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MULTIPLICITY AND CONCENTRATION
FOR KIRCHHOFF TYPE EQUATIONS
AROUND TOPOLOGICALLY CRITICAL POINTS
IN POTENTIAL

Yu CHEN — YANHENG DING

ABSTRACT. We consider the multiplicity and concentration of solutions for
the Kirchhoff Type Equation

—52M(52_N / |Vo|? d$> Av+V(z)v = f(v) inRN.

RN
Under suitable conditions on functions M, V and f, we obtain the existence
of positive solutions concentrating around the local maximum points of V,
which gives an affirmative answer to the problem raised in [21]. Moreover,

we also obtain multiplicity of solutions which are affected by the topology
of critical points set of potential V.

1. Introduction

In this paper, we focus on the following Kirchhoff type equations:

—EQM(EQ_N/ |Vol|? da:) Av+V(z)v=f(v) inRVN,
RN

ve HY(RY), v >0,

(1.1)

2010 Mathematics Subject Classification. Primary: 35B05, 35B45.

Key words and phrases. Kirchhoff type equations; topologically critical points; multipli-
city.

The first author was supported in Postdoctoral Science Foundation of China No.
2018M631369.

The second author was supported in part by NSF Grant No. 11331010.

183



184 Y. CHEN — Y. DING

where N > 3, € > 0 is a small parameter and M is a positive continuous func-
tion. Due to the presence of M (2~ [, |Vv|? dz), equation (1.1) is a nonlocal
problem. Our main purpose is to consider the existence and asymptotic behavior
of positive solutions for (1.1) when the potential V' (x) possesses local maximal
points. This problem was raised by Figueiredo et al. in [21]. Moreover, without
the oddness on nonlinearity f, we are also interested in considering the effect of
the set’s topology of critical points in potential V' on multiplicity of solutions.

When ¢ = 1, V(z) =0, M(t) = a+ bt and Q C RY is a smooth bounded
domain in (1.1), it becomes

(1.2) —(a+b/Q |Vv|2dw) Av = f(x,v) in Q.

This type of equation is related to the stationary analogue of the equations
(1.3) Vgt — (a + b/ Vv|2d$) Av = f(z,v) in€Q,
Q

which refers to free vibrations of elastic strings. For more details, see [3], [30],
[37], [45]. Lions, in the pioneering work [33], proposed functional analysis ap-
proach to consider equation (1.3), then various researchers began to focus on this
problem. During the past years, there have been many methods to investigate
the existence of solutions for (1.2), see [13], [31], [32], [38], [41], [51].

When M(t) =1 in (1.1), it becomes the well-known nonlinear Schrodinger

equation
(1.4) —e?Av+V(z)v = f(v) in RV,

In the past two decades, a great deal of work has been devoted to the study
of semiclassical standing waves for (1.4). It is worth mentioning that from [22],
[39], [40], [48], authors observed that concentration of any family of solutions
with uniformly bounded energy may occur only at critical points of V(z). So
we focus on types of potential V(x) which are closely relating to this paper.
[18], [19] devised a penalization approach to obtain the existence of single or
several spikes solution located around the prescribed single or finite sets of local
minimum in potential V(z). Further, through similar approach, [20] handled
potential V() containing topologically nontrivial critical points, which can be
captured by local minimax argument. Ruiz et al. [2] took different minimax
argument on topological cone to cope with the potential possessing isolated local
maximum or saddle point.

However, Byeon and Jeanjean [9] constructed a localized deformation argu-
ment obtaining positive solutions for (1.4), which concentrate to local minimal
of V() under the almost optimal conditions on f € C'(R):

(1) L f(s)/s = 0.
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(f2) There exist C > 0 and p € (1, (N +2)/(N —2)), such that
[f(s)] < CA+[s]”).

(f3) There exists a constant sy > 0 such that mgs3/2 < F(sg), where

F(s) = /0 () d.

These conditions were first introduced by Berestycki and Lions in [7]. A few
years later, Byeon and Tanaka [10] developed a more complicated approach to
handle the case that V(x) possessing local maximum points or saddle points.

When M (t) # constant, take N = 3 and M(t) = a + bt in (1.1) as the
following form:

(1.5) —(€2a+5b |Vo|? dm)Av+V(m)v = f(v) inR3.
R3

Under nonlinearity f(v) in sub-critical or critical growth, [26], [46] used Nehari
manifold and minimax methods to prove least energy solutions concentrating
global minimum of V(z) and multiplicity results through Lusternik—Schnirel-
mann theory. In [47] they consider this problem with competitive potentials. For
local minimum in potential V(X), He and Li [27] considered (1.5) with f(v) =
A|ulP~2u 4+ |u|*u, using proper changes of variables and quantitative deformation
approach developed in [9], [21], they obtain the corresponding results with 2 <
p < 4 in larger range.

It is generalization of (1.5) in some sense, when ¢ = 1, V(z) = 0 and M is
a positive function in (1.1),

(1.6) —M(/RN |VU|2d3:>Av = f(xz,v) inRY.

One of the first works involving these equations was considered in functional
analysis setting by Vasconcellos [45]. Afterwards there are some results of ex-
istence referring to [3, 37] et al., where [3] gives sufficient conditions on M for
existence of (1.6). And we make the following assumptions:

(M1) For any ¢ > 0, M(t) > My > 0.

(M2) lim inf {M(t) — (1 —2/N)M(t)t} = oo, where M(t) = [} M(t)dt.
(M3) M(t)/t¥N=2) = 0 as t — oco.

(M4) The function M (t) is increasing in [0, 00).

(M5) The function t — M (t)/t?(N=2) is strictly decreasing in (0, co).

(

M6) M(t) is differentiable and M (t) + (1 — N/2)M'(¢)t # 0.

Fortunately, it is easy to find an example of M(t) satisfying all conditions, i.e.
k

M(t) = ap+ Y a;t®, where k € N, a; >0for 0 <i<kand0<s; <2/(N—2).

=1
When taking M(t) = a + bt, (1.1) turns to standard Kirchhoff equation, (M1)-
(M6) still hold for N = 3.
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Figueiredo et al. [21] investigate (1.1) under the case of local minimum
of V(z). Precisely, they assume:

(V1) V(z) € CRY,R) and V := il%efN V(z) > 0.
S
(V2') there exists a bounded open set Q C RY such that
Vo = ngllfV(x) < 1(9n£V(x),

and set M’ := {z € Q : V(z) = Vp}. Under (M1)—(M5) and (f1)—(f3), they
obtain positive solutions concentrating around the set M’. In addition, they
ask that if the potential contains local maximum or saddle points, whether (1.1)
have the corresponding results or not.

In [14] the authors have proved some results about existence and concen-
tration. Furthermore, it is natural and interesting to ask that how to relate
multiplicity of solutions to the topology of the set with local maximum or sad-
dle points of V(x). To the best of our knowledge, there is little result about
the multiple solutions for Kirchhoff type equation which is correlative with the
potential possessing local maximum points. The aim of present paper is to give
an affirmative answer to such a question. Here, we present our main results:

THEOREM 1.1. Assume that (M1)—(M6) and f € C1(R) hold with (f1)—(£3).
And V(z) € C! holds for N > 3 with (V1) and sup V(x) < +o00. Moreover,

z€RN
there exist local mazimum points in V(x), i.e. there exists bounded set O C RY

such that

sup V(x) < sup V(z) = mo,
€O z€O

and denote M = {x € O : V(z) = mo}. Then, for ¢ > 0 small, there exist at
least cupl(M) + 1 positive solutions ne for (1.1), wherei=1,...,cupl(M)+1,
satisfying the following properties: let :Eéi) be a mazimum point of véi),
(a) dist(zg),/\/l) —0ase—0.
(b) Up to subsequence, véi)(sz + a:éz)) — U in HYRYN), where U is the
positive least energy solution of

—M(/ |Vol? dx)Av +V(zo)v = f(v) inRY,
RN

where 2 — z9 € M.
(c) There exist C,c > 0 such that

v (z) < C’eXp(— g ‘x —xé”‘)-

REMARK 1.2. First, the assumption of upper bound on V(z) makes many
computations have a simpler form. Whereas this condition can be removed, then
it suffices to choose the appropriate cut-off function to define the neighbourhood
of approximate solutions.
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Second, the notation cupl(M) is the cup-length which is defined using Alex-
ander—Spanier cohomology with coefficients in the field F. In particular, if M =
S¥=! the N — 1 dimensional sphere in RV, cupl(M) + 1 = 2. If M = TV, the
N dimensional torus, cupl(M) +1= N + 1.

In Theorem 1.1, we observe that the topology of M plays an important role
in multiplicity of solutions, which is motivated by these papers [10], [11], [15],
[21], especially [15] in which they consider multiplicity of schrodinger equation
(1.4) with local minimum in potential. By the way, it is cannot be ignored that
the domain’s topology is related to multiple solutions, see [5], [6], [16], [12], [50].
We also have an interesting consequence:

COROLLARY 1.3. Assume that (M1)-(M6) and V(z) € C*RYN) hold with
(V1) and sup V(z) < +oo. If f € C! satisfy with (f1) and (f2) for N > 3.

z€RN
Moreover, there exist mutually disjoint bounded domains O; (i = 1,...,k) and

constants 0 < ¢1 < ... < ¢ such that

supV(z) <sup V(z) = ¢;.
80; ;

i

Denote the sets of critical values by M; = {x € O; : V(z) = ¢;}. Finally, there
exist constants s; > 0 such that cis§/2 < F(s;) for eachi. Then, fore > 0 small,

k ,
(a) there exist at least ) cupl(M;) + k families of positive solutions oI
i=1

for (1.1), where j; :_1, ...yeupl(M;) + 1;
(b) let xg ) be o mazimum point of véji),

lim V(a:éji)) = ¢;;

e—0

(¢) up to subsequence, 09 5 U@ p H'(RY) as e — 0, where U® is the

least energy solution of
—M(/ |V'U2dx> Av+cv= f(v) inRY;
RN

(d) there exist C,c > 0 such that

We remark that solutions obtained in this corollary can be separated by e

v (z) < Cexp ( S o — z ")
€

small enough, since O; are mutually disjoint. And this corollary describes a kind
of multiple concentrating phenomena.

