ON AUTOMORPHIC FORMS AND CARLESON SETS
Ch. Pommerenke

1. INTRODUCTION

Let T be a Fuchsian group in the unit disk D € C and let L C 3D be its limit
set. An automorphic form of weight q (q = 0, +1, ---) is an analytic function f(z)
(z € D) such that

(1.1) f(y(z) y'(z)? = £(z) (v e I).

Let AS(T) be the space of automorphic forms of weight 2 with

(1.2) sup (1 - Izlz)2 If(z)l < o,
z€D

This space was introduced by L. Bers [1] and has applications, for instance, in
Teichmiiller space theory [2, p. 272]. The theory of the related spaces AN(T)
(1<p<w,q=2, 3, --) is described, for instance, in the book of Kra [5].

The Eichley integval of f € A5(T) is defined by

1

(1.3) h) =3 § ©-2Pt0da (e D)
0

that is, by h"(z) = f(z) and h(0) = h'(0) = h"(0) = 0. It follows from (1.1) that

(1.4) h(y(z))/y'(z) = h(z) +c(2) (ye I),

where the Eichley period cy(z) is a polynomial of degree < 2. The Eichler periods
are elements of the Eichler cohomology group HYT, 1I,) [5, pp. 148, 196], and (1.4)
defines a homomorphism from A%(T) into HY(T, ;). Bers [1] has shown that this

homomorphism is injective for groups of the first kind (that is, L = dD). We shall
prove that it is injective if and only if L is not a Carleson set.

A closed set E C 9D is called a Cavleson set if

(1.5) Ta, =2, Deloglt < o,
n n Ln

where £, are the lengths of the component arcs of 8D \ E. It was proved by L.
Carleson [3] that if a function is analytic in D and belongs to Lipa for some a > 0,
then its zero set on 90D is a Carleson set; conversely, every Carleson set is the
zero set on 0D of an analytic function even with bounded derivative. We shall use
results of Taylor and Williams [9] and of Nelson [7] on Carleson sets.
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THEOREM 1. Let I be a Fuchsian group without elliptic elements and with
limit set L.

(a) If L is a Carleson set then theve exist infinitely many linearly independent
functions f e AP(T) with cy(z) = 0 for y € T.

(b) If L is not a Carleson set then theve exists no function f(z) # 0 in AZ(I)
with c.),(z) = 0 for ye T.

T. A. Metzger [6] has shown for all Bers spaces AR(I) (1<p<w,q=2, 3, )

that the existence of a non-trivial function with vanishing Eichler periods implies
that L is a Carleson set; the converse is still open in the general case. I want to
thank him for our discussions on this subject.

The theorem shows that the limit set of a finitely generated Fuchsian group of
the second kind is a Carleson set. This is, in general, not true for infinitely gener-
ated groups of the second kind because then the limit set may be of positive measure
(see for instance [8], Example 2).

2. AUTOMORPHIC FORMS OF WEIGHT -1
The condition that c\(z) = 0 (y € T) is, by (1.4), equivalent to
(2.1) h(y(z) y'(z)"! = h(z) (ve D),

so that h(z) is an automorphic form of weight -1.

THEOREM 2. Let I’ be a Fuchsian group without elliptic elements. Then L is
a Carleson set if and only if theve exists an automovphic form h(z) # 0 of weight -1
such that

(2.2) sup lh'(z)l < o0,
z€ D

Remark. Let 0, ag, ay, **-, a, be given non-equivalent points in D. If L isa
Carleson set we shall actually construct the function h(z) such that it has fourfold
zeros at 0, a}, ---, a, and satisfies h(ag) # 0.

We derive now Theorem 1 from Theorem 2.

(a) Let zy (u =1, 2, ---) be non-equivalent points # 0. According to the above
remark we can construct automorphic forms h,(z) (m =1, 2, ---) of weight -1 that
satisfy (2.2),

(2.3) h(zy) =0 (p=1,--,m-1), hy(z,) * 0,

and h,(0) = h; (0) = hp (0) = 0. Then hy,, is the Eichler integral of f,,, = h;},, and we
see from (1.4) and (2.1) that all Eichler periods vanish. Differentiating (2.1) three
times, we obtain f,,(¥(2)) y'(z)% = £,,(z) 5, p. 197], and (2.2) implies (1.2) by a
standard argument. Hence f,, € A5(T), and it follows from (1.3) and (2.3) that the
functions f, (m =1, 2, ...) are linearly independent.

