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Differentiability Inside Sets with
Minkowski Dimension One

MicHAEL DYMOND & OLGA MALEVA

ABSTRACT. We investigate Minkowski, or box-counting, dimension of
universal differentiability sets of Lipschitz functions. Whilst existing
results concern the Lebesgue measure and Hausdorff dimension of
these fractal sets, the Minkowski dimension is stronger than Haus-
dorff, and we demonstrate that the lower bound one on Minkowski
dimension is tight for any Euclidean space. Spaces other than the real
line allow for a further refinement of the bound: the 1-Hausdorff mea-
sure of such sets must be infinite.

1. Introduction
Background and Overview of Main Results

In the present paper, we answer a natural question pointed out by Olsen in 2009,
whether there is a universal differentiability set of Minkowski dimension one.
Our answer is affirmative: a compact universal differentiability set with upper
and lower Minkowski dimension one in R?, for all d, is constructed explicitly.
Namely, we prove a stronger statement:

THEOREM (Theorem 5.6(1)). For every d > 1, there exists a compact subset S C
R? of Minkowski dimension one such that for any Lipschitz function g : R¢ — R,
the set of points x € S such that g is Fréchet differentiable at x is a dense subset
of S.

Recall that Lipschitz functions on Banach spaces have rather strong differentia-
bility properties. The classical Rademacher theorem says that Lipschitz functions
f:RY — R are differentiable almost everywhere with respect to the Lebesgue
measure. For d = 1, the converse statement also holds: Each subset N of R with
Lebesgue measure zero admits a Lipschitz function nowhere differentiable on N;
see [14; 7]. However, Preiss [1 1] proved that all Euclidean spaces of dimension
higher than one contain Lebesgue null sets that capture a point of differentiability
of every Lipschitz function on the space.

Sets containing a point of differentiability of every Lipschitz function are said
to have the universal differentiability property and are called universal differen-
tiability sets (UDS). The result of [1 1] has sparked a modern investigation into
the nature of such sets. Clearly, the set S in Theorem 5.6 quoted is a UDS.
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One of the central questions about universal differentiability sets is how small
they can be. To detect smaller universal differentiability sets, we must appeal
to various other notions of size in addition to the Lebesgue measure. Doré and
Maleva [2; 4] prove that every Euclidean space contains compact universal dif-
ferentiability sets of Hausdorff dimension one. This result is also shown to be
optimal: any set of Hausdorff dimension smaller than one fails to be a UDS. See
also [3; 13] for further investigation of the universal differentiability property in
infinite-dimensional spaces and for mappings with higher-dimensional codomain.

The Minkowski dimension is a much finer tool for distinguishing between
small sets than the Hausdorff dimension. Indeed, dimpy(A) < dim,,(A) <
dimy (A) for any set A. Sets where the lower Minkowski dimension dim,,(A)
and upper Minkowski dimension dimj;(A) coincide with value p are said to have
Minkowski dimension p. Universal differentiability sets constructed in [11] are
dense in R? and have Hausdorff dimension 1 and Minkowski dimension d. In [4;

], the UDS are compact but still have Hausdorff dimension 1 and Minkowski
dimension d. The methods employed in [ ! |; 4; 3] fail to achieve a breakthrough
on Minkowski dimension. This motivates a new way to construct fractal sets de-
veloped in the present paper.

In addition to uncovering universal differentiability sets, which are, in the sense
of the Minkowski dimension, smaller than all previous known examples, we also
establish a new restriction on the minimal possible size of UDS. We prove in
Theorem and Corollary that any universal differentiability set must have
infinite one-dimensional Hausdorff measure.

THEOREM (Theorem 2.2). Let S C Rd, where d > 2, be an H'-measurable set of
finite one-dimensional Hausdorff measure

o
HI(S) = lgril(i)x}rf{Zdiam(Si): Sc U1 S; and diam(S;) < s}.
=

Then S is a nonuniversal differentiability set.

This indicates that our main result is optimal in the following sense: Denoting,
for a set S € R?, the minimal number of &-cubes (defined in (4.1)) needed to
cover S by N, (S), the universal differentiability set U that we construct satisfies
limsup,_, o N:(U)e? = 0 whenever p > 1. In contrast, any universal differentia-
bility set £ must satisfy liminf,_,o No(E)e = oo.

This naturally leads to a question: describe all exact dimension functions f (x),
asymptotically (as x — 0) between x and x? for all p > 1, that necessarily deter-
mine a nonuniversal differentiability set. See [10] for more information on exact
dimension functions.

The Idea of Construction

To get a universal differentiability set of Minkowski dimension one, it is necessary
to control the number N5 as § — 0. The set we construct will be defined by an



Differentiability Inside Sets with Minkowski Dimension One 615

inductive procedure. The final set is the intersection of the sets described in the
nth step, over all n > 1.

Let us explain first how to get the lower Minkowski dimension, in other words,
to only control Ns for a specific sequence § = 6, \y 0. Assume that p > 1 is a
fixed number and we want to make sure that the set to be constructed has lower
Minkowski dimension less than p. Imagine that we have reached the nth step of
the construction where we require Nj, 80 < 1. The idea for the next step is to
divide each §,-cube by a K, x --- x K,, grid into smaller §,4+1 = 8,/ K,-cubes.
If K, is big enough, then since &y /5, | = K, , we are free to choose inside the
given 8,-cube any number of 8, 1-cubes up to K2 . We then have that the product
Ns,. 87 41 18 bounded by 1 from above as well. Since this is satisfied for all n, we
conclude that dim,,(S) < p. Since this is true for every p > 1, we obtain a set of
lower Minkowski dimension 1.

Getting the inequality for the upper dimension dimy;(S) < 1 is more intricate.
As n grows, the sequence K, must tend to infinity. Otherwise, we would get
many points of porosity inside S (see below for the definition and discussion of
porosity). In order to prove that dimy;(S) < p, we should be able to show that
there exists 8o > 0 such that for every & € (0, p), the set S can be covered by
a controlled number Nj of §-cubes. In other words, Nsé” should stay bounded
for all § below a certain threshold. Choosing n such that §,+1 < § < §, gives
Ns8? < Ns,,,8; = N, 8, K, and the factor K;} — oo makes it impossible
to have a constant upper estimate for Ns§”. The idea here is that we need to leave
a “gap” for an unbounded sequence in the upper estimate for N, , 85 41 and to
make sure that K/ fits inside that gap. The realization of that gap is inequality
(4.18).

The success of the construction of course depends on being able to show that
the set obtained has universal differentiability property. This is achieved by mak-
ing sure that the set satisfies the “layering property”, proved to be sufficient for
universal differentiability in Section 3. The latter requires that the set is closed
and that arbitrarily close to each of its points the set contains, at all scales below
a certain threshold, line segments of length proportional to their distance to the
point. We achieve this by carefully positioning such line segments at each step
of the construction and defining the final set as an intersection of closed tubular
neighborhoods of these. The difficulty of the construction arises due to the ne-
cessity of including tubes of length bounded from below whilst controlling upper
estimates for Ns.

