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ABSTRACT. By combining an approximation technique with the Leray—
Schauder continuation principle, we prove global existence results for
semilinear differential equations involving a dissipative linear operator,
generating an extendable compact Cp-semigroup of contractions, and
a Carathéodory nonlinearity f: [0,7] x E — F, with F and F two real
Banach spaces such that £ C F, besides imposing other conditions. The
case E # F allows to treat, as an application, parabolic equations with
continuous superlinear nonlinearities which satisfy a sign condition.

1. Introduction

Let (E,| - |lg), (Fy| - |lr) be two real Banach spaces such that E C F. This
work deals with the study of mild solutions for semilinear differential equations
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of the form

w'(t) = Au(t) + f(t,u(t)), for a.e. t€[0,T],

(L) u(0) =up € E,

where A: D(A) C E — FE is a linear operator generating a compact Cp-
semigroup of contractions and f: [0,7] x E — F is a Carathéodory map such
that for every bounded subset ) C E there exists a function v € L([0, 7], R4)
such that

(1.2) (o)l p < valt),

for almost every ¢t € [0,7] and all v € Q.

Differential problems of the type (1.1) with E = F are often studied by
means of topological methods. In particular, assuming sublinear growth condi-
tions on the nonlinearity allows to apply directly classical fixed point theorems.
This is no longer the case for nonlinear terms for which only a local bounded
condition such as (1.2) is required. However, as showed in [1] where condition
(1.2) is assumed, it is again possible to use some topological techniques by con-
sidering the invariance of a suitable topological degree by an homotopic field.
We recall that, in order that such an invariance is satisfied, there must be no
fixed points on the homotopic field domain’s boundary. This is usually known as
the transversality condition (or property). Sufficient conditions for getting the
transversality property are introduced and discussed in [7] and [10], for finite di-
mensional systems. These techniques were then extended to infinite dimensional
Banach spaces in [1], when A: E — E is a linear and bounded operator. Very re-
cently, they have been generalized to generators of Cy semigroups in [3]. In [2], it
is showed that, in the particular case of a Banach space X with a strictly convex
dual X*, the transversality property is given by the existence of two constants
ro > 0 and Ry > max{ro, ||ug|/x} such that

(J(v), f(t,0))x <0,

for almost every ¢t € [0,T] and all v € X N{ro < ||v|]|x < Ro}, where J: X — X*
is the duality map (see (2.1) and Proposition 2.1); notice that since X* is strictly
convex, J is a single valued map. In the present paper, we use a similar sign
condition but taking into account that there are two different Banach spaces (see
condition (f4)).

The most common application of the mentioned results are partial differential
equations considering as Banach space E the space LP(Q;R), with p > 1, and Q
a domain in R¥, k > 1. However, due to the Vainberg Theorem, the Nemytskii
operator associated to a Carathéodory function g: 2 xR — R maps continuously
the space LP(2) into itself if and only if g is sublinear, as stated in the following
theorem (see Theorem 19.1 in [12]).
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THEOREM 1.1. Let B be a measurable set in a s-dimensional euclidean space
and g: B xR — R be a Carathéodory function, i.e. continuous with respect to
u € R for almost every x € B and measurable with respect to x € B for every
u € R. Then the Nemytskii operator associated to g, h(u)(x) = g(x,u(x)), is
a continuous and bounded operator from LP(B;R) into LY(B;R), p,q € [1,400),
if and only if there exist a function a € LY(B;R) and a constant b > 0 such that,
for every v € R,

9w, v)| < ala) + o]/,

By considering two different Banach spaces, we overcome this difficulty han-
dling nonlinearities with superlinear growth. More precisely, we assume that the
semigroup generated by A on E can be extended to the space F' (see hypothesis
(A2)) and, by means of an approximation technique, we prove an existence result
for mild solutions of (1.1) applying the Leray—Schauder continuation principle
below, see e.g. [6] or the original paper [9)].

THEOREM 1.2. Let @ be a closed subset of a Banach space B and let 3: Q X
[0,1] — B be a continuous map sending bounded subsets of Q% [0, 1] into relatively
compact subsets of B. Assume that

(a) X(z,0) = zo € int(Q), for all z € Q;

(b) The fized point set

F={zeQ,z=23%(z,)\), for some )\ € [0,1]}

is bounded and does not meet the boundary 0Q of Q.
Then the map x — 3(x,1) has a fized point in Q.

As a consequence, we obtain the localization of this solution in the ball of
radius Ry and center 0.

Setting E = LP(Q;R) and F = LI(Q;R) with 2 < ¢ < p < oo, where
QCRF 2<k<2pq/(p—q), with2 < q < p < oo, (k>2,in the case p = q), is
a bounded domain with C2-boundary, and exploiting the Vainberg Theorem, we
obtain an existence result for mild solutions of the following class of parabolic
differential equations

uy = Au+ g(t, z,u(t,z)) for (t,x) €]0,T[ x Q,
(1.3) u(t,z) =0 for (¢,2) €10, T x 09,
u(0,2) = up(x) for z € Q,
allowing g: [0,7] x © x R — R to have superlinear growth.
The paper is organized as follows: in Section 2, we recall some basic results
on semi-inner products, on the duality map, on the generator of semigroups,

and recall different notions of solutions, including their relations (which turn out
useful to prove the main result); the statement of the problem and the main
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result are contained in Section 3; in Section 4, the approximation technique is
described; the proof of the main result of the paper is contained in Section 5;
finally, in Section 6 the existence of mild solution of (1.3) is proved.