(b) Conversely, let there exist f(z) # 0 in AS(T) with cy(z) = 0 for y e T.
Then the Eichler integral (1.3) satisfies (2.1). Now

h"(z) = £(z) = O((1 - |z])"®)  (lz] — D)
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implies h € Lipa (0 < a < 1) by a result of Hardy and Littlewood [4, p. 74]. In

particular, h(z) is continuous in D. Given ¢ € L, we can find y, € I' with
yp(0) = ¢ (n — =), and it follows from (2.1) that

(2.4) h(y,(0)) = yp(0)h(0) — 0 (0 — ).
Hence h(¢) =0 for £ € L, and we conclude from Carleson’s theorem that L is a

Carleson set.

The proof of one direction of Theorem 2, namely that L. has to be a Carleson
set under the given condition, is contained in the last paragraph (where we did not
use h(0) = 0); we have h € Lip1 because of (2.2). The proof of the other direction
will be postponed to Section 4.

3. GROUPS OF WIDOM TYPE

Let T be a Fuchsian group with limit set L and let

(3.1) uz) = 2 |y'(@)| (z € D);
ve I

the group is, by definition, of convergence type if u(z) <« (z € D). We call T of
Widowm type if

(3.2) S logu(z) |dz| < .
oD

These groups were first considered by H. Widom [10] in his investigations of bounded
character-automorphic functions; see [8] for a discussion of these groups. We shall
need:

LEMMA 1 [8, Theorem 4]. Let T be of Widom type. Then the analytic function

(3.3) w(z) = exp{%ﬂ SaD %%logu(ﬁ) |t | } (z € D)
satisfies

(3.4) lwir(2)) y'(2)| = |w(z)] (ye D),

(3.5) 1< ulz) < |wz)| (z eD).

We will consider only groups of the second kind (that is, dD\ L # ¢¢), and these
are of convergence type.

LEMMA 2. Let
(3.6) 6(z) = inf |z - 4(0)].
ve
If z =eif ¢ 3D\ L, then

u(z) < ﬂ,
~ 6(z)?

au(z)
d6

22 u(z)

< 2u(z) < 2u(0) {
00

= 6(z) — 5(z) ’

< 6u(0) .

= 8(z)
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Proof. If y € T' we write

i 2-a

(3.7) v(z) = &% T =,

Let z = e € 3D\ L. We obtain from (3.6) that

] = ]2 ]»(@] |Li |2 2
' lz - a|2 = 8?2 |7 z-al = oz)
Hence it follows from (3.1) that
I )l _ u(O

5(z)2

|: “:l 2u(z) 2u(0)
(z) = 6(z)3 ]
Using [y"/v']'= (y"/y")2/2, we see that

2 (Gl o[ 5 ])| <20

LEMMA 3. If T is of Widom type then

ou
00

aez

lwz)| _ _x
|w(z)|? — o(z)*

(3.8) (z € D)

Jfor some constant K.

Proof. Making a suitable rotation, we see that it is sufficient to prove (3.8) for
z=r, 0<r <1 It follows from (3.5) that |1/w(z)] <1 for z € D, hence that

|w'(x) | 11

|w(r)|2"'1-r2 1-r°

Thus (3.8) holds if 6(r) < 3(1 - r).

We may therefore assume that
(3.9) B =206r)/3>1-r.
We consider the function
(3.10) v(t) = loguleit) > 0 (elt € 3D\ L).

Ilf lltl < B then 6(eif) > B by (3.9). Hence it follows from Lemma 2 that, for
t] <8,

K K
(3.11) msﬁ%lﬂmSﬁ,lMMS%

Taking the logarithmic derivative in (3.3), we obtain
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w'(r) 1 2 it
(3.12) = ‘S‘O mv(t) dt.

Using (3.2) we see that

27~ i
X P&t va

3.13 -
( ) 3 (elt - I‘)Z

27—
325 F vit)dt < KzB872.
B

Since {eit: |t| < B} € aD\ L, Taylor’s formula shows that, with suitable
|71 < Tt] <8,

B it ) B oit | B ait
S—B (it -z "D = VO S—a -z VO S—B @it -z "

B 2 oit
~I~l g——v"('r) dt.
2 —B (elt - r)z

We substitute z = eit in the first two integrals on the right-hand side and then de-
form the integration path to the outer circular arc from e-iB to eiB of center 1.
Thus we see from (3.11) that these integrals are bounded by K3 8-3. Since

leit - r| > |sin t], it follows from (3.11) that the last integral is bounded by K4 -4 .
Hence we conclude that

B it
S B(el_tei? v(t) dt < K53'4,
and we see from (3.12), (3.13) and (3.9) that
|w'(x)] < Iw'(r) Ko K7
lw(r)IZ = jwl(r)} = 34 5(1‘)4 )

4. CONSTRUCTION OF THE AUTOMORPHIC FORM

We need two results on Carleson sets.

