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CONCERNING SOME EXTENSIONS OF S4

BOLESEAW SOBOCINSKI

In my papers [9], [11] and [12] several problems concerning some
extensions of S4 are left open.* Namely:

(A) In [9], pp. 355-359, sections 2.6 and 2.7, it has been proved about the
modal formula

T1 CCCpgqqCEENDPqqq

which was observed by Grzegorczyk in [1], p. 128: (i) that, in the field of
S4, T1 implies J1, i.e., the proper axiom of K1.1, ¢f. [10] and [9], p. 349;
(ii) that T1 is a consequence of K1.2, ¢f. [10] and [9], p. 349; (iii) and that
T1 is verified by characteristic matrix which, ¢f. [2], Makinson has
constructed for his system D*, i.e., for my system K3.1, cf. [5].

But I was able neither to prove logically that T1 is a consequence of
K1.1 nor to establish that the systems K1.1.1 (= {S4; T1}) and K2.2
(= {K2; T1}), cf.[9], p. 367, are the proper extensions of K1.1 and K2.1
respectively.

(B) As Geach has observed, cf. [4], p. 139, and [11], p. 305, in the field of
S4.2, the so-called Diodorean modal formulas N1 and M1 are inferentially
equivalent. Although, clearly, in the field of S4, {M1} — {N1}, up to now it
was unknown whether, in the field of the same system, {N1} — {M1}.
Consequently, the problems whether S4.1 (= {S4; N1}) and S4.1.2 (= {S4; L1;
N1}) are properly contained in S4.1.1 (= {S4; M1}) and in S4.1.3 (= {S4; L1;
M1}) respectively remained open, cf. [11], p. 311, and [12].

(C) In [9], pp. 363-366, sections 3.4-3.6, it has been proved that the
system $4.7 which Schumm has established in [6], contains S4.6 (= {S4; S1})
which in its turn contains S4.5 (= {S4; E1} = {S4;E2}). Moreover, it has been

*An acquaintance with the papers cited in this note and especially, with the
enumeration of the extensions of S4 and their proper axioms introduced in [9], pp.
347-350, and in [12], is presupposed,
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shown that S4.5 is a proper extension of S4.4 and that S4.6 is properly
contained in V1. But, an open problem remained whether S4.5 and S4.6 are
the proper subsystems of S4.6 and S4.7 respectively.

All the problems mentioned above are solved negatively now due to the
research of Schumm [7] and of Zeman [14]. Namely:

(D) In [7] Schumm has proved metalogically that the following formulas

@l CLCLCLCCpLqLCpLqCpLqCpLqCLCLCPLGLgCLCLCNpLqLgLg

8l CCLCLCCPLPLCPLpCPLPCMLCHLPCHLPCCLCLCCNpLNpLCNpLNp
CNpLNpCMLCNPpLNpCNpLNpCLCLCPLpLpCMLpLp

8lll  CCMLpLMpCMCMCpMqMqCMCMCNpMgMqMq

@IV CCMCMCpMNCppMNCppCMCMCNpMNChpMNCppMNCppCMLpLMp

are provable in S4. Therefore, since, in the field of S4, {T1} — {J1} and
{M1} — {N1}, the formulas &l and &ll show that, in the field of the same
system, {T1}={J1} and {M1}={NI1}. Hence, we have {Kl.1.1}= {K1.1},
{K2.2} = {K2.1}, {S4.1.1} = {S4.1} and {S4.1.3} = {S4.1.2} immediately. Addi-
tionally, a provability of &lll and &IV which has been established in [7]
shows that the formula

G3 CMCMCpMgMqCMCMCNpMqMqMq
can serve as the proper axiom of S4.2.

(E) In[14], pp. 349-353, Zeman investigated Schumm’s system S4.7 which
he calls S4.9. Besides other results, he has proved that S4.9 (i.e., $4.7) is
properly contained in V1. And the methods which he used in order to
establish his axiomatizations of S4.9, cf. [14], p. 355, allow him to remark
that the systems S4.5, S4.6 and S4.7 (i.e., his S4.9) are inferentially
equivalent, cf. the last paragraph of [9], p. 367.

