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Modal Definability in Enriched Languages
VALENTIN GORANKO*

Abstract The paper deals with polymodal languages combined with stan-
dard semantics defined by means of some conditions on the frames. So a
notion of “polymodal base” arises which provides various enrichments of the
classical modal language. One of these enrichments, viz. the base £(R,—R),
with modalities over a relation and over its complement, is the paper’s main
paradigm. The modal definability (in the spirit of van Benthem’s correspon-
dence theory) of arbitrary and A-elementary classes of frames in this base
and in some of its extensions, e.g., £(R,—R,R~!,—R7!), £(R,—R,#) etc.,
is described, and numerous examples of conditions definable there, as well
as undefinable ones, are adduced.

Introduction Undoubtedly, first-order languages are reliable and universal
tools for formalization. However, in some cases the cost of this universality is
not fully acceptable: on the one hand we have the undecidability results, and on
the other the fact that the expressive power of first-order languages does not
allow any possibility for a categorical characterization of a given infinite model
since it is elementarily equivalent to any of its ultrapower. So it is desirable,
sometimes even necessary, to seek alternative languages for particular types of
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structures. One solution can provide the propositional modal languages. Let L,
be, for binary relational structures (frames) (W, R), a second-order language
which contains a countable set of unary predicate variables P;, P,,. .., and let
£(0O) be a propositional modal language. Define a translation ST of the for-
mulas of £(O) into L, (see [6]) as follows:

(1) ST(py) = Pix

(2) ST(=¢) = =ST(e)

(3) ST(¢ A ¥) = ST() A ST(¥)

4) ST(O¢) = vy (Rxy - ST(¢) [¥/x])

where x is a fixed individual variable and y is an individual variable, different
from x and not occurring in ST(¢). This translation reflects exactly the relational
semantics for the modal language: a modal formula ¢ is valid in a frame F iff
the L,-formula vQ, . ..VvQ,,vxST(¢) is valid in F (considered as an L,-model),
where Qy, ..., Q,, are the predicate variables corresponding to the propositional
variables ¢, . ..,q, occurring in ¢. So the validity of a modal formula in a
frame is expressed by a second-order universal L,-formula, i.e., the modal lan-
guage appears as a (fragment of) a nonelementary language alternative to the
usual first-order one for binary relational structures. This nontraditional role
of the modal language takes shape in works of Goldblatt, Fine, Sahlgvist,
Thomason (see, e.g., [11], [9], [12], [20], [23]), and especially van Benthem (see
11, [2], [5], and [6]) where it forms the so-called correspondence theory. The
main problem of this theory can be formulated in two directions: which (first-
order) properties of the relational structures are expressible in the modal lan-
guage (modal definability), and which modal formulas have interpretations that
can be expressed by first-order conditions (first-order definability). The entire
ideology of this theory as well as a detailed systematization of the achievements
in the field are discussed in [5] and [6].

The correspondence theory can be naturally generalized- and the basic
results are directly transferrable into polymodal languages with relational seman-
tics over frames (W,Ry,...,R,). However, in the concretely arising polymo-
dal languages (e.g., languages for tense and dynamic logics) some conditions
over the frames are imposed; the frames satisfying these conditions are the “stan-
dard” ones for the language. It is convenient to introduce the notion of a
“polymodal base” £r(R;,...,R,), which consists of a polymodal language
£(dy,...,0,) and a (first-order) theory T for structures {W,R,,...,R,)>. The
models of T are just the standard frames; the standard semantics for this base
is the relational semantics, however only in standard frames. Now, in the class
of standard frames a relativized variant of the correspondence theory arises. It
should be noticed that the classical (poly)modal language is not powerful enough
to really compete with the first-order language. However, the polymodal bases
provide opportunities to construct enriched modal languages —when the theory
T explicitly defines some of the relations R, ..., R, by means of the rest. Here
is a typical example: the language for tense logics is a bimodal base with stan-
dard frames (W, R,R~!) and can be considered as a modal language, enriched
with an additional modality [J_, with a nonstandard relational semantics x F
O_,¢ iff Vvy(Ryx = y F ¢). In such a way appropriate bases can enrich the
modal language in order to obtain desirable expressive capacities. The main pur-
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pose of this paper is to suggest a general approach to the problem of modal
definability in polymodal bases in the spirit of the correspondence theory and
to investigate in that direction some concrete bases providing enriched modal
languages. The main paradigm is the bimodal base £(R,—R) (—R is the com-
plement of R) with standard frames { W, R,—R). This base considerably extends
the expressive power of the classical modal language, e.g., every universal first-
order formula for R and = is definable in it. It is investigated in detail in this
paper, and the modal definability of arbitrary (Section 3) and A-elementary (Sec-
tion 4) classes of standard frames are described and some consequences are
obtained. Also, various particular examples of definable and indefinable prop-
erties are adduced (Section 5). Some other bases, viz., £(R,—R,#),
L&(R,—R,R™',—R7Y), &(R;,—R;,R;,—R,, R, N R,), etc., are introduced and
briefly investigated in a similar manner in Sections 6 and 7.

One more note. It is clear that the main advantage of the modal languages
is their two-faced nature: propositional languages with a second-order interpre-
tation. This advantage can be realized only when the deductive reliability, con-
cerning the standard semantics, of a given axiomatic is ensured, i.e., when
completeness with respect to the standard frames is proved. In the completeness-
proving procedure in polymodal bases additional difficulties appear in compar-
ison with usual modal languages. These difficulties are connected with the “stan-
dardizing” of the frames refuting nontheorems. A general technique and various
completeness results in the bimodal base £(R,—R) can be found in [13].

1 Preliminaries Basic notions of modal logic (within the bounds of the initial
sections of [16] and [11] or [6]) will be assumed to be familiar, viz.: valuation
and model over a given frame, general (first-order) frame; modal algebra; forc-
ing (F) and validity in a model/frame, general frame, modal algebra; the basic
frame constructions: generated subframe, p-morphism, disjoint union, ultrafil-
ter extension (ue), and Stone representation (SR); also the algebraic notions:
subalgebra, congruence, homomorphism, direct product. We specify that the
notion of a “generated subframe” will be reserved for the ones generated from
one point, and the others will simply be called subframes. If F and G are frames
and F = ue(G) then G will be called an wuitrafilter contraction of F. All these
notions and the basic facts connected with them are naturally generalized in
polymodal languages. Now let us set forth some definitions of ultraproducts (see
[11] and [6]).

Definitions

(1) The ultraproduct of a family of sets {W;};c over an ultrafilter D in I
is the quotient-set II,{ W;};c; of the direct product II{W;},c;, over the
equivalence relation =p defined by f =p g iff {i:f(i) = g(i)} € D.

(2) The ultraproduct of a family of frames {F; = {W;,R%, ..., R\ )ics
over an ultrafilter D in I is the frame IIp{F;}ic; = X p{W;}ici,R15- - - »
Ry), where Ry = (f/=p,g/=p):f/=p,g/=p € IIp{W}icr &
(i|Ri.f(i)g (i)} € D}.

(3) The ultraproduct of a family of general frames {§; = {F;,W;)};c over
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an ultrafilter D in I is a general frame IIp{§;}ic; = (FW), where F =
Op{Fi)icrand W = II{W,};c;/=p = {X/=p: X € II{W,}ic/}.

(4) The ultraproduct of a family of polymodal algebras {3;};c; over an
ultrafilter D in I is the quotient-algebra I p{Y;}ic; = II{Y;};e;/=p (the
equivalence =p, defined above, is a congruence).

Note 1 (see Chapter 4 of [6]) Let {F;};cs be a family of frames and D an
ultrafilter in 1. If the frames of the family are considered as full general frames
(W;,2% then Definition (3) above provides an ultraproduct which is not (in
general) a full frame, hence is distinct from the ultraproduct obtained by (2)
above, so two different notions of ultraproduct of frames exist. The ultraproduct
obtained by (3) will be called a weak ultraproduct. Unlike the usual ultraproduct
(by (2)), it preserves the validity of modal formulas. Denote it by II}{ F;}ic;-

Fact 1.1 (Los’s Theorem, 4.19 in [7]) Let o be a formula of a first-order lan-
guage L and {;};c s a family of L-models. Then T1p{¥;}icr F o iff {i|A; Fa} € D.

