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ON THE EXISTENCE OF SKYRMIONS
IN PLANAR LIQUID CRYSTALS

CARLO GRECO

ABSTRACT. The study of topologically nontrivial field configurations is an
important topic in many branches of physics and applied sciences. In this
paper we are interested to the existence of such structures, the so-called
skyrmions, in the context of liquid crystals. More precisely, we consider
a two-dimensional nematic or cholesteric liquid crystal. In the nematic
case we use a Bogomol’'nyi type decomposition in order to get a topological
lower bound on the configurations with a given degree for the full Oseen—
Frank energy functional, and so we can find a global minimum of degree
+1 for the energy. Then we consider the cholesteric case in presence of
an electric field under the one constant approximation assumption, and,
by using the concentration-compactness method, we prove the existence of
a minimum again on the configurations of degree *1, for sufficiently large

electric fields.

1. Introduction

Let us consider a thin infinity plate of a nematic or cholesteric liquid crystal,

possibly in the presence of an orthogonal applied electric (or magnetic) field E.

In the Oseen—Frank model, the configurations of the liquid crystal are described

by means of functions u: R? — S2, where S? is the unit sphere of R?, and the

unit length vector u(z) is the the optical axis, namely the (average) direction

of the molecules at the point x € R?. The energy density is given by 2W =
K div(u)? + Ka(u - curlu + 7)% + Kz|u x curlu|? — &,(E - u)?, where K, K»
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and K3 are respectively the elastic splay, twist and bend constants, ¢, > 0 is the
electric susceptibility. Moreover, we denote with - and X the scalar and vector
product on R3 respectively, and with |v| the norm on R”, n > 1.

The constant 7 is = 0 for nematic liquid crystals, and is # 0 in the cholesteric
case; in this second case the director field tends to form a helicoid with period
27 /|7| around a twist axis, and this helicoid is right-handed or left-handed de-
pending on the sign of 7 (see, for instance [22]).

In the first part of the paper, we consider the nematic case without electric
field, so that the energy became:

1

E(u) = 3 /11&2 (K1 div(u)? 4+ Ka(u - curlu)? 4+ Ks|u x curlul?) dz.

More precisely, we consider functions u € L>°(R?,5?%) and Vu € L*(R?,RS), so
that F(u) < 400, and u(z) goes to a constant vector at infinity, and we assume
u(o0) = ez = (0,0,1) (the north pole of the sphere S?). Then u can be identified
with a function u: S? — S? with a well defined topological degree given by

Qu) = %/]Rzu-uw1 X Uz, AT

(see, for instance, [6]). Topologically non trivial configuration that minimizes the
energy F(u) are sometimes called skyrmions for the analogy with the Skyrme
model for mesons and baryons (see [20], [21], [5]). We are interested to find
an energy lower bound on every topological sector @, = {u | Q(u) = ¢}, with
q € Z, and to find if this lower bound is attained. Clearly, in the case of the
one constant approximation, namely if K7 = Ky = K3 = K > 0, the functional
E(u) reduces to Dirichlet integral, and we have the sigma model solved by [1],
with the classical lower bound

1
5 [ 1vuP o> arlQ
2 Jeo

attained by the rational functions (see, for instance, [24]). In the case of the
functional E(u), we define the function

k <1+\/1—k
14 log
(8) 2v/1 -k 1-vV1-k
] =
1+ arcsi ( k-1
resin
VEk

) ifo<k<l1,

k
ifk>1
VE—1 > -

and we have the following result.

THEOREM 1.1. Let u € L=(R?,5%) and Vu € L*(R?,R%). Then

B) = 270 (22 ) (),

where a = min(K7q, K3).
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Since j(1) = 2, in the case of one constant approximation we have the classical
lower bound E(u) > 47K |Q(u)|. On the topological sector ()_; the previous
result can be improved. In fact, we have the following theorem.

THEOREM 1.2. Let 0; = 6;(r), 6;: [0, +oo[— [0, 7], i = 1,2, be two functions
such that 6;(0) = 7, 6;(+00) =0 and

K K
r0y + sin 6y \/c052 0, + f:g sin?6, =0, 76} \/cos2 0y + FB sin? @5 + sin 65 = 0.
2 1

Then, if we set
v1(z) = sin 0y (|z])et + cos b1 (|z|)es, wvo(x) = sinby(|z|)EF + cos B (|z])es,

where €. = x/|z|, we have Q(v1) = Q(vy) = —1, and:

K
E(vy) = 27TK2j(Kz> if Ko < Ky,

min E(u) =
u€EQ 1 [ Ks .
E(vy) =27Ky j (> if K1 < Ks.
Ky

The explicit expression of 61 and 05 will be given later (see Remark 2.7). Since
of course F(u) is invariant under translations and dilatation, the minimum of
E(u) is attained, in fact, on a family of functions contained in Q_;. Clearly, the
same conclusion is valid for the topological sector @} by changing u to —u; in
the Oseen—Frank model, v and —u are identified.

The existence of the axially symmetric skyrmion v; has been found in [5]
and its stability has been studied. Moreover, in [5] has been introduced the
function j(k) as the energy value of v;. Theorem 1.1 uses the same function to
get a lower bound on every topological sector @), and Theorem 1.2 identifies a
global minimum of E(u) on Q_; for every value of the constants K, Ko, K3.

The lower bound in Theorem 1.1 derive from a Bogomol'nyi type decompo-
sition for the energy or, more precisely, for the expression |Vu|? + k|u x curl u|?,
which turns out to be the sum of a topological term and a quadratic term. For
the functions v; and v, the quadratic term is equal to zero. Notice that, from [5],
we know that on topological sectors @, with |¢| > 1, there are not simple axi-
ally symmetric skyrmions like v;, ¢ = 1,2, except in the case of the one constant
approximation.

