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The Zeros of Flat Gaussian Random
Holomorphic Functions on C”,
and Hole Probability

ScoTT ZREBIEC

1. Introduction

Random polynomials and random holomorphic functions are studied as a way of
gaining insight into difficult problems such as string theory and analytic number
theory. A particularly interesting case of random holomorphic functions is when
the functions can be defined so that they are invariant with respect to the natu-
ral isometries of the space in question. The class of functions that we will study
are the unique Gaussian random holomorphic functions, up to multiplication by a
nonzero holomorphic function, whose expected zero set is uniformly distributed
on C”". Such functions are also known as the flat Gaussian random holomorphic
functions. For a random holomorphic function of this class, we will determine
the expected value of the unintegrated counting function for a ball of large radius
as well as the chance that there are no zeros present—a pathological event that is
known as a “hole”. In so doing we generalize a result of Sodin and Tsirelison to n
dimensions in order to give the first nontrivial example where the hole probability
is computed in more than one complex variable.

The topic of random holomorphic functions is an old one, with many results
from the first half of the twentieth century, that is recently experiencing a renais-
sance. In particular, Kac determined a formula for the expected distribution of
zeros of real polynomials in a certain case [5], and this work was subsequently
generalized throughout the years [3]. A series of papers by Offord [7; 8] is partic-
ularly relevant to questions involving the hole probability of random holomorphic
functions and the distribution of values of random holomorphic functions. There
has been a flurry of recent interest in the zero sets of random polynomials and
holomorphic functions, which are much more natural objects than they may ini-
tially appear. For example, Bleher, Shiffman, and Zelditch [1] show that, for any
positive line bundle over a compact complex manifold, the random holomorphic
sections to L (defined intrinsically) have universal high N correlation functions.

In addition to results describing the typical behavior, there have also been sev-
eral results in one (real or complex) dimension for Gaussian random holomorphic
functions where the hole probability has been determined. For a specific class of
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real Gaussian polynomials of even degree 21, Dembo et al. [2] have shown that,
for the event where there are no real zeros, E,,,

ProbEn) b _ ) per04.2]
n—oo log(n) ’ o

Hole probability for the complex zeros of a Gaussian random holomorphic func-
tion is a quite different problem. Let Hole, = { f in a class of random holomorphic
functions such that, Vz € B(0,r), f(z) # 0}. For the complex zeros in one complex
dimension, there is a general upper bound for the hole probability: Prob(Hole,) <
exp{—cu(B(0,r))}, where u(z) = E[Zy,] (cf. [13, Thm. 2.2]). In one case
this estimate was shown by Peres and Virag [9] to be sharp: Prob(Hole,) =
exp{—u(B(0,r))/24 4+ o(u(B(0,r)))}. These last two results on hole probability
might lead one to suppose that, if the random holomorphic functions are invariant
with respect to the local isometries (thus ensuring that E[Z,,] is uniformly distrib-
uted on the manifold), then the rate of decay of the hole probability would be the
same as if the zeros were distributed according to a Poisson process with the same
expected distribution. But the zeros repel in dimension 1 [4], so one might expect
a quicker decay for the hole probability of a random holomorphic function. This
is the case (see [14]) for random holomorphic functions whose expected zero set
is uniformly distributed on C':

Prob(Hole,) < exp{—cr*} = exp{—cu(B(0,7r))*};
Prob(Hole,) > exp{—c,r*} = exp{—cu(B(0,r))*}.
The two main results of this paper, Theorems 1.1 and 1.2, concern the distribu-

tion of zeros of flat Gaussian random holomorphic functions in # variables.

THEOREM 1.1. Let

'
Ww(Zl,Zz,...,zn) = Zw]
J

A% .]1' : jn !
where the w; are independent and identically distributed complex Gaussian ran-

dom variables. Then, for all 6 > 0, there exist c3 s > 0 and R, s such that, for
allr > R, s,

Prob({|ny,, (r) — %r2| > 8r?)) < exp{—c3sr*""?},
where ny, (r) is the unintegrated counting function for .