We now define some operators over classes of algebras. Let A be a class
of algebras of some signature . Then:

1(A) is the class of all isomorphic copies of algebras from A4
S(A) is the class of all subalgebras of algebras from A
H(A) is the class of all homomorphic images of algebras from A
P(A) is the class of all direct products of algebras from A
U(A) is the class of all ultraproducts of algebras from A.

Note 2 When a sequence of operators is applied, the unneeded brackets will
be omitted, e.g., IS(A) will be written instead of I(S(A4)). Also we shall write,
e.g., S(¥) instead of S({A}). Equality and inclusion of operators are naturally
defined.

Fact 1.2 (Section 23 in [15]) (i) X? = X where X € (I,S,H,P}; (ii)
SH(A) < HS(A); (iii) PH(A) € HP(A); (iv) PS(A4) < SP(A).

Fact 1.3 ([11]) All of the operators introduced above preserve the validity
of modal formulas.

Let us note that the class of £-algebras is defined by means of identities,
hence it forms a variety. Denote the variety, generated by a class of algebras A,
by VAR(A). Then:

Fact 1.4 (Birkhoff’s Theorem, see [15]) VAR(A) = HSP(A).

Let us now define some operators over classes of frames. Let C be such a
class. Then:

I;(C) is the class of all isomorphic copies of frames from C
S¢(C) is the class of all subframes of frames from C
H¢(C) is the class of all p-morphic images of frames from C
D¢ (C) is the class of all disjoint unions of frames from C
U (C) is the class of all weak ultraproducts of frames from C.

Note 3 The last operator sends C to a class of general frames.
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Fact 1.5 ([11]) All of the operators described above preserve the validity of
modal formulas.

Fact 1.6 (6.5 and 7.8 in [11]) If {$ilicr is a family of general frames and D
is an ultrafilter in I then (Z{Filics)t = (G Jicr and (U p{§ilic)™ =
Mp(F7 dier-

Some more notation: Let £(R,,...,R,) be a polymodal language (base)
with a set of formulas ®¢. Then Ly(R,,...,R,) is a first-order language
with = and binary predicates R;,...,R, and with a set of formulas
Forg(Ry,...,R,). The modality corresponding to R; will be denoted by OJ;
(dual ¢;), but more frequently by [R;] (dual (R;)).

If F=(W,Ry,...,R,) is a frame, x € W, and X € W, then R;(x) =
{y € W|Rxy}, Ri[X] = |J Ri(x), and [R;]X = {x € W|R;(x) € X}.

If §= (W,Rl,...,RfWXV) is a general frame, then §+ = (W,—,N,[R,],
...,[R,], W) is the polymodal algebra generated by § (see [11]). If Cis a set
of (general) frames then set C* = {%A/3F € C such that Y = F}.

Finally, if 3 is a formula (modal or first-order) then FR(3) denotes the class
of frames in which g is valid; FR(X) is defined analogously for a set of formulas
L. If Fis a frame (general frame, model, algebra) then Thy,oq (F) ={p € ®¢|FE
¢}. The definition of Thy,,q(C) for a class of frames (general frames, etc.) is
analogous.

2 Absolute and relative modal definability

The problem of modal definability Let a polymodal language £ = £(0O,,
...,0,) be fixed.

Dgfinitions

(1) A class of £-frames C is modally definable (MD) in the language £ if
C = FR(TI") for some set of £-formulas I'.

(2) A formula « (set of formulas I) of the first-order language L is
modally definable in £ if FR(a) (FR(Y)) is such.

The problem arises of finding criteria for modal definability. Concretely,
if a given class of frames is MD then a defining set of formulas I'" or an algo-
rithm finding it has to be exhibited, or at least a nonconstructive proof for the
existence of a defining set has to be given; if the class is not MD, this has to be
proved.

Our purpose will be to find criteria for modal definability in the spirit of
Birkhoff’s Theorem: a class of frames is MD iff it is closed under certain oper-
ators.

The most general result for modal definability in the classical modal lan-
guage (the generalization of which in polymodal languages is trivial) is the the-
orem of Goldblatt and Thomason (Theorem 3 of [12]) which translates
Birkhoff’s Theorem into frame notions. This introduces a rather complicated
(ad hoc, as van Benthem notes) construction named by the authors the SA-
construction. It is a translation of a composition of natural algebraic construc-
tions —a subalgebra of a homomorphic image; however, this translation cannot



86 VALENTIN GORANKO

be split in two natural analogues, so the SA-construction proves to be not quite
elegant. Informally it is a contraction of a reduction of a frame; for brevity we
shall call it a collapse.

Definitions

(1) Let F = {(W,R,,...,R,) and F' = (W' ,R{,...,R;). F' is obtained
Jfrom F by collapse (F' is a collapse of F) if there exists a general frame
§ = (F, W) such that
(i) W’ is a set of ultrafilters in §*+, and for each u,v € W', R;uv iff
[Riluc v, ie.,, v XEW(R]IXEuUu=>X€ev)fori=1,...,n
and the following conditions hold:
i) (WU wW)Y(axXe W) (vue W(ue Uiff X € u)
(iii) (Vvu e W) (vX e W)(vv € W' )(Rjuv= X € v) = [R]X € u)
fori=1,...,n.
(2) The collapse of a general frame F, = (F, W) is defined analogously:
F is a collapse of §; if there exists a general frame § = (F, W) such
that W € W, and conditions (i), (ii), and (iii) hold.

Denote the class of all collapses of a class of frames C by C(C).
Fact 2.1 (1 in [12]) G e I;C(F) iff Gt € HS(F™).
Corollary 2.2 (2 in [12]) IfGeC(F)and p € g then FEp = G F .

A specification: if G € C(F) then G* € H(§™"), where § is the general
frame from the definition of collapse (see the proof of 2 in (12]).

Theorem 2.3 (3 in [12]) The class of £-frames C is modally definable in £
iff C is closed under isomorphisms, disjoint unions, and collapses.

Let C be a class of frames. Denote the class of all ultrafilter contractions
of frames from C by C, (C). As a matter of fact, the ultrafilter contraction is
a particular case of a collapse, since F* < (ue(F))™", so the notation is coordi-
nated with the terminology.

Note that when C is closed under elementary equivalence then modal
definability obtains a more natural characterization (8 in [12]): C is modally de-
finable in £ iff it is closed under subframes, p-morphic images, disjoint unions,
and ultrafilter contractions.

Relative modal definability The modal definability discussed so far is, in a
sense, absolute; i.e., definability in the class of all £-frames. When the poly-
modal language is replaced with a polymodal base a “relative” definability in the
class of standard frames arises. Some definitions in this connection follow.

Definitions Let C and D be classes of frames of the same language £ where
CccD.

(i) C is modally definable (MD) in D if C = FR(I') N D for some I' < &.
(i) A modally definable closure (MDC) of C in D, denoted by [Clp, is
the least class containing C that is modally definable in D.
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Note 4 [C]p always exists—it is an intersection of all classes modally defin-
able in D and containing C (there are such classes, e.g. D).

Actually, [C]p is explicitly definable: [C]p = D N FR(Thy,q(C)). The
modally definable closure of the class C in the class of all frames of the given
language £ will be denoted by [C]¢ or simply by [C].

Definitions

(1) Let £ = £7(Ry,...,R,) be a fixed polymodal base. The class {F|F F
T} of the standard frames will be denoted by C,. The frames from
[C,] will be called basic frames and their generated subframes will be
called total frames. Denote the class of the basic (total) frames by Cy,
(Cy).

(2) A general £-frame § = (F;W) is standard (basic, total) if F € C, (Cq,
Cy). Denote the class of standard (basic, total) general frames by Cg
(Cgb ,Cgt)-

(3) An L-algebra U is standard (basic, total) if there exists an § € Cyp
(Cyq,Cy) such that A = F*. Denote the class of standard (basic, total)
L-algebras by M, (M;,M;).

Theorem 2.4 (specifying of 2.3) [C] = ;CD;(C).
Denote the family of classes modally definable in D by MD (D).

