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On the Symmetric Enumeration Degrees

Charles M. Harris

Abstract A set A is symmetric enumeration (se-) reducible to a set B
(A<ge B) if A is enumeration reducible to B and A is enumeration reducible to
B. This reducibility gives rise to a degree structure (Dse) whose least element
is the class of computable sets. We give a classification of <ge in terms of other
standard reducibilities and we show that the natural embedding of the Turing
degrees (D7) into the enumeration degrees (De) translates to an embedding
(15¢ ) into Dy that preserves least element, suprema, and infima. We define a
weak and a strong jump and we observe that 1ge preserves the jump operator
relative to the latter definition. We prove various (global) results concerning
branching, exact pairs, minimal covers, and diamond embeddings in Dse. We
show that certain classes of se-degrees are first-order definable, in particular, the
classes of semirecursive, X, U Il,,, A, (for any n € w), and embedded Turing
degrees. This last result allows us to conclude that the theory of Dse has the
same 1-degree as the theory of Second-Order Arithmetic.

1 Introduction

The original motivation behind the definition of symmetric enumeration (se-) re-
ducibility given below—an equivalent definition was given by Selman in [18]—was
its role in providing a nontrivial generalization of the relativized Arithmetical Hier-
archy. In effect, it was shown in [3], Section 6, that an appropriate hierarchy could be
obtained by replacing the relations “c.e. in” and “Turing reducible to” in the underly-
ing framework of the Arithmetical Hierarchy by the relations “enumeration reducible
to” and “se-reducible to.” Moreover, it was proved that not only is this hierarchy a
refinement of the Arithmetical Hierarchy but also it is identical with the latter when
relativized to sets belonging to embedded Turing degrees (in the sense of Proposi-
tion 4.8 below).
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At the same time, it emerged from our work that se-reducibility had distinctive
properties with regard to other reducibilities. For example, we found that the stan-
dard deterministic positive reducibilities (and, in particular, <) are subrelations of
se-reducibility. Also it transpired that the embedding of the Turing degrees into
the enumeration degrees translates to an embedding into the se-degrees with simi-
lar properties. These results are reiterated in the early sections of the present paper.
However, looking beyond the basic theory, our main purpose here is to present an
overview of the associated degree structure of this reducibility. We show how a
number of structural results can be obtained using both relatively old (Section 6) and
more recent (Section 8) methods that were originally developed in the context of
the enumeration degrees. Underpinning these results in part is an inherent type of
local similarity between the se-degrees and the Turing degrees (Section 7). It is this
phenomenon, in conjunction with some of the structural insights already gained, that
leads to a straightforward appraisal of various definability properties of the se-degree
structure and, in particular, of the complexity of its first-order theory (Section 9).

2 Preliminaries

2.1 Background notation We let w (w™) denote the set of (nonzero) natural num-
bers and A, B, ... denote subsets of w. Lowercase letters n, x, ... and f, g, ... rep-
resent numbers and functions (from w to w), respectively, whereas A, B, . . . represent
classes of sets. A denotes the complement of A. The set {n-x+m | x € A} is writ-
tennA 4+ mand 2A U 2B 4+ 1 is written A @ B. We use { , ) to denote the standard
diagonal coding function defined by (x, y) = 1/2(x? + y? + 2xy + 3x 4+ y). The
characteristic function of A is written c 4, and for any function f, its graph is written
F (and so C4 stands for the graph of c4). We assume the availability of effective
enumerations of (oracle) Turing machines ¢g, ¢1, ..., and computably enumerable
(c.e.) sets Wp, Wy, .... We also assume Dy, D1, ... to be an enumeration of finite
sets given by the binary decomposition of the natural numbers; that is, Dy = & and
forn > 0, if (say) n = Z;<x2%, then D, = {a; | i < k}. Note that, to simplify no-
tation, we usually use D, D’, and so on, to denote both the finite sets themselves and
their indices. For example, if i, j are the indices of D, D’ then (D, D’} is shorthand
for (i, j).

2.2 Basic reducibilities ~ We assume the standard multitape Turing machine model
for computing partial functions and we suppose an oracle Turing machine to be
equipped with a function oracle. We say that the set A is Turing reducible to the
set B (A <1 B) if there is an oracle machine ¢ that computes c4 when equipped
with oracle cp (written ¢4 =~ gz)B). A 1is said to be computably enumerable in
B (A c.e.in B) if A is the range of some function f computable in B or, equiva-
lently, if A ={x|¢B(x) |} for some oracle Turing machine ¢. Kp denotes the
set {x | pB(x) | }. For Turing reductions we use Q(gp, x, B) to denote the set of
oracle queries made by ¢ on input x. We say that A is many-one reducible to B
(A <p B) if there is a computable function f such that A = f~!(B). Furthermore,
if f is one-one, A is said to be one-one reducible to B (A <1 B). We say that A is
enumeration reducible to B (A <. B) if there exists a computably enumerable set W
such that, for all x,

xeA iff AD((x,D)e W& D C B),
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and in this case we also say that A <. B via W. Similarly—assuming Wy, W1, ...
to be a fixed computable listing of all c.e. sets—the nth enumeration operator ®,, is
defined such that, for any set A,

®,(B) = {x|3D({x,D) e W, &D C B)}.

A is said to be positive reducible to B (A <, B) if there exists a computable function
f i ® — o such that, forall x > 0, x € A & Jy(y € Ds») & Dy € B).
We say that A is wet-reducible to B (A <yy B) if there exists a Turing machine
¢ and computable function f such that c4 ~ ¢ and such that, for all x > 0,
0(p,x,B) {0, ..., F()}.

deg,.(A) denotes the degree of A under the reducibility <, that is, the class
{B|B=; A}. Weuseay, b, ... todenote the degrees derived according to this def-
inition and Dy to denote the corresponding degree structure. Subscripts are dropped
if the context is clear. A is said to be r-hard for a class C if X <. A for all X in C
and A is said to be r-complete for C if A also belongs to C. We use the shorthand
Comp(A), Enum(A), and Ce(A) to denote the classes { E | E R A} such that
(respectively) R is <, <, or “c.e.in.” Accordingly, we use Comp and Ce to de-
note the classes of computable and c.e. sets. Also we will employ the abbreviations
r-reduction, r-degree, and so on, when appropriate.

2.3 String notation A string is a partial function ¢ : @ — {0, 1} with finite
domain. 1 denotes the empty string and |o | the length of ¢ (i.e., the cardinality of its
domain). For (s,i) € {(+,1), (—,0)}, weuse o to denote theset {n | o (n)| =i}
and (cJA)* todenote the set {n | n € A& o(n)| =i} (and so 6% = (o [w)* for
s € {+, —}). If the domain of ¢ (Dom(s)) is an initial segment of w, o is said to
be an initial segment. Note that this means that if |¢| = n + 1, the domain of ¢ is
{0, ..., n}. We use the shorthand ¢’ = ¢ (i) to denote the extension of ¢ of length
|o|+1 such that ¢’(|o |) = i. For any two strings a and £ such that « is a substring of
S, b — a denotes the string formed from the difference of £ and a, that is, such that
Dom(ff — a) = Dom(f) — Dom(a) and f — a(n) = B(n) forall n € Dom(f — a).

3 Introduction to Symmetric Enumeration Reducibility

Enumeration reducibility compares the positive information content of two sets.
Symmetric enumeration reducibility, as we will see, compares both positive and neg-
ative information content. We will now introduce this reducibility and consider how
it relates to other standard reducibilities. First, however, we draw the reader’s atten-
tion to the fact that Selman exhibited some of the basic properties of this reducibility
in Section 4 of [18]. In particular, Selman noted the inclusion <q C <., € <T and
proved Theorem 3.8 (below) relative to the pair (<, <g).

Definition 3.1  For any sets A and B, A is defined to be symmetric enumeration
reducible to B (A<g@ B)if A<.B and A<¢B.

Notation For any set A, s-Enum(A) denotes the class { E | E< . A}.

Lemma 3.2 Let A and B be sets such that B ¢ {@_,a)}. Then tﬁere exists a
computable function f such that A = ®y; j\(B) and A = Dy, j)(B) whenever
A=®;(B)and A = D; (B) (i.e., whenever A <g. B via operators i and j).
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Proof Choose b € B and b € B. Define f so that, for any i, j € o,
Wi, =  {(x, DU} |(x,D)e W}
U {(x, DU{B}) | (x, D) € W;}.

It is easily checked that if A = ®;(B) and A = D; (B), then A = @4, ;)(B) and
A=Dp; j(B). O

Corollary 3.3  For any sets A, B such that B ¢ {&, ®}, A<ge B if and only if there
exists an enumeration operator ®© such that A = ®(B) and A = ®(B).

Note 3.4 Clearly, < inherits reflexivity and transitivity from <.. It thus gives
rise to a degree structure (Dge). The least upper bound of any two degrees dase, bge
(written ag U bg.) always exists: it is the degree of A @ B for any A € ag and
B € by.. Therefore, Dse is an upper semilattice. The zero element (0g) of Dy is
Comp. Each of these properties is easily checked.

Lemma 3.5 For any sets A and B, if A <ge B then A <. B and A <t B. In other
words,

Sse & <e n =T.
Moreover, this inclusion is proper.
Proof Since <. is a subrelation of <. by definition, in order to prove the inclu-
sion it suffices to note that, for any sets A and B, A <. B implies that A c.e.in B.

Also, Cx <X forr € {e, T} whereas Cx %se K (since this would imply K <¢ X).
Thus the inclusion is proper. U

Theorem 3.6 <, C <.

A

Proof Clearly, <, C <.. Also, for any sets A and B, if A <, B, then ZSp B.
Therefore, <p C <ge. H

Note 3.7 Theorem 3.6 implies that all conjunctive and disjunctive subreducibilities
of <t are contained in < and, in particular, that <; C < C <.