2. Preliminaries

Let (X, | - |lx) be a real Banach space and X* its dual, let z,y € X and
h € R\ {0}, define

[, yln = 3 ([l + hyl — [=[]) -

S| =

The limits [z,y]+ = lhiﬁ)l[x,y]h and [z,y]- = lg%[%y]h exist and are finite. In

addition, the function [-, -]+ is upper semicontinuous from X x X into R, while
[+, -]- is lower semicontinuous from X x X into R; the function [-, -]y is called
the normalized upper semi-inner product on X and [-, -]_ is called the nor-
malized lower semi-inner product on X (see Lemma 1.4.1 and Definition 1.4.2
of [13]). Denoting by (-, -) the duality product between X* and X and by
J: X —o X* the duality map, i.e.

(2.1) J(@) = {a" € Xt ||la”|lx- = |zl x and (2", 2) = |l[% }

for every z,y € X, x # 0, we have

29 = e sup{(a,y): o € (),
[l x
[z,y]- = Linf{(gc*,y>: x* e J(x)}
[l x
Moreover, we have
[I7y]+ = 7[937 72/]— = 7[7‘7531/]—’

see Lemmas 1.4.2 and 1.4.3 in [13]. The next proposition contains some useful
properties of the duality map, see Proposition 12.3 in [4] and Theorem 1 in [5].

PROPOSITION 2.1. The following statements are true:
(a) For each x € X, the set J(x) is convex and nonempty in X*;
(b) J is monotone in the following sense
(" —y"x—y) >0 foreveryz,y € X and 2™ € J(z),y" € J(y);
(c) for every A € R and x € X, it holds J(Ax) = A\J(z).

In particular, if X* is strictly convex then J is a single valued map, and if X
is reflexive then J is demicontinuous, i.e. if x,, = z in X, J(z,) — J(z) in X*,
see e.g. [5]. Thus, in the case of X* strictly convex, we get

(2.2) (&9l = ”71H<J<x>,y> = [z,9]-.
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Consider the linear problem

u'(t) = Au(t) + f(t), for a.e. t €[0,T],

(23) U(O) =up € X,

where A: D(A) C X — X is the infinitesimal generator of a semigroup {S(t) }+>0
and f:[0,7] — X is a given map. There are several definitions of solutions
of (2.3). For instance, if f € L([0,7]; X) we have the following definitions (see
Definition 3.5.1 in [8] and Definition 1.7.4 in [13]).

DEFINITION 2.2. A function u: [0,7] — X is called an integral solution
of (2.3) on [0,T] if uw € C([0,T]; X) satisfies u(0) = up and

t
[u(t) — =[x < [lu(s) —z[x +/ [u(T) — =z, f(1) — Az|; dT
foreachz € D(A) and 0 < s <t <T.

To give the concept of e-approximate solution we need the definition of A.-
discretization.

DEFINITION 2.3. Let ¢ > 0 be given. Then A(e;to, ..., tn; f1,---, fn) is called
a A.-discretization of (2.3) on [0,T7] if
M) 0=tg<tr <...<tn,=T, f1,...,[n €X;
(D2) tz’ _ti—l Sé‘, for i = 1,...,71;

n ti
D3) 3 / 1£(s) — fillx ds < e.
i=17ti-1

For the next two definitions see [8, pp. 96-97] and [13, pp. 33-34].

DEFINITION 2.4. Let € > 0 be given and A(g;to, ..., tn; f1,---, fn) be a Age-
discretization of (2.3) on [0,7]. A function v: [0,T] — X is called a e-approxi-
mate solution of A(e;tg,t1,...,tn; f1,..., fn) on [0, T] if there exists vo, ..., v, €
D(A) such that

(S1) %4“‘4%‘:]’} fori=1,...,n;
i bi—1

(82) U(to) = o, U(t) =wv; fort € ]ti—17ti} and 7 = 1,...,n.

DEFINITION 2.5. A function u: [0,T] — X is called a limit solution of (2.3)
on [0,T]ifu € C([0,T]; X), u(0) = ug and for each £ > 0 there exists at least one
Ac-discretization A(e;to, ..., tn; f1,-- -, fn) of (2.3) on [0, T] and a e-approximate
solution v: [0,T] — X of A(g;to, ..., tn; f1,..., fn) on [0,T] such that

lu(®) —v(t)||x <e for each t € [0,T].

For the next definition see [11, Definition 2.3, Chapter 4].
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DEFINITION 2.6. A function u: [0,7] — X is called a mild solution of (2.3)
on [0, 7] if satisfies

u(t) = S(t)ug + /Ot S(t —s)f(s)ds for each t € [0,T].