Since in [7] Schumm has obtained his results in a purely metalogical
way which does not indicate entirely how in S4 the formulas &I-&IV can be
obtained logically, in section 1 of this note such logical proof will be
presented. Moreovér, it will be shown that, in the field of S4, the following
formula

N3 CCEpqqCEENDPgqqCMLpq

is inferentially equivalent to N1, and, therefore, can serve as the proper
axiom of S4.1, and that G3 is inferentially equivalent to G1 not only in the
field of S4 but also in the field of 83. And, since in [14] Zeman did not
elaborate his mentioned above remark, in section 2 a proof which is
essentially based on Zeman’s method will be given that {S4.5} = {S4.6} =
{S4.7} =2 {54.9).

REMARK: In a letter of 9.23.1970 Dr. Krister Segerberg, Abo Academy,
Abo, Finland, informed me that some results discussed in [7], [9], [12],
[14] and the present note were known to him, but not yet published. Cf. his
short abstract ‘“On some extensions of S4’’ in The Journal of Symbolic
Logic, vol. 35 (1970), p. 363.
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1 Let us assume S4. Then:

1.1 In the field of S4 the proper axiom of K1.1, i.e., thesis J1 is infer-
entially equivalent to Grzegorczyk’s axiom T1, c¢f. Schumm [7]. Logical
proof:

Z1 GNpChq [51°9]
Z2 GCCpqCCurCEEprsLECquCws [54°]
Z3 CGCpqqCECNpgsLCCCpqSpqCws [Z2, p/Np, q/Cba, v/Spq, v/q; Z1]
Z4 GLpp [81]
Z5 GEpCqrECpCusCEsqCpCur [83°]

Z6 GCCLECCpqCpqCpqCpqCECpqqCCENpqqq
(25, p/SCpaq, a/Cpq, v/q, v/CENpaq, s/LECCpqCpqCpq;
Z4, p/CCpqq; Z3, s/q, w/p; S1°]
Z7 GCC€pqC€LpLqg [83°]
S1 CECCCPqlpqCpqCpqCLEE pgqqCEENpqqq
(27, p/ € CpaCpqCpq, q/Cpq; Z6; S1]

It is self-evident that, in the field of S4, SI is inferentially equivalent
to Schumm’s formula &l. Now, by S4 and

J1 CCCpLppp

we obtain

T1 CCCpgqqCEENpPqqq

at once. Since, cf. [9], p. 355, in the field of 84, T1 implies J1, we have

() {K1.1} = {S4; J1} = {S4; T1}= {K1.1.1}
(ii) (K2.1} = {84.2; J1} = {84.2; T1} = {K2.2}.

1.2 In the field of S4 the formulas N1 and M1, i.e., the proper axioms of
S4.1 and S4.1.1 respectively, are inferentially equivalent, cf. Schumm [7].
I shall present here two logical proofs of these facts. In the first proof it will
be shown that, in the field of S4, M1 implies a formula N3, as far as I know,
previously unobserved, which in its turn gives M1 and N1 at once. In the
second proof Schumm’s formula &ll will be deduced logically.

1.2.1 Formula N3.

Z8 GCEpqsCEENpqqLEECCNpqENpqSws [23, p/Np; 54°]
Z9 CSCMLCNpgqvCMLpy [S2°]
Z10 CCpCqrCErsCLpCqs [S3]

Z11 GCEENpgqqCEMLCNpqENpqCMLpq
[Z10, p/CMLCNpqSNpq, q/MLp, v/CNpq, s/q; Z9, vr/CNpq; S1°]
Z12 GCpCqr88uChsCEsqSuCpr [83°]
Z13 GCCELEECNpPpgCNpqENpqCMLCNpqCENpqCEEpqqCEENpgqCMLpq
[Z12, p/€CENpaq, ¢/ SMLCNpqGNpyq, v/CMLpq, v/CCpqq,
s/LEECNpqSNpqCNpq; Z11; Z8, w/Np, s/q]
S2 CEEECCNpgENpgqC€NpgqCMLCNpqENpqCEEpgqqCEECNpqqCMLpq
[Z7, p/CCECNpqENpqSNpq, q/ CMLCNpgCNpq; Z13; S1°]
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Thus, S2 is provable in the field of S4. Hence, let us assume S2 and

M1 CCCPLPLpCMLPLPp.

