have

x(FTFRY) = x (£ TFP ) + x (£ TFP,,) — TFP | 3¢
N R
From this we get e(c*(Bg”)/eC*(Bg") =—23u+ ), so e(c*(NFilr) =u +
;1,)2. Similarly,
e (N = =21+ ),
CT V) = =210+ ),
e (NED =22 nh+ w)*.
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Using the localization formula, we have

MPud+ o+ p) | A2po+ pp?

(pt, B6)0,2,B2+83 =

A+ p)? —23u( + w)
Ao+ o+ w) ﬂu@+ma+uﬁzo
=32+ ) B+ p)? '

To compute (pt, Bs)o,2,5, we take BD for point class and the standard repre-
sentative for Bg, where f is taken to be fy. Then (pt, Bg)o,2,5 =0 for d # 2. For
d = 2, there are two connected components contributing to localization described
by the following graphs:

BD 1 BC 1 % B BD 1 BC 1 AB
1 2 1

I

The equivariant Euler classes of the normal bundles are the same as those of I';
and I'y for (pt, Be)o.2,p,+p5 that is, e (Nl‘iilr) =A3u + w)? and & (NIXiZr =
3+ ). So
A R L e D e S AV LY
M+ p)? B+
If we take A D for point class and the point B in the standard representative for
Bo, then we see that (pt, Bo)o,2, g =0 for d # 2. For d = 2, the nonzero terms in

the localization formula come from the connected components described by the
following graphs:

(pt, B8)0,2,potp3 =

BD 1 AD 1 CD AB 1 AD
T * o I ‘e °

2 1 2 1
The virtual normal bundles are e(C*(Ngilr = —A3u2( 4+ ) and & (NFizr) =

— 23121 + ). So, by the localization formula,

—APuG+ Wi 22p0A WAL
20+ —RPRp0+p T -
Here the invariants (pt, B5)0,2,s and (pt, B7)0,2,5 when B =dpB; + (B2 — B1) +
(B3 — B1) are not treated because of families of invariant curves. We will come
back to these in the last section.
For the pairs (d2, d3) = (3, 0), (1, 1), the second-type decomposition 3 + 3 is
dealt with in the following:

(pt, B9)0,2, 82483 =

ProposiTiON 3.7. (i) For B =dp1 + 3(B2 — B1), (Bi, Bjlo,g =0 for i, j =
1,2,3 and any d;

(i) For B =dpy + (B2 — B1) + (B3 — B1), (B1, B2)o.2.p = 0 for any d, (B2,
B2)o.2.8 = (B2, B3)0,2.p = 0 for any d # 2, but for d =2, (B2, f2)0.2.p = —1
and {2, B3)0,2,5 = 1.

Proof. (i) Let B =dB1+3(B>— B1). If we take the invariant curve [ By, B2] for 8,
then it stays away from any nodal invariant curve of degree 8. So (81, B;)0,2,8 =0
for j=1,2,3.
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If we take [AB, BC] for one representative of 8> and [AD, C D] for another
representative of 8, then the two representatives do not touch any invariant curve
of degree B simultaneously. So (82, B2)0,2,5 = 0.

If we still take [AB, BC] for the representative of 8, and [AD, B D] for the
representative of 83, then again, for the same reason, (82, 83)0,2,5 =0.

If we take [BC, B D] for one representative of 83 and [AC, AD] for another
representative of B3, then , for the same reason, (83, B3)0,2,5 =0.

(ii) Then we consider the case where 8 =dB; + (B2 — B1) + (B3 — B1). If we
take [ By, B;] for 81 and [AD, C D] for B, then we see that (81, B2)0,2,8 =0.

When d # 2, we take [AB, BC] and [AD, C D] for two representatives of >
and [AD, BD] for B3. Then we see that (8, B2)0,2,58 = (B2, B3)0,2, =0.

Let us now assume that d = 2. For (B2, B2)0,2,8,+85» the nonzero terms in
the localization formula come from the components described by the following
graphs:

AB 1 AD BC 1 CD
1 o ® I'h ‘e ®
1 2 1 2

We have " (Nl‘lilr) =232 + p) and & (Ngi;) = A3 (h + w)?. With local-
ization,

r

MO A ) O 0+
=232+ ) B+ p)? '

To compute (B2, B3)0.2,8,+8;, We take [AB, BC] for B, and [AD, BD] for
B3. Three nonzero terms appear in the localization formula from the following
components:

(B2, B2)0,2,:+83 =

AB 1 AD BD 1 BC 1 AB
' ‘e ° I ‘e re

1 2 2 1
r BD 1 BC 1 AB
3 @ r= °

2 1

From the work dpne before, ¢C (lei]r) =0+ ), & (NFizr) =0+
w)?, and e« (NIY;r = -3+ ). So, by the localization formula,

AR (A A+ )
(B2, B3)0,2.0+ 85 = 3200+ )
A O+ WA ) =220+ )
KO+ ) B0+ O

Note that for 8 = df1 + (B2 — B1) + (B3 — B1), {B1, B1), (B1, B3), and (B3, B3) are

not computable by this method.

For the pairs (d»,d3) = (2,0), (0, 1), we have virdimﬂo,z(F[z],,B) =35,
which can be decomposed as either 1 44 or 2 + 3 . For the first type, one in-
sertion has to be a point class.

