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Explicit Versions of the
Briangcon—Skoda Theorem with Variations

MATS ANDERSSON

1. Introduction

Let ¢ and f, ..., f,» be holomorphic functions in a neighborhood of the origin in
C". The Briancon—Skoda theorem [9] states that ™" belongs to the ideal ( f)
generated by f; if |¢| < C| f|. This condition is equivalent to ¢ belonging to the in-
tegral closure of the ideal ( f). The original proof is based on Skoda’s L2-estimates
in [20] (see Remark 1 in this section) and actually gives the stronger statement that
¢ € (f) if |¢| < C|f|™n™_ An explicit proof based on Berndtsson’s division
formula [8] and multivariable residue calculus appeared in [5]; see also [14] for
a special case. There are purely algebraic versions in more arbitrary rings due to
Lipman and Teissier [17].

In general this result cannot be improved, but for certain tuples f; amuch weaker
size condition on ¢ is enough to guarantee that ¢ belongs to ( f). For instance, the
ideal (f)? is generated by the m(m + 1)/2 functions gjx = f;fi; we have | f|* ~
lg|, so applying the previous result yields ¢ € (f)? if |¢p| < C|f|min@GmmGn+D)
However, in this case actually the power min(n, m) + 1 is enough. In general we
have the following statement.

THEOREM 1.1 (Briangon—Skoda). If f =(f1,..., fm) and ¢ are holomorphic at
0in C" and if |¢p| < C|f|™intnm+r=1 then ¢ e (f)'.

This more general formulation follows in a manner similar to the case » = 1 by
L2%-methods as well as by (a small modification of) the argument in [5]. In [1] we
gave a somewhat different proof of the case r = 1 by means of residue calculus,
and in this paper we extend that method to achieve various related results for prod-
uct ideals as well as the general case of Theorem 1.1. We consider several possibly
different tuples in the first result, as follows.

THEOREM 1.2.  Let f; (j =1,...,1) be m;-tuples of holomorphic functions at 0 €
C", and assume that

|p] < CLAIM - 1 fr]™
foralls suchthats\+---+s, <n+r—1land1<s; <m;. Thenp € (f1)---(f;).
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Notice that this immediately implies Theorem 1.1 in the case m > n by simply
choosing all f; = f. In certain cases Theorem 1.2 can be improved, as one can see
by taking f; = f and m < n and then comparing with Theorem 1.1. Another case
is when all the functions in the various tuples f; together form a regular sequence.

THEOREM 1.3.  Let f; (j =1,...,m) be mj-tuples of holomorphic functions at 0 €
C", and assume that the codimension of {fi=---= f, =0}ism+---+m,. If

|p] = Cmin(|fi| ™, ... 1f:]""),
then ¢ € (f1) -+ (f,).

We have not seen these latter two results in the literature, although they might be-
long to the folklore. In the algebraic setting there are several results related to the
Briancon—Skoda (and Lipman-Teissier) theorem (see e.g. [16; 22] and the refer-
ences therein).

ReEMARK 1. The Briangon—Skoda theorem follows by a direct application of
Skoda’s L%-estimate [20; 21] if m < n. In fact, if ¥ is any plurisubharmonic
function then the L2-estimate guarantees a holomorphic solution to f - u = ¢
such that

|u|2 VAV < 0
oz |f|2(min(m,n+l)—l+a)e ’

provided that

oy
X\z |f|2(min(m,n+l)+e)e < oo

If |¢| < C|f|™ then the second integral is finite (taking ¢ = 0) provided ¢ is
small enough, and thus Skoda’s theorem provides the desired solution. The case
when r > 1is obtained by iteration. If m > n then a direct use of the L?-estimate
will not give the desired result. However, in this case one can find an n-tuple f
such that (f) C (f) and Ifl ~ | f]| (see [11]), and the theorem then follows by
applying the L>-estimate to the tuple f

In the same way, Theorem 1.2 can easily be proved from the L>-estimate if
mi+---+m, <n-+r — 1. To see this, assume for simplicity that r = 2 and that
|p| < C| f1l™] f2]™2. Choosing ¢ = 2(m; + ¢) log| fi|, Skoda’s theorem gives a
solution to f, - u = ¢ such that

/ |u|? av
— 4V < oo.
x\z | fi]2m+e)

Another application then gives v; such that fi - v; = u;. This means that ¢ be-
longs to (f1)(f2). However, we do not know whether one can derive Theorem 1.3
from the L?-estimate whenm; +---+m, >n+r — L.