As a consequence of the next three theorems (see Theorems 1.7.3, 1.7.4, 1.8.2
in [13]), in the case of a m-dissipative operator A and a function f € L([0, T]; X)
all these type of solutions turn out to be equivalent.

DEFINITION 2.7. An operator A: D(A) C X — X is called dissipative if
[331 — Z‘Q,Al‘l — AJ)Q]_ S 0

for any x1, 22 € D(A) and m-dissipative if it is dissipative and for every A > 0
the range of the operator I — \A is equal to X.

THEOREM 2.8. Let A: D(A) C X — X be a m-dissipative operator, let
feLY[0,T];X). Ifu: [0,T] — X is a limit solution of (2.3) on [0,T) satisfying
u(0) = wo then u is the unique integral solution of (2.3) on [0,T] satisfying
u(0) = ugp.

THEOREM 2.9. Let A: D(A) C X — X be a m-dissipative operator. Then,
for each ug € X and f € L*([0,T]; X), there exists a unique limit solution u of
(2.3) on [0,T].

THEOREM 2.10. Let A: D(A) C X — X be a linear, densely defined, m-
dissipative operator and let f € LY([0,T]; X). A function u: [0,T] — X is
a mild solution of (2.3) if and only if u is a limit solution of (2.3) on [0,T]
satisfying w(0) = ug.

REMARK 2.11. Notice that if A is the infinitesimal generator of a Cy-semi-
group of contraction then D(A) is dense in X and A is a closed linear operator
(see Corollary 2.5 in [11]). Moreover by the Lumer—Phillips Theorem (see The-
orem 4.3, Chapter 1 in [11]) it is m-dissipative.

In what follows, we denote by || - ||, the norm in LP(Q;R), 1 < p < oo, where
Q is a domain in R® n > 1 and with £(F) the space of linear and bounded
operators in E.

3. Statement of the problem and main result

Let (E, || ||g), (F,]|-||F) be two real Banach spaces such that E C F' and assume
that F is reflexive with dual E* strictly convex and that there exists a constant
k > 0 such that

(3.1) lvllr < E|lv||g, for every v € E.
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Consider a semilinear differential equation of the form

u'(t) = Au(t) + f(t,u(t)), for a.e.t € [0,T],

(3:2) u(0) =up € E,

where A: D(A) C E — E and f:[0,T] x E — F. Assume the following hy-
potheses on the linear operator:

(A1) A: D(A) C E — E is a linear operator, with 0 € D(A), generating
a compact Cy-semigroup of contractions {S(¢)};>0 in E;
(A2) the semigroup {S(t)}:>0 can be extended to a semigroup in F, i.e.
(i) there exists a semigroup {S*(t) }+>0 on F' generated by A such that
for every w € E, it holds S*(t)w = S(t)w;
(ii) for every v € F' and ¢t > 0, we have S*(t)v € E;
(iii) there exists a function ¢ € L"([0,T]; R4 ), with 1 < r < co such that
for any v € F' it holds

1% (®)0lle < e(®)Jollp for every t € (0,T];

and the following hypotheses on the nonlinearity:

(f1) for every v € E the map f(-,v): [0,T] — F is measurable;

(f2) for almost every ¢ € [0,T] the map f(¢, -): E — F is continuous;

(f3) for every bounded subset D C E there exists a function vp € L™ ([0, T];
Ry), with 1/r +1/r' =1 and v’ = oo if r = 1, such that

lf(t,v)|lp <wvp(t), forae. tel0,T]andallveD;

(f4) there exist constants ro > 0, Ry > max{r, |ug|]|g} and ng € N such
that, for all n > ny,

(360).5° (3 ) sit.e) ) <o

for almost every t € [0,7] and for all v € E such that ry < ||v||z < Ro,
where Jg denotes the duality map on F.

Because of condition (A2), we can denote the Cy-semigroup generated by A,
on the space E or on the space F, by the very same symbol {S(¢)};>¢. Moreover,
notice that, being {S(t)}+>0 a Cop-semigroup on the space F', there exists a
constant M > 0 such that

(3.3) IS|lr < M, forevery t € [0,T].

Conditions (A1) and (A2) might seem quite restrictive, but a simple example of
operator A that satisfies both these conditions is the Laplace operator subjected
to the Dirichlet boundary conditions as the following example shows.
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EXAMPLE 3.1. Consider p > 1 fixed and a bounded domain Q C R¥, k > 2,
with a C?-boundary. The Laplace operator A,: D(A,) C LP(Q;R) — LP(Q;R)
subjected to Dirichlet boundary conditions on LP(£2,R) and defined by

D(4A,) = WyP(Q,R) N W?P(Q,R), Apw = Aw,

is the generator of a Cy-semigroup of contractions {S,(t)};>0 (see e.g. Theo-
rem 4.1.3 and Remark 4.1.2 of [14]). Moreover, by Lemma 7.2.1 of [14], for each
p,q € [1,+00], each £ € C(Q;R) and each t > 0, we have S, ()€ = S, (t)€. Thus,
we can denote the Cy-semigroup generated by the Laplace operator subjected to
the Dirichlet boundary conditions on any of the spaces LP(£2; R) by the very same
symbol {S(¢)}+>0. By Theorem 7.2.5 of [14], {S(t) }+>0 is a compact semigroup.
Finally, by Theorem 7.2.6 of [14], for each 1 < ¢ < p < o0, each £ € L1(Q;R),
and each t > 0, we have

[S@)Ellp < (4mt)~FH/a=1/2)2| )|

Hence, A, satisfies (A1) and (A2) with c(t) = (4nt)~#(1/a=1/P)/2_ Notice that
k(1/q — 1/p)/2 < 1, provided 2 < k < 2pg/(p—4q), 2 < ¢ < p < oo and
k(1/q —1/p)/2 = 0 for p = g, hence the function ¢ € L([0,T],R,).