Theorem 3.8 It is neither the case that <y C <ge nor the case that < < <.

Proof The first inequality is witnessed by K in that K <wi K (and in fact
K <bu(1) K) whereas K % K. The second inequality can be deduced from the
well-known fact that ST;( <wtt as follows. Choose sets A and B such that A<t B
whereas A fwnB. Then A @ A<tB & B and so, by Lemma 4.7 (and Lemma 4. 1),
A ® A< B @ B. On the other hand, obviously A ® A<y B & B. O

4 Embedding the Turing Degrees

The isomorphic embedding z. of the Turing degrees (Dr) into the enumeration de-
grees (D.) induced by the map X +— Cyx is essentially an embedding into Dse.
Moreover, the range of this embedding contains gaps similar to those appearing in
the range of 1,. These results are presented below. We begin with an easy but useful
lemma.
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Lemma 4.1  For any set A the following equivalences hold:
(@) Cqp=s A ®A (b) C4 = C_A (©) Cs = CK~

Notation We say that a set A is characteristic if A = B @ B for some set B. For the
sake of simplicity, and in view of Lemma 4.1, we sometimes prefer to work with a
characteristic set (X @ X) rather than with the corresponding characteristic function
graph (Cx).

Definition 4.2  An e-degree is said to be total if it contains the graph of a total (or,
equivalently, characteristic) function. An se-degree is said to be characteristic if it
contains the graph of a characteristic function (or, equivalently, a characteristic set).

Proposition 4.3  For any se-degree a the following are equivalent:

(a) a is characteristic; _
(b) forall Aina, A =¢ A.

Proof Apply Lemma 4.1 and use the transitivity of <g. O

Note 4.4 0y is characteristic.
Lemma 4.5 Every total e-degree contains exactly one characteristic se-degree.

Proof Suppose that B,C € a. and that B =¢ B and C =, C. This means
that Cp =, Cc, and by applying Lemma 4.1 it follows that Cp =, Cc. Hence
B=,C. O

Lemma 4.6  For any sets A and B, A c.e.in B if and only if A<.Cp.
Proof Obvious. O

Lemma 4.7  For any sets A and B,
A<TB lﬁ( AfseCB lﬁc CASSCCB~
Proof Apply Lemma 4.6 in conjunction with Lemma 4.1. O

Proposition 4.8  The embedding 15 of the Turing degrees into the se-degrees in-
duced by the map X +— Cx is one-one structure preserving (i.e., isomorphic) and
also preserves suprema, infima, and least element.

Proof The only part of this proof that does not follow in a straightforward man-
ner from Lemma 4.7 and the results listed in Note 3.4 is the assertion that g
preserves infima. To do this—given that the rest of the proposition holds—
suppose that at, bt, and ¢t are Turing degrees such that at = bt N ¢r in Dt
and choose A € ar, B € by, and C € c¢p. (Hence B® B € I1se(bT) and
so on.) Since 1g is structure preserving, ise(ar) < 15e(b1),I1se(cT) In Dye. Let
dg. be any se-degree such that dye < 15 (bT), 15e(cT). Choose E € dg and let
et = degr(E) and ese = deg, (E @ E). Now, as dge < 15(bT), 150 (cT), We know
that E <. B ® B, C @ C. It thus follows by definition of <¢ and Lemma 4.1 that
E@®E<B®B,C®C. Inother words, eg. < 15(bT1), 15¢(cT) and, by Lemma 4.7,
E <71 B, C. Hence, by hypothesis, et < at in Dt. But ese = 15c(e1) by definition,
and so ege < I1ge(at) in D since 1g is structure preserving. It now suffices to note
that dge < ege. O
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Note 4.9 It follows from Lemma 4.7 that every Turing degree at contains exactly
one characteristic se-degree ae (say). Alsoitis clear that ase = 15 (aT) by definition.
Moreover, as X <¢ Cx for any X, a,. is the fop se-degree in ar (i.e., bse < ag for
every bge C ar).

Definition 4.10 An se-degree a is said to be quasi-minimal if a > 0 and
Vd(d < a & d characteristic = d =0).

Theorem 4.11  For any se-degree b there exists a degree a such that b < a and
such that, for any characteristic degree c, if ¢ < a then ¢ < b.

Proof The proof is a straightforward modification of the corresponding result rela-
tive to D, due to Medvedev [13]. Indeed, suppose that B is any set. Then it suffices
to construct a set A such that B <¢¢ A and such that A satisfies the following require-
ments:

Rz, : A# ®.(B)
R3er1 @ ®.(A) characteristic = ®.(A)<.B
R3epn © ®,(A) characteristic = ®,(A)<.B.

We ensure that B <¢ A by encoding B into A in the following manner:

Vx(x e B iff 2x € A). (B-coding)
Notation We say that an initial segment ¢ is B-compatible if, for all x such that
2x < |o|, x € Bifandonly if 2x € ¢ .
The construction The set A is constructed by finite initial segments {o,, },>0 such
that A = J{o,} |n>0}.
Stage s =0 o0 = 4.
Stage s + 1 o5 has already been defined.

Case 1 If s = 3e then, letting n, := |os|, we satisfy R3, by defining

o5 (1—®,(A)(ny)) if ny is odd,
o =
s o~ (B(ny/2) Y (1 — Do (A)(ns+1)) if ny is even.
Case 2 If s = 3e+ 1, then we try to satisfy Rz.y vacuously by search-

ing for a B-compatible initial segment ¢ 2 o, such that, for some n : 2n,
2n+1 € ®,(¢7). If this search is successful, choose the least such ¢ and set
osy1 := 0. Otherwise, set 541 1= 0.

Case 3 If s = 3e+2, then we try to satisfy Rzepo vacuously by search-
ing for a B-compatible initial segment ¢ O o, such that, for some n : 2n,
2n+1 € ®.(c7). If this search is successful, choose the least such ¢ and set
osy1 := 0. Otherwise, set 541 1= 0.
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Analysis of the construction  The construction obviously ensures that the con-
straint (5-coding) holds, which means that B <. A. Also the requirements {R3,}¢>0
prevent A<g. B and hence B <s A. So suppose that there exists a set £ such that
E ® E<yA. Thus, by definition, ®;(A) = E @ E and O; (A) = E @ E for some
i,j >0.Nowsets:=3i+1and ¢ :=3j + 2 and define

P :={n|@o 20)(ned(c)&(@20)f CB® )},
Ny ={n| (3o 20)(nedij(c7) & (c[2w)" CB®D)}.

Clearly, P; <. B and N, <. B and also ®;(A) € P, and D; (A) € N;. So now
suppose that N; ¢ @; (A). Without loss of generality, choose 2n+1 € N; — ® i (A).
Thus there exists § D o; such that 2n4+1 € ®;(7) and (B[2w)~ C B ® @. Also,
by hypothesis (that @ ; (A) is characteristic), there exists B-compatible & 2 o; such
that 2n € @ ;(a ™). Define initial segment y of length max{ |a)|, ||} such that, for
allm < |y,

0 if a(m){=0vVv B(m)l=0 V cpgp(m) =0
y (m) = [ ) )
otherwise.

Then y is a B-compatible extension of o; and 2n,2n+41 € @®;(y 7). Thus at stage
(t+1) the construction would prevent @ ; (A) from being characteristic in contradic-
tion with the hypothesis. Py C ®;(A) is proved in a similar way. U

Corollary 4.12  There exists a quasi-minimal se-degree.

Corollary 4.13  For any quasi-minimal se-degree b there exists a quasi-minimal
se-degree a such that b < a.

5 Jump Operators

We now consider the problem of defining the jump operator with respect to se-
reducibility. By analogy with the Turing jump we will require that such an operator
be derived from a map that sends any set A to a set A’ that is ordered strictly above
A by < and that, in addition, possesses certain hardness properties (relative to A).
We begin with the observation that an “inverse” function can be defined for D,
since for any sets X and Y, X < Y if and only if 75367. We then proceed with a

reminder of some standard results in the study of enumeration reducibility.

Definition 5.1 inv : Dge — Dy is defined to be the function such that, for any
X,y € D, inv(x) = y if and only if y = degse(Y) for some (or equivalently
all) X € x. For any se-degree a, the notation @ is shorthand for inv(a). Note that
aUa =deg, (A®A)forany A € a.

Notation For any set A, K4 denotes the set {x | x € ®,(A)} and J4 denotes the
set K4 @ K4. Similarly, Jf(‘k) denotes the iterated form of J4 defined by J/(XO) =A
(k+1)
dJ =J. 0.
and J, O

Lemma 5.2  For any set A, K 4 is 1-complete for Enum(A).

Lemma 5.3  For any sets A and B, A <¢ B if and only if A <1 Kp if and only if
Ka=<i1Kp.
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Note 5.4 A jump operator on the enumeration degrees is defined by Cooper and
McEvoy in [12] as the function induced by X +— Jx. It follows from Lemma 5.3
that this function also gives rise to a well-defined operator over the se-degrees. We
employ the term e-jump to refer to this operator and we use ag, to denote the e-jump
of age.

Notation For any set A, Hy denotes the set K4 & K.
Lemma 5.5 Forany sets A and B, if A<s B then Hy <| Hp.

Eroof_ Let A and B be any sets such that A <¢ B. Then, by definition, A <. B and
A<.B. Now apply Lemma 5.3. O

Lemma 5.6 Forany set A, A <ge Hx.

Proof Let A be any set. TEen by_Lemma 5.2 we know that A <. H4. Also notice
that Hj <se A would imply K+ <. A from which we derive a contradiction. O

Note 5.7  If the set A has characteristic degree, then A =, A by Proposition 4.3
and so K7 =1 K4 by Lemma 5.3. Thus Lemma 5.2 implies that H4 =1 Ka4.

Lemma 5.8  For any set A, Hy is I1-hard for Enum(A). Moreover, if deg . (A) is
characteristic, then Hy is 1-complete for Enum(A).