Now consider an r X m matrix fjk of holomorphic functions, r < m, with rows
fis.-.s fr. Welet F be the m!/(m —r)! r! tuple of functions det(fj’k) for increas-
ing multi-indices I of length r. We will refer to F as the determinant of f. If f;
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are the rows of the matrix considered as sections of the trivial bundle E*, then F
is just the section f, A--- A f of the bundle A”E*. Our next result is a Briangcon—
Skoda-type result for the tuple F. It turns out that it is enough to use a power much
less than m!/(m — r)! r!. Let Z be the zero set of F' and observe that codim Z <
m — r + 1; this is easily seen by Gauss elimination.

THEOREM 1.4. Let F be the determinant of the holomorphic matrix f as before. If
|¢| < ClFlmin(n’m7r+1),
then ¢ € (F).

REMARK 2. This result is closely related to the following statement, which was
proved in [3]. Suppose that ¢ is an r-tuple of holomorphic functions and let || ||
be the pointwise norm induced by f; that is, |¢| = det(ff)(FF*) "¢, ). If

lpll < | F|mintim=r+D,
then fyr = ¢ has a local holomorphic solution.

REMARK 3. Another related situation is when f is a section of a bundle E*, ¢
takes values in A’E, and we ask for a holomorphic section ¢ of AIE such that
dr = ¢ (provided that the necessary compatibility condition §y¢ = 0 is ful-
filled). Let p = codim{ f = 0}. Then a sufficient condition is that

|¢| < C|f|min(n,m—l)

if | < m — p, whereas there is no condition at all if /| > m — p; see Theorems 1.2
and 1.4 and Corollary 1.5 in [1].

Theorem 1.4 is proved by constructing a certain residue current R with support
on the analytic set Z such that R¢ = 0 implies that ¢ belongs to the ideal (F')
locally. The size conditions of ¢ then imply that R¢p = O by brute force (see
Theorem 2.3 in the next section). There may be more subtle reasons for annihi-
lation. For instance, in the generic case (i.e., when codim Z = m — r + 1) even
the converse statement holds; if ¢ is in the ideal (F') then actually R¢ = O (see
Theorem 2.3(iv)). The analogous statement also holds for the equation fyr = ¢
in Remark 2 (see [3]). These results are thus extensions of the well-known dual-
ity theorem of Dickenstein—Sessa [12] and Passare [18] stating that, if f is a tuple
that defines a complete intersection (i.e., if codim{ f = 0} = m), then ¢ € (f) if
and only if ¢ annihilates the Coleff-Herrera current defined by f. For the analy-
sis of the residue current R we use the basic tools developed in [5; 6; 7; 19]—that
is, resolution of singularites by Hironaka’s theorem followed by a toric resolu-
tion. In Section 3 we obtain Theorems 1.2 and 1.3 (as well as Theorem 1.1) along
the same lines by analysis of special choices of the matrix f. It might happen that
there are some similarities with the methods used here and the algebraic methods
introduced in [13].

By means of the new construction in [4] of division formulas we obtain, for a
given holomorphic function ¢, a holomorphic decomposition
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¢ =Th+Sp (1.1)

such that T¢ belongs to the determinant ideal (F) and S¢ vanishes as soon as
¢ annihilates the residue current R. In particular, this gives an explicit proof of
Theorem 1.4 and also leads to explicit proofs of Theorems 1.1-1.3.

ACKNOWLEDGMENT. [ am grateful to Alain Yger and to the referee for several
important remarks on a previous version.