In the second part of the paper we study a liquid crystal plate under the
action of the electric field E = (0,0, E). In this case it is well know that critical
points of the energy are not allowed for nematics (7 = 0), since, for every u, the
energy E(uy) of the scaled functions uy(z) = u(Az) (A > 0) is strictly decreasing.
Then we consider the cholesteric case (7 # 0). Moreover, we consider only the
one constant approximation case.

Then, the energy density reduce to 2W = K|Vu|? + 2K7u - curlu + K72 —
(equ-E)? — K div(u- (Vu)? —div(u)u), and since the energy density of the trivial
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configurations u(z) = (0,0, £1) is 2Wy = K72 — ¢, E?, this leads us to consider
the energy density difference W — W}, and then the functional

1 ) e F? B
E(u) = - §|Vu\ + 7u - curlu + Ve (1—u3) dx,

where we have set u(z) = (u1(x),uz(z), u3(x)). Since |u| = 1, we have 1 — u? =
|u — e3|? — 1/4|u — e3|*, so that we can write the potential term associated with
the external electric field into a slightly different form:

1 k 1
E(u) = / <|Vu|2 + Tu - curlu + <|u —es? = Z|u— 634)> da,
Rz \2 2 4

where k = ¢,E%/K. Notice that F(u) < oo implies u(co) = Fe3. We con-
sider E(u) defined on M = {u: R? — R3 | u —e3 € HV2(R%2 R3), |u(z)| = 1
almost everywhere} as in [17], and we prove the following theorem.

THEOREM 1.3. If 7 # 0, and k > 1472, then the minimum of E on the
topological sector Q_1 = {u € M| Q(u) = —1} is attained.

Since the topological sectors are not closed with respect to the weak con-
vergence, in order to prove that a minimizing sequence (uy), C Q—1 converges
(modulo subsequences) to some u, € Q_1, we use the concentration-compactness
method ([16]) as in the case of the Skyrme model ([9]-[11], [14], [15]).

Notice that chiral terms like u - curlu also appear on the study of ferro-
magnetic materials in connection to the Dzyaloshinskii-Moriya energy density,
which is composed of the Lifshitz invariants £} ; = u;(Qu;/0zy) — u;(Ou;/Oxy).
In fact, u - curlu = £3 5 + L7 5 (see [3], [4], [13]). However, in that case, the en-
ergy associated with an external magnetic field (Zeeman energy) is the L?-norm
of u — eg instead of |u — e3|? — 1/4|u — e3|* as in our case. A functional of the
form Dirichlet integral + chiral term + Zeeman energy is studied in [17] with
concentration-compactness method. In this case, the minimum of the energy
on (J_1 is obtained under less restrictive assumptions on the coupling constants
between chiral term and Zeeman energy (see [17], Theorem 1.1. See also [8],
where the Zeeman energy is replaced by the more general expression |u — e3P,
with 2 < p <4).

In the liquid crystal case, the potential term has the form of the double-
vacuum potential as in some Skyrme model (see [23]), according to the fact that
the opposite orientations u(z) and —u(x) of the optical axis are indistinguishable,
and the function —u, minimize E(u) on Q; = {u € M | Q(u) = 1}, where
M={u:R? = R?|u+e3 € H'3(R? R3),|u(z)| = 1 almost everywhere}.

Because of the chiral term, and the particular form of the potential, an impor-
tant ingredient of the concentration-compactness method, namely a lower bound
for the energy on the topological sectors Q(u) > 1, is obtained for “large” electric
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field, namely for k& > 1472. For some other ingredients, as the coerciveness, the
assumption k& > 472 is enough.

Finally, we remark that axially symmetric skyrmions in a thin layer of chole-
steric liquid crystal are studied in [2], [12], [7], with analytic and numerical
methods.

2. Proofs of Theorems 1.1 and 1.2

In order to prove Theorems 1.1 and 1.2, we state some lemmas. We set
x = (x1,22), and u = (uy, uz,us).

LEMMA 2.1. Let u € L>(R?,5?%) with Vu € L?*(R% RY) and let k > 0. Then
we have:

|Vul? + (k — 1)|u x curlu|?
= (14 (k= Dui) |ua, |* + (1 + (k — 1)ud)|ug, |* 4+ 2(k — Dususug, - g,
ProOF. First of all we claim that
lu x curlul? = ul|ug, |* + ul|ug, | + 2uius Uy, - Ug,.

In fact, let us denote with u; ; the derivative of u; with respect to the spatial
variable z; (i = 1,2,3, j = 1,2), and let (e;); the canonical basis of R®. We have

u x curlu = €€k, jk,p,qUjtq,p = €i(0i,p0j,q — 0iq0jp)ujtq,p,
but, since |u| = 1, we get 0; qujuqp, = 0 for p =1,2,3, so that
u X curlu = —e;0; 40, pUjlqp = —€;U;U; ;.

2 _ 2 2 _
Then |u x curlul® = wjupt; juip = UTU;1U;1 + USU; 2Ui 2 + 2U1UU; 1 U0 =
g, | + ud|ug,|? + 2uiusty, - Ug,, and the claim is proved. Since |Vu|? =
[tz |2 + |ug, |?, the lemma follows immediately. O

LEMMA 2.2. Let u € L*(R?,5?%) with Vu € L?(R? R®), and let k > 0. Let
a=a(x), b=>b(x), c=c(x), d=d(z) be functions on R? such that:

a?+d?> =1+ (k—1)u?,
(2.1) b2+ =1+ (k—1)uj,
ab+ cd = (k — 1)uyus.
Then we have
(2.2)  |Vul* + (k — 1)|u x curlul?