ProposiTION 3.8. (i) For B = dpf1 + 2(B2 — B1), (pt.Bjlo2.p =0 for j =
10, 11, 12 and any d;
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(i) For B=dpBi + (B3 — B1). (pt. Bjdoo.p =O.for j =10, 11,12 and d # 1; for
d =1, (pt, B10)o,2,, =0, (pt, B11)0,2,8, =2, and {pt, B12)0,2,8, = 0.

Proof. By the axiom of divisors, (pt, Bj)0,2,5 = B, - B(pt)o,1,5, Where the in-
tersection product of B8; with 8 can be determined by the results in (2.1), and
(pt)o,1, is determined in Proposition 3.2. (]

For the second type, we have the following:

ProrosiTiON 3.9. (1) For B = dB1 + 2(B2 — B1), (Bi,Bjlo2p =0 for i =
1,2,3,j=4,...,9,and any d;

(i) For B =dpi + (B3 — B1), (B1,Bjlo2,p =0 for j =5,7,8,9 and any d,;
(B2, Bjlo2.p =0 for j =5,7 and any d; (B2, Bjlo2.p =0 for j =8,9
and d # 1, but (B2, B8)0.2.; = (B2, B9)o.2.ps = 15 (B3, Bjlo.2.p =0 for j =
4, 5, 7, 8, 9 and any d; (ﬂg,, ,36>0,2,f} = Oford 7& 1, bm‘ (,33, ,36>0,2,[33 =2.

Proof. (i) If we take [B1, B2] as the representative for 8 and the standard rep-
resentatives of B;, where we make free choices for f and pt, then we see that
(B1,Bjlo2,p=0for j=4,...,9and any d.

If we take [AB, BC] for B, then (B2, Bj)o,2,s =0for j =4,5,8,9and any d,
where in the standard representatives of S5, Bs, and fg, we take f to be f and
pt to be the point D. Also, (B2, B6)0,2,5 = (B2, B7)0,2,5 =0 when d # 2.

So we need to consider the cases where d = 2. For (82, B6)0,2,24,» the nonzero
terms in the localization formula come from the following components:

nAE 2 g A2 g
1 2 2 1
ORI S SOV B S
1,2 1,2
AB 1 BC 1 AB AB 1 BC 1 AB
I's ‘e ° © g ‘@ ° 5}
1 2 2 1
AB 1 BC 1 AB AB 1 BC AB
I'7 ‘e ® I's ‘e © 5}
1 2 1,2
AB 1 BC 1 AB B 1 AB 1 BC
I'y ‘e ° I'o'e o °
1,2 2
3 1 éB 1 l(?)C rpl 1 A=B 1 BC
2 1
r 1 AB 1 BC r BC 1 AB 1 BC
13 @ © 14 G o

[\S)
—_
[\S)
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Here as examples we only work out the equivariant Euler classes of the normal
bundles for I'1 and I'g. The other components can be dealt with either similarly
or as before.

For I'y, ec*(BI”) =1 and & (B}") = 1. Since the induced action on the in-
variant line from AB to BC has weights %)\ and —%A at the two ends because of
the double cover, using K-theoretic localization, we have

A T L L e

* 2]y —
XTF ) =——Cimn 1——1/2n%
N R LS Vo) S G Vo VSV VST
From this we have e©" (leilr é )»);Lgu

For I'g, ¢® (B") = 22 and ¢© (BI") = (—A —e3) (=L —e4) = (A+e3) (A +es),
where e3 and ey are the Euler classes of the respective cotangent line bundles over
M .4, which correspond to the nodal points of the component represented by the
vertex BC with the components represented by two edges from AB to BC. By
K-theoretic localization and using normalization sequence as before, we have

x(FFTFRPYy =3¢ 4 17* 7 h — 42,

S0 ¢ (N} = 220 + €3) (1 + )/ O+ ).
All the equivariant Euler classes of the normal bundles are listed as follows:

( NYir 1 )‘5/”L
2k+2u
5
e(C*(Nwr)__l A
2042’
5
(C*( V1r)_1 A
2042
( v1r _l )‘SM
20420’
(Nv1r _ » M
At
. 23
e(C (Nv1r)_ H ,
A+
. 23
e(C (Nv1r)__ M i
At
(NVII‘ 2 A'Sl"l'
A+’
(N“f) _ A+ e3) (A + eq)
At

eC (N;ilro) = -2,
(N =42,
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(V) =23,

e (NPT = 2%,

eC(NET) = =22 (h — e3) (A — es).
Using the localization formula, we have

YNTRION 42 At +2
(B, Boo1.2py = —2 X WO 20) | At 20)

ASu ASu
N A4 w2 (L +2u) N A3 O+ )2
A A
MM+ w? Apto+w)
M -2\
Mt 1 / M2 0+ )
=205 2 [, P00+ e3)(h + es)
AP+ w? AP+ p)
—2)»5 AS
N MBSO+ AP+ p)?
A5 —2\3

1 / apt 0
2 7y, PO —e)(h—en)
where the factor 2 in front of the first term in the sum takes care of terms from I'}
and I',. Here we uéed the fact that fﬂo,g e3 = fﬂ(m es=1. . o
From now on, since all the computational steps can be carried out similarly as
before, we omit the details for evaluating the invariants, just being content with
listing the graphs for the connected components of the fixed loci.