The main difficulties in proof lie in the presence of nonlocal term M (||Vul|3).
Concretely, first, it is more delicate than (1.4) when constructing the invariant
neighbourhood of approximate solutions and calculating some estimates. Sec-
ondly, unlike (1.4), the weak limit of Palais Smale (P.S. for short) sequences is
not solution for the corresponding Kirchhoff type equation. Whereas, we are
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inspired by [10], [21] and devise a new invariant neighbourhood and refine the
argument of P.S. sequences.

This thesis relies on variational arguments and is divided into four sections.
In Section 2, we first briefly refine more properties of potential that will be used
in the back. Afterwards we introduce some results about the limit equation
and define the center of mass which is used to estimate multiplicity and con-
centration property. Subsection 2.3 is aimed to construct the invariant neigh-
bourhood. Then we estimate the energy functional and its norm of gradient in
Subsection 2.4. In the following, three maps on the localized neighbourhood are
defined and some related properties are proved. Section 3 is devoted to iterating
three maps to obtain the estimates of energy functional and the results of ex-
istence. Finally, we focus on the multiplicity concerning with relative category
and cup-length in algebraic topology in Section 4.

2. Preliminaries

We observe that defining u(z) = v(ex), the equation (1.1) is equivalent to

(2.1) —M(/RN |Vul? dw) Au+V(ex)u = f(u).

In what follows we will focus on this equivalent problem. And we use || - || and
|| - || to denote the norm of H'(RY) and L"(RY) by

1/2 1/r
|u|l = </ |Vul? + |u2dz> and |lul, = </ |urdx>
RN RN

for r € [1, 00).
We look for critical points of the functional I'c(u) € C* (H1 (RN) , R) defined
by

(2.2) I.(u) = %J\?(Hwng) + % /RN V(ex)u? dr — / F(u) da.

RN
The critical point of T'. is clearly the weak solution of (2.1). We assume that
f(t) =0fort <0, then, by Bony maximum principle [34], any nontrivial solution
of (2.1) is positive.

Now we further refine the conditions on potential V. In [21], under the
condition (V2'), we observe that the lower bound of energy functional for limit
equation can be obtained by monotonicity of potential V" around local minimum.
Yet, this property does not hold for the case of local maximum. Thus it suffices
to explore more subtle properties from our assumptions in Theorem 1.1.

The local maximum in V(z) can be further captured by a local minimax
characterization. Moreover, there exists a quantitative deformation flow near
the local maximum. More precisely, from conditions of Theorem 1.1, we have
the following two conditions:
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(V2) There exist a connected bounded open set O C RY with smooth bound-
ary and a N —1 dimensional compact manifold Ly C O without boundary

such that
2.3 \%4 = f \%4
(2.3) max V(z) < mp = Bilg\LO)I?gg (p(x)),
B

where L£(Lg) is the set of connected (orientable) N dimensional compact
manifolds B and their boundary 0B are homeomorphic to Lg, and Ag is
a set

A :={p € C(B,0) : p|0B — Lg is homeomorphic}.

(V3) Taking a compact set of critical points M = {z € O : V(z) = mg} such
that for small d > 0, the neighbourhood M% C O. There exist positive
constants a, u, v > 0 and a map ¢ € C([0,1] x O, O) satisfying:

(a) V(¢(t,x)) is non-increasing with respect to ¢ € [0, 1], for any x € O.
(b) ¢(t,z) =z fort=0o0r x &V, "0

) mo—V"*
(C) IC(tlv ) (tg, )‘ < /,thl —t2| for t1,ts € [0 1], z e 0.
(d) hrn sup( (C(t+ h,x)) = V(¢(t,z))/h < —a, uniformly for ¢ € [0,1)
and z e (MINV )\ M, where
d._ N . _
M .—{xeR ylenja\x y|§d},
Vo L i={ze€0:my—v<V(z)<mg}.

mo—V

For the proof of these two conditions, see [10] for more details.

2.1. Limit equations. For any a > 0, we define a functional

1~
(2.4) La(u) = = M(||Vul]2) + 9/ u? d;v—/ F(u)dz,
2 2 RN RN
in C*'(H*(RY),R), which is associated to the limit equation
(2.5) —M(||Vull3)Au+ au = f(u).

n (£3), by continuity, we can have that there exist my, ms > 0 with my < mg <
mg such that any mo € [my, mg], (£3) still holds. We define the least energy
value for (2.5) and the set by:

E(a) = inf{L,(u) : L (u) =0, u # 0},

S, = {U e HY(®RM)\ {0} :
L,(U) =0, B(a) < Lu(U) < B(ma), U(0) = max U(:c)}.

When (M1)-(M5) and (f1)—(£3) are satisfied, the existence of the least energy
solution of (2.5) is proved in [21].
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It is also showed that any solution of (2.5) satisfies the Pohozaev identity:

N —2
(26)  P(u) =~ M(|VulB)|Vul3 + N/ %~ F(u)de =0,
]RN

From this, we have the following lemma:

LEMMA 2.1. Assume (f1)—(£3) and (M1)—(M6) hold. Then there ezists a min-
imizer U of 1rel;f) Lo(u) such that U is the least energy solution for (2.5). Hence
u

E(a) = uiggLa(u), where P = {u e H! (RN) \ {0} : P(u) = 0}.

Here (M6) plays an important role in looking for least energy solutions on
Pohozaev manifold. For the proof we refer to [14].

Denoting m(d) := inf{V(z) : + € M?} and m(d) := sup{V(z) : z € M?},
we choose d > 0 small enough such that

m1 < m(d) < mo <m(d) < mo.
Next we define the set
M([—1v0,0]) :={z € L:V(z) — mg € [-1p,0]},
here we choose small vy € (0, 7] such that
M([~1p,0]) € M?  and max V(z) < mo — vp.

Then we define

S= U S

a€[mo—vo,mo]

From Proposition 2.19 in [21], we see that S is compact in H*(RY) and there
exist C, ¢ > 0 such that, for any U € 5,

(2.7) U(z) + |VU(z)| < Cexp(—clz]), zeRN,
We define the neighbourhood of S: for r >0

S@r)={u=Ux—y)+px) e HRY): U eS8, yeRY, |o| <2r}.

2.2. Center of mass in §(2rg). In this subsection, we introduce a center
of mass in §(2rp) which will be frequently used in the following.

LEMMA 2.2. There exist positive constants Ro,r9 > 0 and a map
Y(u): S(2ro) — RN such that |Y(u) —y| < Ro,

forallu=U(- —y) +¢ € S2r) withU € S, y € RN and ||¢|| < 2ro.
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PROOF. Set r, = min |lul| and it follows from (2.7) that there exists Ry > 0
u€S
such that, for any u € S,

3 1
lull 2z 1< ros2) > 3 e and Jullmoi>ro 2y < 76 7

Define

Az u) = géfs? lu-U- Z)HHl(\w—zlsz%o/?)'

We choose cut-off function ¢ € C§° (R, [0, 1]) such that ¢(s)=0 for s€[r./2,4+00)
and ¢(s) =1 for s € [0,r,/4]. Taking rg = 7./16, we define the mass center map
T (u) as following:

d(d(z,u))zdz

T(u) = “BY .
¢(d(z,u)) dz

RN
Then, for u € 8(2ry), u = U(- —y)+ ¢ with U € S and ||¢|| < 2rg. We observe
that for any |z —y| > Ry and U € s,

Ju—U( - z)HH1(|xfz|§Ro/2)
Z HUHH1(|1:\§R0/2) — U =yl (e—yi=ro2) = ll¢ll
> §r — ir oy > =
= * 16 * 0 = 9 .
Then ¢(d(z,u)) = 0 and we find that supp{¢(d(z,u))} C B(y, Ro), which implies
that Y(u) € B(y, Rp). O

2.3. New invariant neighbourhoods R(r). In this subsection, we intro-
duce a new invariant neighbourhood R(2ry), which can be seen as the refinement
of §(2rg) in some extend. Due to the presence of the nonlocal term M, our defi-
nition of R(2rg) is different from [10]. This set is invariant under the maps which
will be introduced in the following subsections. Denoting V; := V(ex), we first
define, for r € (0, 2r¢],

Ra(r) = {u € S(2rp) :

/ Vu—U(- —y)P + Ju—U( —y)Pde <
o= (w)|<1/VE

R 2
for some U € S, y € RY and / |Vu|? + u? — 2F (u) dr < ! },

€

where D, = {x € RN : |z — T(u)| > 1/1/2}.
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Next we define

Ra(r) = {u € S(2r) :

2
/ Vu—U(- =g+ fu—U(- —y)Pdo < =
le—T(w)|<1/VE 2

for some U € §, y € RY and

O‘Eﬂ”LfDE |[Vu|? da
/ M (t) dt+/ Vou? dx—Q/ F(u) dz

U € €

2
min {V,Mo}},

where a, , = f|x—T(u)\<1/\/E |Vu|? dz. Thus we set R(r) := R1(r)URz(r). From

the definition, there is some relationship between the neighbourhoods S(2r¢) and
R(r). For simplicity, denote

aeutfp, |Vu|? da
lul2r o, = / M(t) di + /D Vil da.

£,u

LEMMA 2.3. Forc,c € (0,1] and some r1 € (0,7¢], there exist ¢ := q(r1) >0
such that ¢(r1) — 0 as r1 — 0 and, for small e > 0 independent of r1, one has

(2.8) R((1—q)ery) C€ S(ery) and  S(dri) CR((1+ q)ﬁc’rl),
where 1 4+ g < V2.