Theorem 2.5 Let C € D < E be classes of frames. Then:
(i) Ce MD(D) iff C = [Clp
() [Clp=[CleND
(iii) if D € MD(E) then [Clp = [Clg; in particular, C € MD (D) iff C €
MD(E).

Proof: (i) Follows directly from the definitions.

(ii) Let the class [C]g be definable in E by a set of formulas I' € ®. Then
[CleN Disdefinedin DbyI'and C< [Clg N D= [C]p < [Clg N D. Con-
versely, let [C]p be defined in D by A € & and let C, be the class defined in £
byA. Then C € [CD] o CAﬁ [C]Eg [CA]E=CA= [C]Ean CAﬂD=
[Clp-

(iii) If D € MD(E) then [Clg € D and, by (ii), [Clp = [Clk.

Some comments on the above results:

(i) The description of the MDC’s provides, in particular, a description of
the corresponding modal definability.

(ii) The MDC’s will be described as closures with respect to some opera-
tors. If we describe the MDC’s in a class containing the standard one,
by means of operators preserving the standard class, this will provide
a description of the MDC’s in the standard class.

(iii) If the standard class is modally definable (e.g., in the bimodal base for
tense logics) then the relative MDC’s coincide with the absolute ones.

The problem of relative modal definability is to describe the modally de-
finable subclasses of the class of the standard frames of a given polymodal base.
The strategy for attacking this problem will be, in the spirit of the above com-
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ments, to describe the MDC’s in the class of standard frames. Of course diffi-
culties will arise since, in general, this class will not be closed under the basic
constructions. So the problem of modal definability seems to be rather difficult
to work out in the general case; here we shall investigate some interesting con-
crete modal bases, which are sufficiently representative to illustrate the general
problem.

3 Modal definability in the base £(R,—R) The main purpose of this section
is to describe the MDC’s and MD classes in the modal base £ (R,—R), consisting
of a bimodal language £(,,0,) and a first-order theory 7_ with a single
axiom, (—) Vxy(R;xy & —R,Xxy), hence with standard frames (W, R,—R). This
base can be considered as a modal language with an additional modality @
(=[—R]-) with the nonstandard relational semantics x F My iff Vy(y Fo =
Rxy). This modality has appeared in different authors and in different contexts:
in Goldblatt [10] as a negation in a quantum logic; in Humberstone [17] as a
modality over the “inaccessibility relation”; in van Benthem [3] as an “obliga-
tion”; and in Gargov, Passy, and Tinchev [14] as a “sufficiency”.

Let us introduce some notation for the base £ (R,—R) in the sense of Sec-
tions 3 and 4. In order to emphasize the standard semantics, and for conve-
nience, we write @ = ; and & = O, (duals ¢ and ¢). The modality B (dual
4), corresponding to R = R; U R, in the frames (W, R, R,) is explicitly defined
by @ and &: My = He A He. In [14] it is proved that the minimal normal
L(R,—R)-logic, denoted there by K™, is axiomatized by the S5-axioms for H.
This fact implies that the class of basic £(R,—R)-frames Cy, = [C,] consists of
exactly the frames (W, R, R,) in which R; U R, is an equivalence relation; so
the total £(R,—R)-frames are those frames (W,R,R,) in which R; U R, =
W2, hence in total frames B is the universal modality.

Now the strategy will be to describe subsequently the modal definability in
C,, C,, and C,. Denote, for convenience, the corresponding MDC’s by [ ],
[ 1, [ Is. As a corollary of 2.4 and 2.5 we have:

Corollary 3.1 If C < G, then

(@) [Clp, = I;CDs(C)

(ii) C is modally definable in C, iff it is closed under isomorphisms, disjoint
unions, and collapses.

Modal definability in C, Indeed, the fact that R; U R, is a universal rela-
tion in the class C; is not modally expressible, though there does exist a simple
condition which characterizes the algebras from M;:

Lemma 3.2 A € M, iff in U the following condition holds: (1) ¥t €
A(W¢t =0 ort=1) (equivalently, vt €« A(Rt =0 or Bt = 1)).

Proof: (1) Let A € M, A =F*, F=<(W,R|,R;,W) € Cy, and X € W. Then
BX=EXAE8X={x|Ri(x) S X&R(x)SX}={x|(RIUR))(x) S X} =

(x|We x) = {W, ftXxX=w

. .. et .
&, otherwise’ so condition (7) holds in §* hence in U.
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(2 Let (7) hold in %. We shall prove that SR(Y) € C,. Let SR(A) = (Wy,
RY, R¥, Wy). Assume that R} U RY # W$; i.e., there exist u,v € Wy such
that “"RYuv & = R¥uv. Then there exists ¢, such that Bf; Eu & t, ¢ v and 1,
such that Ht, Eu & t, € v. Let t = ¢, U t,. Bt; < Bt = Ht € u. Analogously,
Btecu=>Mtcu=>Mt+0>¢=1, but t & v, which is a contradiction. So
SRQA) € €y = A = (SRA)T € M,.

Lemma 3.3 Each algebra from M, is simple, i.e., has no proper con-
gruences.

Proof: Let = be a congruence in A € M,, different from =; i.e., there exist
a,be Asuchthata=banda+# b. Then (e b)=1=MW(a+- b)=1, buton
the other hand (¢ b) # 1= B(a< b) =0,i.e. 0= 1.

Note 5 Equivalent to Lemma 3.3 is this fact: The total frames do not have
any proper subframes.

Corollary 3.4 If FE€ C, then G € I;C(F) iff Gt € IS(F ).
Theorem 3.5 Let A € M,. Then M; N HSP(A) = ISU(A).

Proof: Let us note that the operators I, S, and U preserve the class M,. (Con-
dition (7) is a first-order formula in the signature of the £-algebras, therefore,
by Los’s Theorem, it is preserved under ultraproducts.) All algebras from A4 are
simple, hence subdirectly irreducible. Therefore, by the Jonsson result (3.2 in
[18]) each subdirectly irreducible algebra from HSP(A) belongs to HSU(A).
Moreover, SU(A) € M, = HSU(A) = ISU(A) hence M; N HSP(A) < ISU(A).
The converse inclusion goes as follows: ISU(A4) < ISHP(A4) < HSP(A) =
ISU(A) € M,.

Note 6 The quoted result of Jonsson’s was pointed out to the author from
the anonymous referee. This led to the replacement of the complicated direct
proof of the theorem with the simple one above.

Lemma 3.6 C, is closed under collapses.

Proof: Let F € €, and G € C(F). Then G* € IS(F*). F* € M, and condi-
tion (7) is preserved under isomorphisms and subalgebras = G* € M, = (see
the proof of 3.2) SR(G™) € C, = ue(G) € C,. And G is embedded as a sub-
structure in ue(G) = G € C;.

Lemma 3.7 Let F=<W,R,R,) € C,. Then F’ = {(W’,R{,R5) € I;C(F) iff
F’ is isomorphic to a frame F~ = (W ~,R{ ,R5 ) for which there exists a gen-
eral frame § = (F,W) such that §* is a complete atomic (as a Boolean algebra)
&£-algebra with a set of atoms W~ and the following conditions hold:

(1;) For every a,b € W™, R; ab iff there exist x € a and y € b such that R;xy
(2) (vae W™)(vX e W)(vbe W™ )(R;ab= b S X) = R;[a] S X), for
i=1,2.