Let us turn to (B2, B7)0,2,28,- We still take [AB, BC] for . The nonzero terms
in the localization formula are from the following components:

AB 1 BC 1 AB AB 1 BC 1 AB
' ‘e . © I ‘e s ©

1 2 1,2

BC 1 AB 1 BC BC 1 AB 1 BC
I'; ‘e © © | VI © °

1,2 1 2

AB 2 BC BC 1 AB 1 BC
I's ‘e ° I's ‘@ ° ©

1 2 2 1
P2 e

1,2

If we take [BC, B D] for B3 and the standard representatives for B4, Bs, and B3,
where we take f to be foo, then (83, Bj)0,2,5 =0 for j =4,5,8 and any d; if we
take [AC, BC] for 3 and the standard representative for f9 where we assign D
to pt, then we see that {83, B9)o,2,5 = 0. Now we keep the invariant line between
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BC and BD for B3. It is not hard to see that (83, Be)o,2,5 = (B3, B7)0,2,8 =0
when d # 2.

When d =2, for (B3, B6)0,2,8. the nonzero terms in the localization formula
come from the fixed point loci described by the following graphs:

AB 1 BC 1 AB AB 1 BC 1 AB
I' ‘e * © ' ‘e re ©
1,2 2 1

BC | AB 1 BC BC 1 AB 1 BC
I'; ‘e © © | o °

1,2 1 2
rBC 1 AB 1 BC AB 2 BC
5 ® o © I's ‘o ®

1 2 1,2
ry 42 2 5C

2 1

For (B3, B7)0,2,28,, We keep the representative for 83. Then the connected com-

ponents with nonzero terms in the localization formula are described by the fol-
lowing graphs:

AB 1 BC 1 AB BC 1 AB 1 BC
I' ‘e ° I'h ‘e © °
1,2 1 2

BC 1 AB 1 BC AB 2 BC
I'; ‘e S ) I'y ‘e °

1,2 1,2

(ii)) When B8 =dp; + (B3 — B1), we take the invariant line between C| and C»
for 81 and the standard representatives for 8;, where we take f to be fy and pt to
be A, then we see that (81, B;)o,2,5 =0 for j =5,7,8,9 and any d.

Also, if we take the invariant line between A D and C D for 8, and the standard
representative for S5, where f is taken to be fy, then (B2, B5)0,2,5 = 0 for any d.

Now we take the invariant line from AB to BC for the representative for f;.
Then (B2, B7)0,2,5 =0 if d # 1. When d = 1, the nonzero terms appearing in

the localization formula are given by the connected components described by the
following graphs:

I'y éc 1 éc I B;C 1 %C
1 2 1,2

MEC w0 mc 1 g
1 2 1,2

To compute (B2, B8)0,2,5. we still take the invariant line from AB to BC for
the representative for B, and the standard representative for g, where f is taken
to be foo. Then we see that (85, Bg)o,2, =01if d # 1. When d = 1, there is only
one nonzero term in the localization from the component described by the graph

r4c 1 ge
2 1
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To compute (B2, Bo)o,2,5, we still take the invariant line from AB to BC for the
representative for f, and the standard representative for S9, where pt is taken to
be D. Then we see that (82, B9)o,2,5 = 0 if d # 1. When d = 1, there is only
one nonzero term in the localization formula given by the connected component
described by the graph

C 1 D

r

.—00:1
Y I

If we take the invariant line between BC and BD for B3, we see that
(B3, Bj)o2,g=0for j =4,5 and all d, where we can take either fy or fo for f
in the representative of Bs.

Now we fix the representative for 83 to be the invariant line between BC and
BD. Then (B3, B6)o,2, = 0 for all d # 1. For d =1, there are nonzero terms
in the localization from the connected components described by the following
graphs:

r, BC 1 BD -, BC | 3D
> ! 12

s 42 1 BD r, 3¢ 1 4C
> ! 2

To compute (B3, Bj)o,2,p for j =7,8,9, we take the invariant line from CD
to D; for B3 — B1 and the standard representatives for 8;, where f is taken to be
fo and pt to be B. Then we see that (83 — B1, B;)0,2, = 0 for any d. However,
(B1,Bjlo.2,p=0,50 (B3, Bjlo2,p=0for j=7,8,9. U

In this proposition, four sequences of invariants are left untreated, which are

(B1, Ba)o,2,8, (B2, Ba)0,2.8, {B1. Be)o,2,8, and (B2, Be)o,2.p for B =dp1 + (B3 —
B1), because they involve higher degrees on 81 and thus encounter the problem of
the families of invariant curves. They will be determined in the next section.

For the last pair (d2, d3) = (1, 0), the virtual dimension of the moduli space
is equal to 4. The degree decomposition of the two insertions has to be 1 4 3 or
2 4 2. For the first type, we have the following:

PROPOSITION 3.10. For B =dB1 + (82 — B1),
(1) (B1,Bjlo2,p=0for j=10,11,12 and all d;
(i) (Bi.Bjlo2p =0 for i =2,3,j =10,11,12, and d # 1; when d = 1,
(B2, B10)0,2.8, = 0, (B2, Bi1)o2., = 1, (B2, B12)o2p, = —1, (B3,
B10)0.2.8, =0, (B3, B11)0,2,8, = —1, and (B3, B12)0,2,5, = 1.

Proof. By the axiom of divisors and Proposition 3.3. O

When (d», d3) = (1, 0), we have the second type of degree decomposition of the
two insertions 2 + 2.