LEMMA 4 (Taylor and Williams [9]). Let Z C D be closed and let

(4.1) -z < w,
zeDNZ
2
(4.2) ‘S‘aD logm leI < oo ,

Then theve exists a function analytic in D whose devivatives of all orvders ave con-
tinuous in D, that has 7. as its zevo set in D.
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LEMMA 5 (Nelson [7]). Let Z C D be closed. If E =% N 3D is a Carleson
set, if (4.1) holds, and if

A
(4.3) 27 dist(—g—, E)] < w
z€ZND |z]
Jor some X > 1, then (4.2) is satisfied.

The next lemma is the only place where we use that I" has no elliptic elements.
Our theorems are probably frue without this assumption.

LEMMA 6. Let I' be a Fuchsian group without elliptic elements whose limit
set L. is a Carleson set, If b € D and B = {y(b): y € '}, then

(4.4) . S

2
log =2 [dz| <
5D dist(z, B)

and TI' is of Widom type.

Proof. Every Moebius transformation y € I' is either hyperbolic or parabolic.
Hence its fixed points lie in L. We can choose the fixed point { such that

(4.5) v@ ___c le| > 1.

(Hz) - 0%  (z - )’

Since ¢ € L we deduce that

N Y (O T S Y Y L 7T P P )
(4.6 dist Iy(b)l’L) S.’y(b)l o= |v(b) | _4'Y(b)|'

We now apply Lemma 5 with Z = B and X = 2. Condition (4.1) holds because I is of

convergence type and (4.3) follows from (4.6). Finally BN 3D = L is a Carleson
set. We conclude that (4.4) is satisfied. If b = 0 then

ly'(2)| < (1- |y~1(0)|?) [dist(z, B)]"?,

and we see from (3.1) and (4.4) that I" is of Widom type.

We prove now the converse part of Theorem 2 and establish the Remark follow-
ing that theorem. We assume that L is a Carleson set. Let

(4.7) A=A{rzrz=0 a5, ", aq;7eT}\{a}.

We apply Lemma 4 with Z = A=AU L; it follows easily from Lemma 6 that (4.2) is
satisfied.

We can thus find a function go(z) analytic in D with
' 1
(4.8) lgo(z)| < 1 (z € D)

that has A as its zero set in D. It follows from (3.6), (4.7) and (4.8) that
lgo(z)| < 8(z) for z € D. Hence the analytic function

(4.9) gz) = golz)* (2 € D)
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satisfies g(ag) # 0 and
(4.10) lg'z)| <1, |g(z)] < o8(z)¢ (z€eD),

We consider the Poincaré theta series (see Lemma 1)

h(z) = > g(v(z))

(4.11) ver W(r(2) 2 v'(z) '

We see from (4.10) and (3.4) that its terms are bounded by
[w((2))]| -2 |y'(2)| ! = |w(z)|-2|y'(2)].

Thus (4.11) converges absolutely and locally uniformly in D because I' is of con-
vergence type, and direct calculation shows that h(z) satisfies (2.1) and is therefore
an automorphic form of weight -1. Since g(z) has a fourfold zero at every point of
A, we obtain from (4.7) and (4.11) that h(z) has a fourfold zero at 0, a;, -+, a,,
whereas

h(ag) = glag) wlag) 2 # 0.

It remains to prove (2.2). We obtain from (4.11) that, for z € D,

4.12 i) = 5 (-2wMel | g _vel \
( ) (Z) e W('y)3 + W()’)Z ')/'2 W('}/)Z )

We deduce from Lemma 3 and from (4.10) that

u(z)

o] =

(4.13)

5 lw'(») g(» | K o0t El

WP = Z; o(x)* lw(y

vel’ w(z)

where we have used (3.4), (3.1) and (3.5). It follows similarly from (4.10) that

(4.14) yze)r Ilj(i’j)/)llz S ,W(Z), Z lﬂz) @] <1.
Using the notation (3.7) we see that, for y € T,
v (z) 2lal _ 2]az] [»'(@)]| _ 2[»'(2)]
IV'(Z> C|1-az] @ - 0] = olr(z)
Hence we obtain from (4.10), (3.4) and (3.5) that
?’EEI" lrvlwl(i)l/)zl - IW(z)IZ ? @l <2

Therefore we conclude from (4.12), (4.13) and (4.14) that Ih'(z)l < 2K + 3 for z € D,
which is the assertion (2.2) of Theorem 2.
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