Then:

N3  CCCpgqCEENpgqqCMLpgq. [S2; M1, p/CNpg; S1°]
Now, assume S4 and N3. Then:

Z14 GSNpLpLp [S2°]

M1  GSSpLpLpCMLpLP. [N3, a/Lp; Z14; S1°]

Since, cf. [11], p. 308, section 2.3, in the field of S4, M1 implies N1, we
have {S4.1} = {S4; N1} = {S4; N3} = {S4; M1} = {S4.1.1}, and, moreover,
{S4.1.2} ={S4.1; L1} = {S4; N1; L1} = {S4; N3; L1} = {S4; M1; L1} ={54.1.3}.

1.2.2 Proof of Schumm’s formula &li;

Z15 GCCNppCpLp [S2°]
Z16 GCCCPpLpLpECHpLpp [S2]
Z17 GCCuCqrCCEprsCuvEEpgs [s4]

Z18 GECpLPpLpSENpECpLpCHLD
[z17, v/CCpLpLp, q/SpLp, v/b, b/Np, s/CpLp; Z16; Z15]
Z19 GCCpqClvEEprsCvEEqrs [S4]
Z20 GECPpLPLpCCCHLPpSpLpCHLD
(219, p/Np, a/CPLD, v/SCPLPLP, v/CpLp, s/CbLp; Z1, q/Lp; Z18]
Z21 GCMLCqLprCMLpr [s4]
Z22 GCCpqCCrsCCqrCps [83°]
723 GCEECHPLPSHLPpCHPLPCMLCPLPCHLpCEEpLPLHCMLHCHLD
[z22, p/CCpLpLY, q/CECHLPCPLPCHLY, v/CMLCPLHPCHLD,
s/CMLpCpLp; Z20; 221, q/p, v/CpLp]
Z24 GCECpqrSENvLNpLv [S4]
Z25 GCCHpLpLpCCNpLNpLD (z16; z24, q/Lp, v/p; S1°]
Z26 GECPpLPLpCCCHpLPLp SCpENPLNPLD
(217, v/CSpLpLp, q/SNPLNp, v/Lp, s/Lp; Z25]

Z27 GCCCpLPLpCECHpENpLNpLD [Z26; S1°]
Z28 GpCNpgq [s1°]
Z29 GLpCNpq [S28; S2]
Z30 C8tsCCpqCCvEEHrtCvEEqrs [s4]

231 GECHpLpLpSECNpLNpENpLNpCNpLNp
[z30, t/Lp, s/CNpLNp, q/CPLNp, v/CCpLpLp, v/ENpLNp;
Z29, q/LNp; Z28, q/LNp; Z227]

Z32 GCMLCNpqrCMLpr [s2°]

Z33 SCMLCNpgCNpLNpCMLpCMpp [Z32, v/CNpLNp; S1°]

Z34 GCCSCNpLNpSNpLNpCNpLNpCMLCNpLNpCNpLNp
CEEPpLPLpCMLHCMpp v

[z22, p/CCPLPLY, q/CECNpLNpENp LNpCNpLNp,

v/CMLCNpLNpCNpLNp, s/CMLpCMpp; Z31; Z33, q/LNp]

Z35 E€CqrCCpqCpr [S1°]
Z36 GCCMpLqCpLq [S4°% cf. [8]]
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Z38

Z39
Z40
S3
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CCpCqrECrsCpCys [S3°]
SChLPCCMppSPLD (237, p/CpLb, a/CMpp, v/CMPLD, s/CHLp;
235, q/b, v/Lp, p/Mp; Z36, q/p]
€CCqrCsqCCqrCsr [s2]
CCvCwitCE CqCriCqCrzEEpCqCrvEEuCqCrwepCulCqCrz [S3°]
CCECCHPLPCPLPCPLPCMLCPLpCHPLPCCEECNPLNPpENPLNPpCNpLND

CMLCNpLNpCNpLNpCEEpLpLpCMLPLD
[Z40, v/CpLp, w/CMpp, t/SpLp, q¢/SSpLpLp, v/MLp, 2/Lp,
p/CCECHPLPCHLPCHLPCMLCPLPCHLD, u/CCEECNpLNpENpLNp
CNpLNpCMLCNpLNpCNpLNp; Z38; Z39, q/CpLp, v/Lp,
s/MLp; Z23; Z34]

S31is Schumm’s formula &ll. Thus, {S4; N1} 2({S4; M1}.