ProposITION 3.11. For f =dB1 + (B2 — B1), we have
() (B4, B6)0.2.8 = (Bs. Bs)o.2,p =0 for any d;
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(ii) (Bs, Br)o,2,p =0 for k =6,7,8 and d # 1, but (B, B6)o,2.8, = 1, {Be,
B7)0,2,8, = —2, and (Bs, Bg)o,2,5, = 1;
(iii) (Bk,Bo)o,2,p=0fork=4,....,9and any d.

Proof. (1) If we take the standard representatives for f4, B5, and B¢, where f is
taken to be fy for Bs, then we see that (84, Bs)o,2,5 = (Bs, Be)o,2,5 =0.

(ii) Also, we can see that when d # 1, (B6, Bs)o,2,5 = 0. Now we compute
(B6, B6)0,2,5 when d = 1. There are eight nonzero terms in the localization for-
mula from fixed point loci described by the following graphs:

rAE 1 ke LA L gp
1 2 2 1
NI 1o A1 ¢p
2 1 1 2
s éB 1 %C I'e éD 1 CoD
1,2 1,2
Y B B T AL gD
1,2 1,2

Using the standard representative for f7, we see that when d # 1, (B,
B7)0,2,6 = 0. When d = 1, nonzero terms in the localization formula are given
by the fixed point locus described by the following graphs:

r, 48 1 BC r, 42 1 epb
1 > 3 ]
ry 48 1 BC r, 42 1 ¢D

1,2 1,2

We take fj for f in the representative for Bg. Then (B¢, 88)0,2,5 =0 ford # 1.
When d = 1, there are nonzero terms in the localization formula from fixed point
loci given by the following graphs:

r, 48 1 BC r, 48 1 BC

1 > 3 |

s 48 1 BC r, 4B 1 BC
2 12

(iii) If we use the above representative for g and the standard representative
for By, where pt is taken to be D, then we see that (83, B9)o,2,5 = 0 for any d. If
we take a different representative for 89, where pt is taken to be B, then we see
that (B9, B9)0,2,5 = 0 for any d. Also, (B4, B9)0,2,5 = (Bs, B9)o,2,5 = 0 for any d,
where we use foo, for f and B for pt in the standard representatives for 85 and

9.
’ We keep the representative for B9, where pt is taken to B. Then we see that
when d # 1, (B6, B9)0,2,8 = (B7. B9)o,2,5 =0. When d = 1, for (B¢, Bo)o,2,5, the
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connected components appearing as nonzero terms in the localization formula are
the same as for (B¢, B3)0,2,5-
For (87, B9)o,2,5, we have the following connected components:

BC 1 AB AB 1

c
r, 4
1.2 23

I

— o

O

The invariants (B4, B4)0,2.8, (B4, B5)0,2,8> (B4, B7)0,2.85 (B4, B8)0,2.8» (B5, B5)0.2.8

(Bs, B7)0,2,8> (Bs, P8)0,2,8> {(B7,B7)0,2.8- {(B7,Bs)0,2,. and (Bs, Bs)o,2,p are left
untouched because of the existence of continuous families of invariant curves.

They will be dealt with in the next section.

4. Other Two-Pointed Gromov—Witten Invariants

In this section, we first compute the quantum product of generators of the coho-
mology ring of the Hilbert scheme and then make use of the associativity law of
the quantum product to determine other two-pointed Gromov—Witten invariants
remaining from the localization method.

4.1. Quantum Product of Generators

The dual basis of our standard basis Bg, B1, - . ., B12, B13 is P13, —%,310, B2, B+

1312, _%135’ _%134 - %1359 %ﬂ7’ %ﬂ6+ %;B7+ %138’ %137 +138’ ,899 _%,Bl, ,839 132—'_,33,
Bo-

With the computational results in Subsections 3.2 and 3.3, the quantum product
of B1o, B11, B12 can be computed. First, by definition,

Bio*Bro=PBlo+ Y > (Bio. Bro. Ti)pg” T’
B#0 i
= By + (B3 - B10)2(p1) 39103 + (B2 - B10)*(B2) 9192 P12
+ (B2 - B10)2(B3) 9192 (B11 + B12)
1
+ ) (dB1 - B10)*(Ba)ap,df (—5&)

d#0

1 1
+ Z(dﬁl - B10)*(Bs)apqf <—5ﬂ4 - 5,35>

d#0
-2 1
=Blo+ (-2 —=qf (-5;35)
d#0
—4 1 1
+ > (=2d)* —qf (——m - —ﬁs>
s d 2 2

=Bl +8 dgips+12) dg{ps.

d#£0 d#0
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where (810, 10, Ti) g means GW-invariant of genus 0 and curve class 8, and so
on. We omit the number of insertions in the notation from now on. Also, here and
subsequently, summations over d # 0 or just d in fact mean over d > 0 or d > 0.
In these equalities, we use the axiom of divisors to reduce the 3-pointed GW-
invariants to 1-pointed ones and omit trivial terms because either the invariants
involved are zero or the intersections B> - 10 = B3 - f10 = 0. The fact that g -
B1o = —2 is also used. Similarly, other products can also be calculated and are
summarized here:

BioxBro=Bio+8) dgiBs+12) dqips,
d#0 d#0
B1o * B11 = ProBi1,
Bio * P12 = BroPi2, 4.1
Bii* B = BTy + 12811 + 2193,
B11 * B2 = B11B12 — q192B11,