=2(ac — bd)u - Uy, X Uy, + AUy, + DUy + U X Up, + du X ug, %,

(2.3)  |Vul? + (k — 1)|u x curlul?

= —2(ac — bd)u - Up, X Uy, + Uy, + Dg, — U X Up, — du X Uy, |*
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PrOOF. Expanding the quadratic term in (2.2), and using some algebraic
identity such as |u X ug,| = |ug,|, 4 X Uz, - U X Uy, = Uy, - Uy,, We have

|aty, + by, + cu X Uy, + du X Uy, |
= —2(ac—bd)u-tuy, XUz, +(a®4+d?)|ug, |* + (0> 4+ ) |ug, |? +2(ab+cd)uy, Uy, .

Since the functions a, ... ,d satisfy (2.1), using Lemma 2.1 we have (2.2). The
proof of (2.3) is similar. O

REMARK 2.3. Conditions (2.1) implies ac — bd = /1 + (k — 1)(u? + u3) =
k+ (1 — k)u3. A possible choice for the functions a,...,d is

a= /14 (k—1)u?,
b (k — Dugug
(2.4) VI+ (k-3

. V14 (k—1)(u? +u)
1+ (k—1)u?

3

d=0.

Since 0 < u? < 1, we have 1+(k—1)u? > min(1, %) > 0, and then the functions in
(2.4) are well defined on R?, and they belong to L>°(R? R). Moreover, from (2.4)
we have ac — bd = \/k + (1 — k)u3.

REMARK 2.4. We observe that, by an exchange of variables x; and x2, or
arguing as in the previous Lemma, we have that the conditions

a?+d?> =1+ (k—1)u3,
V+c?=1+(k—1)u?,
ab+ cd = (k — 1)ujug,
implies that |Vu|? + (k — 1)|u x curlu/? is equal to 2(ac — bd)u - Uy, X Uz, +

|atyy + by, — U X Uy, — du X Ug,|? and to —2(ac — bd)u - Uy, X Ug, + QU +
by, + cu X Uy, + du X ug, |

We can now prove Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. Let u € L>(R?, S?) with Vu € L?*(R? R%), and
let & = min(K1, K3), k = K3/a. Then, from the well known relations
(u-curlu)? = |curlul? — |u x curlul?

2.5
(25) div(u)? + | curlul® = |Vul* — div (u - (Vu)" — div(v)u)

we have K div(u)?+ Ko (u-curl u)? + Ks|u x curl u|? > a(div(u)? + (u-curl u)?) +
Kslu x curlul? = a|Vul? + (k — 1)]u x curlul?) — adiv(u - (Vu)! — div(u)u).
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Integrating on R?, and recalling that v is constant at infinity, we get
(2.6) E(u) > %/Rz (IVul* + (k — 1)|u x curlu|?) dx
and, from Lemma 2.2,

E(u) > j:a/ (ac = bd)u - Uy, X Uy, dz.
RQ

Choosing the functions a,...,d as in (2.4), we get

E(u) Z:l:a/ VE+ Q1 —k)udu-ug, X ug,dr.
R2

In order to evaluate the last integral, we consider the volume form v = y;dys A
dys + yadys A dy1 + ysdyr A dyz on S? and the two-form p = \/k + (1 — k)y3 v.
Moreover, by the density result of [19, Part 4], (see also [6]) we can assume
u smooth. Then, by the generalized integral formula of the degree (see, for
instance [18]), we have:

/RQ\/k+(1*k)U§U‘Ux1 X Uy, dx
:/ ﬂOUde:Q(U)/ udy:Q(u)/div(F)dylddey&
R2 52 B

where F is the vector field F' = /k + (1 — k)y3 (y1,92,y3), and B is the unit
ball of R3. A this point, by a direct calculation, we get:

3k+4(1—k)y3 .

3h 4 40 EWS gy, gy, dys = 2mi(h),

VEk+ (1 —-Ek)y3

where j(k) is defined in the Introduction. Then E(u) > +27waj(k)Q(u), namely
E(u) > 2raj(Ks/a)|Q(u)|, and the theorem is proved. O

/ div(F) dy; dyo dys =
B B

Let u € L°°(R?,8?) with Vu € L?(R2,R%), let £ > 0, and let us consider the
functional

Fo(u) = / (1Vuf? + (k — D)]u x curluf?) da.
R2

From Lemma 2.2, and from the calculations above it follows that, on the topo-
logical sector Q_1, namely if Q(u) = —1, we have

Fi(u) = 4mj(k) + /]R2 latiy, + bug, — cu X Uy, | dz,

where the functions a, b, ¢, satisfy (2.4), and the minimum value 47j(k) of F}, is
attained on ()_; if and only if au,, + buy, — cu X uy, = 0, namely if and only if

(2.7) \Vaul|? + (k — 1)|u x curlu|* + 24/k + (1 — kE)ud u - uyy X Uy, = 0.

We have the following proposition.
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PROPOSITION 2.5. Let k > 0, and let §; = 0;(r), 0;: [0, +oo[— [0, 7] be two
functions such that 6;(0) = 7, ;(+00) =0, and

sin 6, \/c052 01 + ksin® 60, + 76} =0, sin @y + \/cos? 0y + ksin® 6, 70, = 0,
and set
vy (x) = sin 0y (|z])e- + cos b1 (|z|)es, vo () = sin Oy (|z])eF + cos bz (|z|)es,

where €. = xz/|x|. Then, the minimum 4nj(k) of the functional Fy, (defined
above) on Q_1 is attained on the functions vy and vs.