Proof: (1): Let F' = (W’,R{,R5) € C(F). Then W’ is a set of ultrafilters in
an algebra §* for some general frame § = (F, W), at that §" = F’* according
to 3.4 and the specification after 2.2 and the conditions for § from the defini-
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tion of collapse hold. Let 4#:§* — F’* be the corresponding isomorphism. §*
is a complete atomic £-algebra (see [22]). Let W~ be the set of atoms of F*.
Then the mapping g: W’ — W™, defined by g(u) = A~ '({u}) is a bijection,
since:

e g(u)e W~ foreachu e W’:if X € W and X € g(u) then h(X) S
ful=h(X)=Corh(X)={u}=X=D or X=g(u)

® g is an injection since 4 is a bijection

e gisonto: if a € W’ then h(a) # . Let us assume that there exist u,v €
W’ such that u # v and u,v € h(a). Then g(u),g(v) € a and g(u) #
g(v) = g(u) = D or g(v) = &, which is impossible. So A (a) is {u} for some
u € W’. Now let us define R;” for i = 1,2: for every a,b € W™, R; ab iff
R!h(a)h(b) for i = 1,2. Then (W~ ,R7,R5 ) = F’ and:

(1;) Riabiff v X e W([R;] X E h(a)=Xe€ h(b)) iff ¥XEe W(ac
[Ri]1X=bc X)iff vX € W(R;[a] € X=b < X)iff R;[a] &
biff b & R;[a] fori=1,2;

(2;) is in fact condition (iii) from the definition of collapse

(2): Conversely, let the conditions of the lemma hold, and let §* = (F, W)
be the complete atomic £-algebra with set of atoms W ~. Then the mapping
h:A— F~*, defined by A(X) = {a € W~ |a € X}, is an isomorphism, since:

e his a bijection: §* is a complete algebra = A is onto; if A(X) = A(Y)
then A(X\Y)=@and h(Y\X)=J=>XSYand YS X=X=Y.

® h is a homomorphism: the only nontrivial checking is that 2([R;] X) =
[R7Th(X):h([R]]1X)={a€ W~ |R;[al € X}, [R7 ]h(X) = {a|vbe
W~ (R; ab= b < X)}. It follows from (2;) that [R;7 1h(X) € h([R;]X);
conversely, let a € h([R;1X), i.e., R;[a] € X, and let R] ab, i.e., there
exist xEaand y € bsuch that R;xy. Thenye X=bNX+D=>b< X.
So A([R;]1X) € [R7 1h(X). Therefore T = F "= F*t=sF "t ¢
IS(F*) = (by 2.4.5) F~ € I;C(F).

Note 7 Condition (1;) is equivalent to

(1;) For any a,b € W™, R; ab iff for every x € a there exists a y € b such
that R;xy. Actually, if there exist x € @ and y € b such that R;xy then
O+ (a N <R,)b) EW=aC <R,>b

The conditions for the frame F~ in the above lemma can be considered as
a definition of a collapse in C,. Let us call it a #-collapse. Under the conditions
of Lemma 3.7 F~ will be called a t-collapse of F, corresponding to . The
respective operator will be denoted by ‘C,’. A t-collapse of a general total frame
is defined in a similar manner.

Theorem 3.8 Let C < C,. Then [C]; = I;CU¢(C).

Proof: According to 1.5 and 2.2, I;C,U¢(C) < [C],. Conversely, let F € [C];.
Then F* € M, N HSP(C*) = ISU(C*) = F € I;C,U¢(C).

Corollary 3.9 A class C < C, is modally definable in C, iff C is closed under
isomorphisms and t-collapses of weak ultraproducts.
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Modal definability in C,

Lemma 3.10 Let F={W,R,—R) € C, and F' = (W',R{,R%) € C,(F).
Then F' € C; iff:

(i) For every a € W'and x,y € a, R(x) = R(y)

(ii) For every a,b € W', Riab iff for every x € a and y € b, Rxy (which, for
reasons similar to those of Note 7, is equivalent to b < R[a])
(iii) The general frame § = (F, W) corresponding to F' satisfies the condition:
for every a € W', R[a] € W.

Proof: (1) Let the conditions of the lemma hold. Then Rjab iff there exist x €
a and y € b such that —Rxy iff —Rjab, hence F’' € C;.

(2) Let F' € C, and § = (F, W) be the corresponding general frame. Then
for every a,b € W', —R1{ab iff there exist x € @ and y € b such that —Rxy =
Riab iff for every x € a and y € b Rxy, hence (ii). Moreover, it follows from
the definition of t-collapse that:

(*) (Vvae W)(vX € W)(vb € W')(Riab = b S X) = Rla]l € X) &
(vbe W')(—Rjab=b < X)= (—R)[a] € X).

Then Riab iff —(—Rj)ab iff b € —(—R)[a] = n R(x). Analogously
(—R{)abiff b < n (—R)(x). Let O be the union il);ei”;* and for every a €

~ xXea ~
w:X,=J (b|Riab}, Y,= |J {b|—-Riab}. Y,= W\X,since §* is a com-
plete and atomic £-algebra.

Now, ¥vb € W/(Riab = b € X,;) = (by (%)) R[a] € X, and vb €
W'(—=Riab = b < W\X,) = (by (*)) (—R)[a]l & W\X,, i.e., X, S
—(—R)[a] =» R[a] € —(—R)[a], i.e., |JR(x) € R(x) = [ R(x) =

XE€Ea x€a xE€a
X, = |J R(x) = R[a], whence (i) and (iii) follow.
(S
”i‘chg conditions of the above lemma define a collapse in the class Cs; let

us call it an s-collapse and denote the corresponding operator by ‘Cy’. An s-
collapse of a general frame is defined in a similar manner.

Theorem 3.11 If C < C then [C]s = I;CU¢ [ C].

Proof: The ultraproducts preserve the standardness (a first-order condition),
hence the assertion follows from 2.5 and 3.8.

Corollary 3.12 C < C; is modally definable in C, iff C is closed under
isomorphisms and s-collapses of weak ultraproducts.

We should note that the obtained characterizations are rather nonconstruc-
tive (which is objectively conditioned) in order for them to serve as a practical
criterion. That is why more natural characterizations of the modal definability
of A-elementary classes of total and standard frames will be sought in the next
section.

4 Modal definability of A-elementary classes and formulas in £(R,—R)

Modal definability of A-elementary classes in C, Recall that a class of
frames C is A-elementary if there exists a set £ € For, such that C = FR(Z).
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Theorem 4.1 Let C < C, be a A-elementary class. Then [C], = [;C,(C).

Proof: 1;C,(C) < [C];. Conversely, let F € [C]; = I;C;U¢(C). Then there
exist {F;};e; € C, an ultrafilter D in I, and Fp = IIp{F;};c; such that F €
LC(IB(F;)icr) = F* € ISMp{Fit)ies) S ISS(FR) = IS(Fp) = FE I;C (Fp) <
I;C, (C) since the A-elementary class C is closed under ultraproducts.

Corollary 4.2

(i) A A-elementary class C S C, is modally definable in C, iff C is closed under
t-collapses

(ii) A set of elementary formulas £ < Fory(R,,R,) is modally definable in C,
iff (the truth of ¥) is preserved under t-collapses.

Another, more convenient characterization of the modally definable A-
elementary classes in C, can be obtained applying the results from Section 2 of
[12].

Definition F = <(W,R,R,,W) is a replete general frame if for each ultrafil-
ter u in §*:
W) Nu=+J
@) NKRHX|X € u} < (R;>(Nu), for i =1,2.
If § satisfies (ii) and
(i’) For every w € W such that Nu = {w},
then § is descriptive.

Fact 4.3 (4 in [12]) If § = (F,W) then there exists a replete §' = (F'\W')
such that §* = §’t and F = F’ (= denotes an elementary equivalence).

Note 8 If § € Cyp (Cy,Cys) then F' € Cyp, (Cyr, Cy), since the classes Cyyp,
Cg,Cy are elementary.

Fact 4.4 (5 in [12]) If §' = (F',W') is replete then there exists a descriptive
§” =<(F"W") such that §'* = §"* and F”" is a p-morphic image of F'.

Note 9 The classes C,, and C, are preserved under p-morphisms = if §’ €
Cgp (Cy) then F” € Cyyp, (Cy). However, the same does not hold for C; (see
4.16).

Corollary 4.5 (6 in [12]) If U < F* then there exists a descriptive §" =
(F"W") such that §"* = W and F” is a p-morphic image of some F’ = F.

Fact 4.6 (7 in [12]) If § = KF,W) is descriptive and F'* € H(§™") then
ue(F’) € I;C(F).

Corollary 4.7 If § = (EW) € C,, is descriptive and F'* = §* then
ue(F')=F

Theorem 4.8 Let C < C, be a A-elementary class. Then [C], = C,H;(C).

Proof: (1) C,H;(C) < [C],, since C, and H; preserve the class C, (it is defined
by a universal formula that preserves the validity in substructures; the preserving
under H; follows from the definition of p-morphism) and the validity of modal
formulas.