To conclude, let us briefly explain why we should be concerned about poros-
ity points. A set W is called porous if there is A € (0, 1) such that for all x € W
and & > 0, there is y such that 0 < ||y|| < ¢ and B(x + y,AllyD "W =&. If
W is porous, then the distance to W, f(-) = dist(-, W), is a 1-Lipschitz function
not differentiable at every x € W. Since our aim is to construct a universal dif-
ferentiability set, we try to avoid as much as possible constructions that lead to
a set with many porosity points. More information about porous and o -porous
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sets (countable unions of porous sets) can be found in the survey [15], and a fur-
ther discussion of relations between problems about differentiability of Lipschitz
functions and the theory of porous and o-porous sets is presented in the recent
book [8].

Structure of the Paper

We begin, in Section 2, by proving Theorem 2.2, which implies that any univer-
sal differentiability set in R4, with d > 2, has infinite one-dimensional Hausdorff
measure. From this we show that our next main result, the existence of a universal
differentiability set with Minkowski dimension one, is optimal in many respects.
In Section 3, we establish a sufficient condition for the universal differentiability
property, which we use later in Section 5. Section 4 is devoted to the construction
of a family of nested closed sets of Minkowski dimension one for which we later
verify the universal differentiability property. Finally, in Section 5, we apply the
result established in Section 3 to describe a compact universal differentiability
set of Minkowski dimension 1 and obtain our main result, Theorem 5.6, which
guarantees the existence of a universal differentiability set S of Minkowski di-
mension 1 in which any Lipschitz function is differentiable on a dense subset. We
moreover obtain the following quantitative estimate on the set S we construct:

THEOREM (Theorem 5.6(2)). For any pair of integer sequences sy, Py satisfying
Sk, Pr — 00, a universal differentiability set S C RY, satisfying Theorem 5.6(1),
can be constructed so that for each n > 1, the set S may be covered by % Ty s:"

boxes with side § = Q11+ ywhere Q € (1, 2] is fixed.

2. Optimality

We begin by defining the key notion of Lipschitz condition and of differentiability
of a real-valued function f on a Banach space X.

A function f : X — R is said to be Fréchet differentiable at a point x € X if
the limit

F(x. e) = lim Jx+re) - fx)
t—0 t

exists uniformly in e € B(0, 1) and is a bounded linear map.

A function f : X — R is called Lipschitz if there exists L > 0 such that
lfO) — f(x)| <L|ly—x|x forall x,y € X with y #x.If f: X — RisaLips-
chitz function, then the number

If ) — f&)I :x,yeX,y;éx}
Iy —xllx

Lip(f) = sup{

is finite and is called the Lipschitz constant of f.
An analytic set S in a separable space X is called a universal differentiability
set if for every Lipschitz function f : X — R, there exists x € S such that f
is Fréchet differentiable at x. A set S € X for which one can find a Lipschitz
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function not Fréchet differentiable at any x € S is referred to as a nonuniversal
differentiability set.

Before turning our attention to verifying the existence of a compact universal
differentiability set of Minkowski dimension one in RY, let us first demonstrate
that, in many ways, this result is the best possible.

Firstly, we emphasise that there are no universal differentiability sets that have
Minkowski dimension, or even Hausdorff dimension, smaller than one; from [
Lemma 1.2] we have that any universal differentiability set S C R? satisfies
dim, () = dimp (5) = 1.

Supposing that there exists a universal differentiability set S with Minkowksi
dimension equal to one, we have that limsup,_, o N:(S)e? = 0 whenever p > 1.
It is then natural to ask whether we can do better: Can we find S with
limsup,_, o Ne(S)e = 0 or even liminf, .o N.(S)e < 0o? In the present section,
we prove that when d > 2, these stronger conditions are impossible to achieve and
that any universal differentiability set in R? must have infinite one-dimensional
Hausdorff measure. In other words, if f(x) = x is an exact dimension function
(see [10]) for a set E, then E must be a nonuniversal differentiability set.

The following lemma is a general statement about universal differentiability
sets.

LEMMA 2.1. If X is a Banach space and A, B C X are such that A is a nonuni-
versal differentiability set and there is a nonzero continuous linear mapping
P : X — R such that the Lebesgue measure of P(B) is zero, then the union
S = A U B is a nonuniversal differentiability set.

Proof. Since A is a nonuniversal differentiability set, there exists a (nonzero) Lip-
schitz function f : X — R that is not Fréchet differentiable at any x € A.

Since C = P(B) C R has measure zero, there exists a G set C’' O C of mea-
sure zero. By [7. Thm. 1] there exists a Lipschitz function g : R — R that is
differentiable everywhere outside C” and for every x € C’,

— t
g (1) = limsup 8() — () _
s—t s—t

Let e € X be such that Pe = 1. Define the Lipschitz function f~ : X —> Rby

() —g(0) _

| and g (r)=liminf% 1.
s—>t s —1

~ 1

fx) 2||e||Lip(f)f(x) + g(P(x)).
Note that if x € S and P(x) € C', then f.(x,e) — f'(x,e) > 1, where f}(x, e)
denote directional upper/lower derivatives of f Thus, f is not Fréchet differen-
tiable at x.

If x € S and P(x) ¢ C’, then x € A, which implies that f is not Fréchet dif-

ferengable at x. However, P(x) ¢ C’ means that g(P(-)) is differentiable at x, so
that f is not Fréchet differentiable at x.

lPaper [7] gives a new proof of the characterisation of sets of nondifferentiability points of Lipschitz
functions on R. This characterisation was first given by Zahorski [14]. The existence of the
function g follows from the proof of [14, Lemma 8].
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This implies that the Lipschitz function f is not Fréchet differentiable at any
x € S, and hence S is a nonuniversal differentiability set. O

THEOREM 2.2. Let S C RY, where d > 2, be an H'-measurable set of finite one-
dimensional Hausdorff measure

o0
HI(S) = 1eir£é3f{2diam(s,~): SC U S; and diam(S;) < s}.

i=1

Then S is a nonuniversal differentiability set.

Proof. Since H'(S) < oo, by Federer’s structure theorem [6, 3.3.13] S can be
decomposed into a union S = A’U B/, where A is H!-rectifiable, and B’ has pro-
jection of one-dimensional Lebesgue measure zero for almost all one-dimensional
subspaces of RY.