THEOREM 1.2. If
Hole, = {¥,(2) # 0 Vz € B(0,r)},

then there exist R,, c1,cy > 0 such that, forallr > R,,
exp{—c2r?"*?} < Prob(Hole,) < exp{—c;r?"2}.
The proofs of these two theorems will use techniques from probability theory and

several complex variables as well as an invariance rule for flat Gaussian random
holomorphic functions.
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This paper is based on the work of Sodin and Tsirelison [14] and generalizes
their methods to higher dimensions. In order to do this, new results for estimat-
ing the values of flat Gaussian random holomorphic functions on polydisks are
derived. Additionally, many technical changes must be made regarding computa-
tions of surface integrals of flat Gaussian random holomorphic functions. These
include Lemma 4.2, which is needed to appropriately partition a sphere, and sig-
nificant changes in the proof of Lemma 4.4 that are caused by the dependence of
the formula for the Poisson kernel on the number of dimensions 7.

ACKNOWLEDGMENT. [ would like to thank Bernie Shiffman for many useful
discussions.

2. Defining Flat Gaussian Random Holomorphic Functions,
and Common Results Concerning These Functions

Gaussian random holomorphic functions are defined as

Vo(2) = Y 0(2),
J

where {w;} is a sequence of independent and identically distributed (i.i.d.) real
or complex Gaussian random variables and {v;(z)}; is a sequence of holomorphic
functions. Since lim; sup|w; |/ = 1a.s., it follows that v, is a.s. a holomorphic
function on a domain 2 provided that for all compact K C €2,

Z maxllﬁ,(z)l2 < 0.
zeK
JjeN
For this paper we will be concerned with a particular class of random holomor-

phic functions: flat Gaussian random holomorphic functions.

DEeFINITION 2.1. A flat Gaussian random holomorphic function is arandom holo-
morphic function that may be written in the form

1, J2 Jn
Z Z ...Z
Yo(z) = E wj<#> M
jenn Jilj2le e !

where {w;} is a sequence of i.i.d. standard complex Gaussian random variables.

Additionally, the set of flat Gaussian random holomorphic functions that do not
converge on C” is null.

Let us briefly review properties of the zeros of random holomorphic functions.
We will view the zero set of a holomorphic function f as Zs: a divisor and a
(1,1) current. The regular points of Z; are a manifold, and we identify forms in
DY~ with ones in D(Z';__l’"_l) by restricting their domain. If f € O(M") for M
an n-complex manifold, then Zy = ﬁaé log| 1% as (1,1) currents on M. Starting
with this, a standard result may be proved on the expected zero distribution.
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THEOREM 2.2._ IfE[|V,|"]1 = ZIl//j(z)|2 converges locally uniformly in Q2, then
E[Z,] = 539 log E[|,|*].

Many forms of this theorem have been proven (see [3; 5; 13]). Theorem 2.2 is
more general than those in the literature, but the standard method of proof still
works. In particular, a concise proof can be given by simplifying the argument in
[13]. Specializing this result to flat Gaussian random holomorphic functions yields
the following corollary.

COROLLARY 2.3. For a flat Gaussian random holomorphic function ,,,
i _ _ _
E[Zy,] = Z(dzl ANdZy+dzy AdZo + - - +dzy AdZy).

More can be said about this because specifying the expected zero set of a Gaussian
random holomorphic function defines an almost unique class of Gaussian random
holomorphic functions, as follows.

THEOREM 2.4. For Gaussian random holomorphic functions, the expected zero
set determines the process uniquely (up to multiplication by nonzero holomorphic
functions) for a simply connected domain.

This theorem is proven in one dimension by Sodin [13], and the same proof works
in n dimensions. A much stronger refinement of this result for flat Gaussian ran-
dom holomorphic functions is the following translational law.

PROPOSITION 2.5.  For all z € C" and for all sequences of i.i.d. standard Gauss-
ian random variables {w;} e, there exist a); i.i.d. standard complex Gaussian
random variables such that

Vo (2) = exp{—3¢1* — 28} ¥ (2 + 0).

This proposition is proven in [6] and is especially useful because statements may
be proved in one particular region and then translated to another. In particular, we
have the following result.