(2) Conversely, let Thy,oq (C) =TI'. We shall prove that I' modally defines
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CH{(C)inC,. If FEC,H{(C) then FFT. Let FET. Then F* FT' = Ft €
M, N HSP(C*) = ISU(C™), i.e., there exist {F;};c; € C, an ultrafilter D in I,
and Fp = lIp{F,;};c; such that F* € IS(FZ) (as in the proof of 4.1). C is A-
elementary = Fp € C. According to 4.5 there exists a descriptive §” = (F",W”)
such that §”* = F* and F” is a p-morphic image of some F’ = Fp. Then
F' € C=> F” € H{(C) and, by 4.7, F € C,(F") = F € C,H¢(C).

Corollary 4.9

(1) A A-elementary class C < C, is modally definable in C, iff C is closed under
p-morphisms and ultrafilter contractions.

(2) A set of formulas ¥ < Forg (R, R;) is modally definable in C, iff T is pre-
served under p-morphisms and ultrafilter contractions.

Corollary 4.10 A closed formula o € Forg(R{,R,) is modally definable in
C, iff a is preserved under p-morphisms and its negation is closed under ultra-
filter extensions.

Corollary 4.11 A set of universal formulas ¥ < Fory(R,R,) is modally
definable in C, iff T is preserved under p-morphisms.

Proof: The ultrafilter contraction is a substructure and all universal formulas
are preserved in substructures.

Modal definability of A-elementary classes in C,
Theorem 4.12 Let C < C; be a A-elementary class. Then [Cl, = I;C,(C).

Proof: The assertion follows from 3.11 and 4.1 since ultraproducts preserve
“standardness” (a first-order condition).

Corollary 4.13

(1) A A-elementary class of Kripke-frames (W,R) is modally definable in
L(R,—R) iff it is closed under s-collapses.

(2) A set of formulas £ < Fory(R) is modally definable in £(R,—R) iff L is pre-
served under s-collapses.

The above characterization is more easily applicable for nonconstructive
proofs of modal definability, but the characterizations following from 2.5 and
4.8 seem to be more convenient for negative results.

Corollary 4.14 Let C < C, be a A-elementary class. Then [C], = C, N
C.H;(O).

The description of the MDC’s in a given modal base suggests the way to
find a construction that proves for a given formula or a class of formulas that
it cannot be modally defined, which will be illustrated by the following example.

Example 4.15 The formula 3x Rxx is not modally definable in £(R,—R).

Proof: Let C = C; N FR(3x Rxx). We shall prove that C # [C], = C; N
C,H;(C). Let F = (N,<,=). F & C. Let ue(F) = (N*,<*,=*) and N* =
N, U IN¢, where N, is the set of principal ultrafilters in N and N¢ is the set of
free ones. It is a matter of direct checking that if X < N then [ <]X = the big-
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gest ray [n,o0) contained in X, and that [>]X = the biggest segment [0, 7] con-
tained in X. Then the structure ue(F) has the following properties:

(1) <INp’<*IINp,Z*IINp> = <]N,<,2>

Q) <*|n; = =*| N, = N ‘

3)foreachu € N, vENg : u <* v, ~u=2*v, v ="y, and ~v <* u.
Now let us set W= N, x {0} U N¢ x {0,1}. Define the following relations in
w:

(uiy <’ (v, Y iffu<ov & (u,v € Ny = i =)

{uiy ="' <o,y iffu=v & (u,v € Ng = i #j)

Let G = (W,<,="). G € Cs; if u € N¢ then (u,0) <’ (u,0) = G C. It
remains to observe that the mapping g: G — ue(F), defined by g(u,i)) = u, is
a p-morphism:

M,y <" v,y =>u<v

(@) gCu, ) <" v=Lu,i) <’ (v,j)

(3), (4) analogously for =".
Therefore C # [C], = formula 3x Rxx is not modally definable.

The following lemma characterizes the p-morphisms preserving Cs.

Lemma 4.16 Let F=(W,R,—RY € C,, F' ={W',R{,R%),and g: F—> F’ be
a p-morphism. Then F’' € C; iff the condition

@) “forevery x,y € W, Rxy iff Rig(x)g(»)”
holds.
Proof: If F' € C; then R5 = —Rj{. So Rxy = Rig(x)g(y) and —Rxy =

R5g(x)g(y), therefore —R;g(x)g(y) = Rxy, hence (@). Conversely condition

(@) implies —R{g(x)g(y) = —Rxy = R3g(x)g(»). If R3g(x)g(y) then there
exists x’ € W such that —Rxx’ and g(x’) = g(»), i.e., —Rig(x)g(»). So
R5= —Rjand F’ € C,.

Definition A p-morphism satisfying (@) will be called a bi-morphism. (Thus,
the morphisms in C; are just the bi-morphisms.)

Let us note that the results obtained in this section are trivially generalized
for polymodal bases £(R;,—R;,...,R,,—R},).

5 Some demonstrations of the modal definability in £(R,—R)

Definability of universal formulas Adding [—R] to the classical modal lan-
guage greatly strengthens its expressive possibilities. The following theorem is
weighty, but it is hardly the only argument in support of this assertion.

Theorem 5.1 Each universal formula o from Fory(R) is modally definable
in £(R,—R). (Cf. 14.5 of [6].)

Proof: 1t is not difficult to see that each s-collapse is a bi-morphic image of a
substructure and that the validity of universal formulas is preserved in both sub-
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structures and bi-morphic images. However, we shall adduce an explicit algo-
rithm, providing the modal equivalent to each universal formula. This equivalent
will not be the shortest possible, but the improving of the algorithm or the re-
ducing of the obtained formulas is connected with technicalities which will not
be discussed here. We may assume that « is closed (otherwise the universal clo-
sure of o will be taken). Now we shall construct a modal formula ¢ such that
FR(a) = FR(¢). So let a = Vy;...V¥y,3 where 3 iskan open formula in con-

junctive normal form, 8 = 8; A...A B,. Then a = A vy;...Vy,B;. For each

member Vy;...Vy,B; of this conjunction a modal'eéuivalent ¢; will be con-
structed such that ¢ = ¢; A...A ¢,. We may also assume that in each 3; there
are no disjuncts of form y; = y;, otherwise 8; = T and ¢; = T. So, let us fix a
member Vy, ...V¥y,8;. We then proceed as follows.

(1) If disjuncts of the form y; # yx occur in §3;, they are subsequently
removed in the following way: Let 8; = y; # ¥, v y; and, for definiteness, let
j=<k. Ifj=kthenB;=v;if j< kthenVvy;...y,8; =Vy;... VY _1VVks1---
VYnvi[Y;/yi] = 6;. In the former case replace 8; by v; and in the latter replace
Vyi...¥y,B; by é;.

(2) Now let us suppose that all operations from (1) are performed. Let
Vyi...Yy,B; = -3y,...3y,v;, where v; is a conjunction of formulas of type
Yj # Yi> Ryjyr, and Ry, y;. Put foreachj=1,...,n

rf = {s|Rysy; occurs in v;}; rj = {s| 7 Rysy; occurs in —yi};
; = {s]|y; # y; occurs in v;}. Now put for each j = 1,.
¢ = Py ABpy A B A N Pss2n A “Piser A /\ “P3s3

serf sEr; sEe;

@ = —|/\ ®0l: 0= o) A...A ¢p. We shall prove that FR(a) = FR(p).
=1

(1) Let F ¥ o = for some i: FF3y,...3y,y; = there exist points w;...w,
such that F Fv;[wy,...,w,]. Define a valuatlon V as follows: V(ps;) = {w 1,
V(p3j+1) = R(W)), V(P3js2) = —R(w)). Let M = (F V). Then M F ¢/ [W,] -

n

ME-N\ $¢f, i, ME g = Mb o= Fho.
Jj=1
(2) For some model 9t over a frame F and point w suppose that It ¥

n . .

¢[w] = for some i, ME \ ®¢! = there exist wy, ..., w, such that M F ¢f [w;],
J=1

J=1,...,n. Then, if Ry,y; occurs in v; then w, F Ep;,,, and w; F 7p3sen =

Rwgw;. Analogously, if =Ry, y; occurs in v; then =Rw,w;, and if y,; # y; occurs

in v; then wg F p3s, w; F—p3g= we#w;. SO FEy;[wy...w,] = FFo.