2. The Ideal Generated by the Determinant Section

Although in this paper we are mainly interested in local results, it is convenient to
adopt an invariant perspective. Therefore, assume we have hermitian vector bun-
dles E and Q of ranks m and r < m (respectively) over a complex n-dimensional
manifold X as well as a holomorphic morphism f: E — Q. We also assume
that f is generically surjective (i.e., that the analytic set Z where f is not surjec-
tive has codimension > 1). If g; is a local holomorphic frame for Q then f =
fi®e +--+ fr ®¢., where f; are sections of the dual bundle E*. Moreover,
F=fA--ANfi®e A---Ag isaninvariantly defined section of A"E*®@det O*
that we will call the determinant section associated with f. Notice that if e; is a
local frame for E with dual frame e;‘ for E*, then f; = Z'I" fjke,f and

!
F:Z F1€7,/\"'/\e}k,_,

H|=r

where the sum runs over increasing multi-indices I and where F; = det(FjIk). Let

S!'Q* be the subbundle of (Q*)®! consisting of symmetric tensors. We consider
the so-called Eagon—Northcott complex

§_f> ATHIE @ §K10* @ det O 5_f>

Y AYE® 0" ®@det 0F > NE®det 0* 5> C— 0. (2.1)

Here
5 = Z‘Sf) ® 8,
J

with df, and J;; denoting interior multiplication on AE and from the left on
SO* ® det Q* (respectively), and

Sp = 8/rl =8 8y ® 8, b,

It is readily checked that (2.1) actually is a complex. Observe that if » = 1 then
(2.1) is the usual Koszul complex.

In X \ Z we let o; be the sections of E with minimal norms such that fyo; =
djr. Theno = o1 ® €] + - - - + 0, ® & is the section of Hom(Q, E') such that, for
each section ¢ of Q, v = ¢ is the solution to fv = ¢ with pointwise minimal
norm. We also have the invariantly defined section
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C=0 AN QE N+ Nég]
of AEQ = det Q% which in fact is the section with minimal norm such that
Fo =1 (seee.g. [3]).

EXAMPLE 1. Assume that E and Q are trivial. Let ¢; be an ON-frame for Q and
let ¢; be an ON-frame for E, with dual frame e}. If F = )", _, Fiej A--- Aef

as before, then _
1 Fy
a=§ ——ep Ao Aep.
|F|2 1 r
[I|=r

We will consider (0, ¢)-forms with values in A" ¥~ !E® S*~10*®@det Q*; itis con-
venient to consider them as sections of A" T*+7-1(E @ Ty (X)® S10*®@det Q*

so that §; anticommutes with 9 and 80 = (—1)"8r0. In what follows we let
® denote the usual tensor product of all Q*-factors and the wedge product of
AE & To’fl(X ))-factors. Thus, for instance,

a®a=(Zaj@s;‘)®(01/\---/\a,®81‘/\-~-A8:‘)=0.
1

Moreover, (30)®*~Y is a symmetric tensor for each k > 1; more precisely,

(90)®*-D = Z @)™ A A (30,)% @ eF. (2.2)
lal=k—1
Here ¢f = ()" ® -+ ® (5)*/ay! - - - @, !, with ® denoting symmetric tensor

product. For each k > 1 we define in X \ Z the (0, k — 1)-forms
up = (00)°* Ve =0y A Aoy A (30)8% D @ g (2.3)
(Where &* = & A - -+ A &}) with values in A" T*~1E ® S¥-10* ® det Q™.
ProrosiTION 2.1.  In X \ Z we have
Spur =1,  Spupyr = dug, k> 1. (2.4)
Proof. Since the 8£j act from the left and since Sfjf_)al = 0 for all /, it follows that
Spupp1 = 8¢lor A - Aop A (00)®* ® £*]

=8lo1 A Aoy A o] ® (30)°F D ® &
= Z‘S.fj(al A ANT) A 5(7]. Q (50)®(k—1) ® &
j=1

=301 A Ao A (00)P%D © eF = duy.
Since §pu; = Fo = 1, the proposition is proved. O
Letu = u; +us + - -- and let § denote either 87 or 8r; then (2.4) can be written

as (8 — d)u = 1. We shall use the following lemma to analyze the singularities of
uatZ.
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LeEmMA 2.2 [3, Lemma 4.1]. If F = FyF’' for some holomorphic function F
and nonvanishing holomorphic section F’, then

s'=Fyo and S = Fyo

are SmOOth across 7.
Notice that | F|**u and 3| F|** A u are well-defined forms in X for Re 1 >> 0.

THEOREM 2.3.