Proof Let A be any set. Then Lemma 5.2 implies that H, is 1-hard for Enum(A).
Now suppose that deg..(A) is characteristic. Then Hy4 is 1-complete for Enum(A)
by Note 5.7 and Lemma 5.2. O

Definition 5.9  Let as be any se-degree. The weak jump of ag. (written al,) is
defined to be deg, (H,) for any A in as,.. We use ay to denote the double weak

jump of ag (i.e., deg, . (Hp,)).

Proposition 5.10  Suppose that v € {e, T}. Let as. be any se-degree, let a; be the
r-degree of which it is a subclass, and let d, be the r-degree that contains a’y; then
a; < d;. In other words, the double weak jump is strictly increasing relative to the

relation induced by <; over Dse.

Proof Suppose that age < ae,ar and pick any A in as.. Then H, is 1-hard
for Enum(A) by Lemma 5.8 and this implies that bs. < aj, for any se-degree,
bse C ac. Note that by Lemma 5.6, a¥, < a¥* and so a¥* ¢ a.. Now let ¢y be the
(unique) characteristic degree contained in at. Then dge < ¢, for any de < at (see

Note 4.9). Also A ® A< H4 and s0 ¢ < a’,. Therefore, as above, a’* ¢ ar. O

Notation For any set A, S4 denotes the set Hy & Hy. Similarly, SXC) denotes the
iterated form of S4 defined by Sgo) = A and SX"H) =9 -
A

Note 5.11 It follows from Lemma 5.5 and Lemma 5.6 that S induces a well-
defined and strictly increasing operator over the se-degrees. Notice that, for any
A, Ja <1854 51 SAEBK and if A has characteristic degree, S4 = Ja (and so
Sxex =m Jxgx forall X).

Definition 5.12  Let a be any se-degree. The (strong) jump of @y (Written afe ) is

defined to be deg.(S4) for any A in ase. Thus afe =ger @¥e Uinv(a¥). The iterated

jump of ag. is written agé) and is defined by a§2) = ag and agléﬂ) = (agé))’.
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Note 5.13 By Note 5.11 the jump is strictly increasing relative to the relation
induced by <. over Ds.. On the other hand, the weak and strong jumps of any set
are clearly contained in the same Turing degree. Notice that both jumps are defined
in terms of putative symmetric enumeration operators in the sense of Lemma 3.2.
Accordingly, they both reflect the separation of positive and negative information
intrinsic to <g. See Section 9 and Remark 5.14 below for further motivation behind
the definition of the (strong) jump.

Notation  Let ase be any se-degree and A a set in ase. We refer to degg, (S, 47) as
the embedded Turing jump of age (written ale).

Remark 5.14  The canonical embedding 7s¢ : Dt — Dse (see Proposition 4.8)
preserves the jump operation. Indeed, choose any Turing degree at and A € art.
Then HA@K caft as Kx = KAeBZ = HAeBZ' Let a4 = deg,.(A @ A) and note
that, by definition, 1se(aT) = @g. Also,

(@) = 1se(degr(Hyg7)) = dege (Hyz ® Hygq) = a’e .

Remark 5.15 The embedding ¢, : De — Dge induced by the map X — Ky is

structure preserving, sends 0. to 0% , and preserves infima.

Remark 5.16  Define the Generalized Symmetric Enumeration (GSE) Hierarchy
relative to set A to be

GSE,A GSE,A GSE,A .
[ ZOEA TIOEA AGEA + > 0)

where

0 =TI = AG™" = s-Enum(A)
and, for n > 0, E;’ff”’ = Enum(S/(;’)), HSﬁ’A = co-EsJSrf’A, and ASi?’A =
S-Enum(SX')). If A = @, call this simply the GSE Hierarchy. Now we know
that if deg,.(A) is characteristic, then for all n > 0, E,?H = Enum(S/(L‘n)) and

A;;‘ = s-Enum(SX')) (see Corollary 7.2 below). In other words, if deg (A) is
characteristic, the GSE Hierarchy and the Arithmetical Hierarchy relativized to A are
identical. Thus, similarly to the SE Hierarchy—see [3], Section 6—the relativized

GSE Hierarchy is a refinement of the relativized Arithmetical Hierarchy.

Remark 5.17 Let A and B be any sets. A is partial many-one reducible [2] to B
(A <pm B) if there exists a partial computable function g(x) such that x € A if and
only if g(x) | € B. Let { f, | n € w} be a computable enumeration of all unary
partial computable functions. Define L 4 to be the set {x | fi(x)| € A} and define
the weak jump of deg,; (A) to be the m-degree of the set F4 = L 4 ® L. Note that the
function 2(x) = fx(x) witnesses the reduction L4 <pm A. Using standard methods
it can be shown that A <, B if and only if A <{ Lp and also that if A <, B, then
F4 <| Fp whereas Fyu ﬁm A. Moreover, A, is downward closed under <,m [2].
Thus, as in the proof of [14], Proposition XI.6.13, we can easily show that there is
no maximal A, m-degree: if A € A,, then Fy € A, since Fa<pmA @ ‘A, whereas
A <pm Fa. Notice also that, by the same argument, for any set C € X, — A,,
deg,,(C) and deg,, (C) form an exact pair for the A, m-degrees and thus witness
the fact that Dy, is not a lattice. Finally, note that T4 = F4 & Fu is arguably an
appropriate definition for the derivation of a (strong) jump over Dy,.
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6 Basic Properties of Dg,

We know that Dy, is an upper semilattice and that the zero se-degree (0 ) is the class
of computable sets (see Note 3.4). Also, the existence of an isomorphic embedding
(1se) of the Turing degree structure Dt into Dg. (Proposition 4.8) tells us—using
results from [16] and [10]—that any countable partial ordering is embeddable in
Dse and that, in consequence, the one quantifier theory of Dg is decidable. Of
course, Is also preserves infima and suprema so any lattice embedding into Dr is
also a lattice embedding into Ds.. In particular, as both M3 and N5 are embeddable
in Dt we know that Dy, is nondistributive. These observations suggest a certain
resemblance between Dse on the one side and Ot and D, on the other. We now
consider other basic properties of Dse that further underline the similarities between
these structures.

Definition 6.1 A degree c is said to be branching if there exist degrees b, a # ¢
such that b Na = ¢. If ¢ = 0 we say that b and a form a minimal pair.

Proposition 6.2  For any se-degrees b, ¢ such that ¢ < b there exists an se-degree
a # ¢ such that b N a = c. Thus every se-degree is branching.

Remark 6.3  The methods in the proof are adapted from those used by Rozinas [15]
to prove the same result for the e-degrees.

Proof Choose C € ¢ and B € b and let @y, @1, ... be the computable listing of
enumeration operators stipulated in Section 2. We construct a set A satisfying, for
all e, i > 0, the requirements,

R3e A #FO(C)

R3e,ivn - P, (APC)=D;(B) = P.(APC)=<.C

Ryeiy @ P(A®C)=D;(B) = D(ADC)=<.C.
Note that the requirements R3, ensure that C <gc A & C; Ngw ccllsider any set
E <4 B such that E <, A @ C. Then E<.A & C and E <. A & C by definition
of se-reducibility. So requirements R3( 141 force E <. C and requirements R3, )2
force E <.C or, in other words, E < C.

The construction A is constructed by finite initial segments {a,},>0 such that
A=U{af | n>0}.

Stage s =0 op = A.

Stage s + 1 as has already been defined. There are three cases to consider.

Case 1 s = 3e for some e > 0. Let a; = |ag|. Then we satisfy R3, by defining
agy1 to be the extension of ay of length ay+1 such that

as1(ag) =1 — @ (C)(ay).

Case2 s =3(e,i)+1 forsomee,i > 0. Then we try to vacuously satisfy R3, iy
by forcing an inequality in its premise. To do this we search for x > 0 and o 2 a,
such that

xe®,(a" ®C)&x ¢ D;(B).
If this search is successful we pick the least such a and set a5y := a; otherwise, we
set agy) = ay.
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Case3 s = (e,i)+2 forsome e,i > 0. Then we try to vacuously satisfy Rz ;y2
by forcing an inequality in its premise. To do this we search for x > 0 and o 2 a,
such that

x €D (a” ®C)&x ¢ D;(B).
If this search is successful we pick the least such a and set a1 := a; otherwise, we
set ogpl = Og.

Analysis of the construction The construction of A obviously ensures, via Case |
above, that R3, is satisfied for all e > 0. So we need only to show that R3(, ;)11 and
R3(¢,iy42 are both satisfied for all e, i > 0.

Claim 6.4 Foralle,i > 0and 1 <k <2, Rz iy is satisfied.

Proof Fix e and i. We prove that Rz ;)42 is satisfied. (The case k = 1 is similar.)
Accordingly, suppose that ®,(A @ C) = ®;(B). Let s = 3(e, i)+2. We show that,
forall x > 0,

xe®,(A@C) iff (FaDa)(x € P(a” ®C))
since this implies that ®,(A @ C)<.C.
(=) Obvious.

(<) Suppose that there is an & O ag such that x € ®,(a~ @ C) but that
x ¢ ®,(A® C). Then x ¢ ®;(B) since ®.(A ® C) = ®;(B) by hypothesis.
Thus the construction at stage 3(e, i) +2 would ensure that ®,(A @ C) # ®,;(B),
contradicting the hypothesis. O

This concludes the proof. i

Corollary 6.5  Each nonzero se-degree is part of a minimal pair.

Definition 6.6 (Kleene and Post [6]) Two degrees @ and b form an exact pair for a
set of degrees C if the following two conditions hold.
(1) Both a and b are above all degrees in C; that is,
(VeeC)(c<a&c<h).
(2) Any degree x that is below a and b is also below some degree in C; that is,

x<a&x<b = (IceC)(x <c).