PROOF. First, we need to verify that there exist ¢ := ¢(r) > 0 such that for
small € > 0 and u € §(2r), one has

(29) [ Fade< 5 a0l

€

where r € (0,79] and ¢(r) — 0 as r — 0. In fact, set u = U(- — y) + ¢ with
UeS,yeRY and ||p|| < 2r. By (2.7) and Lemma 2.2, we have

(2.10) lim \VU(- —y)|> +U?(- —y)dz = 0.
RB=00 J|z—7"(u)|>R
Hence there exists R’ > Rg such that

/ |Vul? + Vou? do < 5r2.
le =" (u)|> R

Moreover, by (f1) and (£2), one has for any n > 0, there exists C,, > 0 such that
F(u) < nu? + Cy|ulP™. Thus by Sobolev inequality, we have, for small € > 0,

(p+1)/2
/ |u|PTt dx < C(/ |Vu|? +u? dx) < C(5r2)(P—1)/2/ Vul?+u? dx.
DE

€ €
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Then we have that
1 g (r)
F(u)dz < - ¢* Ptultde < ——————|ul3,p.-
[ Fwar < ae) [ 19l et < g i,
Thus we choose ¢(r) = max{1, My™", V" '}¢*(r) to end the proof of (2.9) and
also have that

1
/ F(u)dz < iq(r)/ |Vul? + u? da.
D,

€

According to this and (2.9), for u € §(2r¢), one has

(1—q)/ IVu|2+u2dx§/D [Vul? + u? — 2F (u) dz:

€

and

(1 —q)min{Mo,V} [ |Vu]* +u?dx

Ds
ae'“+st |Vul|? da
g/ M(t)dt+/ VEqusc—2/ F(u) d.
Qe gy D, D,

Then, choosing 71 € (0,7¢] with 1 + ¢ < /2. For u € R((1 — q)cry), we have
1
/ |Vul? + u?dz < = (1 — q)(cr1)?,
D. 2

and note that, for some U € §, y € RV,

(1= g)er)”

Vu—U( =y +|u—-U( —y)?do < 5

/ﬂc—T(u)lél/ﬁ

Hence, combining with (2.10), for small € > 0, one has
Ju=U(- *y)l\Qi/ Vw=U( =) +u=-U( —y)do
lz="(u)|<1/vE

+/ |Vul? + u? dz + o(1)
D

€

(1= qers)? 1
ST

On the other hand for v € S(cr1), then for some U € S and y € RN, one has
that

(1= q)(er1)* +o(1) < (er1)®.

/ V(u—U( )P+ Ju—U( — )P da
lz—="(u)|<1/VE

< (c'm)* <

(14 q)v2r1).

DN | =

And from (2.10), we have for small € > 0,

/ |Vul? + u?dr < (1 + q)(c’r1)2
D,
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Thus,
/D |Vul? + u? — 2F (u) da < ((1+q)\[cr1) )

Hence u € R((1+ q)V2cry). O

NJ\)—I

2.4. Energy and gradient estimates. In this subsection, we shall show
some properties of energy functional (2.2) and its gradient’s estimates on invari-
ant neighbourhood.

We first use the least energy solution of limit equation to estimate the energy
functional (2.2). By (V2), we observe that for any ¢ > 0, there exist a manifold
L. € L(Lo) and a map ¢, € Az, C C(L,,O) such that V(p.(2z)) < my for any
z € L. From the definition of A in (V2), we can assume 0L, = Ly and ¢.(z) =
z, for all z € Ly. From (V3), there is a continuous map ¢(s,z): [0,1] x O — O
such that

C(1,p:(2)) =C¢(1,2) =z for any z € Lo;
(2.11) V(¢(s, (7)) <mo for any z € L. and s € [0,1];
(2.12) V(C(s,0e(2)) Smo—1o  if pe(2) & M([~10,0]).
q¢

Then, denoting y(z) :=
H'(RY) by

At (@) = 0o (T,

where Uj is the least energy solution of the equation
(2.13) —M(||Vu||§)Au+mou: f(u).
Next we have the following energy estimates for I'c(A(¢, 2)):

LEMMA 2.4. Assume (M1)-(M5) hold.

(a) There exists T > 1 such that T-(A(T, z)) < 0.

. S,
(0) i mex | TL(A(2) < E(mo)

(¢) There exist t); > 0 and 07 > 0 such that A(t,z) € S(2r1) for any t €
[1—¢,1+ty] and
hmsupmax {To(A(t,2)) : t € (0,T)\ (1 —ty, 1+ t()} < E(mg) — 67/2.

e—0 z€L

(d) hlsrlj(l)lptre%a)qg {T.(A(t,2)) : 2 € Lo, Y(2) € M([~10,0))} < E(mo).

ProoF. Through changes of variable and exponential decay of Uy, we have
that for small € > 0,

RL(A(t,2)) = 5 M(E 2V T|R)
+ﬂ V(y(z))Ugdx—tN/ F(Up) dz + o(1).

2 RN RN
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It follows from (2.11) and (2.6) that

1 —~
TL(A(t,2)) < 5 M(EN VU [13) + tN/ % U2 — F(Up) dz + o(1)
RN

_ tN(M(tNZIIVUoI%) N-2,,

; o > M(VOIR) VTl ) + of0),

By (M3) and changes of variable, we note that I'c(A(t, 2)) — —oo, as t — +o0.
Then there exists T > 1 such that I'.(A(T, z)) < 0 for any z € L..
Moreover, we denote

1 ~, N N -2
L(t) z= 5 M(N=2V0O[3) — =557 ¥ M (IVUol3) IV Vol 3.

Differentiating L(t), one has

d N-2 _ M (tN=2||\VUy||2
4 by = V=2 evsyuy g XEIVOE) L s (vws) b
dt 2 t
By (M5) and changes of variable, we observe that
dL(1) dL(t) dL(t)
7—0, 7 >O fortE (0,1) and 7 <0 fOI'tE (1,+OO)

Thus, noting that the definition of Uy and (2.4), we have

e L(t) = L(1) = L, (Uo) = E(mo).

Thus (b) holds.
For (c), we can choose small ¢t{ > 0 such that for any ¢ € [1 — ¢(, 1 + 3],
[Uo(z/t) — Up(z)|| < 2ry. Then, for any t € [1 — tf, 1+ ty],

A(t,z) = Uo(- —7(2)/e) +pr € S(2r1)  with [lg¢]| < 2ry.
Moreover, for small € > 0,
T (A(t,2)) < Ly (A(t, 2)) + o(1).

From the proof of the part (b), taking §f = min{E(mg) — L, (A(1 £, 2))}, for
small € > 0, one has

/

I (A(t,2)) < E(mo) — 62—1 for any ¢ € [0,T]\ (1 —t{, 1+ tp).
For (d), if v(z) € M([—0,0]), it follows from (2.12) that for € small,

T.(A(t,2)) < L(t) — % N [ U2dr+0(1) < max (1) = B(mo).
RN €(0,00

Above all, we complete the proof of this lemma. O
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From the proof of this lemma, we define A(0,z) = 0. Then A(¢, 2): [0,T] x
L. — HY(RY) is continuous. Next we give the gradient’s lower bound of (2.2)
on the annular neighbourhood of R(r). We define
2.14 = Do (A(t .
( ) Ce te[ogl“%}z(eﬁg (A(t, 2))

From Lemma 2.4 (b) we observe that lir% C. < E(my).
e—

LEMMA 2.5. For some o € (0,71) and any r' € (0,72), there exists 61 =
91(ra2, ") > 0 such that for small e > 0 independent of 01,

Tz (W)l -1 > 61,
for all u € R(2r2) \ R(r") with T'e(u) < C. and eY(u) € M([—v0,0]).

PROOF. Assume on the contrary that for some r’ € (0,r3), there exists
us € R(2r9) \ R(r') with T'e(u.) < E(mp) and &Y (u.) € M([—1p,0]) such
that T (u.) — 0 as ¢ — 0. Since R(2r2) C S§(2r2), from Lemma 2.2, u, =
U(- —yz) + ¢ for some y. € RN, U € § and ||¢|| < 2ro. By (2.7), we have for
small € > 0 that

(2.15) \Vue|? +u? de < 5r3.

/RN\B(ye,l/\/E)

Let 3k2 < e~/2 with k. — 0o as & — 0.
Acj={z e RN : e 4 3jk. < |z —ye| <72 4+ 3(j + 1)k}

for 7 =0,...,k: — 1. Then one has

ke—1
Z / |Vue|? + Veu? da < / |Vue|? + Veu? da < 5r3.
j=0 Asj RN\B(ye»E_l/Q)

Hence there exist j. € {0,...,k. — 1} such that

2 2 53
(2.16) [Vue|® + Vousl de < —=.
A je ke
We choose x.(z) € Cg°(RM,[0,1]) such that y.(z) =1 for |z| < e /2 + (35, +
D)k. and x.(z) = 0 for |z| > e /2 + (35. +2)k. and |Vx.(z)| < 2¢%/2. Then we
define ugl)(x) = Xe(x — ye)ue(x) and ul? (x) = us(x) — ugl)(:zz).
Next we prove that ||u,£2)||s — 0, as € — 0. By (f;) and (f2), for any n > 0
there is C', > 0 such that

(2.17) f(s)s <ns* + Cy|sPT
Take n € (0,V/2) then

r;(u)u:M(Hvuug)/ |Vu|2d:c+/ Voatde— | fwuds
RN RN RN

> min{Mo, V/2}|[ul|* - Cv Jullp ;.
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Now, using sobolev inequality, we choose ro € (0,71) such that, for some ¢ > 0,
(218) TL(w)u > min{Mo, V/2}|ul]? — C'Cy [[ul " = cljul® for ul < 4rz.

y (2.16) and (2.18), one has
) = M(IVuelg) [ 9a@PP o [ Vi) o
RN RN
— [ ) do o) 2 a2+ o),

and it follows from I'. (uc) — 0 that ||u82)|\ — 0. Thus, from I'. € C', we have
I’ (ugl)) — 0. Since u. is bounded in H'(RY), denoting u(l)( ) = (1)(:1: + ve),
we have uél) — W in HY(RY). By Lemma 2.2 and Y (u.) € ./\/l([ vy, ]), it
follows that ey. — yo € M([—1p,0]). Then W solves the equation
(2.19) —agAW + V (yo)W = f(W) in RV,
7 7 (1)12

where ap = E11_1}1(1)J\I(HVU‘SH%) = Eh_r)% M (|| Vue ||2)

Then, we claim that 4. — W in H'(R"). First, we shall show that

e—0 ERN

(2.20) lim sup / ‘ﬂgl) - VV|2 dx = 0.
Bl(Z)

Supposing on the contrary, there exist {z.} C RY such that
lim |ﬂ£1) — big|* dx > 0.
£—0 Bi(ze)

Since 7Y — W in L2

loc

(RM), |z.| — oo. Moreover, noting that supp {ﬂgl)} =
B(0, 25_1/2) one has e(y. + z.) — Yo in RY and denotes v.(z) := ugl)(x + ze).
Then v. — W # 0 in H'(RY) and W satisfies

(2.21) —apAW + V(yo)W = f(W) in RV,
Set

Lao,V(yo)(u) = %/ ‘vu|2 dx + @ / U2 dr — / F(U) d[l),
RN RN RN
Boo(V(y0)) := if { Lag v(yo) () : Ly v (ye)(w) = 0, w € H'(RY)\ {0}}.