1.3 Proof of the formulas &lil and &1V.

Z41
z42
Z43
Z44
zZ45

zZ46
Z47
zZ48

zZ49
S4

Z50
zZ51
zZ52
Z53
Z54
Z55
Z56
zZ57
Z58
Z59
Z60
Z61

S5

SLMpCrCMLNpq [s1°]
S MKpqMp [$2°]
CCvsCEHCrCsqCpCrCuq [S83°]
CpCqCrr [S1°]
S LMpCyCNLCLNpMqMgq (Z43, v/MKLNpNMgq, s/MLNp, p/LMp,

q/Mgq; Z42, p/LNp, q/NMgq; Z41, q/Mgq; $1°]
SLMpCrCCLCLNpMMgMMqMq [z45; z44, p/LMp, q/7, v/Mq; 54]

SCLpMgMChq [S2°% cf. [13], pp. 71-72]
€ LMpCrCMCMCNpMgMqMgq

[z46; Zz47, p/Np, q/Mq; Z47, p/MCMCNpMqMq, q/Mgq; S1°]
SNMLpCMCMCpMqMqCrMq [248, p/Np; S1°]

S CMLpLMpCMCMCpMqMqCMCMCNpMqMqMq
(249, v/MCMCNpMgMq; Z48, v/MCMCpMqMq; $2°]

€ LNgCCpgNp [S2°]
LNMNCqq [54°]
€ChMNCqqNp [Z50, ¢/MNCqq; z51]
€ MCpMNCqqMNp [252; S2°)
CMNpMCpq [S2°9]
EMNpMCpMNCqq [z54, ¢/ MNCqq; 253; 51°]
€ MpMCNpMNCqq [Z55, p/Np; S1°]
ENpCpMNCqq (21, ¢/MNCqq; Z52; S1°)
Cpp [S19]
€ CMNMNpNMNMpCMLpLMp [258, p/CMLPLMp; S1°]

SCMNMCpMNCqgNMNMCNpMNCqqCMLpLMp  [259; Z55; Z56; S1°)
€ CMCMCpMNCqqMNCqgNMCMCNpMNCqqMN CqqCMLpLMp
[z60; 255, p/MCPMNCqq; Z55, p/ MCNpMNCqq; S1°]
€ CMCMCpMN CppMNCpp CMCMCNPpMNCpp MNCpp MNCppCMLpLMp
(261, a/p; 257, b/MCMCNpMNCppMNCpp, q/b; $1°]

S4 and S5 are Schumm’s formulas @lil and @lV. Hence, in the field of

84, {G1} = {G3}.
1.3.1 In[13], pp. 75-76, section 2.6, I have proved that each of the proper
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axioms of S4.2, i.e., G1 and G2 (formerly L) possesses a property that its
addition to S3 generates S4.2. It will be shown here that Schumm’s axiom
G3 also has this property. For this end assume G3 and let us use only the
formulas provable in S3 in the following deductions. Then:

Z62 GCpCqrENrCpNq [52°]
Z63 LNKpNp [51°]
Z64 CMCMCpMEpNp MKpNp LNCMCNpMEKpNp MKpND
[z62, p/MCMCPMKPNpMKPND , q/ MCMCNp MKpNpMEPND , v/ MKpND ;
G3, q/KpNp; S1°% Z63]
Z65 CCMpLqSpq [s2°, cf. [8]]
Z66 CCMCpMEpNp MKpNPNCMCNpMKPNp MKpNp
(z65, p/CMCPMKPNpMEPND, g/ NCMCNpMKPNpMEpND ; Z64]
267 GCEPNCqrCpNr [s2°]
7268 SCMCpMKpPNpMKPNpLNKpNp
[z67, p/CMCPpMEPNPMKPNp, g/ MCNpMKPNp, v/ MKPNp ; Z66; S1°)

Z69 €& CpqrCqr [s2°]
Z70 SMKpNpLNKpNp (269, p/MCpMKpNp, q/ MKpNp, v/ LNKpNp; Z68]
Z71 GCMpLqLLCpq [Z65; S2°]
Z72 LLCKpNpNKpNp [z71, p/KpNp, a/NKpNp; Z70]

Since Parry has proved in [3], p. 148, that an addition of any formula of
the form LLa to S3 implies a system containing S4, we know, by Z72, that
{S3; G3} — {S4}. Therefore, due to provability of S¢ and S5 in S4, we have

(54.2} = {S4; G1} = {S4; G2} = {S4; G3} = {S3; G1} = {S3; G2} = {S3; G3} .