B2 * B2 = B + q142P11.-

Furthermore,
BoxPro=Poro+ Y _ Y (Bo, Bro, Trpq” T’
B#0 i
_ d
= BoBro+ Y _(Bo. B10. PtYap, +(Br—pr)+(Bs—n | 0243
d

+ Z(ﬂ% B10, B2)dp1+ (s~ 41 43812 = BoPio-
d

Here (Bo, pt)ag,+—p1)+(B—p) and (Bo, B2)ap,+(s;—p,) are nontrivial only
when d =2 and d = 1 by Propositions and 3.9, respectively, but the terms
involving them also vanish by the axiom of divisors since (82 + B83) - Bio =
B3 - B1o = 0. Similarly, B9 * 811 and Bg * B12 can be computed. The results are
listed as follows:

Bo * Bro = PoB1o,
Bo * P11 = BoPi1 + q193p12, 4.2)

Bo * B2 = Pof12 + 2q3q245.

4.2. Associativity of Quantum Product

Gromov—Witten invariants enjoy strong relations arising from the associativity
of the quantum product. In this section, we use the associativity relations among
generators of the cohomology ring to derive all the remaining two-pointed invari-
ants.

First we have the following:

LEMMA 4.1. There are identities of quantum product associated to divisor
classes:
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(1) 284 % 12+ 385 * P12 — B7 * P12 — 2B * B12 — 2B9 * P12 +4Zd¢0d41iﬁ4 *
B2+ 6 4.0dq Bs x B2 = Bs * Bio;

(2) B7* Bro +2q19284 = 285 * P12;

(3) Bs * Bio+ Bo * Bro — 2q1q24 = 284 * P12}

4) Ba*pPi2=P5*P11.

Proof. For (1), we begin with the identity B1o * (B10 * B12) = (B10 * B1o) * B12-
From the quantum product equalities in (4.1) in Subsection and intersec-
tion product results (2.2) in Subsection 2.1, the left-hand side is equal to B *
(B1oB12) = P1o * (2B5) =25 * P10; the right-hand side is equal to

(ﬁ%o +8) dq{ s+ 122@{%) % P12

d#0 d#0

= (4ﬁ4 +685 — 27 — 4By —4Po+8)_dqi pa+ 1zqufﬁs) % Bia

d=0 d0
=4B4 * P12+ 685 * 1o — 2B7 * P12 — 4Bg * P12 — 4o * P12

+8) dq{Bax Br2+12) _dg{ s * pra.

d#0 d#0

where we use the identity ,3120 =4P4 4+ 685 — 287 —4P3 — 49 from (2.2). Then
equating the two sides, we obtain the first identity.

Then we look at the associativity identity B1g * (812 * B12) = (B10 * B12) * B12-
Then, again by (4.1) and (2.2), the left-hand side is equal to Bjg * (/3122 +
q192811) = Bio * B7 + q192810 * B11 = B71 * Bio + q192B810811 = B7 * Pio +
2¢g1q2Ba; and the right-hand side is equal to (B10812) * B12 = 285 * B12. This
gives rise to identity (2).

Similarly, from the associativity identity 1o * (811 * B12) = (B10o * B11) * B12
we get the left-hand side to be equal to B9 * (811812 — q192811) = B1o * (Bs +
B9) — q1q2810 * B11 = Bs * B1o + Po * B1o — 29192 P4, the right-hand side to be
equal to (B10811) * B12 = 284 * B12, and thus the third identity.

Finally, in the identity (B10 * B11) * B12 = B11 * (B1o * P12), the left hand-
side has been worked out before; the right-hand side equals B11 * (B10812) =
B11 x (285) = 2B5 * B11, and thus we get the fourth identity. O

For each identity, when expanded by the definition of quantum product, the terms
at the two sides corresponding to the same cohomology class and the same power
of the parameters should be equal to each other, so that we get relations among
GW-invariants. We first consider the terms corresponding to the cohomology class

1 and ¢{q2q3.
Beginning with identity (2) in Lemma 4.1, we get the equation

(B7, B1o» p1)aq®q2qs = 2(Bs, P12, pt)aqq2qs,

where (Bs, B12, pt)q means the genus O invariants at the curve class B =
dB1 + (B2 — B1) + (B3 — B1), and so on. However, by the axiom of divisors,
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(B7, B1o, pta = —2(d — 2){B7, pt)a, {Bs. Bi2, pt)a = (Bs, pt)a, so we have
(Bs, pt)a =—(d —2)(B7, pt)a Vd. 4.3)

From Lemma 4.1(1) we get

2 (B Pia, pthaqiarqs +3 ) _(Bs, Bio, pt)aqi 924
d d

— > (B7. Ba, p)agiaras — 2 ) (Bs, Bia, pthaqi a2a3
d d

—2) (B9, Pr2. ptaqiaags +4 Y 1q} Y (Ba. Bra. p1)kafa2qs
d

150 k

+6) lgi Y (Bs. P2, pkqia2q3 = Y _(Bs. Bro. pt)ad] q243.