By (f1)—(f3) and the result of [7] and [29], E,,(V(z¢)) is well defined and is
increasing with respect to ap and V(yg). From the corresponding Pohozaev
identity to (2.21), we have

LQO,V(UO)( HVW||2 > an(v(yO))'

Then, observing that M, < ag < M, we take large R > 0 such that

/B( |VW|2da:z2%E (V(yo)) > gEMO(V(yO))
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Moreover, since |z.| — co, we can assume that Br(z:) C RV \ B(y.,1/y/z) for
small € > 0. Then, by (2.15),

/ |V |> + V(ex + ey. + ez )v? dx
Br(0)

< / |Vue(z + yo)|? + Viex + ey )ui(x + ye) do < 573
Br(ze)

It follows from the Fatou lemma that

/ |VVT/|2dx§5r§.
Br(0)
Then we can take ry > 0 small such that

N
ry < Thag Emy(V(v0))

to get a contradiction. Hence by (2.20) and Lemma I.1 in [35], we have
(2.22) a) - W in L3(RY) for 2 < s < 2%,

Next we prove that

(2.23) 1imsup/ f@M) M de < [ F(W)W da.
RN

e—0 RN
For fixed n > 0 in (2.17), noting that " are bounded in L2 (RN), one has for
any & > 0,

lim sup/ f(ﬂgl)) aMVdr <nC+ C’n/ W PH da.
|| =€

£—0 |z[>€

Then we take &, > 0 large enough such that

lim sup/ f(ﬂgl)) aM) dz < (C +1)n,
lz[=&n

e—0
(2.24)
[ s <
@] =&y
Moreover, by Strauss lemma in [44], we have
(2.25) lim FED) T do = / FOWYW da.,
e20Jjzl<e, el <€y

It follows from (2.24) and (2.25) that

lim Sup/ f(ﬂgl)) Y da
RN

e—0

S(C+1)n+/

lz]<&n

fW)Wdx < (C+2)n+ FWHW da.
RN
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Letting 7 — 0, we obtain (2.23). Observing the fact that I"s(ugl)) — 0, we have
(2.26) M(||Va|3) / vt ]2 dz + / Viex + 6y€)(ﬂ§1))2 dx
RN RN

:/ F@EM)aM dx + o(1).
RN

Then, by (2.23) and Fatou lemma, one has
ao/ VW |? dx +/ V(yo)W? dx
RN RN
< lim inf (M(HVEIS)HE)/ |V'ﬁ§1)]2dw+/ V(ax+ey5)(agl>)2dx>
e—0 RN RN

< lim sup/ fF@M)al da < FW)W dux.
RN RN

e—0

Thus, since W solves the equation (2.19), we have that, up to subsequence,

lim (M(||vag>y|§) / VAP de + / Vier +eyo) (@h)” dr)
RN

e—0 RN
= ao/ VIV |2 da:—|—/ V(yo)W? dz.
RN RN
Now we claim that

(2.27) lim \Vag”fdx:/ VW2 da.
RN RN

e—0

On the contrary, we assume that

ho := lim (/ |vagl>|2dx—/ |VW|2d:c> > 0.
e—0 RN RN

We choose large R’ > 0 such that

h
/ Viyo)W?de < 220
|e|>R! 2

From (2.26), one has that

ao/ VW |? da +/ V (yo)W? dx
RN RN

h
§ao/ \VW\de+/ V(yo) W2 da + 2010
RN lz| <R/

. . —~ 2 7
< lim inf (M(||vu§1>||2) /RN \Val) ? da
—|—/ V(ex + xg)(ﬂél))Qda:> _ woho
|z| <R/ 2
Oéoho

< FW)W dx — 5

RN
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Observing (2.19), the previous inequality leads to a contradiction. Hence we
have (2.27), which also implies that ag = M (||[VW||3) and, up to subsequence,

(2.28) lim [ |[Va|* + V(ex +ey.) (@V)* da :/ VW2 + V (yo)W? da
RN RN

e—0

and W solves the equation

~M(||[VW|2)AW + V(yo)W = f(W) in R
Above all, noting that | Y (u)—y.| < Ry, €Y (ue) € M([—vp,0]), one has mo—vp <
V(yo) < myg. Since

E(mo) > De(ue) = Do (ul) +ul®) = T (@) + o(1).

We have

E(mo — ) < E(V(y0)) < Ly (yo) (W) < E(mo).
Thus, setting y; € RY such that W (y;) = max W(z), W := W(z+y) € S.
Observing that

e = TC — 1~y < 50 ~W( = g1~ gl + 2] =0 ase 0,

Consequently, we can obtain that for small € > 0, u. € R(r’) which leads to
a contradiction. O

2.5. A map on R(2ry) from minimizing problems. In this part, we
introduce a map on R(2r3), which is obtained by solving minimizing problems
on part of RV, Hence, this map has some good properties: it does not increase
the energy of (2.2) and makes functions possess exponential decay away from
the center of mass. This map is not special, which was initially proposed in [17].

For u € HY(RY), some y € RY and b € (0,2], there exists R > 0 such that

b2
(2.29) / |Vul|? +u? de < —.
RN\B(y,R) 2
Define

Hl(u) == {v € H'(RY) :v=uin B(y,R) and /

|Vo|2+v? dr < bz}.
RN\B(y,R)

Then we consider the minimization problem on H, Zfb(u):

1~
Ifb(u):inf{M</ |Vu|2dcc—|—/ |Vv|2d:c)
’ 2 B(y,R) D

+1/ stzdxf/ F(v)dx:vEHfb(u)},
2Jp D '

where D := RY \ B(y, R). Arguing as in the proof in [17], we have the following
lemma:
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LEMMA 2.6. For some b € (0,2], there exists a unique minimizer v. =
ve(u,y, R) € Hsz(u) of Iﬁb(u) and v, solves, for some ag > 0,

(2.30)  —apAv+Viv=f(v) inRY\B(y,R) and v=wu in B(y,R).
Moreover, there exist C,c > 0 independent of € > 0 such that
ve(z) < Cexp(—clr—y|—R—1) for|lz—y|>R+1.

PRrOOF. For any v € HJ(u),

M(||Vv]3) M(/ |Vu|2dx+/ Vv|2d:c)
B(y,R) D

< M(/ |Vu|2dx+4> = M;.
B(y,R)

Then, combining with (M1) and denoting a := fB(y R |Vu|? dz one has the
following inequality:

(231) min{My, V) / Vul? + ude < Julliyp
D

at [, [Vul? do
::/ M(t)dt+/ Vou? dx
«a D

< max{Ml,V}/ |Vul? 4 u? da.
D

For simplicity, we denote

I.p(v) == ;M<oz+/ |Vv|2d:c) ;/ X/EUZdz—/DF(v)dx.

By (f1) and (f2), there exist Cy /16 > 0 such that

/F dx<—/ v dx—i—CV/lG/ lo[PTt da.

By Sobolev inequality,

(p+1)/2
/ lo[Ptt dr < C(/ Vol + v? d:c) .
D D

Hence, for v € H)JY,(u) with [}, [Vo|* + v® dz = b?, by (2.31), there exists ¢ > 0
such that ||v||?u,D = cb?. Then, for b > 0 small, we have

1 —~ 7 _ 1~ 3
IE,D(U) Z §M(OZ) + (16 - C(cb2)(p 1)/2) HUH?W’D > §1\4((1) + §0b27

here we use that

M(s+1t) = / M(t
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On the other hand, for v € Hgfb(u) with [[v[|3; p < ¢b?/2, one has

16 2 2 8

for b > 0 small. Consequently, we observe that the minimizer of I. p(v) is

1 ~ 9 b2 (p—1)/2 1 ~ 3
Lo <58+ (5 +0(5) )Iolheo <5 5@ + g

obtained in the interior of Hﬁb(u).
Let v,, be the minimizing sequence, then

/ |V | 4+ Vev? do < b2,
D

Henc,e up to subsequence, v, — v, in H!(RY). Similar with the proof of (2.23),
we can obtain

limsup/ F(vn)dzg/ F(ve) dz.
D D

n—roo

Combining with weakly lower semi-continuity, v, minimizes I. p, i.e. solves
2. h = lim M 2 .
(2.30), where ag Jim (a+ [, [V, |? da)

Next we prove the minimizer is unique. We assume that v} is the other
solution, then we denote Z = v} — v.. Through calculating, we have for some
c>0and X €[0,1],

c/ \VZ|2dx+/ Z2dx§/ f'(ZM 72 dx,
D D D

where Z* = \v} + (1 — A\)v.. Then by (f1), (f2) and Remark 2.6 in [14], for any
n > 0, there exists C,, > 0 such that |f'(¢)t?| < nt? + C,t?". Then we have, for
some C' > 0, such that

/ |VZ|? + Z%dx < c/ (Joz [V V=2 4 |o |V N=2) 22 do.
D D

By Holder inequality, one has

* - - w114/ (N=2 4/(N—2
/D(|v€‘4/(N R LA 2))Z2dx§ (”%”2{( )+||Us /( ))||Z

2
2 ok -

Hence, by Sobolev inequality, we have for some C' > 0
/ IVZ|* + 2% dz < C(b” max {1,m51})4/(N_2) / \VZ|? + Z? da.
D D

Consequently, for small b > 0, we have Z = 0.
Finally, we prove that v. has the exponential decay. First we claim that for
any fixed € > 0, lim wv.(z) = 0. In fact, by absolute continuity of integral, it

follows that

(2.32) Jim v2 + 0¥ dr = 0.
7o J|z|>R

Noting that My < ap < M, and
V.