Note 10 The adduced algorithm was noted to be quite prodigious. An appar-
ent step towards reducing the obtained formula is the following: If the propo-
sitional variable p,, has a single occurrence in the formulas ¢!, . . ., ¢¥ for some
I then it might be removed (together with the modality eventually prefixing it)
from ¢;, since p,, does not bear any information there.

Example o = YV Y,((RY Y2 = Ry, ¥3) VY2 =y Vv (V2 # Y3 A
Ry, y3)). Transform:
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a = VYV YVY4(TRY Y2V RY2 3V Vs = Y4V (V2 # Y3 ARy, Y3)) =
VYIVYVYIVY4 (T RY 1 Y2V Ry, Y3V Y2 = Y4V Y2 # Y3) A
VIIVYVY3VY4 (T RY 1 Y2V RV, 3V Y2 = Y4V Ry, y3) =
VYIVIVY4(RY1 Y2V RY2 Y2 V Yo = Y4) A (81)
VYIVVVY3VY4(TRY 1 Y2V Ry Y3V Y, = Y4) = (82)
23y13523Y4(RY1 Y2 A “RY2 Y2 A Y2 # Ya) A
73y139,3Y33Y4 (RY1 Y2 A TRY2 Y3 A Yy # Ya).

<pi = p3 A Bpy A Bps;

©1 =DPs AN EBp7 A BElpg A 7ps A 75
@1 = Po A Ep1o A Bp1y;

¢! = pia A Ep13 A Bpia A 6.

Then, reduce according to Note 1:

Bps; ©1 = ps A Bps A ps A Tpg; 01 = T; of = s
T (®Eps A ®(ps A Ep; A psApr) AT A ®pg) =
WO -psv B(—pgv ©p; v psvp;) v Bpg);

analogously, ¢, = BO—psv Bé—p;v B (psv p;) v Bpg and ¢ = ¢ A 5.

ol
@1

Definability in the class of finite frames If we restrict ourselves to the class
of finite frames, Cy;,, we may ascertain that the language £(R,—R) is able to
register each difference in the structures and by means of a modal formula to
distinguish each finite frame F; from every other one not isomorphic to Fi, i.e.,
if F|,F, € Cy, and F; # F, then Thy,oq (F;) # Thyoq(F3). (Let us remember
that the classical modal language is not able to distinguish a given frame from
an arbitrary one in its disjoint power.) Let us now examine the MDC of a finite
frame F in £(R,—R). Two observations will help us:

(1) Each s-collapse of the frame F is simply a bi-morphism mapping the
point x in the atom containing x, since each element of the finite univer-
sum W belongs to some atom.

(2) Each ultrapower of F is elementarily equivalent to F (see 4.1.10 in [7])
and therefore isomorphic to F (elementary equivalence coincides with
isomorphism on the finite structures, see 1.3.19 in [7]).

Thus, [F], consists of all bi-morphic images of F. Now let F,F, € Cgy,
and Fy # F,. If F| € [F]s then |W;| < |Ws| = F, & [Fi]s = Thpoa (Fy) #
Thmod(FZ)‘

Some concrete examples of modally definable properties of the relation R in
L(R,—R) (but not in £L(R))

(i) ([14], [17]) If the property @ (R) is definable in £ (R,—R) then Q(R) =
®(—R) is also definable in £(R,—R) and therefore in £L(R,—R); in
the formulas defining ®(R) & is replaced by & and conversely. For
example, the formula Hp — p defines the property “R is reflexive”
hence Hp — p defines “—R is reflexive”, i.e., “R is irreflexive”; the
formula @1 defines “R is the empty relation” = =L defines “R is
the universal relation”, etc.
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(ii) strict asymmetry ASYM;: Vx,y(Rxy —» - Ryx) is defined by the for-
mula ¢, =p—> BHOp. Let(F, V) F o [x],ie., xEpandxF®B-p=
for some Rxy & y F E-p = Ryx = - ASYM;. Conversely, let F
ASYMq, i.e., 3x,y € W(Rxy & Ryx). Then a valuation V, such that
V(p) = {x}, refutes ¢;.

The condition ASYM; for the relation —R, Vx,y(—Rxy — Ryx) is equiv-
alent to CONN;: vx, y(Rxy v Ryx) which expresses the “strong connectedness™
of R, and according to (i) it is defined by ¢, = p — B9 p. The following exam-
ples are verified analogously.

(iii) antisymmetry ASYM: vx,y(Rxy A Ryx — x = y) is defined by ¢; =
®(Bpap)-p;

(iv) trichotomy TRIH (dual to ASYM): vx,y(Rxy v Ryx v x = y), is
defined by ¢, = © (EHp A p) — p;

(v) complete antisymmetry ASYM;: Vx,y(x # y - (Rxy & "Ryx)) is
defined by ¢5 = (¢ (Ep Ap) v © (Hp A p)) = p. (ASYM; is the con-
junction of ASYM and TRIH.)

Using these properties and the classically definable “reflexivity” REF, “sym-
metricity” SYM, and “transitivity” TRAN we can define some orderings, e.g.:

¢ partial ordering PO = REF + ASYM + TRANS

o strict partial ordering SPO = ASYM; + TRANS

e linear ordering LO = PO + TRIH = PO + ASYM;
e strict linear ordering SLO = SPO + TRIH.

Various “tense principles” for the “point model” of time (the notion of time
as a sequence of moments, (T,<), where < is a partial ordering (see [4])), are
definable in £(R,—R). Here are some examples:

(vi) left linearity (determinism in the past, nondeterminism in the future)
L-LIN: vx,y,z((y <xAz< Xx) > (y<zvz<yvy=Zz)) is defined
by o6 = (p—> ©q) v B(®qg—~ (pV 9p)).

Let us note that IRREF + TRANS + L-LIN defines a tree-ordering.

(vii) right linearity (determinism in the future) R-LIN: vx,y,z((x < y A
x<z)->(y<zvz<yvy=z))isdefined by p; = Opv H(g -
B(p-(gVve9));

(viii) existence of a <-maximal point (end of the time) END: axvy —x <
y is defined by 3 = €@ 1;

(ix) left directedness L-DIR: VxVy3z(z < x A z < p) is defined by ¢g =
oA ®g—> ¢(SpAdq);

(x) right directedness R-DIR: VxVy3az(x < z Ay < z) is defined by ¢;o =
Hp — Bép.

6 Modal definability in the base £(R,—R,R~',—R™")

The general theory In this and the next section some enrichments of the bi-
modal base £(R,—R) will be briefly investigated, and analyzed with methods
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applied in the previous section using the (corresponding analogues of) results
obtained there.

Let us begin with a modal base combining the advantages of the language
for tense logics and the base £(R, —R), viz. £(R,—R,R™!,—R~!). It is a four-
modal language £ = £(R;,R,,R;3,R,4) with a theory T having as its only axiom
(=, =D: VXYY ((R1xy = R3yx) & (Ryxy = Ryyx) & (R xy = —R;xy)). Now
the basic frames are (W, Ry, ...,R4) such that

G R; =Ri!, Ry=R5' and
(i) R; U R, = R; U R, = an equivalence relation.

C, is modally defined by the axioms p — ([R;]{(R3>p A [R3]{R;)p) and p —
([IR3]{R4Yp A [R4]{R,)p), defining (i) and the S5-axioms for M, where Bp =
[R;1p A [R;] p. The proof is a slight modification of that for £(R,—R) in [14].
The total frames are those basic frames (W,R,,...,R,) in which R U R, =
W2 and the standard ones are (W, R,—R,R~!,—R~1). Furthermore, the theory
of modal definability in £(R,—R,R~!,—R™!) is worked out in the same man-
ner as for £(R,—R). In the end, the descriptions of the MDC’s and the char-
acterizations of the modal definability of arbitrary and A-elementary classes of
total and standard frames will be obtained, and the assertions will literally repeat
those from the previous sections, but the notions occurring in their formulations
will already have definitions corresponding to the new base. Concretely:

¢ the definition of a general frame will require closure under the operations
[Ri],...,[R4]
¢ in the definition of s-collapse conditions (i) and (iii) will read:

(i’) for eacha € W’ and x,y € a, R(x) = R(y) and R~!(x) = R~ (»)
(ii’) for each a € W’, R[a] € W and R~ '[a] € W

¢ to the definition of p-morphism will be added clauses corresponding to
R3 and R4.