Notation For any set A and n € o we define A" = {(x,n) | (x,n) € A} and
Al="1 = | J{ A" | m < n}. We combine this notation with that already described
for strings in Section 2 (page 177). So, for example, for any string ¢ and n > 0,

(olo=")" =gt ((x,m) [o((r,m)I=1&0<m=<n&0<x}.
For any countable class of sets {Bx}i>0 and n € ®, ®;,<n By denotes the set
{(x,m) | m<n&xé€By,}.
Theorem 6.7  Every countable set of se-degrees in which every pair of elements is

bounded has an exact pair.

Proof Suppose that {B,},>0 is a countable class of sets such that, for all n, n’ > 0,
there exists m > 0 such that B, ® B,y <¢e B;, (). Then we will construct sets A and
B such that
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(1) By <sc A, Bforallm > 0;
(2) forany set E, E <s. A, B = E <g¢ ®n<nBn,forsomen > 0.

Note that, for all n > 0, @, <y B <se B,y for some n’ > 0 by assumption (1), and so
the sets A and B witness the truth of the theorem. We first set
B ={{(x,m)|x,mew&x e B,)}.

Remark 6.8 For any n € o, B s essentially a copy of By, Bl=nl = Bm<nBm,

—[=n]

and B = @mSnEm.

Suppose that @, @y, ... is the computable listing of enumeration operators stipu-
lated in Section 2. Accordingly, it will suffice to construct A so as to satisfy, for all
e,i, j > 0, condition C, and requirements Ry jy and Ry, jy11 defined as follows:
C. i Be<sA
Ryijy = ®i(A)=®;(B) = ®&;(A)<e B=" for some n > 0
Ryijy : D@i(A)=@;(B) = &;(A)=<c B for some n’ > 0.

Indeed, let E be any set such that E <¢. A, B; then the even requirements im-
ply that E <. @<, B, and the odd requirements imply that E <. @mfn/ﬁm for
some n,n’ > 0. Let 7 = max{n,n’} and choose p such that B, <s B, for all
m < 7i. Note that this is possible by assumption (). Then @<, Bm <¢ B, and
Gamfnrﬁm Seﬁp, which implies that £ <. B, and ESeEI,. Thus E <s B),.

On the other hand, condition C, will be satisfied by coding B, directly into the
eth column of A. In effect, we ensure that, for all but finitely many z > 0,

z€ B, iff (z,e) € A.
Thus B, <1 A.
The construction A is constructed by finite initial segments {a,},>0 such that
A=U{al | n>0}.
Stage s =0 oo = 4.
Stage s + 1 as has already been defined.

Notation We say that an initial segment o 2 o is B-s-compatible if, for all n > 0
ande < s,

las| = (n,e) <la| = a((n,e)) = B((n,e)).
There are two cases to consider depending on whether s is even or odd.

Case 1 s = 2(i, j) for some i, j > 0. Then we try to vacuously satisfy R, j; by
forcing an inequality. To do this, we search for x > 0 and B-s-compatible a 2 ay
such that

x € ®;(a™) whereas x ¢ ®;(B).
If this search is successful, we pick the least such a and we set agy = o (B(|a]));
otherwise, we set ag1 = as~ (B(|ag))).

Case2 s =2(i, j)+1forsomei, j > 0. Then we try to vacuously satisfy Ry, jj
by searching for x > 0 and B-s-compatible & 2 o such that

x € ®j(a”) whereas x ¢ <Dj(§).
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If this search is successful, we pick the least such a and we set azy := a~ (B(|a|));
otherwise, we set a1 = ag (B(Jag)).

Analysis of the construction  First, for any e, it is easy to see that C, is satisfied
since the construction obviously forces A({z, ¢)) = B.(z) for all but finitely many z.
So we just need to show that both the requirements R;(; ;) and Ry(;, jj41 are satisfied
foralli, j > 0.

Claim 6.9 Foralli, j > 0and 0 <k <1, Ry, j)+k is satisfied.

Proof Fixiand j,let (k, A, B,*) € {(0, A, B, +), (1, A, B, —)}, and suppose that
®;(A) = ©;(B). Let s = 2(i, j)+k and define the set

Py = {x| Qa2 as)(x € ®;j(a*) & ((a—oy)] 0=1)* € BI=T)y.

Clearly, P <. B!=51 and S0, to show that Ry(; j)y« is satisfied, it suffices to prove
that, for all x > 0,

xeCDi(Av) & x € P

(=) Ifx e (I),-(Z) then x € ®(a*) for some o C ¢4 such that o D ay. Pick
t > s+1 large enough so that o  a;. Then a; is B-s-compatible since, for all r > s,
0,41 is B-r-compatible. However, this implies that ((ot; —as) [ @!=*1)* C B!=5] and
s0 ((a—ay) | @=s1)* € BI=5] since ((a—ay)| o!=N)* C ((a;—as)| @'=51)*. Thus

x € P;.

(<) Suppose that x € P but that x ¢ CDi(/T). Then x ¢ @; (E) since
O;(A) =D j (B) by hypothesis. Now, by definition of P;, we know that x € ®; (a*)
for some a 2 ay such that ((a—ay)| w!=1)* € BI=51. So define & of length |a| such
that, for all y < |a],

as(y) if y < |y
a(y) = 1 (B=N(y) ify>|a;land y € w!=*] (1)
a(y) otherwise.

It is easy to see that o™ C &j and that ¢ a is B-s-compatible. Therefore, & would bear
witness to the fact that ®; (A) # @ ;(B) at stage s + 1, contradicting the hypothesis.
O

This concludes the proof. ]

Proposition 6.10 D, is not a lattice.

Proof Consider any strictly ascending sequence 4§ of se-degrees. Then by Theo-
rem 6.7, 4 has an exact pair @ and b. Thus @ and b do not have a greatest lower
bound. (]

Remark 6.11 It is readily seen that if Turing degrees at and bt do not have an in-
finum, then the images 1¢.(at) and 15 (b7) under the canonical embedding of Dt in
Dse (Proposition 4.8) also do not have an infinum. Therefore, Proposition 6.10 fol-
lows from Spector’s (exact pair) Theorem for Dt ([6], [9], [20]). Similarly, Propo-
sition 6.10 may also be seen as a corollary to Proposition 7.7 below.



188 Charles M. Harris

7 CEA and Co-CEA Substructures of Dge

By Proposition 4.8, the substructure of Ds induced by the set of characteristic de-
grees is an isomorphic copy of Dt. In this sense each characteristic se-degree is
in effect an embedded Turing degree. We now show that, for any given Turing de-
gree ar, there is a specific substructure of Ot local to at which has two isomorphic
copies local to the embedded image of at (under 1s) in Dg.. In consequence, in
Sections 8 and 9, we will be able to apply results from the literature on Dt (via
Proposition 7.7) to prove structural and definability properties of Dge. First, how-
ever, we show (Corollary 7.2) that standard arithmetical notions are well defined
relative to the embedded Turing degrees in De.

Lemma 7.1 (McEvoy [11])  Suppose that A is a total set (i.e., ZSCA). Then for all
n=0, £A =Enum(J{").
Corollary 7.2 Suppose that A is a set of characteristic se-degree (i.e., A = A).
Then for alln > 0,

(@ =2, = Enum(s{"),

(b) A2, = s-Enum(s{").

Proof By Note 5.11 and a simple induction, S/g") =g Jf\") for all n > 0. Thus (a)
is immediate by Lemma 7.1. To prove (b) note first that S/go) =gof A (and A =g A
by hypothesis) and that SX"H) is characteristic for all m > 0. Thus, for all n > 0,

Ajy = (BIB=Sy & B<.5y)

=  {B|B<cSV &B<.S"}
=def s-Enum(S/({')) .
O

Notation LetT € {Z,II, A}. Suppose that u is a characteristic se-degree. Then
I’y denotes the class {a | (3A € a)(3U € u)[A e F,ﬁ’ 1}. We will use the notation

¥, U I, with obvious meaning and the shorthand I, for the class r,?. Ifvisa
Turing degree, we use X, and A, in a similar manner (in the context of Dr).

Remark 7.3 Suppose that u is a characteristic se-degree. Since for any sets X
and Y, X <, Y if and only if X < Y, it is easily seen that for any n > 0 and
I e{Z,II,A},a ey ifandonlyif A € Fg forall A € aand U € u.

Definition 7.4  Let at be any Turing degree and by, any characteristic se-degree.
Then C&AT(aT) is defined to be the substructure of Dt generated by the set

{dr|ar <dr &drex{"}.

Likewise, CEAge(bse) and co-CEA . (bse) are defined to be the substructures of Dge
generated by the sets
{die | be <de &dye €T )

for I' e {Z, I}, respectively. We use &t, Ese, and co-Ee as shorthand for the struc-
tures CEAT(0T), CEAs(0se), and co-CEA . (0g).
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Proposition 7.5  Let A be any set and let at = degr(A) and ase = deg, (A ® A)
(i.e., the unique characteristic se-degree contained in at). Then

CEAT(aT) = ClAg(ase) = co-CEg(ase).

Proof The isomorphism CEA(as) = co-CEA(as) is witnessed by the restric-
tion to CEAg(ase) of the inverse map inv : Dge — Dse (see Definition 5.1). Thus
it suffices to prove that CEAT(at) = C&A(as). Consider any sets A, B, C such
that A € at, A<tB,C,and B,C € Zf‘. Note that this last condition implies that
B,C<.A & A. Then

B<tC
iff BOA<TCHA
iff B®B)QAP®A)<.(CHC)®(ADA) byLemma 4.6,

iff BOADA)<.CD(ADA) as B,C<.A® A,
iff BOAPA)<.CPD(ADA) since B<.A @ A,
iff BOAPA<.CPD(ADA) by symmetry of <,
iff BOAPA< CPDADA) SABDA=c AD A.