£ 1 :
—Av. + v, = — f(v.) inRY\ B(y,R).
(7)) (7))
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By argument of regularization in [8] (also see in [36]), we have v. € L*(RY)
and |ve|s < Csl|ve|| for any s > 2. Thus, for some t > N, || f(ve(z))|l¢/2 < C.
By regularization’s estimates in [25] (also see in [36]), one has for any Ba(z) C
RY\ B(y, R+ 1),

(2.33) sup v:(2) < C([lvellz2(Batey) + ll9lles2)-
rEB1(z)
Hence, by (2.32) and (2.33), we have ‘ llim ve(z) = 0 independent of small € > 0.
Tr|—00

Then, for y € O, there exist R > 0 such that

C Vv
1) < C |4 fuulp) < = for o € RN\ B(y, R+ 1).
g o) 20[0

Thus, through calculating, one has

%
—Av, + — v, <0.
20&0

Moreover, take a function d(x) € C?(RY \ B(y, R)) such that for r(z) := |z —y|,

1
(2.34) ld(z) = r(@)llc2 @\ BGy,R) < 13-

Then we choose ¢ > 0 independent of € > 0 such that

Aexp (—c(d(z) —R-1)) — % exp(—c(d(z) — R —1))

< (cAd +2|Vd - 2‘0/[0) exp(—c(d(z) — R — 1)) < 0.
And we take C' > 0 such that
ve(z) < Cexp(—c(d(z) — R—1)) on 0B(y,R+1).
Setting ¢ := Cexp(—c(d(z) — R — 1)) — ve(z), we have
—Ap + %w >0 inRNY\B(y,R+1),

>0 on B(y, R+ 1),
lim o(z) =0.

|z| =00

According to maximum principle, one has ¢ > 0 in RY \ B(y, R + 1). Conse-
quently, from (2.34), there exist C, ¢ > 0 such that

ve(z) < Cexp(—c(|lz —y| — R—1)) forz e RV \ B(y,R+1)
independent of small € > 0. O

For any u € R(2r3), from the proof of (2.15) and Lemma 2.2, we have that,
for small £ > 0,

/ |Vul? + u? dx < 673.
RNAB(Y(u),1/Ve)
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Then, in Lemma 2.6, taking y = Y(u), R = 1/4/ and b = 2v/3r,, there exists
unique minimizer

7(u) == v (u, Y(u),1/vE) for I} (u).

Thus, 7(u) € R(2r;) and T-(7(u)) < Tc(u).
From the next lemma, we can see that the center of mass of 7(u) does not

go far away.

LEMMA 2.7. For smalle > 0, |Y(7(u)) — Y(u)| < 2Ry for any u € R(2rs),
where Ry is given in Lemma 2.2.

PROOF. For any u € R(2rs), there exist U € S, y € RN such that | Y (u) —
y| < Ry and

(27’2)2

V(=T =)+ |u—U(- —y)Pde < 2=

/B(T(U),l/ Ve)
Moreover, from the definition of 7(u) and Lemma 2.6, we observe that 7(u) €

R(2r2) and 7(u) = v on B(Y(u),1/+/¢). Then 7(u) satisfies either

2 2
‘/ Vr(u)|? + 72(u) — 2P (u) dz < 212
EN\B(Y (u),1/2) 2

or, denoting «. := fB(T(u) 1/V3) |Vu|? dz and D, := RN \ B(Y(u),1//),

a€+fDE |Vr(u))? dz
/ M@ﬁ+/’KQWMx
« Ds

€

(2r2)*
- Q/D F(r(uw))dx < szln{z7%}.

=

By (2.9), one has

/ VT (uw)]? + |7(u)]* dz < (2ra)” (2r2)%.0
. S2(1-q - T
Hence, for small € > 0,
I (w) = U(- = y)lI” é/ V(u—=U( =)+ (u—-U(- —y))?da
B(T(u),1/e)

+/ V7 (u)]? + 72 (u) dz + o(1)
RN\B(T (u),1/VE)

<2(ro)? + (2r)% + 72 = Tra.
For any z € RV with |z — T(u)| > 2Ry, noting that

|2 =yl = [z = T(u)| = [T(u) = y[ = Ro,
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one has that, for any U € S,

[ 7(u) — u(- - Z)HHl(\x—z\gRo/Q)
> U =) =T =D 1o siems o) — 70 = UC =)

3 1 1
> -, — > =
_4T* 16 T ﬁTQ_ 2T*7
here we use that r, > 16ry. Then, from Lemma 2.2, U(d(z,u)) = 0. Thus
Y (7(u)) € B(Y(u),2Ry). O

Since there exist (t,z) € [0,T] x L. such that A(¢,z) € R(2r2), we will
use A(t, z) to begin with the iteration, thus we extend continuously the center
of mass T(u) onto R(2rz) U {A(t,z) : (t,z) € [0,T] x L} such that, for any
A(t, z) & R(2r2),

(2.35) T(A(t,2)) — @ < 3Ry

and
T(A(t, 2)) = @ for (t,2) € [0,T] x N(Lo),

where N'(Lg) C L. is a neighbuorhood of Ly. Moreover, observing the exponen-
tial decay of A(t, z) and the proof of Lemma 2.7, we can extend the map 7 con-
tinuously on R(2r9) U{A(t,2) : (t,2) € [0,T] x L.} such that if A(t,z) € R(2r2)
or eT(A(t, 2)) & M([—wp,0]),

(2.36) T(A(t, 2)) = A(t, ).

2.6. Translation operator through the deformation flow of V(z).
This part states properties of map 7T (I, u). Since combined with the deformation
flow of V(z), functional I'. does not increase energy. Further, when center of
mass Y(u) stays away from local maximal points of V(x), I'.(7z(I,u)) decreases
strictly as [ varies (see Lemma 2.10). Moreover, through choosing proper cut-off
functions, R(2rq) is invariant under this translation operator (see Lemma 2.9).
Also, center of mass does not go fa away after this translation (see Lemma 2.8).

Take large Ry > 0 such that M ([—v,0]) C B(0, Ry) and choose three cut-off
functions for the translation operator:

o . € C°(RY,[0,1]) with ¢.(z) = 1 for |z| < 2Ry /e, ¥.(x) = 0 for
|z| > 3Ry /e and |Vibe| < 2¢;

e k1 € CP(RYN[0,1]) with xi(z) = 1 for * € M([-3vy,—211]) and
k1(x) = 0 for & € M([—v1,0]) UM([—vp, —411]), where we choose small
v1 € (0,v9) such that 4y < vy.

o Ky € C%(R(2rq),[0,1]) with ka(u) = 1 for u € R(r2/6) and ka(u) = 0
for u & R(re2/4).
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Then we define a function (g: [0,1] x RY x H}(RY) — RY by
oll, 2, 0) = C(m () ma(u)l, ),
where from (c) of (V3), we take [y € (0, 1] such that
(2.37) [V(¢(,z) —V(z)| < % for any [ € [0,lo] and z € M([—vy, 0]).

We define translation operator 7z : [0,lo] x R(2r2) — HY(RY) by

To(Lu)(z) = (1 — ve(z))u(z) + (Yeu) (x - M + T(u))

From this definition, we note that if u ¢ R(rz/4) or €Y (u) € M([—vo, —411] U
[—11,0]), ¢o(l,eY(u),u) = Y (u), Te(l,u) = u for any [ € [0,ly]. For simplicity,
denote

Co(l,eY(u), u)

d(l,u) = -

— T (u).

LEMMA 2.8. Foru € R(2r2),

Go(l,eY(u),u)
€
PRrROOF. For u € R(2r2) \ R(r2/4), Co(l,eY(u),u) =Y (u) and T-(I,u) = u,
the conclusion follows. Moreover, for u € R(%), from Lemma 2.3, we know that
u € S(r2/(4(1 —¢))). Then, from Lemma 2.2, there exist U € S and y € RY
such that

T(T2(0,u) — < 2R,

T2
T(u) — —U(-—y)| < .
T~y <Ry and u—U( )l < g7

By (2.7), for small € > 0,

T2
|Vu|? +u? dr < +o(1).
/z|>2R1/5 4(1—q)

Then, for small € > 0,
17e(lu) =U(- —y —d(l,u))|
<A = e)ull + [[(Yeu) (- —d(l,w) = U(- —y —d(l,u))|

<20(1 = ve)ul + = V(- =) < s +ol1) < 20

Hence, by Lemma 2.2, |Y(72(l,u)) —y — d(l,u)| < Rg. Thus

Gl eT(u), u)

(Tl u)) < |Y(Te(lu) —y —d( u)[ + |y — T(u)] < 2Ro. O
Next we prove that R(2ry) is invariant under 7:(l,7(u)). For simplicity,
denote

Co(l, T (7(w)), 7(u))

€

d(l,7) = = T(7(u)).
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LEMMA 2.9. For u € R(r2/4), To(l,7(u)) € R(7r2/8) for any 1l € [0,lo].
Thus, for any u € R(2r2) and 1 € [0,1o], T-(I,7(u)) € R(2r2).