We look for mild solutions of (3.2), i.e. functions u € C([0,T]; E) that satisfy
t
w(t) = S(#)uo + / S(t— 8)f(s,u(s))ds, for all £ € [0,T].
0

THEOREM 3.2. Let conditions (A1), (A2) and (f1)—(f4) hold, then the prob-
lem (3.2) admits at least one global mild solution w € C([0,T],E), satisfying
lu(®)l|le < Ro for every t € [0,T].

The proof of the Theorem 3.2 is based on an approximation technique and
on a compactness result (see Section 5).

Given £ € E and g € L™ ([0,T]; F), where 1 < 7/ < 0o is such that 1/r +
1/r" =1, where 1 < r < oo is defined in (A2) (iii), and 7’ = oo if r = 1, denote

by F(£,¢9): [0,T] — E the mild solution of the linear problem
(3.4) uw'(t) = Au(t) + g(t), for a.e. t € [0,T],
' u(0) =€ € E,

that is
(3.5) F(& g)(t) = S(E)¢ —1—/0 S(t—s)g(s)ds, foralltel0,T).

PROPOSITION 3.3. If A: D(A) C E — F satisfies (A1) and (A2), for every
1 <7’ < oo such that 1/r +1/r" =1, where 1 < r < 0o is defined in (A2) (iii),
and 1’ = oo if r = 1, the operator F: Ex L" ([0,T]; F) — C([0,T); E), F(&,9)(t)
given in (3.5), is well defined.
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ProOOF. First of all we prove that, for every £ € F and g € L”'([O,T];F),
the map F(&,¢)(-) has values in E. Let £ € E and g € L" ([0,T]; F). By (A2),
for every v € F and t > 0, we have S(t)v € E, so S(t — s)g(s) € E for almost
every s € [0,t); F(&,¢)(0) =€ € E, thus F(, g)(t) € E for every t € [0,T].

Now, we prove that for every £ € E and g € L" ([0, T]; F) the map F(&,¢)(-)
is continuous. Let £ € F and g € Lrl([(),T]; F). By the absolute continuity of
the integral function of ||g||, for every e > 0, there exists y(g) > 0 such that

'

(3.6) / lo(s) 5 ds < — 5

= el o ryms IILr 0.7):R+)

for every measurable subset D C [0, 1] such that u(D) < ~(g), where p denotes
the Lebesgue measure on R. We want to prove that, for every € > 0, there exist
d(e) > 0 such that, for every ty,ty € [0, T], with |tz — ¢1] < d(e) it holds

[F (& 9)(t) — F (& 9)(t2) | <e.

First assume the case t; = 0. Let € > 0 and v(g) > 0 satisfying (3.6). By the
continuity of the semigroup {S(¢)}:>0 we have that for the very same & > 0,
there exists d(g) € (0,7(¢)] such that, for every 0 < t3 =t < §(¢), we have

1S(@)§ —&lle <e.

Thus we obtain

176, 9)(t) — F(&, 9)(O)]| ; < 1S — €l + / 15(t — $)g(s)]| - ds

5(e)

§5+/0 c(t—s)||g(s)||pds§5+/o c(t —s)llg(s)|rds

5(e) , 1/r!
<e+|lellLro,rry) </0 lg(s)||'m ds> < 2.

Consider now the case t; > 0. Let € > 0 and A = A(¢) > 0 such that t; —2\ >0
and 2\ < ~4(e). Being compact, the semigroup {S(¢)};>0 is equicontinuous,
i.e. the map ¢ — S(¢) is continuous from (0,4o00) to L(E), endowed with the
uniform operator norm | - ||z(z), see Theorem 6.2.1 of [14]. Therefore, for the
very same € > 0, there exists d(¢) € (0, A] such that for every |h| < d(¢) and
every s € [0, min{t; — A\, t1 + h — A}, we have

e e
Sty +h) = Stz <min{ , }
(&) 1€l gl L 0.2,y e T

for £ # 0,

€
= gl o, rp; ) €N THT

[S(t1 +h) = S(t1)llcm) <
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for £ =0 and

19 13
||S(t1+h—)\—8)—5(t1—)\—8)”LE §m1n 5 .
") 1€1E”" gl L o 2yemy eV T/

For each h € (—d(¢),d(¢)), we have
t1+h

Flea)tr+0) = SO+ DFEa)t =N+ [ S+ s)gls)ds.