COROLLARY 2.6. For all z € C" and for all sequences of i.i.d. standard Gauss-
ian random variables {w;} e, there exist a); i.i.d. standard complex Gaussian
random variables such that

2\ _ 2
max (log(Yo,(2)) — 312F) = max_(log(ivi (2D — y12P).

Here, ¥, is itself a flat Gaussian random holomorphic function.
Proof of Corollary 2.6. We simply apply Proposition 2.5 to obtain
max_(log|¥,(2)| — 31zI)

z€0B(0,r)
_ 1,2
= . (eelopl =2 v )
— 2— 2— ¢ ’
= _max_ log(lexp{—3¢1> — |zI* — 2 }vw (z + 0))
= max (log|y(2)| — 3lzI?). =

z€0B(¢,r)
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3. An Estimate for the Growth Rate of Flat Gaussian
Random Holomorphic Functions

In this section we begin working toward our main results. Lemma 3.2 is interest-
ing in its own right because it proves that flat Gaussian random functions are of
finite order 2 a.s. Let M, , = maxyp, log|¥,(z)|. We will be need several ele-
mentary estimates.

ProprosITION 3.1, (a) If w is a standard complex Gaussian random variable, then
(i) Prob({|lw| > A}) = exp{—A?} and
(ii) Prob({|w| < A}) =1 —exp{—1?} € [%Az, Plifa <1

(b) If {wj}jenn is a set of i.i.d. standard Gaussian random variables, then
Prob({|w;| < (1+&)l/l}) = ¢ > 0.

© If j €Nt then | j|V1/j7 < nl\.

Here and throughout this paper, |j| := Y_ j; for j € N". Let

Mr,a) = max |1[/w(z)|
z€B(0,r)

LEmMA 3.2. Forall § > 0and all r > R, there exists a cs > 0 such that

log(M, 1
Pmb({ 0g(M0)

> 3 > 5}) < exp{—csr*"*?).
Proof. We will first prove that Prob({log(M,..,)/r*> > 1 +8}) < exp{—cs1r>"+?}
by specifying an event £, of measure almost 1 where M, , < exp{( +8)r2}. Let
2, be the event where
e it ljl <2e-n- r2,
lw;| < {

2012 if |j| > 2e-n -1

r

Then
Prob(Q%) < Y Prob({lwj| > ¢* P+ > Prob({lay| > 2UV/2))
ljl<2e-nr? |j|>2e-nr?
< car?expl{—e” %) + Z exp{—2"1}
|j|>2€-nr2

< exp{—e”z} + cexp{—2"2} Vr > Ry
< exp{—e”z}.

We now have that Prob(2¢) < exp{—e"’z} < exp{—cr?"*?}, so it remains for
us to show that, for all w € 2, log|M,,a,|/r2 < % + %8. Forallwe Q, and all z €

B(0,r), we have
(|j|<4e-n(r2/2) 2|/ P
D el =+ ) lel—.)
1j1=0 Vit |j|>4e-n(r2/2) Vit

1
= max E + max
z€B(0,r) z€B(0,r)

M, , < max
zeB(0,r)
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Using the Cauchy—Schwartz inequality then yields
1

2i1\1/2
max < (exp{18r*})y/c(r?)" max (Z M)
J

z€B(0,r) 2€B(0,r) j!
< cyexp{38r’}r"exp{3r?}
< exp{(r?) (5 + 58)} Vr > R, 5.
Then, by Sterling’s formula (j! ~ m\ﬁjje’j), we have
2

Z
max < max Z (2)‘”/2| |
B(O, B(0, N

B BN |j|>4e-nr?

i 1] 1j1/2 e Ji/2
[71/2 _
2 @ <4en> U(n)

|j|>4e-nr?