PRrROOF. For u € R(rz/4), 7(u) € R(re/4). By Llemmas 2.3 and 2.2, there
exist U € § and y € RN such that

T2

I = U =)l < g7

and |Y(7(u)) — y| < Rp.

Then, we note that ey + ed(l,7) € M([—wp,0]) for small € > 0, and from
Lemma 2.6, there exist C, ¢ > 0 such that

@38 [ V(= v )P V(- b)) de < Coxp (<€),
|z|>R1/e €
Thus, for small € > 0,

17 m(uw) =U(- —y —d(l,7))|
<A =)Wl + [[(Yer(w)) (- —dl, 7)) =U(- —y —d(l, 7))

(3\/? — 4)7‘2 T2
16(1+q)  4(1—q)

<2[|(1 =g )r ()| + [I7(u) =U(- =y)|| <

Then, observing

(3v2 — 4)r r 7
\/5(1+q)< 16(1+q)2 +4(12q)> <gre

it follows from Lemma 2.3 that
7
T rw) € R (Gra).

Consequently, for u € R(2rz), if 7(u) € R(re/4), Te(l,7(u)) € R(2rz) for any
1 €[0,lp). If 7(u) € R(r2/4), ko(r(u)) = 0 and T-(I,7(u)) = 7(u) € R(2rs) for
any [ € [0, lo]. O

LEMMA 2.10. For small € > 0,

(a) ifu € R(2r2) and Y (u) € M([—v0,0]), Te(T(l,7(w))) is non-increasing
on [0, o],

(b) ifu € R(r2/10) and €Y (u) € M([—3v1, —2v1]), there exists 19 > 0 such
that T (Tl 7(w))) — To(T2(0, 7(w))) < —pio.
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PROOF. Set 0 <1 <1+ h <ly. Denote 2, := eX(7(u)) and ¢ := 1 — ..
We compute that

Le(Te(+ h, 7(w))) = Pe(Te(l, 7(u)))

1 a1taztag 1 a1+042+o/3
_! / Mt)dt— X / M(t) dt
2 aitog 2 aytag

+ [ Ve gfr(u) - [(Wer(w)(- = d(l + h, 7)) = ($er(w)(- —d(l,7))] de

RN

N % /RN V(e - +Co( + hyr, 7(w)))

T

—V@4ﬁﬂwwNWMWJWW<-+€)m

— /]RN [F(T:(l+ h,7(w)) — F(T:(I, 7(w)))]dz :=Ty — To + T5 + Ty — T,
where
ar = [V@Er)l3, a2 = V(@er(w)]3,

as= [ VEET(w) - V(e (w))(- —d(l + h, 7)) dz,

R
ol :/ V(e r(u)  V(@er(u)(- = d(l, 7)) da.
RN

Recalling that (o(I,z,,7(u)) = ((k1(xr)ke(T(w))l, 2,), if 2, € M([—11,0]) U
M([—vo, —411]) or 7(u) € R(2r2) \ R(r2/4), To(l,7(u)) = 7(u) for any [ € [0, o)
and the conclusion hold. Thus we consider the case that 1 (z)k2(7(u)) > 0, that
is 7(u) € R(ro/4) and x, € M([—4v1, —14]), then we compute that, denoting
H = k1(z;)ka(r(u))h,
LT by 7(w) ~ T T ()] = T2 22 228

Since ed(l, 7), ed(l+h,7) € B(0, Ry), then it follows from (2.38), elliptic estimate
for the solution 7(u) of (2.30) and the property (iii) of (V3) that for small £ > 0

7|T1 I_{Tﬂ < My s — o <o(l) and % < o(1)
and

Iz _ 1 c .
H H /RN\B(O,2R1/€) PUET()C b m) + ver(w)) de

_/ F((Cr(w) (- +d(,7)) + der(u)) do

RN\ B(0,2R, /¢)
=/‘ F (W€ w) (- +d(t,7)
RN\ B(0,2R; /¢)

+ 7 (u) + 0g(1, h, 7))

l,h
o,



MULTIPLICITY AND CONCENTRATION FOR KIRCHHOFF TYPE EQUATIONS 209

where 6 € (0,1) and g(I,h, 7) = (VE7(w)) (- +d(l+h, 7)) — (VE7(w)) (- +d(l,T)).
Next we consider the term T,/H. Denoting
Vo= V(ex + ol + hywr, 7(w) = Ve + Go(l,zr, 7(w))),
one has that
T4 - 1 - 2 1‘77-
H B 2H |x|2873/4‘/6(w87(u)) ( * 3 )dl‘

1

—~ €T
1 v 24P ) =Ty, + Ty,
2H Jjzj<e-2/4 (er(w) ( +5) S

For |Tv,|, denoting z;p, := = — (o(l + h,2,,7(u))/e + /e and x; == x —
Coll,xr, 7(u)) /e + 27/,

1
Tl = 557 [ Vi (Wer(u)? i) d
lz—Co(l+h,zr,7(u))/e|>e=3/4

Ve(ter(u)?(21) da

/:EC()(I,I,-,T(U))/E|>53/4

= % /D 1 V(Wor()?(@in) de + = [ Ve(ur(u)? () da

o1 Jp,
1
+5 Ve| (e () (x14n) — (Wer(u))? ()| da
|z—Co (L ,m(u))/e| >e=3/4
=A + Ay + As,

where

Col+ hyxr,m(w))
€

Dl{xERN:‘sc ’283/4

and |z —

I3

Co(l, z7,7(u)) ’ < 53/4},

Dgz{xeRN:

T Co(Z,JIT,T(u))‘ > c—3/4
9

and

r— CO(Z"_h»xTvT(u))' < 5—3/4}.
€

Noting that h > H > 0, we can take h > 0 small enough such that, for any
x € Dy,

xCOUxT(u))‘ > ‘x Co(l+h,$r,7(u))'
& N €

- % |C0<l + h’ax‘l'aT(u)) - CO(Z,(ET, T('LL))| > €73/4 - /‘LH571/2 > 673/47

N | =

then we have, for any x € Dy U Ds,

T — CO(lvxTvT(u))‘ > 1673/4.
€ 2
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Moreover, from the definition of D; and Dy and (c) of (V3), there exist M > 0
dependent of N such that
M
‘D1| + |D2| < E?’TM ‘CO(Z + ha L7, T(U)) - Co(l7xT7T(u))‘ < M,U'HeigN/Zl'
Hence, observing that ed(l + h, z,,7(w)), ed(l, z,,7(u)) € M([—1p,0]) and the
decay property of 7(u) on Dy U Dy, we have |A1| + | 42| < o(1) for small & > 0.
For As, it follows from the decay property of 7(u), standard C%-estimate for
7(u) of (2.30) (see [25]) and (c) of (V3) that
lim sup | As|
h—0
<£ /
€ Jjo—Co(lwr () /e|>e=2/4
On the other hand, for Ty,, by (iv) in (V3) and x, € M([—4v1, —11]), we have
that, for small € > 0 and Hy := k1 (2, )k (7(w))l,

Vel (e () ()] - |V (e (w)) (21)] da < o(1).

1
(2.39) limsupTy, = limsup — [V(ex + ((Ho + H,z.))
h—0 h—0 2H Jjg<c-3/4

~ Vo + (o e r @) (o4 2 ) do

< 3 (ot (u))? (:g T ”CT) da.
8 |z|<e—3/4 €

Noting that |z, /e — T(u)| < 2Ry in Lemma 2.7, one has

By :=liminf inf / u?dz > 0.
=0 uweR(2r2) Jiz—z, /e|<e—3/4

Hence Ty, < —3aBy/8. Above all, we have that in the case of k1 (2, )k2(7(u)) > 0
for any I € (0,1p] and small € > 0,
. 1 aB
limsup [T (T2 (1 + b, 7(u))) ~ Do (To 0, 7(w)))] < — 20,
h—0
This implies that T'c(7: (I, 7(w))) is non-increasing on I € [0, lo].

For (b) of this lemma, if u € R(r2/10) and €Y (u) € M([—3v1, —214]), from
Lemma 2.7, , belongs to a 2e Ry-neighbourhood of M([—3v;, —214]), then for
small € > 0, k1 (z;)k2(7(u)) > 0. Take I =0, h =y and H = k1 (2, )ka(7(u))lo,
we can derive that there exists pg > 0 such that (b) of this lemma holds. O

2.7. Gradient flow of the energy functional I'.. The third map in-
troduced in this part stems from gradient flow of functional I'.. Some other
necessary properties are proved in what follows.

Next we define the set: for the positive constants r3 and s to be determined
later,

XT(’;E = {u € R(2r3) : eY(u) € M([—wp,0]) and I'.(u) < C.}.
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Then we look for the critical points in the set ng \X,§<m°)‘52. Arguing on
the contrary, we assume that I'.(u) does not have the critical points in the set
xC \Xg(m(l)*tiz_

Now we consider the following ordinary differential equation:

dn _ ()
U(O,U) =4u,

where two cut-off functions 11 (s) € C§°(R, [0,1]) and a(u) € C*(R(2r3),[0,1])
are defined as following: 1(s) = 1 for |s — E(mg)| < d2/2 and 91(s) = 0 for
[l — E(mg)| > 625 2(u) = 1 for u € R(3r3/2) and ¢2(u) = 0 for u & R(2r3).
Then there exists a unique solution 7(s,u) for s € [0,00) such that n.(s,u) €
x<: \ & Emo) =02 g1, € x<: \ & Z(mo) =2 Noreover, observing that the following

lemma, the center of mass for n(s,u) does not go far away when s varies.