(i) The forms |F|*u and 3|F|** A u have analytic continuations as currents in
X toRehr > —&. IfU = |F|**u|;—0 and R = 3|F|** A u|;o, then

8—3U =1-R.

(ii) The current R has supporton Z and R = R, +-- -+ R, where p = codim Z
and u = min(n,m —r +1).
(iii) If ¢ is a holomorphic function and Rp = 0, then locally FV = ¢ has holo-
morphic solutions.
(iv) If codimZ = m —r + 1 and FV = ¢ has a holomorphic solution, then
Rp=R,_,1190=0.
(v) If 19| = C|F|", then R¢ = 0.

Here, of course, R, = 5|F |2*/\ Uy | =0 is the component of R thatis a (0, k)-current
with values in A" E @ S¥10* ® det Q™.

Proof of Theorem 2.3. For r = 1 this theorem is contained in [1, Thms. 1.1-1.4],
and most parts of the proof are completely analogous; we therefore merely point
out the necessary modifications. By Hironaka’s theorem and a further toric reso-
lution (following the technique developed in [6; 19]), we may assume that locally
F = FyF' asin Lemma 2.2. Since moreover o ® o = 0 it follows that, locally in
the resolution,
(55/)®(k—1) ® S’
= 7 .

It is then easy to see that the proposed analytic extensions exist; hence we have

Ui

1 -
_ I\®(k—1) ’
Uy = [F—é(](as )PEV RS 2.5)
and |
Ry = 5[—,(} A@0sH** Vg g, (2.6)
F()

where [1/Fé‘ ] is the usual principal value current. If R¢p = O then (§ — 3)U¢ =
¢, so by successively solving the 9-equations dwy = Ui + Swy; we finally ob-
tain the holomorphic solution ¥ = U;¢ + dw,. All parts but (iv) now follow in
a similar way as in [1]. Notice in particular that & < min(n,m — r + 1) in (2.6)
for degree reasons and so R¢ = 0 if the hypothesis in (v) is satisfied. As for (iv),
assume we have a holomorphic section ¥ of A"E ® det Q* such that F¥ = ¢.
If ¥ =y ®e¢* then FV = &y, --- 659. Since u,,—,41 has full degree in e;, it
follows that
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Unp—ri1® = QOL A -+ ATy A (E_)o)®(m_’) ® e
=8 - 8Y)TIA - AD, A (30)®m @ g*
=¥ A (30)°" 7 ® )50
= 30)°" " @ ¥ =80 ® (30)°" ) @ ¥ = bu;,_, ® V.
Since codim Z = m — r 4 1, by part (ii) we have R = R,,,_,41; hence
R = Ryri1¢ = IFI* At 19lizo = =DGIF I A, @ Wlico).

However,
31 (2A
NFI Nuy,_, @ Wlizo

vanishes for degree reasons, precisely in the same way as Ry vanishes for k <
m—r. n

Proof of Theorem 1.4. If we consider the matrix f as a morphism £ — Q for
trivial bundles E and Q, then the theorem follows immediately from parts (v) and
(iii) of Theorem 2.3. ]

REMARK 4. As we have seen, the reason for the power m — r + 1 in Theorem 1.4
(and in part (v) of Theorem 2.3) when r is large is that the complex (2.1) terminates
at k = m —r + 1. In attempting to analyze the section F' by means of the usual
Koszul complex with respect to the basis (el)f 1|=r» one could hope that the corre-
sponding forms u; would miraculously vanish when k > m — r 4+ l—although
one has m!/(m —r)! r! dimensions (basis elements). However, this is not the case
in general. Take for instance the simplest nontrivial case, m = 3 and r = 2, and
choose fi = (1,0,&;) and f> = (0,1, &) as well as the trivial metric. Then Fj, =
1, Fi3 = &, Fo3 = &, and 0 = F/|F|?, so that

_ 1 o 3 o — 3

T EPHIER DT 4 EP BRI EP+ e
Now m —r 41 = 2, but if we form the usual Koszul complex with (say) the basis
£1, €2, €3, SO that

o2

1

ik (e1+ Ex62 + £163),

0 =0p€& + 0136 + 02383 =

then

_ 2 _ _
oA (86)2 = |F—|6d$1 ANdEy NerNeEy Nes,

and this form is not zero. For an example where Z is nonempty, multiply f by a
function fj.