PRrROOF. Clearly v; € Q_1, i = 1,2, so that it will suffice to prove (2.7) for v;.
In fact, it is easy to check that the Lh.t. of (2.7), calculated for v; and for vy is
equal respectively, to

(sin By \/cos? 01 + ksin® 0y + r0})? (sin By + \/cos? 0 + ksin? 0, r})2
2 ’ %)
where r = |z|, and the result follows immediately. O

PrROOF OF THEOREM 1.2. Let us suppose that the functions 6; and v;,
i =1,2 are as in Theorem 1.2. Then v; and v minimize on @Q_1, respectively,
the functionals Fg, k, and Fk, k,, and we have Fg, /g, = 4mj(K3/K>), and
Fr, /i, = 4mj(K3/K1). Moreover, since dive; = 0 and vy - curlvg = 0, using
again (2.5), we have E(vi)=(K2/2)Fk,/k,(v1), and E(vs) = (K1 /2)Fg, /K, (va).
Then, from (2.6) we get, for every u € Q_1,

K. K. (K
E(U) 2 JFKS/Kz(’U’) 2 JFK?./K2(U1):E(U1):27TK2] =3
2 2 K,
in the case Ky < K7, and
K K [ K
E(u) 2 = Fiey i, (4) 2 5 Ficy/cy (v2) = B(v2) = 20K 222
2 2 K,
in the case K; < K5, and the theorem is proved. O

REMARK 2.6. Since the function ¢t — ¢j(K3/t) is strictly increasing, we have
that Ky < K7 implies E(v1) < E(vs).

REMARK 2.7. Solving the first equation in Proposition 2.5, we get
K2 — K3C27"2
2Kscr

with ¢ > 0, the solution obtained in [5] (in our case it is decreasing because of the

01(r) = g + arctan (

reversed boundary conditions). Solving the second equation in Proposition 2.5

we have
s 16, (log(er))

V1= (1L, (log(er)))?

Os(r) = % — arctan
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where 77;(1 e is the inverse of the function

1—22(v/1— 1 —k)a2)Vi-k
—log(\/ 2V1-kat Vh+ (- k)a?) )if0<k<1,
x+Vk+(1—Fk)a?
V1I—22
Ne(z) = < —log
x+E+ (1—k)a?
Vk—1zx ) .
++vk — 1larct —_—_— fk>1.
V4 arc an( T if k£ >

In fact, we have 0 (z) = /k + (1 — k)x2/(1 — 2?), so that (sin 62)9,nx(cos ) +
\/C082 0y + ksin? 65 0, = 0.

Let us consider now the quadratic terms in (2.2) and (2.3). As in the classic
sigma model, the stereographic projection reduce a vector equation to a system
of first order partial differential equations. In fact, let us denote with w; =
u1 /(1 + us), we = ug/(1 + uz) the stereographic projection of the point u =
(u1,u2,u3) € S? in R%. Then, we have the following proposition.

PROPOSITION 2.8. We have aug, + bug, + cu X Uy, £ du X uy, = 0 if and
only if the functions wy and ws satisfy the system

2.8) aw g, F cwa g, + bwi g, F dwa e, =0,
W3z, £ W1 o + bW 5, £ dwy gz, = 0.
PROOF. Set, for brevity, s = (s1, S2,83) = atg, + by, + cu X Uyy + du X Uy, .
A direct calculation shows that

AWz, — CW2,z, + bw17l‘2 - dw27$1 = (31 - ’LU1$3)/(1 + U3),

AWy, 5, + CW1 3, + W2 5, + dwr g, = (s2 — wa2ss3)/(1 + us).
Now, if s = 0, clearly the system (2.8) is satisfied. Vice versa, (2.8) implies
s = (w1, ws, 1)s3, and since u-s =0, and u - (w1, we,1) =1, we get 0 =u - s =
u - (w1, ws, 1)s3 = s3, and then s = 0. The proof for the quadratic term in (2.3)
is similar. O

REMARK 2.9. Clearly, from (2.4) we see that, in the case k = 1, namely in the
classical sigma model, the quadratic terms in (2.2), (2.3) becames u,, +u X Uy,
and (2.8) are reduced to the Cauchy-Riemann equations wi ,, F waz, = 0,
Wa 5, £ W1 g, = 0; for k # 1 the system (2.8) can not be solved explicitly.

3. Proof of Theorem 1.3

In order to minimize the functional

1 k 1
Bw - | (|w|2 + - curlu + (|u —esf? = Ju - |)) d
R2 2 2 4
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under the constraint Q(u) = —1, we assume the functional framework of [17],
namely we consider M = {u: R? — R3 | u—ez € HV?(R? R?), |u(z)| = 1 almost
everywhere} (e;, i = 1,2,3 is the canonical basis on R?), which is a complete
metric space for the distance d(u,v) = ||u — v||g1.2. The functionals F(u) and
Q(u) are well defined and continuous on M. The set My = {u: R? — R3 |
u—e3 € C°(R%,R3), |u(x)| =1} is dense in M. If u = (u1,uz,u3) € My, then
u1 = up = 0, ug = 1 outside a compact subset of R2.