Concrete examples

(1) The natural order The categorical description of the natural order
{N,<) is out of reach both for the first-order language and for the language
£(<,>) —it can define {N,<) up to disjoint powers (see 3.1.3 of [5]). It is
doubtful if £(<,=) can also provide such a description.

Lemma 6.2 The natural order (IN,<) is categorically defined by the follow-
ing formulas of the base £(R,—R,R~!,—R~1):

(LF) [(>1(>1p->p)—>[>]p

(TRIH) (~<>X([<lpAap)-p

(SUCC) p—-<K<>[>1(pvi<Op)

(PRED) (>>T Ap)><(>)[<](pVv<{>)p).

Proof: The Lob formula (LF) shows (see Chapter 3.9 of [6]) that < is a transi-
tive and well-founded relation and by (TRIH) (trichotomy for <) < is a well-
founded linear ordering. (SUCC) means that each element has an immediate suc-
cessor (succ) Vxay(x < yAVzZ(z<y—z=xvz<x). If<(FV)¥#SUCC[x]
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then x E p and for each y, if x < y then there exists a z such that y >z & z I
p&zE[<]p=z+#x & 77<Xx= FF(succ). Conversely, if (succ) is refuted
in the point x from a frame F, then a valuation ¥ such that V(p) = {x} refutes
SUCC in x: x E p but for each y, if x < y then there exists a z such that z < y
&z#+x& z<x=zHFp & zF [<]-p. Analogously, it can be verified that
(PRED) expresses the existence of an immediate predecessor of each element
except the zero. Now, according to 3.35 and 3.36 of [8] each well-founded lin-
ear ordering, for which SUCC and PRED hold, is isomorphic to {N,<).

Note 11

(i) The formula SUCC can be replaced by the simpler (R-DISC): p —
{(<Y[<]{—=>)p, which means that Vx3y(x < yAVZ(z<y— x< Z2))
and, together with TRIH, it implies SUCC; analogously, PRED can be
replaced by (L-DISCH): (>)T A p = {>)[>1{~<)p.

(ii) The existence of zero is already expressible by the formula (ZERO),
4[>]11, but the induction axiom still remains out of reach; it requires,
e.g., the presence of [R*].

(2) Transitive €-structures, ordinals, and ZF Consider structures (X, €)
where € is a relation of belonging and X is an &-transitive set, i.e., if x € X and
y € x then y € X. According to the well-known Mostowski lemma for collapses
each extensional and well-founded structure (W, R) is isomorphic to a transi-
tive &-structure. So we can define such structures in the modal base £(R,—R,
R~!,—R™1), since extensionality EXT: vy,z(VX(x Ey o x € z) >y =2) is
defined by oo =p—> B(-pAg—> $((EXPA{(E)G) Vv KEI)pALE)g)) and
well-foundedness FUND: vxayvz(y € x A (z € y —» -z € x)) is defined by
op— ¢ (p A [D]-p). By adding the axioms of linear ordering we can define
the notion of an ordinal. The question arises: how far is it possible to translate
the axioms of ZF by means of the considered modal base? Let us take the axio-
matics of ZF suggested in Section 9.1 of [21]:

(1) EXT

(2) FUND

(3) Subset axiom scheme (SUB): vyazvx(x € z < (x € y A Px))

(4) Power set axiom (POW): vxatvy(Vz(z €Ey—>zE€ x) >y E 1)

(5) Replacement axiom scheme (REP): vw(vx3izvVy(R(x,y) >y € z) —
vVy(Ax(x € wA R(x,y)) =y € 1))

(6) Axiom of infinity (INF): ax(3y(y E x AVZ(Z € Y) AVY(Y € x>
ZEeEXAVW(WEZS (WE YV W=Y)))).

Besides EXT and FUND, in £(R,—R,R~!,—R™!) the following axioms
are also definable:

(SUB) with @5, = BEDY(p—=g) V(D) (DAT) = (DIgV{"3D)r)
(POW) With g0y =p > $[D]1(D)(-E)p.

The axioms (INF) and REP) will be considered in 6.3.

(3) Discreteness and continuity Here are some more examples of modally de-
finable conditions, expressing some discreteness and continuity principles.
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o right discreteness (R-DISC): vx(Iy(x < y) - Iy(x < yAVvVZ(z<y—
—x < z))) is defined by ¢r gise = P A (DT 2 (<H[<](=>)p

e Jeft discreteness (L-DISC): vx(3y(x > y) > Iy(x >y A V(T >y >
X > 2)), dually ¢rgise =P ALS)T 2 (> [>(<)Hp

e continuity principle (see [4]) (CONT): VP(((VxVy(Px A = Py) » x <
¥) A3xPx A 3x—Px) - 3z(Vt(z < t—> - Pt) AVEI(t < 2— Pt))) is defined
by ¢cont = B(p = ["<Ip) A p A $p—> ¢([<]pA[>]D)

® ink spot principle (two-dimensional analogue of the continuity principle,
see [4]) (INK): VP((IXPx AVX(Px—= 3y (x <Yy APY) AVX(Px o Vy(y <
x— Py))) = vx(Px »Vy(x < y > Py))) is defined by ¢;,x= ¢pA B (p—
(<Yp)AB(po [>]p)- B(p-[<]p).

It is worth mentioning that the modal equivalents, as a rule, are consider-
ably shorter and use fewer (propositional) variables than the corresponding first-
order formulas use individual ones.

(4) Negative examples Despite its great expressive possibilities the base
L£(R,—R,R~!,—R™!) can not overlay the first-order language L, (R). Here are
some examples of first-order formulas, beyond these possibilities:

Ler:lma 6.13 The following properties of R are not definable in £(R,—R,
R™7,—R7):

(i) each point can R-reach another one: oy = Vx3y(RxXy AXx # y)

(ii) there exists an R-reflexive point: o, = 3x Rxx; more generally, there exists
an R-loop with length n, containing x: c(x,n) = 3y;...3y,_(Rxy; ARy, ¥, A
...ARy,_1x)
(iii) each point can R-reach a reflexive point: a3 = ¥x3y(Rxy A Ryy)
(iv) the axiom of infinity INF

(v) there exists a left R-compression point (L-COMP): 3xVy(Ryx — 3z(Ryz A
Rzx))

(vi) the replacement axiom scheme REP.

Proof: (i) a; is not preserved under p-morphisms. An example: F = {{x,y},
{7} Eay, G = {u},Ku,ud}) ¥ a; and the mapping f: F — G, defined by
g(x) = g(y) = u is a p-morphism in £(R,—R,R~!,—R~!). We shall examine
in the next section an enrichment of this base, which will trivialize (in the stan-
dard frames) the p-morphisms and «; will then become definable.

(ii), (iii), (iv) We shall use essentially the construction of 4.15 (it is known
that {w, €) = (IN,<)). None of the formulas a5, a3, INF is true in 9 =
(N,<,=,>,<), whereas these formulas are true in ue(9) = (N*,<*,=*,>%*,
<™). We shall construct a standard frame G such that:

(1) ue(N) is a p-morphic image of G
(2) G E as A as A INF.

W and <’ are defined as in 4.15 and the other relations are defined such that
G =(W'<’,=z',>",<’) is standard. The mapping g: G — ue(), defined by
g(u,iy = u is a p-morphism in £(R,—R,R~!,—R~1):if u < g({v,/)) then, if
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u € N, then <(u,0) <’ (v,/) and otherwise {u,j) <’ {v,j). The other checks
are analogous. Obviously G F a; A a3; G FEINF: let v € N¢. Then

(1) uo,0) <’ <v,0)
(2) let Cu,iy <’ (v,0).

e if u € N,, u = u, then {u,,,0) <’ (v,0) & vw(w <’ (Upy1,0) &
(w <’ {u,,0) vw=<(u,,0)
o if u € Ny then Vw(w <’ (u,i) = (w <’ (u,iy vw={u,iy)).