Hence, denoting ¢; =t and t5 =t + h, we get
IF(&9)(t+h) = F(&g))e < IS+ h) = SW)llcmliéle

t—X\
4 [t h= 5) = St - 9)g(s) s
0

t

t+h
[ S h=sglsds+ [ 8= g0 eds

—A
<[St+h) = SOl lléle

t—2\
+/ [(SE+h—X—38)—SEt—X—28)SN)g(s)|gds
0

t—A
4 [t 5) = (- 9)g(s) s
t—2X\

t

t+h
[ s+ h=sgollsds+ [ 8= 9)g(s) e ds

<[ISE+h) = SOl cwmllEle

t—2X\
+ / 1(S(t+h = A —s5) = S(t = A — 8) ez eWllg ()| 7 ds

t—X t—A
[ etrn=slo@leds+ [ et =)o)l ds

—2X

t+h t
[ el n=lglrds+ [ clt=s)lats)lrds

—A
3 3

< Tere e o

+ 2||CHLT([O,T],R+)Hngﬂ"([th)\,tf)\];F) + ||C||LT([0,T],R+)HgHLT'([tf)\,tJrh];F)

+ llell L o,m1,74) 9]

Mllgll ([o,T];F)Tl/T

C
v oy T

L (=0 7) < O

The last inequality make sense only if £ # 0. If £ =0,
1S(t+h) = SOl e lléllz = 0.
Thus, in any case, the continuity of the map F (&, g)(-) follows. O

PRrROPOSITION 34. If A: D(A) C E — E satisfies (Al) and (A2), then
for each bounded subset B of E and each subset G in L™ ([0,T); F) such that
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{llgll's, g € G} is uniformly integrable, the set F(B x Q) is relatively compact in
C([6,T); E) for each 6 € (0,T). If, in addition, B is relatively compact in E,
then F(B x G) is relatively compact in C([0,T]; E).

The proof is quite similar to that of Theorem 8.4.1 [14], see also Remark 8.4.1
in [14].

PROOF. First of all, the operator F: E x L ([0, T]; F) — C([0,T); E) maps
bounded subsets in E x L" ([0, T]; F) into bounded subsets in C([0,T]; E). In-
deed, by (A2), for (&,9) € E x L" ([0, T); F), we have

17 (6 9)(®) s < IIS®Els + / 15(t — 5)g(s)| 1 ds

< |lélls + / (t — 5)llg(s)]|r ds

< li€lle + llell o mimi 19l o,71:)

for every ¢ € [0,T].

Now we prove that the set F(B x G)(t) is relatively compact for every ¢ €
(0, 7). To this aim, let ¢ € (0,7] and A > 0 with t—X > 0. For every (¢, g) € BxG
we have

t—A t
F(&g)t) =S¢+ S(/\)/O St —X—s)g(s)ds+ /th S(t—s)g(s)ds.

Since S(\) is compact and the fact that the operator F maps bounded subsets
in E x L"([0,T); F) into bounded subsets in C([0,T]; E) we deduce that the
operator Py: F(B,G)(t) — E defined by

t—A\
Py(F(,9)(1) = S()E + S(V) / S(t—A—s)g(s)ds, (£,9) € BxG,

maps the set F(B,G)(t) into a relatively compact set in E. In addition, for
every (£,g) € B x G we have

I1PA(F (&, 9)(1) = F (& 9) ()|l
< /:A 15t = 8)g(s)l| & ds < llellLrqommo 9l v (-0 )
Thus, by the uniform integrability of the set {||g||s»,g € G} we obtain
lim [ PA(F (&, 9)(8)) = F(§, 9) ()| 2 =0,

uniformly for g € G, it follows that F(B x G)(t) is relatively compact in E for
each ¢t € (0,77.

Now we prove that the set F(B X G) is equicontinuous. By the uniform
integrability of the set {||g||s,g € G}, for every & > 0 there exists v(¢) > 0 such
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that

’
ET

[ lato ds < ot
D

e % o 234

for every measurable subset D C E such that u(D) < v(¢) and uniformly with
respect to g € G, where y denotes the Lebesgue measure on R. Let ¢ > 0,
t € (0,7T], and let us fix A = A(¢) > 0 such that ¢ — XA > 0 and 2A < v(g). Since
F(B x G)(t — A) is relatively compact in E, for each € > 0 there exists a finite
family {(£1,91),--.,(E7,97)} in B x G such that for every (§,g) € B x G there
exists ¢ € J = {1,...,J} such that

[F(&9)(t=A) = F(& g:)(t = Mle < e

On the other hand, the family {F(&1,91),...,F(€s,9s)} is equicontinuous at ¢,
so being a finite family of continuous functions in [0,7]. Hence, for the very
same ¢ > 0, there exists d(g) € (0, A] such that

7 (&, gi)(t+h) — F(&ig:) ) < e.

for every i = 1,...,J and every h € R with |h| < §(e). We then have

|F(&9)(E+h) = F(E&gOle < [IFEg)(t+h)—F&,g)t+h)|e
+ [ F(&ir gi)(t +h) = F(&, 9) Ol e + [|F (&, 9) () — F(&9) ) e

As before notice that, for every (£,9) € B x G,

t+h

F(&g)t+h)=SA+h)F(&g)(t—N) —I—/t_)\ S+ h—s)g(s)ds.