The fact that A’ is H{!-rectifiable means that there exists a countable collec-
tion of one-dimensional Lipschitz curves y; : [0, 1] — R4 such that "HI(A/ \
U2, Ti) =0, where I'; = y; ([0, 1]). Note that the union of curves A = J72, T
is a o -porous set (in fact, a countable union of closed porous sets) since each I';
is porous (and closed). By [, Thm. 6.48] (see also [12]) we can conclude that A
is a nonuniversal differentiability set.

Define now B = B’ U (A’ \ A). Fix any line L such that the projection of B’
onto L, proj; (B'), has one-dimensional Lebesgue measure zero. Since H! (A" \
A) =0, we conclude that proj; (B) has one-dimensional Lebesgue measure zero
too.

It remains to apply Lemma 2.1 to A, B € R¢ and P = proj; and to note that
S € AU B to get that S is a nonuniversal differentiability set. O

COROLLARY 2.3. Let S CRY, where d > 2, be a universal differentiability set.
Then liminf,_ o Ne(S)e = oo, where N(S) is defined according to Defini-
tion

Proof. We see that liminf,_,o N.(S)e > %7—[1 (S), and the latter must be infinite
for a universal differentiability set by Theorem 2.2. O

REMARK. The proof of Corollary works if N (S) is the minimal number of
Euclidean balls of radius ¢ needed to cover the set S. We will later switch to
covering the set by e-cubes (see Definition 4.1) that are rotated £,-balls of ra-
dius ¢ and prove that for the compact universal differentiability set, we construct,
limg Nf“bes(S)el’ =0 for every p > 1. Note that since

Eucl. balls cubes Eucl. balls
> >
N, > N; > N‘9 i ,
we get liminf,_o NP (S)e = oo for any universal differentiability set in RY,
d > 2. However, for the compact universal differentiability set, we construct we
have lim,_.q NE“CI' balls(§)eP = 0 for every p > 1.
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3. Differentiability

In this section, we prove a sufficient condition for a set to have the universal
differentiability property. Proposition is based on [3. Lemma 3.5] and says
that the universal differentiability property is satisfied for all sets S that can be
decomposed into layers with the geometric property that every point in S can
be approximated, in a special way, by line segments contained in a nearby layer
of S. We prove this theorem in any Banach space with separable dual and use it
for X =R in Section 5 to show that the sets ( ) constructed in Section 4 are
in fact closed universal differentiability sets of Minkowski dimension one.

Let (M, || - ||) be a normed space. We call the set Wy, := M 3 of triples from
M the wedge space of M, and we define the metric on Wy by

d(t',1) = max |t/ — ;||
1<i<3

for t = (t1,12,13) and t' = (1], 1}, 1;). Of course, the distance d depends on the
norm chosen on M.

Given t € W)y, we call the union of segments W (¢) = [#1, 1] U[f2, 13] a wedge.
Note that triples (1, 12, t3) and (3, t2, t1) correspond to the same wedge for any
11, 12, 3 € M although the distance between them is not zero in general.

For @ > 0 and subsets S1, S2 € M, we say that S is an «-wedge approximation
for S, if for any t € Wy with W(¢) C S», there exists ' € Wy, with W(t') C §;
andd(t',t) <a.

Lemma is a restatement of [3, Lemma 3.5].

LEmMMA 3.1. Let X be a Banach space with separable dual, and OWV,d) =
Wx, d) be the wedge space equipped with the standard wedge distance. Sup-
pose that the nested collection (T))o<a<1 of nonempty closed subsets of X satis-
fies the condition that for any n > 0, A € (0, 1], and x € U<,/ -, Ty, there is a
81 =381(n, A, x) > 0 such that for all § € (0, 81) the set T is an nd-wedge approx-
imation for Bs(x).

Then, for each A € (0, 1], the set T), is a closed universal differentiability set.
Furthermore, for every Lipschitz function g : X — R, the set Dy 5 of points x € T,
where g is Fréchet differentiable is dense in Ty,. Moreover, forany 0 <) < 1 <1,
x € Ty, v > 0, and any nonzero continuous linear map P: X — R, there exists
a bounded open interval I containing Px such that the set I \ P(Dg; N B, (x))
has Lebesgue measure 0.

ProPOSITION 3.2. Let X be a Banach space with separable dual. Suppose that
(U )repo,1] is a family of closed subsets of X satisfying U, < Uy, whenever 0 <
A < A2 < 1. Suppose further that for any n € (0,1), L € [0,1), and y € (0,1 —
M), there exists

A=A, A, ) >0

such that whenever x € Uy, 6§ € (0, A1), and vy, v2, v3 are in the open unit ball
in X, there exist v}, v}, vy € X such that ||[v; — v;|| < n and [x 4 8v|, x + §vj] U
[x + 8v5, x 4 8v5] € Usyy. Then, for each A € (0, 11, the set Uy, is a universal
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differentiability set, and for every Lipschitz function g : X — R, the set Dy ; of
points x € U, where g is Fréchet differentiable is dense in U),.

Proof. Define T, := U,, a nested collection of nonempty closed subsets of X.
Let >0, A € (0,1], and x € T;» = Uy, for some A" € [0, A) be fixed; let ¢ =
A — 2 and 81 = A1(n, A, ). We show that for every § € (0, §1), the set T, is an
nd-wedge approximation of Bs(x). Indeed, take any wedge W (t) C Bs(x) and
let v; = (; — x)/8. Since § € (0, Ay) and |v; || < 1, there exist v}, v, v; € X
such that v} — v;|| <7 and [x 4 v}, x + 8] U [x 4 805, x + 8041 C Ujryy =
U). = T;.. Denoting t/ = x + v}, we get W(t') C T) and d(¢',t) = Ssup||v] —
vi || < né. Hence, Lemma proves the statement. O

REMARK 3.3. The “moreover” property from Lemma 3.1 is also satisfied for Uj,.

4. The Set

We let d > 2 and construct a universal differentiability set of upper Minkowski
dimension one in R¥. There are many equivalent ways of defining the (upper and
lower) Minkowski dimension of a bounded subset of RY: several examples can
be found in [9. p. 41-45]. The equivalent definition given further will be most
convenient for our use. We let S¢~! denote the unit sphere in R?. By an e-cube
with center x € R, parallel to e € $9-1 we mean any subset of R4 of the form

d
C(x,a,e)z{x—i—Zt,-ei ce1=e,t; €[—s, g]}, 4.1)

i=1

where ey, ..., e € §9-1 and (ei,ej) =0 whenever 1 <i# j < d.