Further reasonings repeat those in 4.15 and prove the undefinability of o5, o3,
and INF. The formulas c(x,n) are attacked analogously.

(v) A little modifying of the above construction: add to the carrier W of
the frame G a new point (v,2) for some v € Ny and extend the definition of
<’:foreachx € W, x <’ (0,2); 0,2y <’ xiff x=(v,2) v (x={u,1) & u €
IN¢). We thus obtain a frame G'. The mapping g, extended by g({v,2)) = v
remains a p-morphism and G’ F COMP while 9T ¥ COMP.

(vi) The reason for the undefinability of REP seems to be technical: in REP
a binary predicate occurs whereas the propositional variables are translated in
L, as unary predicates. This difficulty can also be technically overcome, add-
ing to the language a new binary relation R with a corresponding modality; then
REP becomes an Ly-formula in the new language, though still undefinable. The
reason is the heavy heaping of quantifiers 3v3 in the consequent of REP. This
rather heuristic argument will be generalized in the following conjecture.

Conjecture  If a formula o € Ly(R) is modally definable in £(R,—R,R~},
—R7!) then « is logically equivalent to a closed formula in a prenex form o’ =
Q1X1...Qpx,B such that if an atomic formula of the type x; = x; or Rx;x;
occurs in § and the quantifier Q; is 3 then

Mi+#j
(2) if i and j are not neighboring numbers then j < i and Q; is V.

If the conjecture is true then formulas of the type 3x3y3z(Rxy A Ryz A
Rxz), 3xayvz(Rxz v Ryz), 3xVyaz(Rxy — Ryz) etc. remain out of reach for the
base.

Note 12 It is necessary to pay attention to the following circumstance: Let
C < E 2 D be classes of frames. It can happen that C is not definable in E but
C N D is definable in D (and if D is definable in E then C N D is also definable
in E). For example, in the language £(R) the property “R™! is a well-founded
relation” is not definable but the Lob formula (LF) O (Op — p) — Op defines
the class of frames with a transitive and well-founded converse relation, so in
the class of transitive frames the above property is definable. To this effect the
following open question remains: is the formula INF (REP) definable in the class
of frames (W, €) (W, €, R), plus the corresponding modalities over R) which
satisfy the other axioms of ZF?
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7 Modal definability in other bases Further interesting examples of poly-
modal bases will be noted in this section. The theory of modal definability in
them is developed in the known manner; here we shall only briefly illustrate the
additional expressive possibilities which each of them possesses.

The base £(R,—R,#) We obtain this base as a four-modal language £ =
L(R(,R;,,R3,R,) with theory 7., having an axiom (—.#): VxVY((Rxy <
—Ryxy) & (R3xy & —R4xy) & (R4xy « x = y)), so the standard frames are
(W,R,—R, +#,=). The basic frames are those (W,R,,...,Rs) in which R U
R, = R; U R, = an equivalence relation and R; is =. The defining set of modal
formulas consists of the S5-axioms for B’, where M’'p = [R,1p A [R;] p, and
the axioms [R4]p < p and W'p < B”p, where B”p = [R3]p A [R4] p.

The modality [=] can be omitted from the language since it is explicitly de-
finable; it does not extend the expressive power. The presence of [#] requires
from the definition of s-collapse that all atoms consist of only one element, so
the s-collapses are isomorphic to special substructures. Here is a demonstration
of its expressive possibilities: in the obtained base the formula ®(¢ A [#] @)
says that ¢ is true at exactly one point, i.e., syntactical objects playing the role
of “constants” introduced by Passy (see [14] and [19]) can be constructed by
prefixing the given formula ¢ with a conjunction of formulas of type ¢ (p A
[#]-p) for each variable p that is destined to play the role of constant in ¢.
Actually, the construction rather simulates than expresses the constants, since
in nonstandard models the described antecedent can be trivialized; so this sim-
ulation cannot be used for axiomatizations. Nevertheless, the hope for improving
the classical modal deductive machine by adding new rules for inference makes
this construction potentially useful.

The base £(Ry,—R{,R,,—R,,R; N R,) The intersection of two relations
(often discussed vis-a-vis dynamic logics) can be modeled by similar means: an
underlying language £(R;,R,,R3,R4,R5,R¢) and a theory T, with an axiom
(=.N): ¥xVY((Ryxy & —Ryxy) & (R3xy = —R,4xy) & (Rsxy = —Rexy) &
(Rexy = (Ryxy v Ryxy))). The standard frames are {W,R{,—R,,R,,—R,,R; N
R,,—R; U —R;). The basic frames are those {W,R,...,Rg) in which R, U
Ry = R3; U Ry = Rs U Ry = an equivalence relation and R, U R4 = Rg. Since the
modality [Rg] = [Ry U R4] is explicitly defined, it can be omitted. Now, apply-
ing the familiar techniques and results, a description of the modal definability
in this base is obtained.

The modal constant loop The languages under consideration, despite their
power, cannot express the simple condition 3x Rxx. The reason is that the valid-
ity of modal formulas is preserved under ultrafilter contractions while the above
condition is not. In general, problems with definability arise with first-order for-
mulas in which subformulas of the type Rxx occur. An effective solution is sug-
gested in [14] by adding a “modal constant” loop to the base £ (R,—R), with
a semantics in (W,R{,R,): x F loop iff =R,xx, which in a standard frame
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{W,R,—R) becomes x F loop iff Rxx. Now, 3x Rxx is defined by 4#loop and
the formula $loop defines the condition vx3y(Rxy A Ryy), also undefinable
up until now. The modal constant loop is not a traditional modal tool, but the
general definability theory will here be developed in the familiar manner with
some corrections in the definitions of a general frame and a p-morphism:

e general frame—the condition loop € W is added
¢ p-morphism—the condition R’f(x)f(x) = Rxx is added.

One more peculiarity: the ultrafilter extension is not already obliged to pre-
serve the validity of formulas from £(R,—R,loop) and its extensions, which is
why the results about definability of A-elementary classes are not directly trans-
ferred here. In this connection a question arises: which formulas from a language
with loop are preserved under ultrafilter contractions? Also, the description of
the modal definability of A-elementary classes and elementary formulas in such
languages are open questions.

Actually, loop can be modeled by standard means in the following way.
A relation S and its complement —S are added to the base £(R,—R,+); the con-
dition —S = —R U # is imposed by the formula [-SIp < [—R]p A [#]p,
whence (in standard frames) § = (R N =) = {{x,x)|Rxx}. So in standard frames
x Eloop iff x F{S) T. Now the problem, mentioned above, has disappeared,
since in nonstandard frames (such as the ultrafilter extensions) the formula
(S) T will simply not be true —there it does not express the existence of an R-
reflexive point but something stronger (and not ever true). So the preserving of
the validity of modal formulas does not already contradict the condition 3x Rxx.
The question then arises whether the obtained language is stronger than
L(R,—R,#,lo0p).

8 Concluding remarks The investigations in this paper present rather more
problems than they solve. Here are some of them. The characterization of modal
definability of arbitrary classes of frames in the examined bases does not seem
to be quite satisfactory. The reason lies probably in the nature of the things, but
the hope remains for more elegant results in this direction. Also, the open prob-
lem is whether or not natural analogues of the quoted theorem (8 in [12]) de-
scribing the modally definable £A-classes exist. Some natural and powerful
modal languages —the languages for dynamic logics and modal languages with
constants (see [19]) (and possibly quantifiers over constants) beckon to be
characterized with respect to modal definability. In this connection, the following
may be asked: Does there exist a natural modal base, covering the expressive
power of first-order languages? A useful investigation would be searching for
partial syntactical characterizations of the modally definable (in a given base)
first-order formulas in the spirit of Chapter 15 of [6]. Finally, the converse direc-
tion of the correspondence theory, viz. first-order definability, suggests a large
field for investigation. It seems that positive results such as the syntactical cri-
teria of Sahlgvist-type (see [6] and [20]) can be comparatively easily generalized
in polymodal variants (at least in the treated cases), though the analogues are
quite risky.
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