LEMMA 3.1. For every u € M and every A > 0 we have

1
/ u - curlu dx gA/ (1—u§)dm+7/ |Vus|* d.
R2 R2 )\ R2

PROOF. Clearly we can assume u = (ug,us,us3) € Mpy. Since u - curlu =

UTUS, gy — U2U3 oy T U3 (U2 5, —U1 5, ), INtegrating by parts, and using the inequality
2ab < Aa® + (1/\)b?, we have

’/ u - curludz
R2

and since u? + u3 = 1 — u3, the lemma is proved. 0

=2

/ (u1u3 5, — UgU3 5, ) AT
R2

1
<A (uf +u3) dx—&—f/ |Vus|? de,
R2 A Jp2

LEMMA 3.2. Let us suppose k > 41%. Then, there exists ¢; > 0 such that,

for every u € M, we have
/2 (IVul® + (1 — u3)) dz < e E(u).
R

PROOF. Because of the previous lemma, we have

E(u) > /]R <;|Vu|2 e (A(l _ w2+ i|w3|2) + §(1 - ug)) do

= / (;(|Vu12 +|Vus|?) + (; - |;|> |Vug|? + (;“ — |7’|>\> (1- ug)) dz.

Since k > 472, we can assume 2|7| < A\ < k/2|7]|, so that 1/2 — |7|/A > 0 and
k/2 — |7|X > 0, and the claim follows. O

REMARK 3.3. With the choice A = k/2|7| in the previous lemma, we have

472

1 1
E(u) > / ((|Vu1|2 + |Vu2|2) + = (1 — ) |Vu32> dx,
r2 \ 2 2 k

31) Bl 2 4x(1- ‘l,g) Q)

) 2k
) < }
(3.2) /R2 |Vus|? do < k7472E(u)
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We want to show now the coercivity of E. For this we need the following
lemma.

LEMMA 3.4. Let a, B be such that 0 < o < 8 < 1. Then, for every u =
(u1,ug,u3) € My, we have
1
A< ———_]p|4
Al < 167ra2(6 _a)g HU”HM

where |A| is the Lebesque measure of the level set A = {x € R? | uz(x) < a},
and v = (u1,u2,0) is the planar component of u.

PRrROOF. We observe firstly that

1
[ aVusldo < 5o,
R2

in fact we have u-Vu = v-Vo+uzVus, and since u-Vu = 0 because of |u(z)| = 1,
we get ug - Vug| < |v||Vu] < (Jv]? + [Vv]?) /2, and, integrating on R?, we have
the previous the inequality. We set now B = {z € R? | a < ug(x) < 3}. Then,
from the coarea formula,

p 1 1
/ HY(T,) dy = / |Vus|de < 7/ lusVug| dz < —||v||}1.2,
o B A JR2 2

where I'y = { € R? | u3(z) = y}. Then we have H*(Ty,) < ||v[|31.2/(2a(8—a))
for some suitable yy € [a, 8]. Set C = {x € R? | uz(z) < yo}. Since on C we
have 1 —us(z) > 1— 3 > 0, C is contained in the support of 1 —ug so it is open
and bounded, and, for the isoperimetric inequality,

1 1
< —HY T, )PP < ————— |42
O12 5 ) < (oo ol

Since A C C, the lemma is proved. O

REMARK 3.5. Notice that, with = 1/2 and g = 3/4, the previous lemma
implies that, for every u € My, we have ‘{m € R? | uz(x) < 0}| < ‘{x € R? |
uz(z) < 1/2}| < A|v|| /7.

PROPOSITION 3.6. Let us suppose k > 472. Then for every u € M, we have
2 2 16¢] 2
(IVul® + |u— es]?) de < —=L E(u)* 4 3c1 E(u)
R2 7T
(c1 is the constant in Lemma 3.2), so that E(u) is coercive on M.

PrOOF. Clearly, because of the density of My in M, we can limit us to
prove the lemma for every u € My. In fact, let u = (u1,us,us) € My. From
Lemma 3.2 we have

(3.3) /R2 |Vu? dz < ¢ E(u).
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Set now A = {z € R? | uz(z) < 0}. Clearly

|ufe3|2d:£:2/ (1u?,)dx—2</(1u;g)dx+/ (1U3)dx).
R2 R? A R2\ A

From Remark 3.5 and from Lemma 3.2 we have:

4 4 2
Al < = |vl|312: = = (/ (|Vu1\2 + |[Vug|? +1 — ug) da:) < —2E(u)?,
™ T R2

so that
80? 9
(1 - ug) do < 2/ 4] < “L B(u)?.
A i

On the other hand, using again Lemma 3.2,

—Uuz)dr = us —Uu3z)dr = —'LL2 I S C1 u
/RQ\A(l )d </RQ\A(1+ )(1 = ug) d </ (1—u2)de < 1 E(u)

R2
therefore
9 16¢2 9
(3.4) |lu —e3]®de < —= E(u)” 4 2¢1 E(u).
R2 ™
From (3.3) and (3.4) we have the result. O

Let us consider now a minimizing sequence (uy), C M NQ_1:

lim Eu,)=1_1= C?znf E(u).
-1

n—-+oo

For the coerciveness of E (Proposition 3.6), u, — us weakly (modulo subse-
quences) in M, that is u, — e3 — u. — e3 weakly in H2(R? R3). In order to
prove Theorem 1.3, we set, as in [17], p, = |[Vu,|? + |u, — e3]?, so that (pn)n
is a sequence of positive functions in L'(R? R) with (||p,||z1), bounded, and
[lonllL1 > 8n for the classical topological lower bound. Then, passing eventually
to a subsequence, and modulo translations, the following cases may occur ([16]):

(1) compactness: for every € > 0, there exists R > 0, such that

/ pndr < €
|z|>R

(2) wvanishing: for every R > 0

lim sup / pn dx = 0;
n—-4oo zER2 DR(a:)

(here, and in the following, Dg(z) is the disk {y € R? | |z — y| < R},
and Dg = Dg(0));

(3) dichotomy: there exists ¢, with 0 < t < 1 such that, for every ¢ > 0
there exist R > 0, (Rp), C R with R, — 400, and two sequences
(p1)n, (p2), C LY(R?,R) such that: 0 < pl + p2 < p,, Supp(p}) C Dg,
Supp(p;,) C R?*\ D, and

[hdn—toalo| <e | [ dtar- -0l <<
R2 ]R2
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The proof of Theorem 1.3 consists, as usual, in showing that in the com-
pactness case we have actually u, € (Q_1, so that the minimum of F on Q)_; is
achieved, and that vanishing and dichotomy do not occur.