LEMMA 2.11. Assume that u € ng \/’\fg(mo)*é2 and 0 < 51 = s1(e) < 82
s2(g), there is some ¢ > 0 independent of & such that | T (n(s1,u))—Y(n(s2,u))|

v

¢/e, then lim |sa(e) — s1(g)| = oc.
e—0

PROOF. For [s1, s3], we take interval division into s1 =tg <t; < ... <ty =
S9 such that

IT(n(tig1,u)) — T(n(ti,uw))| > fori=0,...k—1.

&l

Moreover, for each ¢ = 0,...,k, since n(t;,u) € S(2r3), by Lemma 2.2, there
exist U; € S and y; € RN such that

[n(ti,u) = Uil <2rs and  [Y(n(ti,u)) — yi| < Ro.
Then, for small € > 0, we have that
yit1 = wil = [T (n(tigr, ) = Ln(ts u))| — 2Ro > ¢/ke — 2Ry > Ro.
Thus, noting that r, > 1673 in Lemma 2.2, one has
In(tis1, u) = n(ti, W)l = Ui (- = yigr) = Us(- — i)l
= Intiv1,u) = Uipa (- = yir)|| = lInti, w) = Ui(- — i)l
> %r* —%r* —drg > 1—767“* > 0.

On the other hand, noting that ||n(t;+1,u) — n(t;, w)|| < [tix1 — t;], there exists
¢ > 0 such that for each i, we have |t;4+1 — ¢;| > ¢ and hence |s; — sa| > ke.
Taking k = [1/+/2], we complete the proof. O
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Before we prove the next lemma, recalling the proof of Lemma 2.4 (c), we can
also obtain that there exist to > 0 and 05 > 0 such that for any ¢ € [1 —tg, 1+t0],
5

> and T (A(1=%to,2)) < E(mo) — 5

T3

(2.41) A(t,2) € R(lo

LEMMA 2.12. For somers € (0,72) and 8 € (0,01), if u € X5 withn(l,u) €
R(7rs/8) \ R(rs/10), I € [0,73/30], then for small e > 0, T'o(n(r3/30,u)) <
E(mo) — 52/2

ProOF. We divide the proof into the following two cases:

Case 1. For [ € [r3/60,15/30], since n(l,u) € R(7r3/8) \ R(rs/10) and from
Lemma 2.3, we also have that n(l,u) € S(7r3/(8(1 — ¢))) \ S(r3/(10v/2(1 + q))).
Setting s € [l —r3/60,1], we note that that

']’1:
(2.42) () = (s, w)]| < |1 = s < g5
Then, noting that 111% q(r) =0 in Lemma 2.3, we choose r3 € (0,73) such that
r—

3v/2 7 1 1 V1 1
— > — and — > .
41+q) 8(1—q) 60 10v2(1+¢) 60(1—q) ~ 60

Thus, from (2.42) and Lemma 2.3,

3\57"3 T3 37”3 T3
o e5( i) VS (amr=g) <~ () R (5)
Consequently, in Lemma 2.5, we take
T . T T
r':é and 52<m1n{6851<r3,&‘;>,5’2}.

Moreover, we assume that for any s € [l —r3/60,1], T(n(s,u)) > E(mg) — d2/2,
then, for small € > 0,

L1(,10) - Ema) +o(1) < Dulot. ) ~ T (n(1 - 22,0 )

l l
dn r3 r3
— [ rwPa= [l s - (n ) < 6
/l—r3/60 dt I—73/60 60 60

which lead to a contradiction with the assumption.

Case 2. For | € [0,7r3/60], setting s € [I,I + r3/60], then we still have that
n(s,u) € R(3r3/2)\R(r3/60). Similarly to the preceding part, we can also prove
that T.(n(s,u)) < E(mg) — d2/2. O
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3. Existence results of solutions

3.1. Iteration procedure by translation and gradient flow of I'.. We

define a map I: ng — ng by
I(u) = Te(lo, - ) o T om(ly, u),
where Iy = r3/30 and [y is given in (2.37). From Lemmas 2.6, 2.10 and 2.12,
we observe that I'; is non-increasing under the maps 7, 7. and 7. Then one has
Ie(I(u)) < Te(u) for any u € R(2r3) and I(u) = w if u € R(2r3). Now we define
the iteration I’ by
I=[F"1oI, forj=1,2,...

Since we assume that there is no critical point in X, \X,f(m‘))_(SQ, then there
exists k. > 0 such that

(3.1) I ()| -1 > ke for u € XCe \ X E(mo)=a
We consider the iteration map I k on ng in the following lemma:

LEMMA 3.1. Assume (3.1) holds, taking j. = [3082/(kers)]+ 1, then for fized
small € >0,

: 1
L. (I7% 0 A(t,z)) < E(mg) — 3 min{ds, o}, for any (t,z) € [0,T] x L..
PrOOF. We consider the following sequences:
n(l,I7 o A(t,z))] forj=0,...,j. — 1 and € [0,r53/30].

First, we assume that the following case holds: For some j and [ € [0,r3/30],

(17 0 A(t, 2)) € R<7r3> \R(m)

By Lemma 2.12, one has
P

L. (7= 0 A(t,2)) <T-(n(li,I? 0 A(t,2))) < E(mo) — 5

If the preceding case does not happen, then for any j = 0,...,5. — 1 and

1 €[0,r3/30],
n(l,I o At, 2)) ¢ R<7r3> \R(m)

Noting that (2.41), thus we consider that for any j = 0,--- ,j. — 1 and [ €
[0,75/30], n(l, 17 0 A(t, z)) € R(rs/10).
If for some j and [ € [0,73/30],
eX(n(l, I 0 A(t, 2))) € M([—3v1, —211]),
then, by Lemma 2.10, one has

(P 0 A(t, ) < La(n(la, I 0 A(t,))) < E(mo) — 22,
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Now the rest case is that for any j =0,...,j. — 1 and [ € [0,73/30], n({,I7 o
A(t,z)) € M([-3v1,—211]). Whereas we can claim that I'. (I’ o A(t,2)) <
E(mg) — d2/2. Otherwise, we suppose that for any j = 0,1,---,j. — 1 and
1 €[0,r3/30], Te(I%= 0 A(t, 2)) > E(mg) — 62/2. Then

. (s o A(t, 2))

Je—1

Alt, 2)) + Z IJJrl o A(t Z)) s(Ij OA(t,Z))]

STL(A( ) + Y [T (1l TP 0 A(t,2))) — T (F 0 Alt,2))],

Jj=0

where
L. (n(l, 7 0 A(t, 2))) =T (17 0 A(t, 2))

l l
' dn ! kers 92
= ) Las=— | |r Lds< T8 o .
/0 5(77) ds ds /0v || 5(77)HH ds = 30 = ja 1

Thus, for small € > 0, one has

(17 (At,2) < Ta(At,2) — 2 6 < Bm) - 5.
Above all, we conclude that
I. (I 0 A(t, 2)) < E(mo) - %min{uo,ég}. 0
3.2. Proof of the existence results. We denote
B(t,z) == 7(I 0 A(t, 2)),
then it is clear that
(32)  Tu(B(t,2)) ST 0 Alt,2)) < B(mo) — 5 min{yio, 52},

for any (t,2) € [0,T] x L.. Moreover, we claim that for e > 0 small,

(33) Tu(B(t,2) > L M(IVB(t,2)]2) + ;/RN V(T (B(t, ) BA(t, 2) da

l\’)\»—t

- /]RN F(B(t,z))dx 4+ o(1) := J(B(t, 2)) + o(1).

Indeed, if A(t,z) & R(2r3), then B(t,z) = A(t,z) and by (2.35), we have that
for small € > 0,

/ VoA2(t,2) dx = / V(v(2))A%(t, z) dz + o(1)
RN RN

= V(eY(A(t, 2)))A%(t, z) dz + o(1).

RN
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Moreover, if A(t,z) € R(2r3) C S(2r3), by Lemma 2.2 and A(t,z) = Up(- —
v(2)/€) + @¢ with ||| < 2r3, one has eY(A(t, 2)) = v(z) + o(1). Furthermore,
it follows from Lemma 2.7, 2.8, 2.11 and the property (a) in (V3) that, for each
j = 17 AR 7j57
V(eX(I7 0 A)) =V (Co(lo,eYoTon(ly, P~" o A))) +0(1)

< V(Y (ron(li, I’ o A))) +0(1) = V(X (I o A)) + o(1).
Thus we obtain (3.3).

Next we prove that the following proposition:

PROPOSITION 3.2. For e > 0 small, there exists (t.,z.) € (0,T) x L.\ Lo
such that J(B(te, z:)) > E(my).

PROOF. Denote

D.(t:2) =~ MBI [ VB2 da

LN {V(ET(B(“)) B(t,2) — F(B(t,2))| dx,
. 2
for (t,2z) € [0,T] x L. From the definition of A(¢, z), we can take Ty > 0 small
enough such that A(Ty, z) € R(2r3) for any z € L.. Similarly, we also have for
T > 0 large such that A.(T,z) & R(2r3) for any z € L.. Thus, if t = Ty or T,
B(t,z) = A(t, z) for any z € L.. It follows from (M3) and (M5) that

(3.4) D.(Tp,z) >0 and D(T,z) <0, foranyzé€ L..

On the other hand, for z € Ly, from €Y (A(t, 2)) = z € M([—10,0]), (2.36) and
the definition of 7¢ and 7, B(t,z) = A(t, 2) for any (t,z) € (To,T) x Lo. Hence
by (M3) and (M5), there exists unique t(z) > 0 such that
0D, (t(z), 2)
ot
Now we claim that, for small € > 0, there exists (t.,z:) € (To,T) x L\ Lo
such that

(3.5) D.(t(z),z) =0 and #0 for any (t,2) € (Tp,T) x Lo.

D (te,z:) =0 and V(eY(B(te,2:))) = mo.
In fact, we use the sequences Dél) € ONTY((Ty, T) x L.) to approximate D.(t, 2)
in C((To,T) x L) and satisty Dg)(t,z) = D.(t,2) for (t,2) € (To,T) x Lyg.