3. Products of Ideals

For j =1,...,r, let E; — X be a hermitian vector bundle of rank m; and let f;
be a section of Ej*. Let E = @;EJ and let Q ~ C” with ON-basis ¢y, ...,&,. If
we consider f; as sections of E, then f = ) | f; ® ¢; is a morphism E — Q.
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Furthermore, FW = ¢ (with W =y ® ¢* as before) means that 67, --- 87 = ¢
and hence that ¢ belongs to the product ideal (f}) - - - (f;). To obtain such a solu-
tion W we proceed as in the previous section. Notice that now o; can be identified
with the section of E; having minimal norm such that fjo; = 1. Moreover, |F| =
| fil - - - | f-|. In this case we thus have

Ry = OIF[* A = 0( fil®* -~ 1 1P Aov A= Aoy

A @)™ A A (B0)" @ £l ® 0.
la|=k—1

For degree reasons, R; will vanish unless

0<oj<mj—1 and o +---+a <n-—1 3.1

Proof of Theorem 1.2. Consider the tuples f; as sections of E;. For each j, let ej;
(i =1,...,m;) be alocal frame for E; so that f; = Z:”z’l ]Cj.iejf“l.. After a suitable
resolution as before we may assume that f; = 10 |, where f10 is holomorphic and
f{ is a nonvanishing section of E". After a further resolution we may also assume
that f> = £ f;, and so forth. Hence we may finally assume for each j that fi=
fjo f!, where fjO is holomorphic and fj/ is a nonvanishing section of £ j*. Therefore,
Ry is a sum of terms like

p
(fOyatt . (fOe+ ],
where v is smooth and nonvanishing. By the same argument as before, this cur-
rent is annihilated by ¢ if |¢| < C|fi|“T" - |f|**!; in view of (3.1) and the
theorem’s hypothesis, taking s; = o; + 1 thus yields that ¢ annihilates R. It now
follows from Theorem 2.3(iii) that FW = ¢ has a holomorphic solution and so

ve(f)-- () n

NS 1L A

)

We can also easily obtain the Briancon—Skoda theorem.

Proof of Theorem 1.1. Assume that the tuple f = (f',..., f™) is given. Choose
disjoint isomorphic bundles E; ~ C™ with isomorphic bases e;;, and let f; =
Y.L, fle;. Outside Z = {f = 0} we have ; = Y_{"o'¢;;. Now the do' are
linearly dependent, since "} fido’ =3 Y " fio’ = 81 = 0. Hence the form u;
must vanish if Kk — 1 > m — 1 and so R vanishes unless k < min(n,m). Since

| fi| = |f] locally in the resolution, we have
- B
Re=0lfP"" A ——|
(FOT|,
therefore, R, is annihilated by ¢ if |¢| < C| f|mintmm+r=1 0

It remains to consider the case when the f; together define a complete intersec-
tion. The proof is very much inspired by similar proofs in [24].
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Proof of Theorem 1.3. We now assume that codim{f; = --- = f, = 0} =
m; + - -+ + m,; in particular, m; + --- 4+ m, < n. Let & be a test form times
¢. If the support is small enough then, after a resolution of singularities and fur-
ther localization, the action of R on & becomes a sum of terms the worst of which
are like

/ BASOP £ A

IA - ASIA @)™ A A @8 A Ep
(S (f0)mr =0

where £ is the pull-back of £ and p is a cutoff function in the resolution. We may
assume that each fjo is a monomial times a nonvanishing factor in a local coordi-
nate system 7. Let T be one of the coordinate factors in, say, f; (with order /),
and consider the integral that appears when 9 falls on |t/|>*. If T does not occur
in any other f jo,~then the assumption [¢| < C|f1|™ implies that ¢ is divisible
by /™. Hence ¢ and thus also £ annihilates the singularity as before, so the in-
tegral vanishes. We now claim that if, on the other hand, t occurs in some of the
other factors then the integral vanishes because of the complete intersection as-
sumption. Hence let us assume that 7 occursin f3,..., £ butnotin £, ..., £°.
The forms s; = | f; |2aj are smooth; moreover,