Moreover, for any set B such that A @ A < B, obviously B = B® (A®A)
and A <t B. Thus the map F : degp(X) > deg, (X @& (A & A)) witnesses the
isomorphism CEAT(aT) = CEAg(ase). O

Corollary 7.6 &1 = &, = c0-E.

Proposition 7.7  Let u be a characteristic se-degree. Then the two structures
CEAs(u) and co-CEAg (1) are nontrivial, dense, nondistributive upper semilat-
tices with bottom element u and top element u* and inv(u*), respectively. Neither
structure is a lattice.

Proof Choose U € u and let utr = deg(U). Notice that Ky = Hy as u is
characteristic, and hence u* and inv(u*) are in CEA (1) and co-CEA(u), respec-
tively. Also U <1 Ky and U = U < Ky whereas Ky f_se U (as Ky = Hy)
and Ky £se U (as Ky £e U). Therefore, u < u* and u < inv(u*). Nontrivial-
ity is immediate. Note that CEAT(uT) is dense by the relativized version of Sacks
density theorem for &t [17]. It follows, by Proposition 7.5, that both CEA(uT)
and co-CE&A . (ut) are dense. Likewise, both structures are nondistributive since Ns
is embeddable into CEAT(uT) [8] and neither structure is a lattice since CEAT(uT)

contains a pair of degrees without infinum ([7], [21]).
If any set X is c.e. in U then X <y Ky and if X is co-c.e. in U then X <; K_U
So u* and inv(u*) are the top elements of C&Ag(u) and co-CEA (1), respectively.
O

Remark 7.8  Every total enumeration degree contains infinitely many se-degrees.
Indeed, if a. is a total enumeration degree then a. not only contains a (unique)
characteristic se-degree as. (say) but also its weak jump a¥ . Thus a. also contains
the set { bge | @se < bse < a¥.} which we know to be infinite by Proposition 7.7.
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8 Diamond Embeddings and Minimal Covers

Kalimullin defined the notion of a U-e-ideal pair in [5] and used it to show that the
(enumeration) jump is definable in .. It turns out that Kalimullin’s notion can be
symmetrized (Definition 8.2) and used as a tool in the context of the se-degrees. In
effect, by defining the notion of a U-se-ideal pair, and applying results from [4], we
are able to prove a diamond theorem for Dge similar to the result proved for D, by
Arslanov, Kalimullin, and Cooper (see [1], Theorem 6). We also show that every
nonzero Turing degree contains at least two minimal se-degrees and we generalize
this result.

Reminder Foranysets X,Y, X@Y = XaY.

Definition 8.1 (Kalimullin [5])
(a) A pair of sets A and B is e-ideal if there is a c.e. set W suchthat Ax B C W
and A x BCW.
(b) For any set U, a pair of sets A and B is U-e-ideal if there is a set W <. U
suchthat Ax BC Wand A x BC W.

Definition 8.2
(a) A pair of sets A and B is se-ideal if both (A, B) is e-ideal and (A, B) is
e-ideal.
(b) For any set U, a pair of sets A and B is U-se-ideal if (A, B) is U-e-ideal and
(A, B) is U-e-ideal.

Proposition 8.3  For any sets A, B and U, if A<.U and B<.U, then the pair of
sets (A, B) is U-se-ideal.

Proof Suppose that A <. U and Efeﬁ. Define M = A xwand N = w X B
Then M <. U and NSCU. Also, for any sets X, Y, A x X C MandAx X C M
whereas Y x B C NandY x B C N. Thus A x B C M, A x B € M and
AxBCN,AxBCN. O

Observe that the notion of a U-se-ideal pair is not ordered. So it would be redundant
to add the case A <. U and B <. U in the formulation of Proposition 8.3. Similar
considerations apply to the results below.

Corollary 8.4 If Ais a c.e. set and B is a co-c.e. set, then (A, B) is se-ideal.

Lemma 8.5 If A and U are sets such that A <, U then, for every set B, the pair of
sets (A, B) is U-se-ideal.

Proof Similar to proof of Proposition 8.3 but with M = Axwand N = A xw. [

Lemma 8.6  For any sets A and U, if the pair (A, A) is U-se-ideal, then A <4, U.

Proof LEt M_geU and Nerbe sets suchthat Ax A C MandAx A C M
whereas A x A € N and A x A C N. Then clearly the function fx) = {x,x)
witnesses both A<M and A<{N. Hence A<.U and A<.U. O

Definition 8.7 (Jockusch [4]) A set A is semirecursive if there is a computable
function f of two variables such that, for every x and y,

(1) fx,y) €{x,y},
2 (x,yINA#T = f(x,y) € A.
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In this case f is called a selector function for A.
Remark 8.8 A is semirecursive if and only if A is semirecursive.
Lemma 8.9  If A is semirecursive, the pair (A, A) is se-ideal.

Proof Suppose that f is a selector function for A. Define

W = {{x, )] flx,y)=x}.
Then both W and W are c.e. andAxACW a&l Ax A CW. It follows that (A, Z)
is e-ideal via W whereas (A, A) is e-ideal via W. (|

Theorem 8.10 (Jockusch [4])  For any noncomputable set A there is a semirecursive
set B =1 A such that neither B nor B is computably enumerable.

Lemma 8.11  For any sets A, B and U, if the pair A, B forms a U-se-ideal pair,
and C <4 A, then the pair of sets C, B also forms a U-se-ideal pair.

Proof Suppose that M <. U and N <. U are sets witnessing the fact that (A, B) is
U-se-ideal; that is,

AxXxBCM and XXEQM,
AxBCN and AxBCN.
Let ® and ¥ be enumeration operators such that C = ®(A) and C = ¥ (A). Define
M = {(n,m)|3D[nec ®(D)& (Vz€ D)[{z,m) e M]]}
N = {(n,m)|3D[n e ¥(D)& (Vz € D)[(z,m) € N1}

where D (as usual) ranges over finite sets. Notice that M’ <. M and N’ <. N; for
example, the c.e. set {{ (n,m) , {{z,m) |z € D}) | n € ®(D)} witnesses the re-
duction M’/ <. M.

Claim8.12 CxB <M and C x BC M.
Claim8.13 CxB <N and C x BCN'.

Proof We prove Claim 8.12. Claim 8.13 is proved in a similar manner.

1. Suppose that (n,m) € C x B. Then n € ®(D) for some finite set D C A
and so, forall z € D, (z,m) € A x B C M. Hence {(n,m) € M.

2. Suppose that (n,m) € C x B. Consider any finite set D such that n € ® (D).
Then, as C = ®(A) there exists some z € D such that z € A and so
(z,m) € A x B C M. Hence (n,m) ¢ M'. O

Thus sets C, B form a U-se-ideal pair. (]

Remark 8.14 Lemma 8.11 is also a corollary of Theorem &.21 below.

Corollary 8.15  The notion of a U-se-ideal pair is invariant under se-equivalence
(for any set U ).

Definition 8.16  We say that a pair of se-degrees a@ and b is u-se-ideal for an se-
degree u if the pair (A, B) is U-se-ideal for some—or equivalently any—sets A € a,
Beb,andU € u.
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Lemma 8.17  For any se-degrees a and u the set
J(u,a) = {b € D | (a,b) is u-se-ideal }
is an ideal in Dge.

Proof Suppose that (a,b) is u-se-ideal and d < b. Then it follows from
Lemma 8.11 that (a, d) is u-se-ideal. Now suppose that (a, ¢) is also u-se-ideal
(i.e., both b and ¢ are in {(u, a)). Choosesets A € a,Be b,C €c,and U € u.
By definition there exist sets Mj, M. <.U and Nj, N < U such that

AXBCM,, AxXBCM, and AxBCN,, Ax BCN,,
AXCCM.,AxCCM, and AxCCN,, AxCCN,.
Now define
M = {{n,2m)]|(n,m)eMp} U {(n,2m+1)]|(n,m)e M},
N = {{n,2m)]|(n,m) e Ny} U {(n,2m +1) | (n,m) € Nc},
and notice that M <.U and N <.U. Also it is straightforward to check that
Ax(B®C)CM and Ax(B®C)C M,
Ax(B@®C)CN and Ax(B®C)CN.
Therefore, the pair (@, b U ¢) is u-se-ideal. O

Theorem 8.18 (Kalimullin [5]) Ler A, B be a pair of sets that is not U-e-ideal and
let {Fx, Ey}xcw be a computable enumeration of all pairs of finite sets. Then there
exist sets X, Y <1A ® B ® Ky such that

Y={z|zeX&F, CA}={z|zeX&E,CB)}
(s0Y<cX®AandY<.X ® B)and Y £.X ® U.
Proof See Theorem 2.5 and its proof in [5]. O

Corollary 8.19  Let A, B be a pair of sets that is not U-se-ideal. Then there exist sets
X, Y<1A®B® Hy suchthatY <,c X® A and Y <, X ® B whereas Y ﬁse XoU.

Remark 8.20 X,Y <1 A@® B® Hy implies that X, Y <, (AQA)D(BOB)D Sy.

Proof Since the pair (A, B) is not U-se-ideal we know (by definition) that either
(A, B) is not U-e-ideal or (A, B) is not U-e-ideal. We consider both cases.

Case1 (A, B)isnot U-e-ideal. Then by Theorem 8.18—and assuming { Fy, Ex }xew
to be an enumeration of pairs of finite sets—there exist sets X, Y computable in
A @ B & Ky such that

Y={z|2€eX&F,CA}l={z|z2€eX&E,CB}

andY £. X@U. Now clearly, ¥ <, X®A and Y <, X®B. Thus, by Theorem 3.6,
Y <X ® Aand Y <X & B. On the other hand, Y £ X & U obviously implies
Y4eX®U.