2 Inferential equivalence of the systems S4.5, S4.6 and S4.7. As mentioned
above, Zeman has remarked, see [9], pp. 363-366, sections 3.4-3.6, that the
systems S4.5 and S4.6 are inferentially equivalent to Schumm’s system
S4.7. Since in [9] it was proven that {S4.7} — {S4.6} — {S4.5}, it will be
sufficient to show that {S4.5} — {S4.7}. Although, formally, the deductions
given below differ in some respects from the proof which Zeman used in
[14], pp. 349-353, in order to show that in the field of S4.4 system S4.7
implies his system S4.9, the idea of both these proofs is essentially the
same and is due to Zeman.
Let us assume S$4 and, c¢f. [9], section 3.5, the proper axiom of S4.5

E2 AGMLpLPpALPAGCHqEHNY.

Hence, we have at our disposal S4.4. Then:

Z1 LASMLPpLPpALPACHqEHNg [E2; s4°]
Z2 GLpCqLp [s4°]
Z3 GCGCpgqCMLpMLq [S3°]
Z4 GCCPpNgNMKpq [s2°]
Z5 GCCgpCCrvECsNICLAPAgAYsSNpCty [$3°]
Z6 GCNCMLpLpCMKpqCMLPpMLq [z5, q/Lp, p/SMLpLp, v/Cpq,

v/CMLpMLq, s/CpNq, t/MKpq; Z2, q/MLp; Z3; Z4; Z1]
Z7  GNGMpgMp [54°]
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28 GCMLpCLMgMKpq [54°]
Z9 CE€pgCEqCstE€EpCtCquEpCsv [83°]
Z10 CNCMLpLpCLMqMLgq [z9, p/NCMLpLp, q/MLp, s/LMgq, t/ MKpq,

v/MLq; Z7, p/Lp, q/Lp; Z8; Z6]

Z11 GNCMLpLpSMLMqMLq [Z11; s4°]
R1  CMLpCpLp [E2; 84; cf. [9], p. 364, section 3.5.1]
Ql ACMLpLPCMLMqCqLq [Z11; R1, p/q; S1°]

Thus, in the field of S4, E2 implies Ql, i.e., the proper axiom of S4.7
(84.9), cf. [9], pp. 361-362, section 3.1. Since {S4.7} — {S4.6} — {S4.5}, the
proof is complete.

3 Due to results which were discussed above the following rectifications in
the enumeration of the extensions of S4 and their proper axioms, introduced
in [9], pp. 347-350, should be made:

1. System S4.1 (= {S4; N1}). Besides
N1  CECpLppCMLpp
each of the following formulas

N2 GCCCpLpLpCMLPpLD [Formerly M1]
N3 ©CCpgqqCEENpgqqCMLpgq [Cf. section 1.2]
N4 GCSCPLPSpLpCPLPCMLCPLPCHLD

[An inspection of Schumm’s formula &li]

can serve as the proper axiom of this system.
2. System S4.2 (= {S4; G1}). Besides

Gl GMLpLMp
G2 GMLpLMLp

also
G3 CMCMCpMqMqCMCMCNpMqMqMgq
can be adopted as the proper axiom of S4.2.

3. System S4.9 (= {S4; Q1}). I am accepting a suggestion of Zeman, cf. [14],
p. 353, that Schumm’s system S4.7 should be renamed. Besides

Ql  AGMLpLpSMLMqCqLq

each of the following formulas

Q2 AGCMLpPpLPALGACqr8&qNry [Formerly $1]
Q3 ACMLpLPALGACqpSqNp [Formerly E1]
Q4 AGCMLPpLPALPACHqEPNg [Formerly E2]

can serve as the proper axiom of this system. I omitted here the axiom-
systems of S4.9 given in [7] and [14], p. 355, since instead of S4 they are
based on S4.4.
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