In the following we set

k
E(u) = Eo(u) — f/ lu — e3)* dx
8 Jao
where ) L
Ey(u) = / (|Vu|2 +7u-curlu + —|u — €3|2> dz.
e \ 2 2

Since fR? es-curludzr = 0 on M, the functional Fy has the same form as in [17],
and we will take advantage of its results.

Let us suppose that the compactness case occurs. From [17, Lemma 4.1],
we have that Eg(uy) £ 47Q(us) < lnlgl_"l_glg(Eo(un) + 47Q(u,)), and since, by the

compactness assumption,

/2 luy, — es|* dz — /2 |u, — es|* da
R R

along subsequences, we have also F(uy) £ 47Q(uy) < H@E;f(E(“n) +47Q(uy)),
namely E(uy) + 47|l + Q(uy)| < I_1, where, as before, I_; = Clér}fl E(u). From
[17, Lemma 3.1], we know that C12rif1 Ey(u) < 4m, and since E(u) < Eg(u) we have
also I_; < 4w. Then Q(u.) = —1. For if not, we would have |1 + Q(u.)| > 1,
and then 47 < E(u,) + 47|1 + Q(u.)| < I_1, which is not possible. So, in the

compactness case, the minimum of F(u) on _; is achieved.
In the vanishing case we would have that lim+inf Eo(up) > 4m (see [17,
n—+0o0o

Lemma 4.2]) and also, by the covering argument, that

/ |y, — es|*dz — 0,
RQ

so that I_; = ha[_l E(uy) > 47, whereas I_1 < 4, so this case do not occur.
n——+0oo

In order to ruling out dichotomy, we need, first of all, a topological lower
bound for the energy. We start with a lemma.

LEMMA 3.7. Let u = (u1,u2,u3) € Mo, and let a, § be such that —1 < a <
B < 1. Then we have
B / 2
< \Y% d
“An(B—«a)? Jp Vus|” de,

where A = {z € R? | uz(z) < a}, and B = {z € R? | a < uz(x) < B}.

A

ProOF. Clearly |A| < 400 and |B| < +oo. For the coarea formula and
Cauchy—Schwarz inequality

B
/ ’Hl(Fy)dy:/ Vus| dz < /[B] /|VU3|2dx,
«@ B B
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where I'y = {z € R? | uz(z) = y}, so that

H(yo _B\/E” \Vu |2 dz

for some yo € [«, 5]. From the isoperimetric inequality we have

1 |B|
R2 < 1 T 2 < / 2
|{l‘ € | Ug(-fl?) < y0}| = 47TH ( yu) = 47_(_(5 — OZ)2 5 ‘VU3| dJU,

and since A C {x € R? | uz(x) < yo}, the lemma is proved. O

We observe now that, for every v € M we have ([17, Lemma 3.2]):

2
-
§|Vu|2 +7u-curlu = u - Uy, X Uy, — 5(1 — u3)2 + 7(u2,z, — Ul,ay)

+ §|uw1 —7e1 X u~+u X (g, —Te2 X u)|?,
so that

1 k
(3.5) §|Vu|2 + 7u - curlu + 5(1 —U3) = U Uy, X Ugy + f(us)

1 2
+ 7(u2,p, — Ut gy) + §|u11 —Ter X u—+u X (g, — TE2 X )|,

were we have set, for brevity,

) = 20— ) (5 + ).

Since f(uz) < 0 for —1 < wugz < —(k —72)/(k + 72), an inequality like |Vu|?/2 +
Tu - curlu + k(1 — u3)/2 > u - ugy X gy + T(U2.5, — U1 4,) (Which leads us to
the lower bound E(u) > 47Q(u)) does not hold for every z € R?. However,
from (3.5) we have

(3.6) E(u) > 47Q(u) + . f(ug(z)) dx

and the last integral is positive for k large enough. More precisely, we have the
following proposition.

PROPOSITION 3.8. Let us suppose k > 1472, Then, for every u = (uy,usz, u3)
in M, with Q(u) > 0, we have E(u) > 4.

ProOOF. If Q(u) > 2 the claim follows immediately from (3.1). In the case
Q(u) = 1 we argue by contradiction, and suppose that E(u) < 47 for some
u € M with Q(u) = 1. Without loss of generality we can assume u € My. Set

T 2 k2 =72 (k + 72) 77'2-‘-\/]{12 77'2(/€—|—7'2)
4= k+ 72 ’ p= k+72
Then —272 < f(uz) < 0 for =1 <wug < —(k —72)/(k + 72), and f(ug) > 77%/2
for « < ug < 3, where f(u3) is the function defined above.
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IfwesetA:{x€R2|U3()<a}andB:{:c€R2|a<1L3(x)<ﬂ},

then, from Lemma 3.7 and ( , we have:
2k|B|E(u)
A 2
Al T —ae /'V“3| = 1n(B — a)2(k — 472)
2k|B| B k(k+T )2|B|

(B—a)2(k—4712)  2(k2 — Tk72 — Tr4)(k — 472)°
We set now Ag = {z € R? | -1 < wuz(z) < —(k —72)/(k + 7%)}. Since Ay C A,
we get

Flus(@))de > [ Flus(z)) do + / fus(2)) da
R2 Ag B

772 —72k(k + 7%)? 772
> —27%|A| + —|B| > — ||B|.
2 —2rlAl+ 1Bl 2 ((k?—?kT2—7T4)(k—4T2) T ) |
For k > 1472 the last term in the previous inequality is > 72|B|/26 > 0 and,
from (3.6) follows E(u) > 4w, a contradiction. O

The next lemma is a simple version of a truncation lemma that will be enough
in our case (see also [15], [14], [8]).