Thus we have

|F (& 9)(t+h) = F(&i,g:)(t+ h)|e
t+h
SHS(Ath)]:(ﬁ,g)(tA)wL/t/\ S(t+h—s)g(s)ds
t+h
SO WPt -N - [ S+ b5 gis)ds

t—A

<\ FE& )t =) — F(&, )t =N 4

t+h
+ / 1S(t + 1 — )(g(s) — gs(s)) ds

-

E

<e+llelerqorirey gL qe—xangsmy + 19l L (rx e ) < 36
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Analogously, we have

(6 9)(0) — F& 9O
<|swrean-r+ [ se-oaas
~SOVFEa)t =N = [ Stt=s)ai(s)ds
<IFE 9t =A) = F(&g:)(t = Mlle

" / 15t - 5)(g(s) — ga(s))]l ds

-

E

<e+|lellLro,mrye) (||g||LT'([t—/\,t+h];F) + ||giHLT'([t—A,t+h];F)) < 3e.

In conclusion, we have obtained

IF (& 9)(t+h) = F (& 9) (1)l < Te

for every (£,9) € B x G and h € R with |h| < d(¢). Thus, F(B x G) is an
equicontinuous family of maps on (0,7] and, by the Ascoli-Arzela Theorem, we
have that it is relatively compact in C([d,T]; E) for every § € (0,T). Moreover,
if B C E is a relatively compact set then the set F(B x G)(0) = B is relatively
compact and the family F(B x G) is equicontinuous at 0 as well. Again by the
Ascoli-Arzela theorem, we have the relative compactness of the family (B x G)
in C([0,T); E). O

4. Approximating problems

In this section, we introduce a family of approximating problems. For n € N,
we consider the following semilinear problem

u'(t) = Au(t) + S(i)f(t,u(t)), for a.e. t € [0, 7],

u(0) =up € E,

(Pn)

where A: [0,T] — E, A satisfies (A1), (A2) and f satisfies (f1)—(f4). We will
prove that there exists ng > 0 such that for every n > ng problems (P,,) admits
at least one mild solution.

LEMMA 4.1. IfA: D(A) C E — E satisfies (A1), (A2) and f: [0,T|xXE — F
satisfies (f1)—(f4), then there exists no € N such that for every n > ng problems
(Py,) have at least one mild solution u, € C([0,T); E), satisfying ||u,(t)||g < Ro
for every t € [0,T].

PrOOF. For n € N and R € (rg, Ry), R > ||uo||g, define

Q1 ={qeC(0,T;E): lg®)||lr < R for all t € [0,T]}



930 I. BENEDETTI — E.M. ROCHA

and the operator ¥,,: @1 x [0,1] — C([0,T]; E) as

(g N (8) = AS(t)uo + A/OtS(t ey (i) f(ra(r))dr, te0,T).

Reasoning as in Proposition 3.3 it is possible to prove that the operator %,, is
well defined. Moreover, a fixed point ¢ = ¥,,(¢,1) is a mild solution of the
problem (P,). We will prove the existence of such fixed points using the Leray—
Schauder continuation principle (see Theorem 1.2). In what follows, we denote
by Br ={v € E : ||v||g < R}. Now, we divide the proof in several steps.

Step 1. For each n € N, the operator ¥,: Q1 x [0,1] — C([0,T]; E) is
continuous.

Let {gx} C @1 and {X\z} C [0,1] two convergent sequences ¢ — ¢ in
C[0,T); E) and A\, — X in [0,1]. By (f2) we have that

Ilf(t, ai(t)) — f(t,q(t)]|lFr — 0 forall t €[0,T],
hence, by (A2) (iii) it follows
Isos(3) rteann - stta@n)| < o2 )1rtean) - sttatoplie o
E

for all t € [0,T]. Moreover, by (A2) (iii) and (f3) we get

Hsa)s@)f(t,qm))

< 0(1>VBR(t) for a.e. t € [0,77.
. n

Thus, by the Lebesgue’s dominated convergence theorem we conclude that, for
every t € [0,T7,

1% (rs AR) () = Znlg: (@Ol < [Ax = AlllS()uoll 2

+|,\kA/0t S(tT)S(i)f(TaQ(T))
x [ se=ns(2) o - smamy)| ar

1
< e = Aol + e = A 7 ) Wl o

dr
E

dr — 0
E

[ se=ns() o) - sirate)

Hence ¥, (qx, \) — Zn(g,A) in C([0,T]; E), obtaining the continuity of the
operator >,.

Step 2. For every n € N, the operator ¥, send Q1 x [0,1] into a relatively
compact set of C([0,T]; E).