Case2 (A, B)is not U-e-ideal. Then, by the same argument as that applied to Case
1, there exist sets Z, V computable in A @ B & K¢ such that V <, Z & A and
V<eZ®BbutV ﬁse Z @ U. However, if we let X = Z and Y = V, then the
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latter is equivalent to ¥ <o X @ A, ¥ <¢c X @ B, and Y % X ® U (by definition of
553)' ‘:l

Theorem 8.21  For any sets A, B, U the conditions (a)—(c) are equivalent.
(a) The pair (A, B) is U-se-ideal.

(b) There exist computable functions f(x,y) and f(x, y) such that, for any set
X C wand forevery x,y € w,

D (ADX) N Oy(BBX) C Dy (UDX) C O (ADX) U Dy(BD X)
and
o,(AdX)N O,(B®X) C (Df(x,y)(U@Y) C 0,(A®X) U Oy(B D X).

(c) For every set X C w, the se-degree deg, (U & X) is the infinum of
deg..(A® (U & X)) and deg.(B & (U @ X)).

Remark 8.22  This theorem and its proof are adapted from Theorem 2.6 of [5].

Proof (a)=(b) Since (A, B) is U-se-ideal there exist sets M <. U and N <. U
such that

AxBCM and ZXEEM,
ZXEEN and AXBCN.

Suppose that M = ®;(U) and N = @ (U). Then there exist computable functions
f(x,y)and f(x,y) such that

Wiy = {(n, D® E) |3D'AD" (n € &, (D' ® E) N Oy(D" ® E) &

(Vz € D)(Vw € D")[(z, w) € ®y(D)])},
{(n,D®E) |3D'ID" (n € &, (D' ®E) N (D" ®E) &

(Vz € D) (Yw € D")[(z, w) € DN(D)])}.

Wiy =

where D', D” (and, of course, D, E) range over finite sets. We can now check that
the associated enumeration operators @ s (y,y) and @ z, . satisfy condition (b). The

argument for @ s (yy) is below; that for @ 7, is similar.

(1) Suppose thatn € O, (A®X) N D, (B®X). Thenn € O (D'@E) N D, (D"DE)
for some (finite sets) E € X, D' € A, D” C B. Thus, forany z € D’ and w € D",
(z, w) € AXxB C M = @y (U). It easily follows that there exists a finite set D C U
such that (z, w) € @y (D) for all such z, w. Thus n € @ p(, (U & X).

(2) Suppose that n € @, ,)(U @ X). Thenn € O (D' @ X) N ®,(D" & X)
for some D’, D" such that for any z € D’ and w € D”, (z,w) € Oy (U) = M.
Suppose for a contradiction that n ¢ ®,(A ® X) U ®,(B @ X). Then there must
exist numbers 7/ € D’ and w’ € D” such that 7/ € A and w’ € B and this means that
(z/,w') € M (contradiction).

(b)=(c) Let X be any set. It is obvious that U & X <,c A & (U & X) and

U®X<.eB® (U X). Consider any set C such that C <,c A & (U & X) and
C<sB @ (U @ X). Then there exist numbers x, y, x, y’ such that

C =0,(AUoX)) = 0(BaU®eX))
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and
C=0,(A0UBX) = 0y(B® (U DX)).
Now since condition (b) holds by hypothesis,
C =0 p(UeUX)),
C = CDf.(x,’y,)(U dUdX)).
Thus C <, U & X.

(c)=(a) Suppose that the pair (A, B) is not U-se-ideal. Then it follows from
Corollary 8.19 there exist sets X, ¥ such that ¥ <¢c A@(U®X),Y <;c BHUDX),
and Y % U @ X. Therefore, degg, (U & X) is not the infinum of deg ., (A & (U & X))
and deg,.(B @ (U & X)). (|

Note 8.23 By Theorem 8.21 (a) < (c) we know that the pair (A, B) is U-se-ideal
if and only if for any set X o> U,

deg,. (X) = deg, (A X) N deg, (B P X). 2)

Note that if (A, B) is se-ideal then (2) holds for any X (and so also, if neither A nor
B is computable, deg..(A) and deg . (B) form a minimal pair).

Corollary 8.24 A pair of se-degrees a,b is u-se-ideal if and only if
Mz =u)[(aUz)N(bUZ) = z].

Note 8.25 Corollary 8.24 implies that, for any degree u, the relation “(x, y) is
a u-se-ideal pair” is first-order definable with parameter # in Ds.. In particular, it
implies that the first-order predicate Vz[(x Uz)N(y Uz) = z] defines “(x, y) is
an se-ideal pair” in De.

Theorem 8.26 (Diamond embeddings) Let a and b be se-degrees such that b is
characteristic and a < b. Then the diamond lattice is embeddable in the se-degrees
with b as the greatest element and a as the least element provided that there is a
characteristic degree a < ¢ < b.

Proof Choose Aca,C®C €c,and B® B € b. By Theorem 8.10 there exists
a semirecursive set V such that V =t B. Equivalently, V @ V =, B @ B. Set
u =deg, (V@A) and v = deg,.(V @ A).
1. Note first that u U v = deg,.(V @V @ A) = b.
2.If V<eAthen V<., C®CandsoVdV <, C®C. Likewise,
V<eA implies V & V < C & C. Hence, in either case we would have
B ® B <. C & C in contradiction with the hypothesis. Therefore, u > a and
v > a. Now the pair (V, V) is se-ideal by Lemma 8.9. Thus it follows from
Theorem 8.21 (see Note 8.23) thatu Nv = a. O

Corollary 8.27  For any nonzero characteristic degree a, the diamond lattice is
embeddable in the se-degrees with a as the greatest element and Oy as the least
element.

Remark 8.28 In addition to Corollary 8.27 it follows from the proof of Theo-
rem 8.26 that for any noncomp_utable set B there exists a (semirecursive) set X =t B
such that deg . (X) and deg. (X) form a minimal pair in Dge.
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We now move on to the second topic of this section: minimal degrees.

Theorem 8.29 Let a, b and u be se-degrees such that

1. u is characteristic,
2. ani‘andbeH'f.

Then the pair (a, b) is u-se-ideal.

Proof Choose A € a, Be b,and U € u. Then A<.U and B<.U =, U as u is
characteristic (and the fact that, by Corollary 7.2 withn =0, X € Zlu if and only if
X <. U for any X). Now apply Proposition 8.3. (|

Theorem 8.30 (Kalimullin [51) If A, B, M are any sets such that
AXxBCM and AxBCM 3)
and such that BﬁeM, then A<.B ® M.

Proof Foreachx € w,let M, = {y | (x,y) € M}. Clearly, M, <c M. Now
(3) implies that if x € A then B € M,, whereas if x € ‘A then M, C B (since
B C M,). Also, as B fe M, by assumption, each of these inclusions is proper. It
therefore follows that

xeA iff M,—-B#o iff (EIy¢B)((x,y)eM).
This means that A<.B & M. O

Corollary 8.31  Let (A, B) be a U-se-ideal pair such that B ﬁe U and Fﬁe U.
Then A§SCE D U.

Proof Suppose that (A, B) is U-se-ideal via the sets M <. U and N <. U, that is,
that
AxXxBCM and

AxBCN and

SN
X X
= W

N
=zl ¥

N

First note the following two points.
1. BﬁeU implies that B j(_eM and so, by Theorem 8.30, A §e§ e M.

2. Ejéeﬁ implies thatEﬁeN and so, by Theorem &.30, A<.B & N.
Now notice that B&M <. BOU and BON <. BOU. Therefore, A <(c BOU. O
Corollary 8.32  Let (A, B) be an se-ideal pair such that neither B nor B is c.e.
Then A<g B.

Proposition 8.33  Let a, b, and u be se-degrees such that

1. u is characteristic,
2.b%u,

3. (a,b) is u-se-ideal,
4. bex{ (belli)

Then a € 11} (a € =¥).

Proof Choosesets A ca,Beb,andU € u.
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Remark 8.34 By assumption (A, B) is U-se-ideal, B£s U, and U = U. Notice
also that U =g U implies that for any set X, X € LUV (X e 1Y) if and only if
X< U (X<cU).

Supp(ﬁe that M, N are sets via which (A, B) is U-se-ideal, that is, such that M <. U,
N <.U, and

AxBCM and AxBCM
B

AxBCN and AxBCN.

We consider each of the two possible cases in turn.

Case 1 Suppose that b € Z'f. By Remark 8.34, B<.U. So, since B £ U, we
know that B %, U and thus B %, N. Therefore, by Theorem 8.30, A<.B & N. But
B®N<.U®U<.U.So A<.U, which implies (see Remark 8.34) thata € H'l‘.

Case 2 Suppose that b € H'f. By Remark 8.34, B<.U. So, as B fse U, we
know that B ;{e U and this implies that B ﬁe M. Therefore, by Theorem 8.30,
A<.B®M. BuB®M<.U ® U <.U. So A<.U, which implies (see Re-
mark 8.34) that a € Ef. O

Definition 8.35 Leta, b, u, and v be se-degrees such that # and v are character-
istic and (a, b) is u-se-ideal. Then (a, b) is said to be “X{” if either a € | or
b e E;’. Otherwise, (a, b) is said to be “non-Zf .

Note 8.36  Let u and v be characteristic se-degrees. Then we know from Proposi-
tion 8.33 that the u-se-ideal pair (a, b) is non-Elu if and only if neither a nor b is in
T{ UIIY. It also follows that if u < v then (a, b) is a non-X| v-se-ideal pair if and
only if neither a nor b is in Ef u H'l' (since # < v implies that (a, b) is v-se-ideal).

Lemma 8.37  If (a, b) is a non-X, se-ideal pair then b = a. Thus a, b are con-
tained in the same Turing degree (i.e., deg(A) for A € a)and aUb is characteristic.

Proof_Pick any set A € a and B € b. Ihen, by Corollary 822, B <. A and
A < B. However, the latter is equivalent to A <¢c B and so B =, A. U

Proposition 8.38 (Minimal degrees) If (a, b) is a non-X, se-ideal pair then both a
and b are minimal degrees in De.