< C. (by Proposition 3.1(c))

Hence log(M,,,,) < (% + %6)1’2 for all w € Q,, proving half of the claim.
Let Mr/,a) = Max e p(0,r) |V (2)|, where P(0,r) := {z € C" : |z;| < r Vi}. Then
we need only show that

1 Mr w
Vé >0, Vr > R, Prob({M 3~ 8}) < exp{—ca,zrz””}.
r
It suffices to prove this result for small § only. However, we will actually prove a
stronger claim: for all § and all » > R, there exists a c such that
Prob(M,, < %r® —8r%) < exp{—cr®"*?}.
This is a stronger claim because
Myy= M, o = (M, < (3 =8r’) (M, <(-98r),

and the desired probability estimate therefore holds by monotonicity.
We begin this second half of the proof by considering what we know given that
w belongs to the event where

log(M; ) < (3 — 8)r*

has occurred. By Cauchy’s integral formula, [0/v,,/9z/|(0) < j! M, ,r~!. Fur-
thermore, we may use equation (1) to directly compute

D7 .
"’ ©0) = ;17

Hence |o;| < cM], Jﬁr"f', and using Sterling’s formula then yields, for all k,

ol < <2”>"/2<1_[J”4) exp{<§ —8)r £ 2 tog(j) — (1) logr - '_2'}

where ji # 0. The (27)"/2j/4 term will not matter in the end and so we focus
instead on the exponent, which we will now call A:
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a=(3-0)2- 12+ Z(—loguk)) ~ (i log(»)

— (i 26
=Z< )(( ——)J—k—1+10g(]k)—210g(r)>

Let ji = yyr> Then:

k=n 2
Vil 26\ 1
A= l—— | ——1+1
,Z:;( 2 )<( ”)Vk * og(yk)>

2
.
= —8r’ + nf(yk)? where f(yr) =1— yix + vilog(ve);

fr) =0 =y)? ==y +0(d—y)*) near .

As aresult, there exists a A such that, forall § < A, if yx € [1 —+/8/n,1++/8/n ]
then A < —%Srz.
Hence, for j as before, we have

o = @[l e < e

k

Specializing our work for large r, we have that for all ¢ > 0, there exists an R
such that, for all » > R, |wj| < exp{—%(c‘i — &)r?}. Here the factor of ¢ is used to

compensate for the /27 j,i/ * terms, which had previously been ignored.
Therefore, E; , has the desired decay rate in terms of r:

Prob({log Mr/,w < (% — 8)r2})
< Prob({|w;| < exp{—1(8 — &)r*} and ji € [(1 — /8/n)r? (14 /8/n)r
< (CXp{—((S _ 8)7‘2})(2 S/nrz)” — exp{_zn(l +0(8))3(n+2)/2r2n+2}
2n+2
}

= exp{—ci,sr

s

where we have used Proposition 3.1 and the independence of w;. UJ
COROLLARY 3.3. Let zo € B(0,r)\B(0, %r) Then, forall § > 0 and all r > R,
Prob({#¢ € B(z0,67) s.t. log|u(0)] > (3 — 38)Iz0/*}) < exp{—cr®"?}.

Proof. Without loss of generality, assume that § < %. By Lemma 3.2 we have

Prob({ max log|y, ()| — 3zf* < —8r2}) < exp{—cr?"*}.

2€0B(0,r)

By Proposition 2.5 it follows that, for z¢ € B(0,7)\B(0, %r) and z € B(zg, 6r),

_ D AN A 2}>< 2042
Prob({zeggflo),;mloghpw(z z0)| — 31z — zol” < —48(ér) <exp{—cr ).
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Hence there exists a z € B(zp,8r) such that log|v,(z — z0)| — %|Z —zol* >
—8(8r)?, except for an event of probability less than exp{—cr?"2}.

By hypothesis, |zo| € [37,7) and so |z — zo| < 8r < 1r = 21 < Lizg|.
Therefore, |zo — z|*> > |z0|> — 8r% > |z0|*(1 — 28), which implies that
log|Vu(z — 20)] = 312 — 201> = 8°r® = |z0|* 5 (1 — 28)> — 48%|z0/*
3120 = 281z0l* — §81z0/?
Nzol® = 38|20/~

Setting ¢ = z — z¢, we have shown what we set out to prove. O

v

v

Using that log max (o, )| ¥, | is an increasing function in terms of r, we may prove
the following corollary.

COROLLARY 3.4. Forall § > 0, we have:

~ (logmax ep©,n |V (2)]) — %rz

(a) PrOb({,an;O ) ¢ [—8,5]}) =0;
- (logmaxcpo,n|¥u(2))) — 3r?