10 k d

However, for any d, (B4, B12, pt)a = (B3, B12, pt)q = 0 since, by Proposition 3.6,

(Ba, pt)a = (Bg, pt)a = 0 and, for any d # 2, (B9, 12, pt)a = (P9, pt)a =0, but
when d =2, (B9, P12, pt)a = 2. With these in place, the last equation simplifies
to

> @d —1)(Bs, pt)agiaras = Y _(B7. ptaqia2a3
d d

+6Zlq1 Z Bs. pt)kdt 4293 — 4q7 9293 = 0.
£0 K

Let ag = (Bs, pt)q. Then

2141 ) (s pindiaags = ) (a1 + 24— + - + dao)q{ 4243.
10 k d

Substituting this in the above equation, making use of relation (4.3), equating the
terms in front of the monomial q]dq2q3, with d > 2, and simplifying, we obtain
the recursive relation

B 6(d —2) 5 J 44
A==y =y G+ 22+ dao). (44)

This is summarized in the following:

PropoSITION 4.2. Let B =dB1 + (B2 — B1) + (B3 — B1), and let (-, -)4 denote the
GWe-invariants with respect to the curve class B.

(1) Let (Bs, pt)a = aq. Then, for d > 2, (Bs, pt)q can be recursively calculated
by (4.4) with the initial data {B5, pt)o =0, (Bs5, pt)1 =1, (Bs, pt)2 =0;
(2) (B1. pt)a = —75aq for d #2 with (B7, pt)r =2.

Proof. In (1), the initial data can be obtained directly by the localization formula.
(2) follows from (4.3) with (87, pt), = 2 directly calculated. U

This finishes the computations left out in Proposition
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Next, we consider the terms corresponding to the second-degree cohomology
classes and monomials qld q» from the associative identities. First, we equate the
two sides of identity (1) in Lemma with the class B4 inserted:

2> (B Bra. Badaqiaz +3 ) _(Bs. Piz. Badaqi a2
d d
- Z(ﬂ% Bi2. Ba)aqiqr —2 Z(ﬁs, Br2, Ba)aqiq>
d d

—2) (Bo. ra. Padaqi @2 +4 Y 1a} Y (Ba. Bra. Badiataa
d

10 k

+6) 1qi Y (Bs, Bia, Badkaia2 = Y _(Bs. Bro, Badaqi a2,

10 k d

where (B4, B12, B4)a, means the genus O invariants at the curve class 8 = df; +
(B2 — B1), and so on. With B =dp1 + (B2 — B1), B - Pr2=1,8- Bro=—2(d —

1), and (Bo, B12, Ba)a = (Po, Ba)a = 0 by Proposition , we can simplify the
expression as

2 Z<ﬂ4, Ba)adi a2 + Z(zd +1)(Bs, Badaqi a2

- Z B1. Ba)ad| a2 — 22 Bs. Ba)aqiq 4.5)
+4Zlc]1 > (Ba Badrat a2 +6) gt Y (Bs. Ba)katqr =0.
I£0 K I£0 K

From identity (4) in Lemma 4.1 we get
> (Ba Bra. Baagiar =D _(Bs. Bu. Padaqi gz,
d d
which implies that, for any d, (Bs, B4)a = — (B4, B4)a-
From Lemma 4.1(2), noting that f4 = 2(—%,35) — 2(—%/84 — %,35), we have

> (B, Bro, Badadiar +4q192 =2Y _(Bs, P12, Ba)ad| 4>
d d
or

=Y = D)(Br. Badadiar + 29192 =Y (Bs. Ba)ag| 02

d d

from which we learn that when d > 1, (87, Ba)a = 77 (B4, Ba)a.
From Lemma 4.1(3) we get

> (Bs. Bio. Ba)aqia2 + D _(Bo. Bro. Badaqi a2 — 4q142
d d

=22(ﬂ4,ﬁ12,ﬂ4)d611dflz
d
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or

Y d = D(Bs, Baqi a2+ 20192 ==Y _(Ba, Ba)ad{ 2.

d d

From this we know that when d > 1, (B3, B4)qd = —d%] (Ba, Ba)a.
Substituting all these into (4.5), we obtain an equation for {84, B4)4. Let by =
(Ba, Ba)q. Simplification of this equation gives rise to the recursive relation
2d—-1)
dQd —3)

These results are included in the following:

by = (bg—1+2bg—2+---+dby), d>1. (4.6)

ProposITION 4.3. Let B = df1 + (B2 — B1), and let (-,-)q denote the GW-
invariants of curve class B.

(1) Let (B4, Ba)a = bq. Then, for d > 1, (B4, Ba)a can be recursively calculated
by (4.6) with the initial data (B4, B1)o =1, {Ba, Ba)1 = —2;

(2) (Ba, Bs)a = —ba and (Bs, Bs)a = ba for any d,;

(3) (Ba. B1)a = 7ba for d > 1 with (B, B1)o = —1 and (B4, 1)1 = 0;

) (Bs. Bs)a = —77ba for d > 1 with (Ba, Bs)o =1 and (Ba, Bs)1 =0;

(5) (Bs, B1)a = —(Ba, B1)a and (Bs, Bs)a = —(Ba, Bg)a for any d;

(6) (B7.B7)a = (Bs. Bs)a = 1/(d — 1)?bq for d > 1 with (B7,B7)0 = 1, (7,
B7)1 =2, (Bs, Bs)o =1, and (Bs, Bs)1 = —1;

(7) (B7.Bs)a = —1/(d — 1)?bg for d > 1 with (B7, Bs)o = —1 and (B7, Bs)1 =
0.