First of all notice that ¥,,(Q1 x [0, 1])(0) is a compact set, since it coincides
with ug. Moreover, by (f3) and (3.3), there exist a function v, € L" ([0, T];Ry)
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such that

Is(3) ste.at)

implying that the set {S(1/n)f(-,q(-)), ¢ € @i} is a family of maps in
L7([0,T), F) such that {||S(1/n)f(-,q(-))|l%, ¢ € Q1} is uniformly integrable.
Therefore, observing that ,,(g, \) = AF (uo, S(1/n)f((-),q(-))) for every (g, A)
in @1 x [0, 1] we obtain, by Proposition 3.4, that the set ¥, (Q1 x [0,1]) is rela-
tively compact in C([0,T]; E).

Step 3. ,(Q1 x {0}) C int(Q1).

Since X, (Q1 x {0}) = 0 the conclusion follows trivially.

Step 4. The operator ,( -, A) has no fized points on Q1 for every A € [0,1]
and n > ng, where ng is from (f4).

By contradiction, assume that there exists A € [0,1], @ € Q; and ty € [0, T
such that u = ¥,,(w, \) and ||u(tp)||z = R. Since A = 0 implies w =0 and A = 1,
gives the existence of at least one fixed point @ = %,(4, 1), we may assume
A€ (0,1). Notice that ¢y # 0. Indeed, if ¢ty = 0 we have

R =[a(0)|l5 = 20 (@ A)(0)][ 2 = Mluollz < R

< Mvpg,(t), fora.e. te€[0,T] and for every ¢ € @1,
F

Hence, there exists § > 0 such that ro < ||u(t)||g < R for every t € [to— 6, to] and
|[@(to — 9)||le < R. Denoting by g, (t) = S(1/n)f(¢t,u(t)), t € [0,T], we consider
the linear problem

uw'(t) = Au(t) + gn(t), for ae. t € 0,77,

1) u(0) =up € E.

By the fact that ||u(t)||g < R for every t € [0,T], by (A2) and (£3), we have that
1

S(=) f(,at
(3) st
obtaining that g, € L" ([0,T]; E). We denote by u € C([0,T], E) the unique
mild solution of (4.1), i.e.

1
lgnDE = < c(n)VBR(t) for a.e. t € 0,7,
E

u(t):S(t)u0+/O S(t— 8)gn(s)ds, t€[0,T].

By Theorems 2.8 and 2.10, we have that u is the unique integral solution of
(4.1), i.e.

[u(®) - zlle < |lu(s) — zl|e +/ [u(T) = 2, 9n(7) — Azl dr

for each x € D(A) and 0 < s <t < T. Since E is reflexive with a strictly convex
dual, bearing in mind (2.2), we have that

) =l < futs) =l + | s

— (Je(u(T) — ), gn(T) — Ax)dr
|| g
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for each z € D(A) and 0 < s < ¢t < T. By the definition of the operator ¥, (-, A)
and the fact that @ is a fixed point of it, for every ¢ € [0,T], we obtain

u(t) = Styup + /O S(t = 7)gn(7) ds

— S(t)uo + /Ot St — T)Sc)f(T, () dr = 1.

Now, considering z = 0 € D(A) and observing that ||u(s)||g > 0 for every
s € [to — 6, to], it follows that

o)z — lu(to — 6)lle
A

to 1
< /M Tt e ), 0n() dr

e s(2 o)
N /t:o—é ||U(i)HE <JE (uy))ﬁ(i)f(ﬂ u(T))> dr

[ s (eaons (3 sy Y

where the last equality follows from the Proposition 2.1 part (c). Now, by (f4)

0<

= [[ulto)ll = [[u(to = 9)||&

S|

for every n > ng we get the contradiction

- [u(to)llz — [[ulto — 9)l|&
A

By Theorem 1.2, for every n > ng, we obtain the existence of a fixed point

0 <0.

u = ¥p(u,1). Thus for every n > ng, we get a mild solution of (P,,). O

5. Proof of Theorem 3.2

By Lemma 4.1, we know that there exists ng > 0 such that problems (P,,)
have at least one mild solution for every n > ng. We consider now the set of these
mild solutions. More precisely, by the characterization introduced in Lemma 4.1,
we consider the set

My = {u, € C([0,T}; E) N Q1 : tuy, = S (tn, 1), n>ng}.

Let u, € My. By the fact that u, € @1, we have that ||u,(t)||z < R for every
t € [0,T]. Thus, by (£3) and (3.3), there exist a function vz, € L ([0, T]; Ry)

Is(3) sttt

implying that the set Gy = {S(1/n)f(-,un(-)), n > ng} is a family of maps in
L"' ([0, T, F) such that {s@/n)f(- un(- N, n > no} is uniformly integrable.

< Mvg,(t), forae. tel0,T],
F
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Hence, applying Proposition 3.4 with B = {ug} and G = G;, we obtain the
relative compactness of M; in C([0,7]; E), i.e. without loss of generality, we
can assume that for {u,} C M; there exists u* € C([0,T]; E) such that {u,}
converges to u* in C([0,T); E). We will prove that u* is a mild solution of
problem (3.2).