(b) Pr0b<{rli>ngo r2 # O}) = 0

This corollary has been proven by more direct methods; see [14].

Proof of Corollary 3.4. Part (b) follows immediately from part (a), which we now
prove. Let

log max g, g [V (2)| — & R?
s,R={ e . ¢[—s,51}.

LetR,, =r+8(m—+1)r forr > 0, and let s,,, € [R,,_1, R,,]. We claim that, for
all s, with m > Ms, Egysm C E&/S,Rm U E8/3,R,,,,1~
Let Ms = max{M, s, M, s}, which may be specifically determined.
Case (i): for w € Es ,, logmaxp,s,) |Vl = 352 + 8s2. Then
1.2 2
log B{gé}g}ﬂ)ltﬁwl > 38, 85,
> L1+ m8)*r? + 8(1 + mé)*r?
> IR, + 10R;, Ym > M.
Therefore, w € Es/3 g, -

Case (ii): for w € Es;,, logmaxp,,) Yo < %sé — 8s2. Then

<12 52
log B(glgﬁl)l%l < 250~ 08

< 1A+ m =187 — 8(1+ms)*r?

<Ry, — 18R, Vm > My;.

Therefore, w € Es;3 &, -

We have shown that, for all m > M; and for all s € [R,,—1,Rnnl, Ess C
Es/3 R, Y Es/3,r,,- Hence, Prob(USE[Rm_hRm] Es) < 2exp{—csr*" 2 m*" 2}
and so
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Z Prob( U E(;,J) = Z exp{—csm*"?} < oo.

meN SE[Ry—1,Rm] meN
The result follows. O

4. The Second Main Lemma

In order to prove Theorem 1 we need another key lemma, Lemma 4.4, in which we
will give an estimate for [ log|,|. The lemma will be proved by approximating
a surface integral using Riemann integration.

In order to establish notation, I state the Poisson integral formula: for ¢ € B(0, r)
and /& a harmonic function,

ho) = /S P.(¢.2)h(z) doy (2),

where do, is the Haar measure of the sphere S, = dB(0,r) and P, is the Poisson
kernel for B(0, ). In this notation, the Poisson kernel is given by
o r 2- ¢ |2

¢ —z[*

LEMMA 4.1. Forallr > R, there exists a ¢ > 0 such that

Prob({/ llog(1¥o )| doy(2) > (3*" + 1)r2}> < exp{—cr?"?}.
5,

P(L2) =r*"

Proof. With the exception of an event whose probability is less than exp{—cr2"*+2},

by Lemma 3.2 there exists a ¢y € dB(0, %r) such that log(|¥,,(¢0)|) > 0. Hence

/33(0 )Pr(go’z) log(|¥(2)]) doy(2) = log(|¥(o)]) = 0.

Alternatively,

/ P.(0.2) log ™ (1w (2)]) < / P,(80.2) log (10 (2.
a(B(0,r))

9(B(0,r))

Since ¢ € 9B(0, jr) and z € 9B(0,r), it follows that jr < |z —¢| < 3.
Estimating the values of the Poisson kernel for these values of z and ¢ yields

1 2 2n—2
5(5) < P(2) < (2723,

Therefore, by Lemma 3.2,
1
f log"™ (1% (2)]) do,(2) < log M, < (— + 8)r2 <r?
3B(0,r) 2

except for an event whose probability is less than exp{—cr2"*2}.
It remains to compute [ log™ [, |:

/ P(9.2) log (W (D)) < 0,(S,) log(M,)3(2)"
3(B(0,r))

<32
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/ log™ (¥ (2)]) do, (2) < P(&0,2) log" (1 (2)])
A(B(O,1)

o
min; P(o,2) Jaso,rm)

3 2n—2
< 3<§> / P(%0,2) log"(1¥(2)])
d(B(0,r))
3 2n—2
< 9(5 (2)2n—2r2
r2

< 32;1

The result now follows immediately. UJ

In order to use Reimann integration to prove Lemma 4.4, we will need the ability
to choose “evenly” spaced points on the sphere. This choice will be made accord-
ing to the next lemma.