Proof. From identity (4) in Lemma 4.1 we get, for any d,

(Ba, B12, Bs)a = (Bs, B11, Bs)a>
(B4, B12, B1)a = (Bs, Bi1, B1)d>
(Ba, B12, Bs)a = (Bs, Bi1, Bs)d>

or

(Ba, Bs)a = —{Bs, B5)d,
(B4, B1)a = —(Bs5, B7)d,
(Ba, Bs)a = —(Bs, Bs)d-

Making use of identity (2) of the lemma, we get, for any d,
(B, Bro, B1)a =2(Bs, P12, P1)a>
(B7. Bro, Bs)a = 2(Bs. P12, B)d;
or

—(d — D {(B7,B1)a = (B5, B7)a>
—(d — 1D {(B7,Bs)a = (B5, Bs)a:
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so, whend > 1,

1
(B7, B1)a = mbd,

(B7, Bg)a = by,

1
(d—1)?
with initial values

(B7,B7)0 =1, (B7, B71)1 =25 (B7,Bg)o=—1, (B7, Bg)1 = 0.

From the associativity identity (3) we get

(Bs, B10, Bs)a + (Bo, P10, Bs)a = 2{B4, P12, Bs)d,

or for any d, —(d — 1){Bs,Bs)a = (Ba, Ps)a, so, for d > 1, (Bs,Ps)a =
1/(d — 1)?bg with the initial values (Bg, Bs)o = 1 and (Bg, Bs)1 = —1. (]

This completes the computations of Proposition

To finish the computations of the remaining invariants in part (ii) in Proposi-
tion 3.7, we continue to work on the associativity law of quantum product, making
use of the equalities in (4.1) and (4.2).

LEMMA 4.4. There are identities

(1) 2B4 % Bo =21 * B11 = B2 * Bio + 291935,

(2) 2Bs * Po =2p1 * P12 = B3 * P10 + 24749293 P10,

(3) Bo* (B3 + Bo) — q19282 — a1q2q3P12 = B3 * B + 247 92q3B11,

(4) B7% Po+q1q2B2 = B3 * P12 + a1 92q3B12B6 * Bo — o * (Bs + Po) + q192 P2 +
a1 92q3B12.,

(5) B Bro="2Pa*Po+3Bs*Bo— B1% Po — 2o x (Bs + Po) +4 Y40 dqf Bax
Bo+63420dqf Bs * Po.

Proof. First, we look at the identity Bg * (810 * B11) = (Bo * B10) * B11 = (Bo *
B11) * B1o- By the computational results before, these terms are, respectively,
Bo * (B1o * B11) = Bo * (B1oB11)
= B9 * (2B4) = 24 * Bo,
(Bo * B1o) * P11 = (BoB10) * P11 = 2B1 * P11,
(Bo * B11) * Bro = (BoB11 + q193B12) * B1o
= B2 * Bio + q193P10P12
= B2 * Bio + 2q193Ps,
thus giving rise to (1).

Now we take the identity Bo * (810 * B12) = B1o * (Bo * B12) = (B10 * Po) * B12.
The three sides are B9 * (B10 * B12) = Bo * (B10B12) = 2B5 * Bo, P10 * (Bo * P12) =
Bio* (BoB12 +247q243) = B3 * Bio + 24792q3B10, (Bio * Bo) * P12 = (Bof1o) *
B12 = 281 * B12. This gives (2).

In the identity Bo * (811 * B12) = B11 * (Bo * B12), the two sides are Bg * (B11 *
B12) = Bo * (B11B12 — q1g2B11) = Po * (B3 + Po) — q192B9 * P11 = Po * (Bs +
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Bo) — q192(BoP11 + q193B12) = Po * (Bs + Po) — q192P2 — 47q2q3P12 and By *
(Bo * B12) = Bu1 * (BoPi2 + 2479243) = B3 * P11 + 247 q293B11. From this we
get (3).

Now we consider the identity 89 * (812 * 812) = (B9 * B12) * B12. The two sides
are equal to

Bo * (B12 * B12) = Bo * (B, + q1q2B11)

= B7* By +q192B89 * P11
= B7* o+ q1q2(BoP11 + q193B12)

= B7*Bo+q19282 + 6112@43/312,
(Bo * B12) * B2 = (BoB12 + 2q3q243) * P2
=B3%* P12+ 2912612613/312,

verifying (4).
Finally, we look at B9 * (810 * B10) = (Bo * B10) * B10. The right-hand side is
equal to (B9B10) * Bio = 281 * B1o, and the left-hand side is equal to

(ﬁ%o +8 dgfps+ 122dqi’ﬁs) % o

d#0 d#0

= (4ﬂ4 +6B5 —2B7 — 4By —4Bo +8) _dqia+ IZquf’ﬂs) * Bo

d=£0 d=£0
=4B4 * By + 685 % Bg — 2B7 x B9 — 4Py * (B + By)

+8) dqfBaxpo+12) dgips = po.

d#0 d#0

proving (5). (]

From this lemma we collect the following identities:

Ba * Bo = B1 * Bi1, Bs * Bo = B1 * P12,
B % Bo = B3 * B2 — 10282 + 41 024312,
Bo * (Bs + Bo) = B3 * P11 + q14282 + 24792a3B11 + q41q2q3P12-

Substituting all these into the right-hand side of identity (5) and simplifying, we
get

281 % i1 +3B1 % 12 — B3 * B2 — 283 * Bi1 — q1q2B2 — 4470293811

—3qiqaq3Bra+4)_dqipixpu+6Y dgipixpi
d#0 d#0

= B1 * Bio. 4.7)
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Now we equate the corresponding terms at the two sides in front of the same
cohomology class —% Bio to get