First of all notice that u,,(t) I u*(t) for every t € [0,T]. Moreover, by the
continuity of S(1/n) for every n € N we have, for every t € [0,T7], that

S(i)f(t,un(t)) s it ur (1), for ae. t € (0,7,

moreover, the convergence is dominated
< Mvg,(t) fora.e. t€]0,T],

1
Is( ) rttumton]|
where M > 0 is defined in (3.3). Thus we get

un(t) = S(t)uo + /Ot S(t— T)S(;)f(T, Up (7)) dT

t
— S(t)uo + / St —7)f(r,u (7)) dr.
0
By the uniqueness of the limit, we obtain the claimed result. Moreover, for every
t € 10,77, it holds

[ ()5 = Tim un()]le < R < Ro. 0

6. Applications

In this section, we show how the above abstract existence result directly
applies to partial differential equations of parabolic type. Consider the following

nonlinear heat equation
us = Au+ g(t, z,u(t,z)) for (¢,x) €10, T[ x Q,
(6.1) u(t,z) =0 for (t,x) €]0,T[ x 09,
u(0,2) = up(x) for x € Q,
where Q C R*¥, 2 < k < 2pq/(p — q), with 2 < ¢ < p < oo, (k > 2, in the case

p = q), is a bounded domain with C%-boundary and g: [0,7] x Q@ x R — R is
such that

(gl) g is a continuous function;
(g2) there exists b > 0 and a € LI(2; Ry ) such that

lg(t, z,v)| < a(z) + blv|[P/?, for every (t,z,v) € [0,T] x 2 x R

with 2 < ¢ <p < o0;
(g3) vyg(t,z,v) <0 for every v € R.
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As expected, the problem (6.1) can be rewritten as an abstract evolution equation
of the form (3.2) satisfying the hypotheses of Theorem 3.2 with £ = LP(Q2;R)
and F = L1((;R), 2 < g <p< o0.

In fact, by Example 3.1, we have that the Laplace operator subjected to the
Dirichlet boundary conditions A: D(A) C E — FE defined as

D(A) = W, P(Q,R) N W2P(QLR),  Aw = Aw,

satisfies conditions (A1) and (A2) with ¢(t) = (4nt)~*(1/a=1/P)/2 Notice that
0 < k(l/g—1/p)/2 < 1, provided 2 < k < 2pq/(p—q), 2 < g < p < co and
k(1/q—1/p)/2 = 0 for p = g, hence the function ¢ € L' ([0, T]; R;). By (g1) and
the Vainberg Theorem (see Theorem 1.1) we have that the Nemytskil operator
f:[0,T] x E — F defined as f(t,u)(x) = g(t, z,u(x)) maps the space E into F
and is continuous. Moreover, by (g2), we get

I1F (& w)llg Z/QIQ(L%U(OC))I% < C(llall +ollvllp),

where C' > 0 is a suitable constant. Hence for every bounded subset D of E,
we have that ||f(t,u)||r < C1, for every u € D, with C; > 0 another suitable
constant. So assumption (f3) is satisfied with vp € L ([0,T];R,;). We recall
that, for every w € E with ||w||, > 0, we have

(). 0) = e 2/\ &P 2w(€)u(€) d,

see e.g. Example 1.4.4 in [13].
Let w € E with ||w||, > 0 and ¢ € [0, T]. Denoting by Q" = {z € Q : w(¢) >
0} and by Q= = {z € Q: w(§) < 0} and considering the function sign: R — R
defined as
if x >0,

1
sign(z) =40 ifz=0,
1 ifz<o,

we have that

<JE< )S<1>f(t w>>
s [ m©P 205 (] )ote ¢ w(e) e
= s | WO st ©)5( )ate.cuie)as
uw/z' WP~ (5 Jate.wie)ae

_ |w”1£2/9_ |w(g)|1’—1s<i)g(t7§,w(§))d€
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S |w(§)|P‘1S<71L)(—g(t,&w(f)))%

wfp?
*/7 |w(§)|p15<;>g(t,§7w(§))d§.

The semigroup {S(¢)} generated by the Laplace operator subjected to the Dirich-
let boundary conditions is a positive semigroup in L?(Q;R) with p > 2, i.e. for
each t > 0 we have S(t)¢ > 0 almost everywhere in €2, provided ¢ € LP(Q; R) is
a nonnegative function, see [14, Lemma 7.2.3]. Moreover, by (g3),
—g(t,&w(§)) >0 forae. &€y,
g(t,&w(€)) >0 forae £€_.

Thus, we have that

s(i)<—g<t,£,w<§>>> >0 forae €€ 0y,

n

(720).5(2)000)) <0

for every n € N, for almost every ¢ € [0, T] and for every w € LP(%;R). Thus A
and f satisfy all the hypotheses of Theorem 3.2. Hence there exists a solution
u € C([0,T]; LP(€; R)) of problem (6.1).

S(1>g(t7§,w(§)) >0 forae £€Q_.

Hence we get

REMARK 6.1. A trivial example of a superlinear function that satisfies all
the conditions (g1)—(g3) is g(t, z,u) = —u3(sin(u) + 2). Indeed, all the required
assumptions are satisfied for instance for 2 < ¢ < 0o, p=3g and 2 < k < 3q.
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