Proof Suppose that se-degree ¢ is such that 0 < ¢ < b. Then (a, ¢) is se-ideal
by Lemma 8.17. Now c is neither X; nor II; since this would imply, by Proposi-
tion 8.33, that a is either IT, or X, respectively, in contradiction with the hypothesis.
Thus (a, ¢) isnon-X, and so ¢ = @ = b by Lemma 8.37. A similar argument applies
toa. O

Corollary 8.39  Every nonzero Turing degree contains at least two minimal se-
degrees.

Proof By Lemma 8.9 and Theorem 8.10 every nonzero Turing degree contains at
least one non-X; se-ideal pair. U

Proposition 8.40 Let a, b and u be se-degrees such that u is characteristic and
(a, b) is an se-ideal pair that is non- Zlu. Then a Uu and b Uu are (distinct) minimal
covers for u.
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Proof As 0 < u trivially, (a, b) is u-se-ideal. By Lemma 8.17, (a Uu,b U u) is
also a u-se-ideal pair. Note that by assumption neither a nor b is in 2'1‘ ) H'f (see
Note 8.36). Consider any se-degree ¢ such that ¢ < b U u. Then, by Lemma 8.17,
(a Uu, c) is u-se-ideal. There are two cases.

Case1 ¢ ¢ E'f U Hlf. Then choose A € a, B € b, C € ¢, and U € u and note
that U = U as u is characteristic. By Corollary 8.31, B U< (A®U) dU
and A® U<, C@®U. However, (APU)PU<.ADU and COU =, CHU
(as u is characteristic). Therefore, b Uu < ¢ Uu. Thus, ifu < c¢,thenb Uu = c.

Case2 c € E;‘ orc € H'I‘. It cannot be the case that ¢ £ u since this would imply,
by Proposition 8.33, that either a € H'I‘ ora € 21‘ (respectively). Hence ¢ < u.

We conclude that b U u is a minimal cover for u. A similar argument proves that
a Uu is also a minimal cover for u. These two degrees are distinct as (a Uu, b Un)
is a u-se-ideal pair. (|

Corollary 8.41  Let at and bt be Turing degrees such that ar < bt and let as. be
the (unique) characteristic se-degree contained in at. Then bt contains at least two
minimal covers for .

Proof Pick any A € at and note that a,. = deg,.(A @ A). By Theorem 5 of [1]
there exists a semirecursive set B € by such that neither B nor B is c.e. in A. Let
b = deg (B) and ¢ = degse(E). Then (bge, ¢se) is an se-ideal pair which is
non—Zi’SC. By Proposition 8.40, bge U @y and ¢se U ag are minimal covers for age.
Clearly, both these se-degrees are contained in br. U

Remark 8.42 Note that Corollary 8.39 means that any set of nonzero Turing de-
grees A (say) gives rise to an antichain of se-degrees 8B such that (for example) each
at € A contains exactly one bge € B and such that each by, € B is contained in
some at € 4. In contrast the set +, of course, also gives rise to

C = { ¢ | €se characteristic and ¢se C at for some at € A }

which once again has the property that any at € -+ contains exactly one ¢ € C.
However, in this case, for any at, bt € 4 and ag, bse € C such that as. € aT and
bs. C br, we know that at < b if and only if ag. < bg.

Remark 8.43  The first part of Remark 8.42 applies to any reducibility subsumed by
<se- S0, for example, any set of nonzero Turing degrees gives rise to an antichain of
m-degrees in the manner described above.

Remark 8.44 It follows from Proposition 8.38 that every non-nonzero Turing de-
gree contains at least three se-degrees: two incomparable se-degrees forming a non-
2, se-ideal pair and their (characteristic) join.

9 Automorphisms and Definability

By combining results from Section 7 and Section § we are now in a position to
demonstrate some of the definability properties of Dg.. As a consequence we are
able to identify the degree of complexity of the first-order theory of Dg.. We also
prove some negative results.



198 Charles M. Harris

Reminder An automorphism base for Dy, is any set of se-degrees «+ such that the
behavior of any automorphism of D, is completely determined by its behavior on
elements of 4.

Proposition 9.1  The map inv : Dse — Dy is a nontrivial automorphism.

Proof Tt follows easily from the fact that for any sets A, B, A< B if and only if
A < B that inv is an automorphism of ;.. It is clearly nontrivial since deg(C)
and deg,, (C) are distinct whenever deg. (C) is noncharacteristic. O

Corollary 9.2 The characteristic degrees do not form an automorphism base for
Dse-

Proof It suffices to note that inv : ¢ — ¢ whenever c is characteristic. O

Remark 9.3  Contrast the situation in D, where the embedded Turing e-degrees
(i.e., the rotal e-degrees) do form an automorphism base.

Lemma 9.4 If (a, b) is an se-ideal pair such that a, b > 0, then both a and b are
quasi-minimal.

Proof Suppose without loss of generality that ¢ < a is characteristic. There are
two cases to consider.

Case1 (a,b)is Z,. Thena is X, or I, and it easily follows that ¢ = 0.

Case2 (a,b)isnon-Z,. By Proposition 8.38, @ is minimal andsoc =0 orc = a.
Suppose, for a contradiction, that ¢ = a@. Then ¢ = b by Lemma 8.37. However,
¢ = ¢ as c¢ is characteristic and so the pair (c, ¢) is se-ideal. But then it follows from
Lemma 8.6 that ¢ = 0 (contradiction). O

Note 9.5 Using an easy modification of the proof of Lemma 9.4 it can be shown
that, if u is characteristic, @, b > u, and (a, b) is u-se-ideal, then both a and b are
u-quasi-minimal.

Lemma 9.6 The class of noncharacteristic se-degrees forms an automorphism base
for Dee.

Proof It suffices to show that the characteristic degrees are generated by the non-
characteristic degrees. Note first that, by Corollary 8.24 (with # = 0), we know that
0 = a N b for any se-ideal pair (a, b). On the other hand, if ¢ > 0 is character-
istic then there exists a non-X, se-ideal pair such that a = b U ¢ (see the proof of
Theorem 9.15 below). O

Notation We say that an se-degree a is semirecursive if it contains a semirecursive
set.

Lemma 9.7 An se-degree a > 0 is semirecursive if and only if there exists an
se-degree b > 0 such that (a, b) is se-ideal.

Proof (=) Suppose that a is semirecursive. Then @ > 0 (by symmetry of <)
and (a, @) is se-ideal by Lemma 8.9.

(<) Suppose that there exists b > 0 such that (a, b) is se-ideal. There are two
cases to consider.
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Case 1 (a,b)is X, se-ideal. Then without loss of generality we can suppose, by
Proposition 8.33, that @ is X, and b is IT;. Now the isomorphisms of Corollary 7.6
imply that every nonzero c.e. Turing degree aT contains precisely one c.e. se-degree
d and one co-c.e. se-degree e = d (and the isomorphisms send at to d and d to
e). Also, by Corollary 3.3 of [4], every nonzero c.e. Turing degree contains a hyper-
simple semirecursive set. It follows that both @ and b (the latter by Remark 8.8 on
page 191) both contain semirecursive sets.

Case2 (a,b)isnon-Z, se-ideal. By Lemma 8.37, b = @ and so a, b are contained
in the same Turing degree at (say). Choose A € a (and so A € b). By Theorem 3.6
of [4], there exists a semirecursive set C <, A (thus C <, A and C < A) such that
C € at. Let ¢ = deg,(C). Then ¢ and ¢ are semirecursive, (¢, ¢) is se-ideal (by
Lemma 8.9), and ¢ < a whereas ¢ < b (as @ = b). Therefore, since ¢, ¢ > 0 (ar
being nonzero), Proposition 8.38 implies that ¢ = @ and ¢ = b. (]

Corollary 9.8  The class of se-degrees 8 R = {a | a is semirecursive } is first-order
definable in Dse.

Proof Lemma 9.7 in conjunction with Corollary .24 implies that the set §R~? =
{a | a > 0 & a is semirecursive } is first-order definable in Dg.. Also, of course,
for any se-degree d, d € SR ifand only ifd =0 v d € §R>. ]

Proposition 9.9  Suppose that a and u are se-degrees such that u is characteristic
anda % u. Thena € E;‘ ) H']‘ if and only if there exist se-degrees b,c such that both
the pairs (a Uu,b Uu) and (a Uu,cUu) are u-se-ideal andu < bUu < c Uu.

Proof We consider (=) and then (<=) of the proposition.

(=) Suppose thata € 2;‘ U H'I‘. Without loss of generality, we can assume that
ac 21‘ (since the case a € H'f follows using a similar argument). Let ¢ = inv(u*)
and note that ¢ > u (see proof of Proposition 7.7). By Proposition 7.7 there exists
an se-degree b € H'l‘ such that u < b < c. It thus suffices to note that b = b U u
and ¢ = ¢ Uu and that, by Proposition 8.3 and Lemma 8.17, the pairs (a Uu, b Uu)
and (a Uu, c Uu) are u-se-ideal.

(<) Suppose thata ¢ X U II| and suppose that there exists se-degree ¢ such
that (@ Uu, ¢ Uu) is u-se-ideal. Then it is neither the case that ¢ € 2'1‘ nor the case
that ¢ € H'{ (since this would imply that a € H'f ora € Ei’, respectively). Thus
(@Uu,cUu)is non-Z? and it follows by Proposition 8.40 that ¢ U u is a minimal
cover for u. Hence there exists no b such thatu <bUu <cUu. O

Corollary 9.10  For any characteristic se-degree u, the class of Ei‘ U Hlf se-
degrees is first-order definable in Dge with parameter u.

Corollary 9.11  The class of £, U1l se-degrees is first-order definable in Dge.

Theorem 9.12  If u is characteristic then w' is first-order definable in Dye with
parameter u.