DEFINITION 4.1. Given a bounded subset A of R? and ¢ > 0, we denote by N¢(A)
the minimum number of (closed) e-cubes required to cover A. That is, N;(A) is
the smallest integer n for which there exist e-cubes Cy, C, ..., C, such that

n
AC UC,'.
i=1

We define the upper Minkowski dimension (respectively lower Minkowski dimen-
sion) of A by

dimy (A) = inf{s > 0: limsup Ne (A)e® =0
e—0+
(respectively dim,, (A) = inf[s > 0: liminf N, (A)e" = o]).
e—>0+
For a point x € R4 and w > 0, we shall write By, (x) for the closed ball with center
x and radius w with respect to the Euclidean norm. For a bounded subset V' of
R?, we let B, (V) = U, ey Bw(x). The cardinality of a finite set F is denoted
by |F|. Given a real number «, we write [«] for the integer part of «.
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Fix two sequences of positive integers (six) and (M) such that the following
conditions are satisfied:

My logs
A<My+1<sp, My, s;— oo, —~ 8% ¢ 4.2)
Sk
and there exists a sequence 5 > s such that
Sk — Sk—
TR L. 4.3)
Sk

REMARK 4.2. Before we explain how sequences s; and Mj satisfying (4.2) and
(4.3) can be chosen, we note that in order to prove that the set U, as in ( )isa
universal differentiability set, we only use that

Sk, M — 0o and My/sp — O.

This can be seen from the proof of Lemma 5.4. The rest of conditions in (4.2)
and (4.3) are needed to prove that the Minkowski dimension of the set U, is equal
to 1.

Note that if there exists a sequence §x > s such that the sequence (5x — Sk—1)k>2
is bounded and s; — oo, then (4.3) is satisfied. Hence, an example of sequences
(sk), (5x) satisfying (4.2) and (4.3) is §y = ak + b with a > 0 and any integer
sequence s — 0o such that 3 < s < 5.
We also remark that if s, — o0 is such that
Sk

Sk+1

1, 4.4)

then (4.3) is satisfied with §; = s;. Indeed, in such case, (§y — Sxk—1)/sk =1 —
Sk—1/Sk — O.

An example of an integer sequence sy — oo satisfying condition (4.4) is s =
max{3, [F(k)]}, where F(x) has the form F(x) = ZkeA a,x* where A is a finite
subset of R, a; € R, and both max A > 0 and amax o > 0. Also, whenever s — 00
satisfies condition (4.4), the sequence s,/( = [log sx] also satisfies this condition and
tends to infinity.

Once (si) is defined, there is much freedom to choose (M}). For example, we
may take My =max({3, [s7]} with o € (0, 1) or My = max{3, [logs,]}, et cetera.

Having defined the sequences (sx) and (M), we fix a number Q € (1, 2] and
introduce the sequence (wy) defined by

wy =0, wr =0 % wp_y, k>2. 4.5)

We further fix two integer sequences (Ax) and (By) such that 1 < Ay, By < s,
Ak, By — 00, and My /By — 0.

For each k > 1, let & be a maximal 1/Ag-separated subset of $9=1, We note
the following two properties of the sets &:

1
&l < A2 and Vee S?'3e'c& stlle—eé| < T (4.6)
k
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DerFINITION 4.3. Given a line segment [ = x + [a, ble C RY and 0 < w <
length(l)/2, define F,,(I) to be a finite collection of w-cubes of the form
C(x;, w, e), defined by (4.1), with x; €, such that

By(hc |J € and |F,(0) < 4.7
CeFy()

length(l)
S

Let /1 be a line segment in R? of length greater than 2w; and set £; = {/1}. We
refer to the collection £ as “the lines of level 1.

Suppose that k > 2 and that we have defined the collections £, of lines of
level r for integers r = 1,2, ...,k — 1. Before we describe how to construct the
lines of the kth level, let us first explain roughly how these line segments take
part in the construction of our final set. Our final set is defined as the intersection
of countably many layers, where the kth layer can be thought of as the union of
wyg-neighborhoods of the lines in the collection L. To calculate the Minkowski
dimension of this intersection, we compute, for each k, the number of wy-cubes
needed to cover the kth layer.

The collection £ will be partitioned into exactly My + 1 classes. Having con-
structed the lines of class m, we construct the lines of class m + 1 with the in-
tention of providing “good” approximations of wedges in a wi_1-neighborhood
of each line of class m, in the spirit of Section 3. The precise meaning of “good”
here depends on the level k of the construction: At level k, we add line segments
that provide o wi-wedge approximations, and we ensure that o \( 0 as k — oo.
In the context of Lemma 3.1, the sequence wy \ 0 will be used to approximate §
whilst the sequence o N\ O corresponds to 7.

Each class of line segments in the collection £ will be further partitioned into
categories according to the length of the lines. This will allow for the control and
the calculation of the Minkowski dimension of our set. Each category consists
of lines of equal length, and the length of these line segments governs the density
with which they should occur: the wedge approximation property of Section 3 can
be achieved if line segments of length § occur with density proportional to §. Thus,
it is natural to group the line segments based on their lengths, and the partition of
L into categories enables the efficient computation of the number of wy-cubes
needed to cover the kth layer.

We first define the collections of lines of level &, class 0, by

Lk,0)=Lr-1. (4.8)
We will say that all lines of level &, class O, have the empty category.

DEeFINITION 4.4. Given a bounded line segment [ C RY, an integer j > 1 with
length(/) > Qj wi/ Bk, and a direction e € Sd_l, we define a collection of line
segments RR; x(j, e) as follows: Let & €/ be a maximal 07wy / Bi-separated set
and define

Rik(j.e)={¢x:x € P},
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where ¢, is the line given by
b =x +[—1,1107 we. 4.9)

We note for future reference that

. 2By length(l)
Rix(js o) < 288 (4.10)
OJwy
For j €{l1,2, ..., st}, we define the collection of lines of level k, class 1, category
(J), by
EEQD = U U Rik(j,e). 4.11)
IEE(/(,()) eeSk

We emphasise that all the lines in EEQI) have the same length. Indeed, from Def-

inition we get
length(l) =2Q7w; foralllines [ € L{] .
The collection L1y is now defined by
)
Lan=|J L&
1<j<sk

Suppose that 1 < m < Mj and that we have defined the collection L ). Assume
that this collection is partitioned into categories

(1seeesfim)
‘C(k,m)

where the j; are integers satisfying

1 < jiy1 <ji <sx foralli. (4.12)
For an integer sequence (ji, ..., jm, jm+1) satisfying ( ), we define the col-
lection of lines of level k, class (m + 1), category (ji, ..., jm+1), by
['E/Jc!;ﬁlffm = U <U RikGm+1 6)), (4.13)
leLlim e

and we set

Utseens jm-+1)
ﬁ(k,m) = U E(ljc!m+{) e
(tseesjm+1)
Finally, the collection of lines of level k is defined by

Li= | Lm-
0<m=<M;

This completes the construction of lines of all levels, classes, and categories.
For k > 1, we let

Co=J Fu 0.

lely
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It is immediate from Definition that Cy is a cover of the set

U Bu .

leLly

LEMMA 4.5. For all k > 2, 0 <m < My, and (j1,..., jm), the collection

EEilm)/’”) satisfies

3 length(l) < 21Ci-1|(dselEk)™ Q% wy.