LEMMA 3.9. Let u € My, 0 < e < 1/8, a,b € R, be such that 1 < a < b,
b—a>1and

/ (Vul® + |u — e3]?) dz < e.
a<|z|<b
Then, there exist o € [a,b] and functions u*,u?> € M, such that:

U(I‘) Zf |Z‘| < g, U/Q(J)) _ €3 Zf |l'| < a,

ul(z) =
es if |lz| > o +1, u(z) if |z >o+1,

and
/ ([Vu']? + |u* — es]*) do < 42e, i=1,2.
o<|z|<o+1

PROOF. We sketch the proof for the function u!, because the construction
of u? is similar. Set v(z) = |Vu(x)|? + |u(z) — es]?, and, using polar coordinates,
set u(r,0) = u(rcosf,rsind), v(r,0) = v(rcosf,rsind). Since

b r2m
/ v(x)de = / / o(r,0)rdodr <e
a<|z|<b a JO

and since b — a > 1, we have

2m
(3.7 / v(o,0)odl < e
0

for some o € [a,b]. Since o > 1, we have also ¥(0,6p) < /21 < ¢ for some

0o € [0,27]. Let g(0) = u(0,0) —e3. We claim that |g(0)|* < 2¢ for all 6 € [0, 27].
In fact, we have |g(6p)|*> < ¥(0,00) < &, and moreover, for the derivative dy|g(6)|>
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we have (setting Vu = Vu(o cos @, o sin ) for brevity) |9s|g(0)[?| = |29(8) - (Vu -
(—osinf,ocos6,0))| < 20|g(0)||Vu| < (|Vul*> + 19()|*)e = ©(0,0)0. Then,
from (3.7) and |g(6p)|* < €, we get |g(0)]? < 2¢, as claimed. In other words, the
curve § — u(o cos @, o sinf) is near to the north pole of the sphere S2.

We set now

u(x) if |z < o,

w(z) = ¢ (o +1—|x)u(oz/|z]) + (|Jz| —o)es ifo <|z|<o+1,
€3 if || >0+ 1.

Clearly |w(z)| < 1. Moreover, for 0 < |z| < o + 1, we have |w(z) — es]
(0 +1—[z)fu(on/|z]) = es| < [u(ox/|x]) —es| and 1 —|w(z)| = ||es| —[w(z)]]
les — w(z)| < |u(oxz/|x|) — es], so that |w(z)| > 1 — max |g(f)| > 1 — v2e > 1/2
(because of € < 1/8). Then we can normalize w by setting u!(x) = w(z)/|w(x)|.
Clearly u' € M.

We now proceed to estimate |u!(z) — ez|. For o < |z| < o + 1, we have

ut () — es| < [w(@)/lw(z)] — w(@)| + |w(z) —es| = (1 = [w(@)]) + [w(x) — es] <
2|u(ox/|z|) — es|, so that

27
(3.8) / u' (z) — es|® d$<4/ / u(0,0) — e3|*rdrdo
o<|z|<o+1

1 27 1
= <+1>/ |ﬂ(a,9)—eg|20d0<4<+1>e<65.
20 0 20

We estimate now |Vu!|%. For o < |z| < o + 1, we have |Vu!|* = ([Vw|?|w|? —
(w.Vw)?)/|w|* < |Vw|?/|w|?, and since 1/4 < |w]?, |[Vul]? < 4|Vw|?. Tt is easy
to check that, for o < |z] < o 4+ 1 we have

== (:(5)
c+1—|x oxr 1T
7 +|ac| | l(““(lx)lxlf (u) )

Since o(o + 1 — |z|)/|z| < 1, using the fact that (a + b+ ¢)? < 3(a® + b% + ¢?),

we get
2 2
waol? <3([u(F) = o (F)] o (57)] )
e ()] )~ ] ]

and a similar result holds for w,,(x), so that, for o < |z] < o + 1, we have

(55) o ()]

IN

2

|Vul(z)]? < 4|Vw(z)|* < 24(
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Then, integrating in polar coordinates, we have

o+1 p27
(3.9) / |Vl (2)|* de < 24/ / 0(0,0)r dr do
a<|z|<b o 0

1 o 1
= 24( + 1) / v(0o,8)odf < 24( + 1)5 < 36e.
20 0 20

From (3.8) and (3.9) we get

/ (V' |? + |u' — e3]?) do < 42¢,
a<l|z|<b

and the lemma is proved for the function u'. O

LEMMA 3.10. There exists co > 0 such that, if 0 < a <b,e >0 and u € M,
ut € M, i =1,2 are such that u* = u for |z| < a, u?> = u for || > b, and