LEMMA 4.2 (Partition of a Sphere). Forallm € N*, let N = Q@n)ym* . Then
S,z” C R?" can be partitioned into N disjoint measurable sets {17, 15, ..., 1}

such that
di , V2n—1 _ Cn
1am(1j) < - r= FYIVeTE r.
Proof. Surround S, with 2n pieces of planes: Py 1, P+ 2,..., Py 5, P_1,..., P_,,
where

Prj={x eR™": Ixllpe =1, x; =1},
P j={xeR"™ ! x|l =7, x; = —r}.
Subdivide each piece into m>"~! identical closed 2n — 1 cubes in the usual way,
and denote these sets R{,..., R zlv In order to remove intersections on the bound-
ary, we then put R; = R\, _; R;.

Let Ii’ ={x €S, : Ax € R;, > > 0}. Clearly, if x € S, then there exists a j such
thatx € /. By design, A > 1 and so x, y € /] implies that

2
d(x,y) < d(ux,hoy) < —r = diam(R;). D
m

For the following result, note that the integration is with respect to w, which is not
the same variable of integration that is usually used in the Poisson integral formula.

LEMmaA 4.3. For k < 1and z€0B(0,r),

[ P, =t
wesy,
Proof. If w € S?" C R?" then the Poisson kernel can be rewritten as a function of
|z — w|; as such, P.(Yw,Yz) = P.(w,z) forall Y € U,(R").
Let f(z) = ‘/;‘JES:lr Pr(w, Z) dUKr(W). Then

f(Z) = f P.(w, Z) dakr(w)
wes,

= / P,(Yw,Yz)do,(w) (by our previous results)
weSs,,
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/ P.(Yw,Yz)do.(Yw) (since do,, is invariant under rotations)
wesS,

= / P, (w, Yz)do,,(w) (by achange of coordinates)
wesy,

= f(Tz2).
As aresult, f(z) =cforallze€ S;.
Switching the order of integration, we compute that

1=/ f P, (w,z)do.(z) do (w) = c. O
weSy, Jzes!

Now we are able to prove our final lemma.

LEmMA 4.4.  Forall A > 0, there exists a ¢ > 0 such that, forallr > R,

1 1 2n+2
Prob - log|Y,|do,(2) < = — A} ) <exp{—cr }.
r* Jzeamo,n 2

Proof. Tt suffices to prove the result for small A. Leta, = 1/22n +2)(2n —1).
Setd = (A /A)l/”'l < %, with A > 0 to be determined later. Choose m € N such
that 1/(2n)m?"~! < §, and for notational purposes let N = (2n)m>"~!. Also, let
Kk =1-—4§m.
Form a disjoint partition {/ jf( "} of Sk, as in Lemma 4.2. In particular,
diam(If") < ¢8V/Cn=Dy,

Leto; = cf,(,(ljf"), which does not depend on r, and for all j fix a point x; € I]f”.
By Corollary 3.3, for each j there exists a {; € B(x;, r) such that

log(|¥, ()1 > (% - 35>|ij2 = (% — 38)/(2r2,

except for N different events each of probability less than exp{—c'r?"*2} (and
thus the union of these N events also has probability less than exp{—cr>"+2}).

Since for each j we have the same estimate for [v,,(¢;)| and since ) o; = 1, it
follows that

1 N
(E - 35)(1 — 5922 = 3 o log (1 (6

j=1
P, 7)1 . do.
= /aB(o,r)<;aj (&), 2) log(|¥w(2)]) do, (z))
- f <Z o;(Pr (&, 2) — 1)) log (1Y (2)]) do(2)
2BO.M\ S
+/ log(|¥,(2)|) doy (2).
3(B(0,r)

Therefore,
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/ log(|¥]) doy
3B(0,)

1 anp\2..2
> 5—35 (1 —8%)%r2 — [ log| || do, - max

Y o (Pr(g,2) — 1)'
j

1 1
> (5 — 35)(1 — 8"y 2 — 32" 4+ r?. 820D > zr2 — A89r?