1o dm)
leL i

Proof. Using the definition of the collections L o) and Cx—1, we may conclude
that every line [ € L o) is covered by cubes in F, ,(I) € Cx—1. Each cube in
Fuwe_; (1) intersects [ in a line segment of length at most 2wy _1. Therefore, we
have that

> length(l) < 2|Ck—1wi—1 = 2/Ck—11Q% wy.
le[,(k.o)

Hence, the statement of the lemma holds for m = 0.
Suppose that m > 0 and that the statement of the lemma holds for m. Using
( ) and ( ), we deduce

|£(/1 ,,,,,, //;1+1)| < 2Bk|5k|wk_1 QijUH»l Z length(l)

(k,m—+1)
(5w Jm)
leﬁ(k,m) "

< |Ch—1|(4By|E )™ T Q%I (4.14)
Each line in the collection EEi‘;,;;{’)"“) has length 2 Q/n+1wy. Therefore, the total
length may be estimated by

Y length() < | LY 2@

(j] ~~~~ j}l+])
le‘c(k‘m-H;

< 2|Ch1 (4B |EN™ T Q% wy. 0
In the next lemma, we establish an upper bound on the size of the collection Cy.

LEMMA 4.6. For each k > 2, the collection Cy satisfies

|Ci| < 2(Mj + 1)|Cr—1(4sk A B) Mk Q. (4.15)

Proof. Using (4.7) and Lemma 4.5, we may write

(YRS D S Y VR ()]

0<m=<M; (jl""’jm)leﬁgil ***** Jm)

m)

5wik > < > length(l)>

0<m=<M (ji,..., Jm) le‘ciilv“)‘va)
m
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1
Wk

=

Yo Y QICkil@BrED Q% wr)

Ofmek (JI ----- .j)?l)
< 2(Mj 4 1)|Ch—1|(4si Bi |Ek )Mk 0.

It remains to apply (4.6) to get the final estimate. (]

REMARK 4.7. Since Ay, By < s and 4 < Mj + 1 < s, we have that

C
Cr| < s]£3+2d)Mk+2 0. 4.16)
[Cr—1]
In fact, Lemma proves a much better estimate since Ay, By may be chosen to
grow substantially slower than sy.

We now define a collection of closed sets (Uy)je(o,1]- Eventually, we will show
that each U, with A € (0,1] is a compact universal differentiability set of
Minkowski dimension one.

DEFINITION 4.8. For A € [0, 1], we let
0

m:ﬂ( U ( U Ewm». (4.17)

k=1 “0<my <iMy ZEL(k,mk)

We emphasise that the single line segment /; of level 1 is contained in the set
U,, for every A € [0, 1]. Hence, every U, is nonempty. Note also that U, C Uy,
whenever 0 < A1 < Ay < 1. Finally, since the unions in ( ) are finite, it is clear
that for each 0 < A <1, the set U,, is closed.

LemMmA 4.9. For A € [0, 1], the set U, has Minkowski dimension one.

Proof. For any A € [0, 1], we have that U, contains a line segment. Hence, each
of the sets U, has lower Minkowski dimension at least one. We also have U, C U;
for all A € [0, 1]. Therefore, to complete the proof, it suffices to show that the set
U, has upper Minkowski dimension one.

To show dimy, (U;) < 1, it suffices to argue that dimy (U)) < p forall p > 1.
Fix an arbitrary p € (1, 2).

Using Definition 4.8, we see that, for each k > 1,

Ui c | Bu, 0.
leﬁk
whilst the latter set is covered by the cubes in the collection Ci. Therefore, we
have that Cy is also a cover of Uj. By Definition 4.1 this means
Ny, (Ur) <IC| forall k> 1.

We claim that the sequence |Cy|wi? QP is bounded, that is, there exists H > 0
such that

ICklwi? QP <H  Vk > 1. (4.18)
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Assume that the claim is valid. Fix an arbitrary w € (0, w1). There exists an in-
teger k > 1 such that wiy1 < w < wg. This implies Ny (Uy) < Ny, (U1), so
that

Ny (UDw?P < Ny, (UDwg = Ny, (UDwi, QP < H. (4.19)
Hence, the sequence N, (Ui)w? is uniformly bounded from above by a fixed
constant H. Since this is true for any arbitrarily small w € (0, w;), we conclude
that dimy (Uy) < p.

It only remains to establish the claim (4.18). We prove a more general state-
ment, namely, that the sequence |Ck|w,f QP tends to zero for any sequence
Sk > s satisfying condition (4.3).

Indeed, using ( ), we obtain

.
|Cklwk QpS]i < s1£3+2d)Mk+2 Q—(p—l)sk QP(Ek—A.‘k—l)
|Cr—1wf_, QP51
< Q(P—I)Sk/2 Q—(P—I)Sk QP(Ek—Ek—l) (4.20)
for k sufficiently large. The latter inequality follows from
(G+2d)M; +2)logsy _ (p—DlogQ
Sk 2 ’

which is true by (4.2) for k sufficiently large. We then see that the product of the
three terms in ( ) tends to zero as k — oo since (4.3) implies that

(p — Dsk
4
for k sufficiently large. d

P8k —Sk—1) <

5. Main Result

The objective of this section is to prove Theorem 5.6, which guarantees, in every
finite-dimensional space, the existence of a compact universal differentiability set
S of Minkowski dimension one. In Section 2, we established that this result is
optimal. Note that we will always assume that d > 2 since the case d = 1 is trivial
(we can simply take S = [0, 1]).

We first establish several lemmas. The statements we prove typically concern
a line [ of level k, class m, category (ji,..., jm), where 0 < m < My. When
m = 0, we interpret the category (ji, ..., j») as the empty category and assume
that j < j,, for all integers ;.
LEMMA 5.1. Let k >2,0<m < My, and | € Egljclm)]"’) Let e € & and 1 <
Jma1 < jm <sk.Ifx €1, then there exists x' €l such that | x’ —x|| < Q/m+wy /By
and o

U'=x'+[=1, 1@ wye € Lt Inst),

Proof. By definition the collection R g (jm+1, €) has an element I’ satisfying the
conclusions of this lemma. O
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LEMMA 5.2. Let k > 2 and suppose 1 <m < M. Let x €l € Egljclm)]"’), and i,

be an integer with j, < iy, < six. Then there exist an integer sequence sy > i1 >

.....

e >yl > iy and a line l' € E&l’m

exists a point x' € I with ||x’ — x|| < m Q' wy / By.

Proof. Suppose that either

(i) n=1,o0r
(i) 2 <n < M} and the statement of Lemma holdsform=1,...,n—1.