. SléJrl A - /\sr’ A (5S1£+1)mk+]71 A A (5s;)mr71 /\é

(ka_H)mkH . (frO)mr

is the pull-back of

Skrt A A Sy A @)™ A A (@s,)" T A E
| frqr|2mett - .| £0]2mr )

Since in dz the form y has codegree 1 4 (m|—1) +- - - + (my — 1), which is strictly
lessthan m+- - - +my = codim{ f; = - - - = f; = 0}, it follows that the antiholo-
morphic factor of the denominator vanishes on { f; = -- - = fx = 0}. Therefore,
each term of its pull-back vanishes where T = 0, so it must contain either a factor
7 or dt. However, by assumption the (pull-back of the) denominator contains no
factor 7, so each term of y will contain T or d7. Hence the integral that appears
when 9 falls on |7|**! will vanish when A = 0. O

4. Explicit Integral Representation

We shall now supply explicit proofs of Theorems 1.1-1.4. Since all of them are
local, we may assume (using the notation from Section 2) that both f: E — Q
and the function ¢ are holomorphic in a convex neighborhood X of the closure of
the unit ball B in C". We also fix global holomorphic frames ¢; and ¢; for £ and
Q, respectively, and use the trivial metric with respect to these frames.

To give a hint of how the formulas are built up, first suppose that f is a func-
tion in the unit disk with no zeros on the unit circle—thatis,n = r = m = 1. The
construction of representation (1.1) is a generalization of the simple one-variable
formula
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1 1 _1
— % d— Ah(, Y|
¢(2) = f(2) e 1f(§)§ d)(s“) i /;<1 fA ¢, 2)9(©) 4.1

here h = (f(¢) — f(2))d¢/(¢ — z)2mi, which follows directly from Cauchy’s in-
tegral formula. Notice that the second term vanishes as soon as ¢ annihilates the
residue R = 9(1/f). Moreover, for an arbitrary holomorphic function ¢, this term
interpolates ¢ at each zero of f up to the order of the zero. If the order is 1 then
this follows immediately from the simple observation that 3(1/f) A df/2mi is the
point mass at the zero.

We now turn our attention to the general case. One can verify that, if in R =
d|fI* A ul—o we contract each o = )" 0; ® &; with )_ df; ® £} and contract &
with dF, then we obtain a d-closed (*, *)-current of order O that in some sense gen-
eralizes the Lelong current over Z; see [2] for the case when r = 1. The recipe for
obtaining a division interpolation formula like (1.1) (and (4.1)) is to replace the dif-
ferentials by Hefer forms and then multiply by a Cauchy-type form. Thisideais de-
veloped in a quite general setting in [4], so we only sketch our special situation here.

For fixed z € X, let §, denote interior multiplication with the vector field
2mi Yy (§j —zj)(8/9¢;) and let V,, = 8, — 9. Moreover, let x be a cutoff function
in X that is identically 1 in a neighborhood of B and let

R[5
2 g2 —¢ -2

Then, for each z € B, it follows (see [4]) that

- s - S A I Gl o

g=X—8X/\ﬁ=X—8X/\Z(2m)k il 2( _|§| )k
n k=1 (|§| —¢ 'Z)

is a compactly supported V,-closed form such that go o(z) = 1, where lower in-
dices denote bidegree. Furthermore, g depends holomorphically on z.

We then choose holomorphic (1, 0)-forms 4; in X (Hefer forms) such that 8,h; =
fi©) — fi(2). Leth = 31" h; ® &}; we may also assume that /; (and hence /)
depend holomorphically on the parameter z. Now 8;,: Ejy1 — Ep fork > 1, s0
i Exe1 — Eyfork = 0if (6,); = 8[,/1!. It is easily seen that

8y (B = =185 — 85 (On)k—1. 4.3)

So far, 6r has acted only on (0, 0)-forms with values in A"E. We now extend it
to general ( p, g)-forms, with the convention that a negative sign is inserted when
p + ¢q is odd. Thus we let

Sra = (_1)(r+1)(dega+l)3fr c 8 ® 8 - s,

where deg « is the degree of o in A(E ® T*(X)). With this convention, both §p
and &, will anticommute with d and d,. Itis possible (see [4]) to find explicit holo-
morphic (1, 0)-form-valued mappings H?: E; — C that depend holomorphically
on the parameter z and such that

4.2)

8,7H10 = 517(;) — SF(z) and

0 0 “4.4)
Sy Hy = Hy_18¢¢0) — 8ry(On)k—1, k= 2.