by Lemma 4.1 and the following claim, so proving this claim will establish Lem-
ma 4.4.
Claim:

max
z€d(B(0,r))

> 0i(Pu(gj2) — )| < €820,

J

Proof of Claim: By Lemma 4.3 we know that, for all z € 9B(0, r),

/ P.(6,2) dow () = 1.
£€dB(0,kr)

Hence
j=N j=N
1= 0P+ Y. / (P.(£.2) = Pr(&.2)) doer (O)
j=1 j=1 JEEly
and
j=N j=N
>0 (Pr(gj.2) — 1)‘ =y / (Pr(£,2) — P,<z;,~,z>>don<c>’
=1 j=1 JEel”
IP (w, z)
< max |¢ — &l - max —.
jreels 7 weBO,(c+)M\BO,k—8)r)|  dw
Then
0P (w,z) _ a2 wlz — w* + (¢ — [w[*)n(Z — W)
ow - |z — w|?n+2 :

Since |z| = r and since |w| = (1 — &)r € [(k — §)r, (k + &) r], it follows that

‘3Pr(U),Z) - 2+4en Cn_ _ Cns1/20n-0)

ow - I"82n+2 - r82n+2 r

Moreover, max,|¢ — ¢;| < diam([;) +8r < c8Y/®""Vr +8r < ¢/r8V"=D and so

j=N
Z Uj(Pr(CJ’Z) _ 1) < C(Sl/(2nfl) . 871/2(2}171) — C81/2(2n71)’
j=1
which proves the claim and hence the lemma. O

Lemma 4.4 gives an alternate proof for the growth rate of the characteristic func-
tion. Let T(f,r) = f s, log™| f(2)| do,(z), the Nevanlinna characteristic function.
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COROLLARY 4.5. Forall § € (0, 1]:

log|¥,| do,) — Ar?
(a) Prob( rli_)rglo (fs, s rZU) il ¢[—8,5]}) =0:
log| | do,) — 112
(b) Prob( rhﬁnolo (fs, rza) t ;/:0}) =0;
T(Yo,r) — 312
(©) Prob( rlirglor—z 750}) =0.

Because |, s, 10g|¥,| doy is increasing, the proof of Corollary 3.4 can be used in
conjunction with Lemma 4.4 to prove that v,,(z) is a.s. of finite order 2. A more
elementary proof of this is already available [14].

5. Proof of Main Results

We can now put the pieces together and estimate the number of zeros in a large
ball for a random holomorphic function v, (z).

DEerFINITION 5.1.  For f € O(B(0,r)) and B(0,r) C C", the unintegrated count-

ing function
. n—1
1 -
ng(r) ::/ (2—3810g|z|2>
BO,nNZ \ =T

. n—1 .
2/ (’_aé 10g|z|2> A =33 log|f].
B(0,1) 2 21

The equivalence of these two definitions follows by the Poincaré-Lelong formula.
The form (ﬁ&é log|z|?)"~! gives a projective volume, which is more convenient
for measuring the zero set of a random function. The Euclidean volume may be
recovered as

i _ ) n—1 i _ 5 n—1
—99 log|z| = 509z .
B(0,)NZs 2 B(0,)NZs 2mt
LEMMA 5.2. Ifu € L'(B,) and 3du is a measure, then
=R . . m—1
dt - - 1 1
/ — 1—8814 A (’—aa log|z|2> = —/ udogp — —/ udo,.

t=r+#0 t B, 2 2 2 Sk 2 S,

A proof of this result is available in the literature (see [13]).
We may now prove one of our two main theorems.

Proof of Theorem 1.1. Tt suffices to prove the result for small §.
Since ny, (r) is increasing, it follows that

t=kr

d
ny,(r)log(k) < / n%(t)Tt < ny,(«kr) log(k). @)

t=r
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Let k = 14 +/8. Except for an event whose probability is less than exp{—cr2"t2},
we have:

1y, (1) log(k) < /

t=r

t=«kr i - i - ”_ldt
/ / 5 99 log|v, () A (—33 10g|Z|2> -
i=r JBoOn 27 2n t

1 1
= f logl ()| do — > / logl,(2)|do (by Lemma 5.2)
Ser 3

t=kr

dt
I’l,//w(l)T

2
11 2,2
< 3 5—}—8 k“r=— [ log|Y,(z)|do | (by Lemma 3.2)
S,

L((L §)r2x? 1 8)r? by L 4.4):
5<5+>r1c -3~ r (by Lemma 4.4);
ny, (r) 1 21 _(1_

= Slogw)(K (2*5) (2 ))

k2—1 k241
= 8 <1+ cvV/5s.
2log(x) + log(k) — te

We have just shown that

1
Prob iy, ) > - +87 ) <exp{—csr® T,
r2 2

so now only half of the result remains to be proven. We complete the proof by
observing that (except for an event whose probability is less than exp{—cr2"+2}):

1y, () log(k) > / -

t=r/k

t=r . . n—1
i - i = 2 dt

| —8alog|ww<z)|A<—aalog|z|) a

i=r/ic JBO,1) 2T 27 t

1 1
—/ log| Y, (z)| do — 5/ log|¥,(z)|do  (by Lemma 5.2)
Sr Sr/K

dt
n"’"’(Z)T (by (2))

2

l[(l — 8)r2 — / log| ¥, (2)| da] (by Lemma 4.4)
2 2 Sr/l(

L), (L 2,2 .

> |:<2 5)r (2 + (S)r K ] (by Lemma 3.2);
ny, (r) 1 1 1 -2

2" 2 (270 - (3+9))

1— -2 1 -2
G L LSV

- 2log(x) B log(k) —
We have now finished the proof by showing that:

1
Prob({nw‘“—z(r) < - — 8}) < exp{—c,;rz"”}. O
r 2




Zeros of Flat Gaussian Functions and Hole Probability 283

Using this estimate for the typical measure of the zero set of a random function,
we obtain an upper bound for the hole probability. A lower bound with the same
order of decay is easy to prove, as follows.

Proof of Theorem 1.2. The upper estimate is a consequence of the previous theo-
rem: if there is a hole in a ball of radius r then ny, () = 0, and this can occur only
for an event with probability less than exp{—cr2"+2}. Hence it suffices to show
that the event where there is a hole in the ball of radius r contains an event whose
probability is larger than exp{—cr?"*2}. We now design such a set. Let Q, be the
event where |wg| > E,, + 1 and
e~/ i 1 < || < [24nr] = [(n-2-12)r2],
lwj| < Ljl/2 e 2 2
2171/ if |j| > [24nr-] > 24nr-.
Then, by Proposition 3.1, we have
Prob({|a;| < exp{~(1+n/2)r?}}) = 3 (exp{~( +n/2)r*})’

= jexp(=Q2+n)r?)
and so
#1j €N 11 < |j] < [24nr?7) = ((P4r140)) & e

Therefore, Prob(Q,) > C(exp{—c,r?"*?}) > exp{—cr?*'*?} by independence
and Proposition 3.1. It now suffices to show that, for all w € 2, and all z € B(0, r),
Y, (z) # 0. We proceed as follows:

ls[24nr21 )
V(D] = lwol = Y "”’\F > "”’f |wol — Z Z
|jl=1 : |jl>T24nr2]
where
: 2
1 I=[24n21 )

< exp{—(1+n/2)r*} —
2 NG

< exp{—(1+n/2)r?}Y4nr2 + D" /exp(r})
(by the Cauchy—Schwarz inequality)

1
< Cyrexp{—r?} < cexp{—0.9r%} < 3 Vr > R,
and

2 S\ J1/2 1
< zm/z(ﬂ) — (since r < /|j|/24n)
Z |j|>22:4nr2 24n \/7‘

) |]| ljl/2 k=n e Jk/2
<c Z 21172 <—) H(—) (by Sterling’s formula)
|j|>24nr? 24n k=1 Jk

(V2 e \V?
=c 2 k=n 2je/2y 112 \ 12 =

|j|>24nr2 ( k=1 Jk )
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lil/2
<c Z(Z) (by Proposition 3.1)

[j1>1
1
< - |I"<E,.
=2a)r
I1>1
Hence |¥,,(2)| ZEn-i-l—Zl_ZZz%' =
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