We prove that in both cases, the statement of Lemma holds for m = n. The
proof will then be complete by induction.

Let the line /, integers ji, ..., jn, in, and point x € [ be given by the hypothesis
of Lemma when we set m = n. Let e € & be the direction of /. By ( ) in
case (i), or ( ) in case (ii), there exists a line /"~ of level k, class n — 1, cat-
egory (ji, ..., jn—1), such that the line / belongs to the collection Rl(,,_n’k(j,,, e).

By Definition 4.4 the line / has the form

[=z4[-1,110" wye,

where 7z € "D Therefore, we may write

z=x+ e, 6.1
where

|81 < Q7w (5.2)
We now distinguish between two cases. First, suppose that i, < j,_;. Note that
this is certainly the case if n = 1. Setting iy, = j, fora=1,...,n — 1, we get

that s > i1 > -+ > ip_2 > in_1 > in. The line ("D € LE;{‘;'_”;’;‘”, the direc-
tion e € &, the integer iy, and the point z € [ =1 pow satisfy the conditions of
Lemma 5.1. Hence, there is a line I’ of level k, class n, category (i1, ..., in), and
a point 7z’ with

0wy

2 —zll <
By

(5.3)

such that the line segment I’ is given by
I'=7+[-1,11Q" wye.
Finally, set
x =7 — Be,
so that x” € I, using (5.2). We deduce, using (5.3) and (5.1), that ||x’ — x| <
O"wy /Bx <nQ"wy/Bg. This completes the proof for the case i,, < j,—1.

Now suppose that i,, > j,_1. In this situation, we must be in case (ii). We set
in—1 =1in > jn—1. The conditions of Lemma are now readily verified for z €

1=D ¢ EE',{' ;1':1'")”") and the integer i,_. Therefore, by (ii) and Lemma 5.2 there
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. . . . . . ilseensin_
exist an integer sequence s; > i} > -+- > i,_3 > iy, and a line [” € /.ZEk'n_l’; v

such that /" is parallel to /"~1, and there exists a point y” € " such that

(= DO 1w
By, ’

-zl <

ly (5.4)
The conditions of Lemma are now readily verified for the line I” € EEQ ’,l';”:g*l),
the direction e € &, the integer i,,, and the point y” € I”. Hence, there exist a line

I' e £+ and a point y' € I’ such that

(k,n)
Oy
Iy ="l < , (5.5)
By
and the line [’ is given by
U'=y +[-1,110"wge.
We set
x' =y — Be.
Using (5.2) and i,, > j,, we get that x” € I’. Moreover, using (5.1), (5.4), and (5.5),
we obtain ||x" — x| < nQ"wy/Bg. O

LEmMMA 5.3. Let A € [0, 1), ¢ € (0, 1 — A), and suppose that x € U,. Suppose that

the integersn > 1,1t € {0, 1,...,s, — 1}, and a number § > 0 satisfy
t—1 t 0
YO T w, <8<y Q'w, and B—<1ﬁ. 5.6)
n
Let f € &, and suppose that y €l € EEZ};;"’h’), where
r<A+vIM, =2, h=1t+1. (5.7
Then there exist a line l’ € Egilji'_;_"r})l”tH) and a point y' € l such that
Q2
Iy =yl < 3, (5.3)
v By,
U=y +[-1,110" w, f, (5.9)
and y' +[—1, 1]t f C Uj4y NI whenever
Q2
0<t=<|0- )5—|Iy—XI|- (5.10)
< v By

Proof. Choose a sequence of integers (my)r>1 with 0 < my; < AMj and a se-
quence (/x)r>1 of line segments such that [y € L ;) is a line of level k, class
my, and

x € () Bru (o) (5.11)
k=1
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Note that 08 < Yw, Q"' < Yw, 0% = Yw,_1 < Ywy for all k <n — 1. This,
together with ( ), implies that

Bos(x) € By (k) forl <k<n-—1. (5.12)
Now, the line [ € [,Ez 'r’;“’h’), the direction f € &,, the integer ¢ + 1, and the point
y €[ satisfy the conditions of Lemma 5. 1. Therefore, there exist a line /’ of level
n, class 1+r, category (hy, ..., h,,t+1),and a point y’ € I’ such that (5.9) holds
and 1 5 5
o' tw 0 _ 0
Iy =yl < =——"=—y0" 'w, < —6. (5.13)
By Y By Y By

Recall that I is a line of level n. Hence, from (4.8) we have that !’ is a line of level
k, class O, for all kK > n + 1. We now set
I, =1" forallk>n and [ =1I forl<k<n-—1. (5.14)

Then for each k > 1, we have that l,’( is a line of level k, class m}(, where

mp ifl<k<n-—1,
my=41+r ifk=n,
0 ifk>n+1.

From mj < AMj and (5.7) we have that 0 < mj < (A + )M for all k. Hence,
by Definition 4.8,

o0

() Botwrwc @) S Uiy - (5.15)
k=1
Suppose t is a real number satisfying ( ) (note that by (5.60) we have that
¥ — Q/ By, is nonnegative). Since ¥ < 1,
0<rt=<Q"! (Vf — Bg>wn < 0" w,.

n
Hence, y' +[—1, 1]tf €1’ by (5.9).
From ( ), ( ), and ( ) we have that, forall 1 <k <n —1,

Yy 4+ [=1 1tf SUNBos(x) SU'N By (k)
Putting this together with ( ) and ( ), we conclude that
Y +[=1L10tf SUppy NI
since I € B Gty (') = Bty (k) for all k > n. O

The next lemma represents the crucial step toward our main result, Theorem

LEMMA 5.4. Let L € (0,1), ¥ € (0,1 — A), and n € (0, 1/2). Then there exists a
real number

do=2d0(A, ¥, m) >0 (5.16)
such that for any x € Uy, e € Sl and § € (0, 80), there exist e’ € gd-1 integers
n>1,t€{0,1,...,s,—1},and a pair (x’, 1), consisting of a point and a straight

line segment, with x' €1’ € EEZ‘V’j"’h’) , satisfying the following properties:
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(i) Condition (5.6) of Lemma is satisfied,
(i1) The condition
r<@A+v)M, —4, h=t+1 (5.17)
is satisfied (a stronger version of (5.7));
(i) |lx" = x|l <nd, |l¢' —el <n, and
x'+[-1,1]8¢ € Uty nt'. (5.18)
Moreover, 8y can be chosen to be independent of Q € (1, 2].

Proof. We will find 8 = 8((, ¥, n) such that for any x € Uy, e € §4=1" and
6 € (0, 86), conclusions (i), (ii), and (iii) of Lemma are valid when ( ) is
replaced by the weaker statement

8
X +[=1, I]Ee’g Upiy N (5.19)

Then, defining g = %86 (X, ¥, n/2), we will get that the conclusion of this lemma,
including ( ), is satisfied.