Proof Note first that &’ = w* U inv(u*) and that, as explained in the proof of
Proposition 7.7, the se-degrees u* and inv(u™) are the top elements of C&Age(u) and
co-C&A(u), respectively. Hence, it follows from Corollary 9.10, Theorem 8.29,
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and Proposition 8.33 that se-degree w = u’ if and only if there exist se-degrees x
and y satisfying conditions (1) —(4) below.
u u

1. x,y > u and{c,y € X, UIT.

2. (x,y)is u-se-ideal.

3. For any x1, y; satisfying conditions (1) and (2) it is either the case that

x; <xand y; < yorthecasethat y; <x andx; < y.

4. w=xUy.
We can therefore conclude from Corollary 8.24 and Corollary 9.10 that @ is first-
order definable in Dy with parameter u. O

Theorem 9.13  Let u be any characteristic se-degree. Then, for alln > 0,

1. u™ (the nth jump of u),
2. the class of Xy UTI,, se-degrees,
3. the class of A} se-degrees

are each first-order definable in Dy with parameter u.

Proof For (1)—(3) the case n = 0 is obvious. (1) then follows by Theorem 9.12 and
induction on n > 1 (using the fact that u® is characteristic). Also, by Corollary 7.2,

u® u®™

T, UL, =X Ul
whereas AZH ={a | a < u™}. Thus (2) follows by Corollary 9.10 and (1), and
(3) follows directly from (1). O

Corollary 9.14  Foralln > 0,

1. 0™,
2. the class of £, UII, se-degrees,
3. the class of A, se-degrees

are each first-order definable in Dqe.

Theorem 9.15  The class CHAR = {a | a is characteristic} is first-order defin-
able in Dege.

Remark 9.16  In other words, the embedded Turing degrees are definable in De.

Proof We first show that a nonzero se-degree a is characteristic if and only if there
exists a non-X se-ideal pair (b, ¢) such thata = b U c.

1. Suppose that a is characteristic. Choose A € a. By Theorem 8.10 there
exists semirecursive B =1 A (and so B® B =¢ A ® A =, A) such that
neither B nor B is ce. Let b = deg, (B) and ¢ = deg,.(B) (i.e., ¢ = b).
By Lemma 8.9 and Definition 8.35, (b, ¢) is a non-X, se-ideal pair. Also,
clearly,a = b Uc.

2. Suppose that (b, ¢) is a non-X, se-ideal pair such that @ = b U ¢. Then by
Lemma 8.37, ¢ = b. Thus a is characteristic.

It now suffices to point out that by Note 8.25 and Corollary 9.14 (and Note 8.36) the
class of non-X se-ideal pairs is first-order definable in Dse. O

Reminder 1 : D1 — Dse is the canonical embedding defined in Proposition 4.8.
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Remark 9.17  Suppose uT is a Turing degree and let ug = 15 (uT), that is, the
unique characteristic se-degree contained in ut. Choose any Turing degree aT and
let age = 15c(at). Then we can show that at € 2'1” if and only if

Axsedysel Xse, Ve € zise(uT) U Hllse(uT) & 1e(ar) = x5 U Ve -
Indeed, we can argue as follows.

1. Suppose that at € Ei’T. Then there exists B € ar and U @ U € ur such
that B € ZV/®Y. Let bye = deg,.(B). Then by € 1™, by € IT}*, and
age = bye U zse~

2. On the other hand, suppose that there exist ¢se, dse € X{** U IT}* such that
e = Ce Udge. If age < ug then at < ut and so ar € E'l” trivially.
If aee £ ug then either ce € ™ and dg. € II}* (Case 1) or vice versa
(Case 2). Without loss of generality, suppose that Case 1 holds and note that
Ase = Age = Cse U Ese. Let ege = cge U Ese. Then e = ¢sc U dge and we
know that ege € Ei‘“ (*) and ey € H'f“. Choose E € e and notice that
(*) implies that E € ZFGBU for any U € ut. Now ag = eg U €g, and so
E®E € ay C ar. In other words, at € 7.

Hence the class of embedded Z‘i‘T Turing degrees is first-order definable in Dy with
parameter 15 (uT). Moreover, it follows from this result, in conjunction with Re-
mark 5.14 on page 183, Theorem 9.12, Theorem 9.15, and the observations made
in the proof of Theorem 9.13(2), that the class of embedded X, Turing degrees is
first-order definable in Dg. with parameter 14 (u) for all n > 0. The same can then
easily be shown for the class of A" embedded Turing degrees. In particular, this
means that both the class of embedded X, Turing degrees and the class of embedded
A, Turing degrees are first-order definable in D for all n > 0.

Theorem 9.18  The first-order theory of Dse has the same 1-degree (and isomor-
phism type) as the theory of Second-Order Arithmetic.

Proof Assume that {F,},c. is a fixed computable enumeration of first-order sen-
tences in the language {<}. Also assume a fixed computable enumeration of second-
order sentences in the language of arithmetic. Let Th(D;), Th(SOA)) € w be the
sets of numbers corresponding to the first-order theory of D, (with r € {T, se})
and the theory of Second-Order Arithmetic, respectively, in the context of the given
enumerations. It is easily seen that Th(Ds.) <; Th(SOA)) as every sentence of the
theory of s has a natural (and obviously computable) interpretation as a sentence
about sets of integers.

On the other hand, as the first-order theory of Dt has the same 1-degree as the
theory of Second-Order Arithmetic [19], there exists a 1-1 computable function f
witnessing the reduction Th(SOA)) <; Th(Dr). Suppose that char(x) is a first-order
predicate (which can easily be written down using the above results) such that an
se-degree c is characteristic if and only if D, = char(c). Also, for any first-order
sentence F define F* to be the translation of F obtained by replacing any atomic
subformula “x < y” (say) of F by the formula “char(x) & char(y) & x < y”. This
translation clearly induces a 1-1 computable function g such that Fg(,) = F,’ for
all n € w. Moreover, it follows from Proposition 4.8 that Dt = F, if and only if
Dse = Fy(ny forall n € w. Hence g witnesses the reduction Th(Dr) <| Th(Dse)
and g o f witnesses the reduction Th(SOA) < Th(Dse). O
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Reminder For any se-degree a and set A € a, the e-jump (@°) and the embedded
Turing jump (a') are defined to be deg.(Ja) and deg,. (S 447), respectively.

Lemma 9.19 Let A be a set of characteristic se-degree. Then (a) Hp =g Hy and
(b) JHA ise JTA'

Proof (a) Hs = K4 (since A =, A)andso Hy € deg,.(A). Hence deg (Ha)
is not characteristic (i.e., H4 =g ‘Hy) as otherwise we obtain that Hy = A (by
Lemma 4.5) in contradiction with Lemma 5.6.

(b) Since A <. A (and Hy =; K,4) we know that A <; H,. It follows that
‘H4 =. J4 which in turn implies that JI_TA = Jf(xz). On the other hand, as Hy = A
we know that Jp, =¢ Ja. O

Proposition 9.20  Neither the weak jump nor the e-jump is first-order definable in
Dse-

Proof Let a be a characteristic se-degree. Then inv(a) = a whereas we know
from Lemma 9.19(a) that inv(a*) # a*. Now let b = a* and ¢ = inv(a*). Then
inv(b) = ¢ whereas inv(b®) = b° as b° is characteristic. So, by Lemma 9.19(b),
inv(b®) # ¢°. Thus, as inv is an automorphism of Dy, neither the weak jump nor
the e-jump is definable in De. (]

Notation Define 1 : Dge — D to be the operator induced by the map X — Cy.

Note 9.21 It follows from Theorem 9.15 that the operator ¢ is first-order definable
in Dse. In effect, for any set A (obviously) deg.(A & A) > deg..(A), whereas if ¢
is any characteristic se-degree such that ¢ > deg,(A), then ¢ > deg (A ® A).

Lemma 9.22  The embedded Turing jump is first-order definable in Dge.

Proof For any se-degree @, a' = (1(a))’ and so the lemma follows by Theo-
rem 9.12 and Note 9.21. O

Remark 9.23  We conjecture that the (strong) jump is also first-order definable in
Dse and we draw the reader’s attention to the three observations below.

1. In contrast with the situation for the weak jump and the e-jump (see Proposi-
tion 9.20) it is easily shown that, for any se-degree a, a’ = (inv(a))’ whereas
inv(a') =d'.

2. Kalimullin’s proof of the definability of the enumeration jump hinges on The-
orem 3.1 of [5]. However, we can also prove, in the context of D, that the
jump of any se-degree u satisfies (I) = (II) of Kalimullin’s Theorem. (To see
this, use a similar argument to that which yields Corollary 2.8 of [5] to show
that if (A, B) is a U-se-ideal pair such that A <. U and B £ U then

ZSseB @EGBK_U and steZ@UﬂaK_ﬁ

and hence that A @ Sy =s. B @ Sy.) We are therefore left with the question
of whether the implication (II) = (I) of the theorem holds in the se-degrees.
3. Consider the first-order predicate P(u,z) = YaVb[(a, b) is not u-se-ideal
= (3x <1(@)VUi(b)Uz)[x Ua # x Ub]] and note that it follows from
Corollary 8.19 (see Remark 8.20) that, for any se-degree u, Dse = P(u, u’).
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Thus the natural question to ask here is whether it can be shown that ¢ > u’
for any characteristic ¢ > u satisfying Dse = P(u, c).

Note that (a) shows how the obvious obstacle to definability of the jump does not
apply in this case, whereas (b) and (c) indicate the manner in which this question
might be addressed.

Remark 9.24  Let a be any non-X, U I, se-degree. By Theorem 4.11 there exists
a noncharacteristic se-degree b such that a < b. Clearly, b ¢ 8RR (since b is non-
%, U I, and nonminimal). Thus CH AR U SR is nonempty. Also, if a is quasi-
minimal then so also is . Hence not all quasi-minimal se-degrees are semirecursive.
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