/ (IVul® + |u — e3?) da < €
a<|z|<b

/ (IVu'? + |u' —e3]?) dz < e, / (IVu?]? + [u® — es?) dz < e,
|z|>a |z|<b
then we have
|E(u) — E(u') — E(u?)| < 3cae, 1Q(u) — Q(ut) — Q(u?)| < 3e.
Proor. We set
F(u,) = / <;|Vu|2 + 7(u—e3) - curlu + g(l - u%)) dx.
Q

Clearly, since for every u € M, fR2 e3 - curludz = 0, we have F(u,R?) = E(u).
Moreover, from |(u—e3)-curlu| < (ju—es|?+|Vul?)/2, and |u—e3|* < 4ju—e3]?,
we get, for every u € M and Q C R%:

|F(u, )] < 02/ (IVul® + |u — e3]?) da,
Q
where co = |7]/2 + max(1/2, k). Then
|B(u) = F(u', |z] < a) = F(u?, |2 > D)|
= |F(u,R?) — F(u, |z| < a) — F(u,|z| > b)| < cse.
Likewise we get |E(ul)— F(ul,|z| < a)| < coe and |E(u?)—F(u?,|z| > b)| < c26,
so that
|E(u) = B(u') = B(u®)| < |B(u) - F(u', 2] < a) — F(u? |z] > b)]
+ |E(u') = F(u', |z| < a)| + |E(®) — F(u?, |z] > b)| < 3cee,

and the first part of the lemma is proved. Moreover, using |u - tuz, X Ug,| <
|Vu|?/2, we can argue in a similar way for Q(u). O
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Let us suppose now that a minimizing sequence (uy), C M N Q_1 verifies
the dichotomy condition. Because of the density of M, we can assume, without
loss of generality, that (uy,), C Mo N @Q—_1. Clearly we can assume also R > 1,
R, >R+ 4.

The dichotomy condition implies

/ prndr < 2e
R<|z|<Rn,

so that, for the truncation lemma with [a, b] = [R, R+ 1] and u = u,, there exist
on € [R, R+ 1] and a function u} € M such that

up(x) if x| < op,

ul(z) = () ] / (IVuy > +|u, —es]?) do < 84e.
es if || > op + 1, on<|z|<on+1

For the same lemma, with [a,b] = [R, — 2, R,, — 1] and again u = u,,, there exist

8n € [Ry — 2, R,, — 1] and a function u2 € M such that

e3 if |2| < 6p,

u?(z) =
Un(x) if |x‘ >0p + 1,

/ (IVul|® +|u2 —e3]?) do < 84e.
On<|z|<dn+1
Clearly ul(z) = u,(z) for |z| < R, u2(x) = u,(x) for |z| > R,, and we have

/| o (|Vu,11|2 + |u}L — 63|2) dx = / (|Vu711|2 + |u}L — 63|2) dx
x|>

R<|z|<on

+/ (IVul >+ u,, — e3]?) do < 86,
on<|z|<on+1
and, in the same way,
/ ([VuZ? + |up — es]?) do < 86¢.
|z|<Rn

From Lemma 3.10 applied to [a, b] = [R, R,] and to the functions u,, uf, i = 1,2,
there exists a constant ¢ > 0 such that |E(u,) — E(ul) — E(u?)| < ce and
1Q(un) — Q(ul) — Q(u2)| < ce for every n.

Then, for & small enough, we have Q(u,) = Q(ul) + Q(u2), so that Q(ul) +
Q(u2) = —1. Set, for brevity, Q(ul) = g,. Then Q(u2) = —(1 + ¢,). We claim
that ¢, € {—1,0} for n large enough. For if not, there exists a subsequence
(gn,, )k such that, for every k € N, ¢, > 1 or —(1 + g,,) > 1, then, for the
Proposition 3.8, we have E(u), ) > 4m or E(u2, ) > 4w. In both cases 4m <
E(uy, ) + E(u2, ), so that 47 < E(u} ) + E(u2,) < E(un,) + cg, namely 47 <
E(up, ) + ce. Passing to the limit we get 47 < I_; + ce, and since ¢ is arbitrarily
small, we get 47w < I_1, a contradiction because we know that I_; < 4.

Then we can assume (modulo subsequences) g, = —1. We claim now that
there exists § > 0 such that, for every n € N, we have E(u2) > 4. In fact, from
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02 < pL + p? < pp, the definition of p,, and Proposition 3.6, we have

/ pidajg/ pndJTZ/ (Va2 |? + [ul — es]?) da
|#|> Ry, |z|> R, |z|>Rn
22 2 2 16¢] 212 2
< [ (IVup]® + uy —es]?) do < —= E(u;)? + 3c1E(u;).
R2 T
Moreover,

/ pidxg/ Pn dx < 2¢,
R<|z|<Rnp R<|z|<R,

so that

2 160% 212 2
Py, dx < 2e + E(u;)® +3c1E(u;).
RZ

On the other hand, from | [o, p2 dz— (1 —1t)||pn| 1| < &, and from ||p, ||z > 8,

™
we get
2 16¢] 242 2
8r(1—1t) < (1 —1t)|lpnllrr < Py dr +€ < 3e+ — E(uy)” + 3c1E(u;,).
R2

Since we can assume 87(1 —t) — 3e > 0, the previous inequality shows that

E(u?) is bounded away from zero by some § > 0 (that does not depend on &),

as claimed.

Finally, we are in the position to complete the proof. In fact, from |E(u,) —
E(l)—E2)] < ce,weget I_1 < E(ul) < E(u,)—E(u2)+ce < E(uy,)—+ce,
namely I_y < E(u,) — 0 + cg, and, passing to the limit, I_1 < I_1 — § + ce, so
that Iy < I_; —¢. This is impossible, and dichotomy can not occur.
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