Since (w)k>1 is strictly decreasing, and the sequences (Ag), (Bx), and (M)
satisty Ay, By, My — oo, My /By — 0, we may choose 86 e (0, %wl) small
enough so that whenever Y wy < 286, we have

1 1
Lo Lo W s
Ag 8 Br — 8(Mi +3)
Since Q € (1, 2], this implies that whenever ¥ wy < Q8),, we have
1 1
Low Lo W ymse (520
A ~ 202 By T 20%(Mj +3)

Let x € U, and fix § € (0, §;). Choose a sequence of integers (m)r>1 with
0 <my < AMj and a sequence (Ix)r>1 of line segments such that [ € L ;) is a
line of level k, class my, and

o
x € () Bru (o)

k=1
Note that Q8§ < Yw; since Q < 2. Since wy — 0, there is a unique natural num-
ber n > 2 satisfying

Yw, < 08 <Ywp—1. (5.21)

We remark for further reference that from ( ), 6 € (0, 86), and ( ) we can
deduce that

2
5
Q s 150 (5.22)
vA, —2° %
and
(M, +3) 0 _ng_ 8 (5.23)
" VB, — 2 — 4 '

Since w,_1 = Q% w,, by ( ) there exists t € {0, 1, ..., s, — 1} satisfying

VO 'w, <08 <O Tw,.
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Further, from ( ), 6 € (0, &p), and ( ) we have that Q/s,, <. Hence, 8, n,
and ¢ satisfy (5.6). By (4.6) there exists a direction ¢’ € &, such that |/ —e| <
1/A,, whilst 1/A,, < n follows from ( ), § € (0, 56), and ( ). Hence, we
have ¢’ — e| < 7, as required.

Note that EAw” (Ip) is a tube of level n, class m,,, containing the point x. Let
the line /,, have category (ji, ..., jm,). We can write x =z 4+ ag where z € [,
g€ 8% and a € [0, Aw,]. Next, using (4.6), pick g’ € &, such that ||g' — g|| <
1/A,. Apply now Lemma 5.1 to z € [,, to find a line

(0 jmp »
1" =7"+[-1, I]ang/eﬁ(,ﬂ]_,_,fln) )

where 7' €1, and ||z — z|| < Qw,/B,. Let x"" =z + ag’; then, using (5.21), we
have

"

Ix” = x| < 2" =zl +alg — gl

- 1 1
< Qwy (A_n + B_n>
2
< Q—(i + i)ﬁ (5.24)

From ( ), § € (0, 86), and ( ) we have ¥ M,, > 6. In particular,
my +2<AM,+2<A+yY)M, —4,

and ( ) is satisfied when r =m, +2 and h, =1t + 1.
We will now show that there exist a line I’ of level n, class 2 4+ m,,, category

(J1,---» ji4m,,t + 1), and a point x” € I’ such that
2)0? )
=2 < Tt e a1 15 C Upsy NI (5.25)
v B, 2

Once (5.25) is established, the proof is completed by combining (5.25) and (5.24)
with ( ) and ( ) to get

2
, +3 1
I’ — x| < Q—5<m" + —) < 18. (5.26)
4 B, Ay

Thus, it only remains to verify ( ). We distinguish two cases, t = 0 and
t>1.

If t = 0, then the conditions of Lemma are satisfied for A, ¥, x, 8, t, n,
f=e. 0=0" r=1+my, (h1,....h) =1, ji+m,), and y = x" € 1",
Therefore, by Lemma there exist a line I’ of level n, class 2 + m,,, category

(J1s -+ j14m,, 1), and point x” € I’ such that
2
Ix" —x"| < § and (5.27)
Y By
X +[=1,1re S Uy NI’ (5.28)

2
whenever 0 < 7 < (Q - wQB )8 —Ix” = x]||.
n
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Therefore, using ( ) and ( ), we get

2
(Q— fsn)a x> <Q - %)6 > %

Hence, by ( ) we have x’ + [—1, 1]%6/ C Uj4y N1’, and we obtain ( ).
Now assume that we are in the remaining case ¢ > 1. Set ij4,,, =t + 1, so

that ji4m, =1 <ii4m, < sx. Observe that the line /"’ € ‘ngl,’l'—.y.—;oi:;m”)’ the integer

i14m, > J1+m,, and the point x”” € ["” satisfy the conditions of Lemma 5.2. There-

fore, by Lemma there exists an integer sequence sx > i1 > -+ > ij4py, > 1
together with a line {” of level n, class 1 + m,,, category (i1, ..., i1+m,), such that
1" is parallel to I’”, and there exists a point x” € {” with
14+m t—Hw 2
o — < LEMIC T gy D, (5.29)
Sn ¥ By,

Set ip4m, =t + 1, so that io4,,, = i14+m,. Note that the conditions of Lemma
are satisfied for A, ¥, x, 8, t,n, f =€, 1 =1",r=1+my,, (h1,...,h) =

(i1y---5i14m,), and y = x” € 1”. Hence, by Lemma there exist a line seg-
ment /" of level n, class 2 4+ m,, category (i1, ..., i14m,, ¢ + 1), and a point x" € I’
with
2
x" —x"|| < § and (5.30)
Y By
X 41, 1]t S Uy NI (5.31)

2
whenever 0 < 7 < (Q _ L ) — Ix” = x]|.
v By

We observe that
o< kD0

||.x/ - k]
¥ By
using ( ) and ( ). Moreover, combining ( ) with ( ) yields
2 /1 2
I = x] < Q—s(— T )
¥ \Ap B,

Therefore, by (5.22) and (5.23),

0 5 % - s 9
(055 )51 1= (0= 3)s=3

We conclude, using ( ), that x" +[—1, 1] %e/ C U4y NI'. We have now verified
(5.25). O

LEMMA 5.5. Let n € (0,1), A € [0, 1), and € (0,1 — X). Then there exists a
number

A=A, A, ) >0
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such that whenever x € Uy, § € (0, A1), and vy, va, v3 are in the open unit ball in
RY, there exist v}, ), V5 € RY such that

||vl{ —vill<n and (5.32)
[x + 8v], x 4+ 8v51U [x + 805, x + 8051 € Uppy. (5.33)
Moreover, A1 can be chosen to be independent of Q € (1, 2].

Proof. Fix positive numbers a, b, ¢ such that
1
a+2b+3c< 3 (5.34)

Using the notation of Lemma 5.4, choose 0 < A < §p(X, ¥, an) such that

4
max{ —, —} <bn whenever Yyw; <2Aj,
Ak Y Bi
implying that
{1 Q2}<b h W OA (5.35)
maxy —, —— ¢ < bn whenever Yy wy < 1 .
Ar Y By

since Q € (1, 2].