23 (B, Bu. Br)agl a2q3 + 3 Z(ﬂl, Bia. B1)aq 4243
d
—Z (B3, Bi2, B1)adi 9205 — 22 (B3 Bi1, B1)adi 4243

+4Zlq] D (B, B Bkt qaqs +6 ) lai Y (Bi. Bz, BU)kat 4293

10 k 10 k

= Z(ﬂl’ﬁma B1)aq 9243,
d

where (81, B11, B1)q means the genus O invariants at the curve class 8 = df; +
(B2 — B1) + (B3 — B1), and so on. Let (B1, B1)q be denoted as ¢z. Then from
this equation, integrating out 811, 812 and equating the coefficients for monomial

¢ 923, we get

2d — D{B1, B1)a — (B3, B1)a

4.8
+6(cg—1 +2cq4—2+---+(d—1)c; +dcy) =0. “3)

Carrying out the same process for the identity 281 * B12 = B3 * B10 + 2q12q2q3,310
in Lemma 4.4(2), we obtain

22(/31, Bi2, B)ag! 9295 = 2(53, Bio, B1)ad! 9205 — 4419293,
d

d
which implies that, for any d, (d — 2)({B3, B1)a = —(B1, P1)d4, that is, for d #£ 2,

1
(B3, B1)a = _m(ﬂlvlgﬂd-

Putting this back into equation (4.8) and simplifying, we get the recursive relation

6(d—2)

cdz—m(cd—l—i-%d_z—i-'“—i-(d— Decr +dcg). 4.9
ProrosiTION 4.5. Let B =df1 + (B2 — B1) + (B3 — B1), and let (-, -)4 denote the
GWe-invariants of curve class B.
(1) Let (B1, B1)a = caq. Then, for d > 2, {B1, B1)a can be recursively calculated

by (4.9) with the initial data (B1, B1)o =0, (B1, Bi)1 =1, (B1, B1)2a = —2;

() (B1, B3)a = — g5 ¢a for d # 2 with (B1, B3)2 = 0;
(3) (B3, B3)a = 1/(d —2)*cq for d # 2 with (B3, B3)2 = 2.

Proof. (1) and (2) have been proven before with the initial values computed di-
rectly. For (3), using the identity 28; * B12 = B3 * Bio + 2q12q2q3,310, we get

2(B1, B2, B3)a = (B3, B0, B3)a, so for any d, (B1, B3)a = —(d — 2){(B3, B3)a-
Plugging this into (2) induces (3). U

These are the complements to the results of Proposition
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Finally, we equate the terms at two sides in front of classes —% Bs and % B,
respectively, in (4.7) to get

2Z<ﬁ1,ﬁ11,ﬁ>dqi’q3+3Z<ﬁ1,ﬁu,ﬁ>dqfq3
—Z B3, Bz, Blagiqs — 22 Bs. Bit. Blaqi g3

+421q1 > (BB Blkatas +6 ) lat > (B, Bia. Blratas

1£0 k 10 k

=Y (B1. Bro, Baai a.
d

where f is equal to either B4 or B¢, and the curve class 8 =dB1 + (B3 — B1)-
After simplifying, this gives rise to two respective equations for 84 and Bg:

> (B Baagias +2) gy Y (Br, Badkatas

d 1£0 k

=_ Z(d — (B, ﬂ4>de6]3,
d

> (Bi.Bslaaias +2 gl Y (Bi. Behatqs — 24143

d 10 k

== _(d =11 Fo)aqiqs,
d

noting that, for 8 =dp; + (B3 — B1),
B-Bio=-2(d—-1), B-Bu=1, B-B12=0

and, by Proposition 3.9, (83, B4)q = 0 for all d, (B3, Be)q =0 for d # 1 and 2 for
d=1.
Let f4 = (B1, Ba)a and gg = (B1, Be)a- Then solving these equations, we get

2
(B1, Ba)a= fa= _E(fd—l +2fa2+---+d-1f1+dfy), Vd,

2
(B1, Bo)da = ga = _g(gd—l +28a—2+ -+ (d—1Dgi1+dgo), d=>1.
Their initial values by localization are

(B1,Ba)o=1, (B1, Ba)1 =—2; {(B1,Bs)o =1, (B1,Bs)1 =0.

From the identity 281 * 811 = B2 * B1o + 2919385 in Lemma 4.4(1), we again
equate the terms at two sides in front of classes —% Bs and % B7, respectively, to
get

2> (1. Bit. Badagias =Y _(B2. Bro. Badaqiqs — Aq1gs.
d d

2 (B1. Bit, Bedaalas = Y _ (B2, Bro, Bedadi as,
d

d



712 YonNG Fu

or

D (Br.Baagiqz ==Y _(d — (B2 Ba)aq{ a3 — 2q145.

d d

> (B, Bedadiqz =~ _(d — 1)(B2. Be)agq{ q.
d d

So, forany d > 1,

(B1, Ba)a = —(d — 1){(B2, Ba)a
(B1, Be)a = —(d — 1){(B2, Bo)a>

and hence

(B2, Ba)a=— fa

d—1
1

(B2, Be)a = b

8d-

Their initial values are

(B2, Ba)o =1, (B2, Ba)1 =0 (B2, Be)o =1, (B2, Be)1 = 1.

Thus the computations in Proposition 3.9 are completed. So, at this point, we have
computed all two-pointed Gromov—Witten invariants of the Hilbert scheme.
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