If we define
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min(n+1,m—r+1)

HU= Y Gl
k=1
and
min(n,m—r+1)
HR= Y HR
k=1

then it follows from (4.3) and (4.4) that g’ = (8p;) H'U + HR) A g is V,-closed
and that g(’)yo(z) = 1. This yields (see [4]) the following result.

THEOREM 4.1.  If ¢ is holomorphic in X and if g is the Cauchy form (4.2), then
we have the holomorphic decomposition

¢(z) =5F(z)leU/\g¢+/HORAg¢, z€B. (4.5)

In particular, ¥(z) = f H'U A g¢ is an explicit solution to Srn)VW =@ if Rp =
0. We now consider this solution in more detail. In view of (2.2) and (2.3), outside
Z we have that

(O k—1ur
= Z Gy Gn)a [O1 A+ Aoy A (Do) A=+ A (00,) ] ® &*,
lo|=k—1

Moreover, since we have used a trivial metric, it follows that the
m
oj = E ojei, j=1,...,n
i=l

are just the columns in the matrix f*(ff*)~'. Suppressing the nonvanishing sec-
tion &* results in our first corollary.

COROLLARY 4.2. Let f be a generically surjective holomorphic r X m matrix in
X with rows f; considered as sections of the trivial bundle E*, and assume that
the hypothesis of Theorem 1.4 is fulfilled. Then

wm=fHWAw

is an explicit solution to Sp;yW(2) = 8,2 - - - 8, (¥(2) = ¢ (2) in B, where H'U¢
is the value at A = 0 of (the analytic continuation of)
min(n+1,m—r+1)
7y D Guday - Gndalor A Aay
k=1 loa|=k—1
A @)D A - A (30,)% . (4.6)

Ifm —r +1 < n, then H'U¢ is locally integrable and the value at » = 0 exists
in the ordinary sense.

Proof. It remains to verify the claim about local integrability. In fact, after a
resolution of singularities (cf. (2.5)) it follows that Uy ¢ is locally integrable if
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|¢p| < |F|K. If m —r 4+ 1 < n, then the sum terminates at k = m — r 4+ 1 and so
the current is locally integrable; otherwise, the worst term is like U,,11¢ and will
not be locally integrable in general. UJ

If all the f; take values in different bundles Ej* and if £ = P E;, then we can
further simplify the expression for H'U. In this case (cf. Section 3)
mj fi
0j = Z—jze,-j, j=1...,r.
[ il

i=1
With natural choices of Hefer forms £;, the (Shj will vanish on forms with values
in E; for k # j; this yields our final result as follows.

CoROLLARY 4.3. Let f; be mj-tuples of functions considered as sections of the
trivial bundles Ej* over X. If the conditions of Theorem 1.2 or 1.3 are fulfilled,
or ifall f; are equal to some fixed m-tuple f and the condition in Theorem 1.1 is
fulfilled, then

Y(z) = / H'Up ng

is an explicit solution to 84,z - - - 87,y (2) = ¢(2) in B. Here H'U¢ is the value
at » = 0 of (the analytic continuation of’)

n+1
PS03 Gadalor A @)™ 1 A== A (8))a, [07 A (Bor)™ 19, (4.7)
k=1 |a|=k—1

and N =min(n +1,m —r + 1).

In the case of Theorems 1.2 and 1.3, the only terms that actually occur are those
such that o; < m;. In the case of Theorem 1.1 we have only terms such thatk < m.

The division formulas discussed here are different from Berndtsson’s classical
formulas [8]. As already mentioned, an explicit proof of Theorem 1.1 in the case
r = 1, based on Berndtsson’s division formula, has already appeared in [5] (see
the proof of Theorem 3.25 there); the case with general r follows in essentially
the same way (see [15]). However, we see no way to prove any of the variations
discussed in this paper by classical Berndtsson-type formulas.
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