Fix x e Uy, 6 € (0, A1), and vy, v2, v3 in the open unit ball in RY. We may
assume that

0<|vi|]|<c foreachi=1,2,3 (5.36)

and vy, vy, v3 are distinct vectors.

Set e; = v1/||v1]l. Since § < do(A, ¥, an), Lemma asserts that there exist
e) € §4=1 "integers n, t, and x’ € I € EE;”';i“’h") such that (5.6) and (5.17) are
satisfied, together with

[x"— x|l <and,

, , ) , (5.37)
ley —eill <an, and x" +[—1,1]6e] € Upyy NI
Denote /{ := 1’ and set
’ ’ U3 — U]
x1=x +98|ville] and e3=-—"——. (5.38)
lvs — o1l
Let ¢, € &, be such that ||e — e3| < 1/A,. Note that (5.35) implies
2
L =< 0 =bn
B, ~ ¥ By

since by (5.6) we have Yw, < ¥ Q'w, < Q8 < QA,. This means we can now
apply Lemma to the point x € U,, integers n, t found before, § satisfying
(5.6), f:=e}, and y :=x1 € [x',x" +8€[] S € L") Let the point y' € /;
and the line /] € Eg’l"{ jr"rI;”h’) be given by the conclusion of Lemma
We now define x| =y’ and note that (5.8) and (5.35) imply

llxy = x1ll = lIy" = x11| < bnd,

so that using (5.36), we get ||lx] — x'|| < (bn +¢)8.
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We claim that the straight line segment [x] — %Seg, x|+ %Seg] is inside U4y .
Indeed, we verify that T = §/2 satisfies ( ). Using
lxr — x| < flxr = x| + Ix" = x|l < (c +an)é (5.39)
and Q > 1, together with ( yand 0 < n < 1, we get

0 ) > (1 —>bn)s ) )
(Q—M> — llx1 =l = (1 = bn) = (c+ams > 5.

Let
x3 = x| +8llvs — vy €5

Denote /3 =] and set e; = (v2 — v3)/|lv2 — v3||. Find €}, € &, with [le} — ezl <
1/A, and apply Lemma to the point x € Uy, n, t, and § satisfying (5.6) and
found earlier, f :=¢), and y :=x3 € [x],x] + 8] S5 € EEZ}I"_;;];”}Z’). We note
that condition (5.7) of Lemma is satisfied for » + 1 instead of r because of
( ). Let the point y’ € I3 and the line [, € EEZ}i'J'r"r})'"’h”h’) be given by the con-
clusion of Lemma

Let xj = y'. We now verify that [x} — %56’2,x§ + %36‘/2] C Uj+y - We again
show that T = §/2 satisfies ( ). Indeed, using ( ), we get

s — x|l < lles = xp [l + llxg = xall + [l — x|
<2¢6+bnd+ (c+an)d = (an+ bn+3c)sé.

Hence, using ( )and 0 < n < 1, we conclude

O N s sl = (1 — by — Fhy4308> 2
(Q IﬂBn) llx3 — x|l = ( M3 — (an+bn C)>2-

Finally, define
xh = x5+ vz — v3|8é).
We are now left to see that vlf ,1=1,2,3, defined according to
/
Xi — X

1)

X408V =x & V)= (5.40)

satisfy the conclusions of Lemma
Indeed, let us verify [x{, x3] U [x}, x5] € Uj,y . First, we see that x} € [3 and,
by (5.34),

8
[l — X311 < NIy — x5l + [lx3 — x| < bnd + 2¢8 < X

hence, [x], x3] C [x] — %56/3, X+ %86’3] C Uj.+y . For the second straight line seg-
ment, we see that || x}, — x5 <2¢8 and x), € I, so that [x], x)] C [x} — %56/2, x5+
1651 C Upyy.
By ( ) we see that ( ) is equivalent to
|(x] —x;) —8vi|| <né foralli=1,2,3.
We note first that, using ( ),
[(x] —x) = 8vill < l(x1 —x") = 8vrll + llx] — xill + X" — x|
<cdlley —eill + (a+b)nd < (a+b+ac)nd < ns.
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Next,

(x5 —x) = 8vsll < llx3 —x3ll + [ (x3 — x}) — 8(v3 — v + [|(x] — x) — Svy |
< bnd+8llvs —villlle; —e3ll + (@ +b+ac)ns
<(a+2b+ac+2bc)ns <nd

using ||[vz — vy ]| <2c and ||eg —e3|| < 1/Ax < bn. Finally, using the definition of
x5, we get, in a similar way,

[l (x5 = x) = 8vall = [[(x3 — x) + 8llva — v3lle — vy
< (x5 = x) + 8(v2 — v3) — 82|l + 8llv2 — v3lllles — ez
= [[(x3 —x) — vl + 8llv2 — v3lllle; — eal
<(a+2b+ac+4bc)ns <né

since a +2b +ac + 4bc < 2(a +2b + 3¢) < 1. O
We are now ready to prove our main result.

THEOREM 5.6. For every d > 1, there exists a compact subset S € RY of
Minkowski dimension one with the universal differentiability property. Moreover,

(1) this set S can be constructed in such a way that for any Lipschitz function
g :R? — R, the set of points x € S such that g is Fréchet differentiable at x
is a dense subset of S,

(2) for any pair of integer sequences sy, Py satisfying sy, Py — 00, a univer-
sal differentiability set S € R? satisfying (1) can be constructed so that,
for each n > 1, the set S may be covered by %HZ:] s,f) ¥ boxes with side
§=Q 61t where Q € (1,2] is fixed.

Proof. From Lemma we have that the family of compact sets (U,), A € [0, 1],
satisfies the conditions of Proposition 3.2, where X = R?. Therefore, by Propo-
sition the set U, is a universal differentiability set with property (1) for each
A € (0, 1]. By Lemma 4.9 these sets have Minkowski dimension one.

Let us now explain how the property described in (2) can be achieved. Given
such sequences si, Px, we choose a sequence My, satisfying (4.2) and

B4+2d)My+2<P, Vk=>1.

Using ( ), we see that, for each A € (0, 1], the universal differentiability sets U,
constructed in Section 4, with the sequences s; and My, possess property (2). [

REMARK (added in proof). While the present paper was being prepared for pub-
lication, the first named author obtained a result [5] that shows that any universal
differentiability set S contains a relatively closed subset ker(S) such that ker(S)
is also a UDS and every Lipschitz function is differentiable on a dense sub-
set of ker(S). This means that if S is a compact universal differentiability set
of Minkowski dimension 1, then ker(S) is also a compact universal differentia-
bility set. The Minkowski dimension of ker(S) must then be equal to 1 by [
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Lemma 2.1]. This provides an alternative way to deduce part (1) of Theorem
from the very fact that S is a UDS of Minkowski dimension 1.
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