For each I, it follows from Sard Theorem that we let bl(»l) be regular value
of Dg) with bl(.l) — 0 as ¢ — oco0. By choosing appropriate subsequences, we
take subsequences [; such that I; — oo and bl(-li) — 0 as ¢ — oo. Since bl(-li) is
regular value of Dgli) for each 7, then (Dgi))fl (bgli)) is union of finitely many
k—dimensional compact connected sub-manifold of (T, T") x L..

Set B! be the connected component which (D,gl"))fl(bl(zl")) belongs to and

intersects with (7p,T) x Lo. Then, setting w.: (To,T) X L. — L. be natural
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projection, it follows from (3.5) that 7.: 9B" — m.(0B") C Lo is homeomorphic.
Moreover, for any z € L.\ Lo, the mod 2 degree deg, (., B, z) is well defined, and
degy (., BY, z) = 1 for any z close to Lg. Since L. is connected and 7. (0B%) C Lo,
degy (e, B, 2) is independent of z € L.\ Lo. Hence 7.(B%) = L. and 7. (0B%) =
Lo. Then we have B € L(Lg). From (2.3), we have

V(eYX(B(t, > me.
(tf)lg}scm (X (B(t,2))) = mo

Moreover, for (t,z) € (Ty,T) x Lo,
V(EY(B(t,2))) = V(2) < max V(z) < my.

z€Lo
From (3.4), we observe that Dlgi)(To7 z) > 0 and Dgl*)(T, z) < 0, for 4 large and
z € L. Thus there exist (t;,2;) € (To,T) x L \ Lo such that
V(eY(B(t;,2))) =mo and DU (t;, z) = b,
Letting ¢ — oo, we have that (¢, 2z;) = (te,2e) € (To, T) x L\ Lo,
D.(te,2e) =0 and V(eY(B(te,2:))) = mo.
By Proposition 2.1 in Appendix, J(B(tc, 2:)) > E(myg). O
Combining with (3.3), the conclusion of Proposition 3.2 leads to a contra-

diction with (3.2). Hence the set XS\ Xg(m°)752 contains the critical points.

Next we shall estimate critical points in this set.

4. Multiplicity of solutions

This section is devoted to using the concept of relative category to consider
the multiplicity of solutions for (2.1). More concretely, we use relative category
to estimate the change of topology between X,Z(m0)T% and xFMmo)=%  yhere
do = min{yuo,d2}/2. Here we are inspired of [15] in which they deal with the
case of local minimum in potential V.

In algebraic topology, the notation of a map f: (A, B) — (A’, B') means that
f+ A— A’ is continuous, B C A, B’ C A’ and f(B) C B’. Then we introduce
the following two maps:

D ([1—to, 1 +to] x M, {1 £t} x M) — (AT (mo)tdo xBlmo)=do),
U, (Xg(mo)+5o7 X7~E3(m0)_60)
([ = o, 1+ to] X M([=#0,0]), [1 — to, 1+ 5] \ {1} x M([—v0,0))).

They are defined in order to construct a map homotopic to the inclusion between
the proper sets, where tg is given in (2.41). Define

D.(t,y) == U0<:”_ty/€>.
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Recalling Uy is the least energy solution of the equation (2.13), ®.(¢,y) € R(2r3)
for any t € [1 —tg,1+1t]. Then, by Lemma 2.2 and (2.7), one has that, for small
e >0,
(4.1) eT(®-(t,y)) =y +o(l) and To(P(t,y)) = Lm,(P(t,y)) +o(1).
Thus, from (2.41), we see that ®. is well defined.
Define W, (u) = (Po(u),eY(u)), where
1—ty if Po(u) <1 —tg,
Po(u) = { Po(u) if 1 —to < Po(u) < 1+to,
1+ty if P()(’LL) > 14 tp.

and

= 2N u —@u wi 1/2
7’0(“)‘((N—2>M<|Vu||§>||w|%/RNF() 2 d) |

It is obvious that ¥, (XE(T"O)MO) C [1—to, 14+1to] x M([—10,0]). Then it suffice
to prove that for u € XE(m") 6", one has that P, # 1. Indeed, assume that
Py = 1, then we have that either u € Soru ¢ S.

If u € S, then Ly (u ) = E(myp) and there exists yo € RY such that u =

Us(- —yo) € S. Denoting M= sup ||ul|3, we observe that, for small & > 0,
u€eS(2r3)

E(mo) — 60 = I'e(u) = Lv (e (u)) (Vo) + o(1)

= Ly, (Up) + %/}RN(V(ET(U)) —mg)Up dz + o(1)

5 —~
> E(mo) — % . U3 da + o(1) 2 E(mo) — 2 vo M.

If u ¢ S, then it follows from Proposition 2.1 that Ly, (u) > E(mg) and we have
that, for small € > 0,

E(mg) — 60 > T'e(u) = Ly, (u) + % /RN (V(eX(u)) — mo)u? dz + o(1)

ZE(mo)—%/RNquero(l) zE(mo)—gyoﬁ.

In both cases, we can choose small vy € (0,850/(5]\7)) to get contradiction.
Hence we observe that U, is well defined. Next, we show that ¥.o®, is homotopic
to the embedding j(¢,y) = (¢, y), which is essential to estimate the lower bound
of the relative category.

LEMMA 4.1. There exists a continuous map

n(s,t,y): [0,1] x [1 —¢o, 1 +tg] X M = [1 —to, 1+ tg] X M([—10,0])
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such that n(0,t,y) = V. 0 ®(t,y), n(l,t,y) = (t,y) € [1 —to, 1 + to] x M and
for any (s, t,y) € [0,1] x {1 £to} x M,
n(S,tvy) € [1 — to, 1 +t0] \ {1} X M([_Vﬂvo})'

Proor. Noting that

cnton- (3 (=2)) =)
define
(s, t,y) = ((1 - 5)750<U0(xty/5)> tst,(1—8)eT (U()(:” ty/5>) +sy>.

From the first equality (4.1), given small € > 0, the required properties is satis-
fied. O

LEMMA 4.2. For any fized € > 0 and {u,} C R(2r3), assume that T'c(uy,) is
bounded and T (u,) — 0, then {u,} have convergent subsequences.

PROOF. Since R(2r3) is bounded in H'(RY), thus, up to subsequence,
Uun — u in H'(RN). In order to prove this lemma, it suffices to prove
(42) th;r;o nILH;o ||UTLHH1(]RN\BR) = 0

From the proof of (2.15), we have that there is Ry > 0 such that, for any n,
/ |V |? +u2 de < 573.
RN\ Br,

Then, denoting D; = Br,+i \ Bry+i—1, we have

k
zﬂwﬁmmé/
=1 RN\B

For any n, we choose i,, € {1,...,k} such that

512
(4.3) lunlF(p,,) < 73

|Vun|* +u? de < 573
Ro

Then, set cut-off function x(z) € C§°(RY,[0,1]) such that y(z) = 1 for = €
Bp,+i, and x(z) = 0 for x € RV \ Br,1s, 11 and |Vx(z)| < 2. We denote
Up = (1 — x(x))uy, using (4.3) and (2.18), one has for C,;C" > 0

P (un )t = M(|[Vunl3) Vi |3 + M([[Vua|3) /RN Vixun) - V((1 = X)un) dz

~ - c’
[ v=edde = [ ) de > Ol -
RN RN k'
Thus
9 C
unll et @3\ By 1 rsn) < o(1) + e

Then (4.2) holds and {u, } have convergent subsequences. O
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In the following, we introduce the category cat(f) and cuplength cupl(f) of
f:(4,B) — (A, B') in algebraic topology which we refer to [4] and [43]. First,
the category cat(f) is the infimum of all integers & > 0 such that there exists
a covering A = Ag U ...U Ag of A by closed sets A; C A with the following
properties:

(1) B C Ap and there is a homotopy h: ([0,1] x Ay, [0,1] x B) — (A", B’)

satisfying h(0,x) = f(x) and h(1,z) € B’ for all x € Ay.

(2) Fori=1,---,ktherestriction f |4,: A; — A’ is homotopic to a constant

map.

If f =id(a,p) is the identity map, then we denote
cat(A, B) = cat(id(4,5)) and cat(A) = cat(4,0).

Now, we introduce the cuplength cupl(f) of f: (4,B) — (4’,B’). Let H*
denote the Alexander—Spanier cohomology with coefficients in the field F. We
recall that the cup product — turns H*(A) into a ring with unit 14, and it turns
H*(A, B) into a module over H*(A). A continuous map f: (A, B) — (A’, B')
induces a homomorphism f*: H*(A', B’) — H*(A, B) of abelian groups. The
number cupl(f) is defined as the largest integer & > 0 such that there exist
elements oy, -,y € H*(A') and 8 € H*(A, B') with

frlag = —ap— )= ff(a) — - — fT(ax) — [*(B) # 0 € H* (A, B).
If f]*(A/) =0 and f* # 0, we have cupl(f) = 0. If f* =0, we define cupl(f) =
—1. Again, if f =id(4, p), we denote that

cupl(A, B) = cupl(id(4,5)) and cupl(A) = cupl(4,0).
The category and cuplength have the following properties:

LEMMA 4.3.

(a) If f: (A,B) = (A', B'), then cat(f) > cupl(f) + 1.

(b) For two continuous maps f: (A,B) — (A", B’), f': (A, B") — (A", B"),
we have

cupl(f” o f) < min{cupl(f), cupl(f")}.
(¢) If f,g: (A, B) = (A, B") are homotopic, then cupl(f) = cupl(yg).

These properties which we state here will be used in the back. For more
details and proof, we can refer to [4], [23] and [24].

The next lemma is the important ingredient for our proof due to the continu-
ity property of Alexander—Spanier cohomology (see [42], [43]). And this lemma
is proved in [15]. For simplicity, we omit the proof.
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LEMMA 4.4. Let M C RY be a compact set. For its neighbourhood M? =
{:E eRN: injf/l |z —y| < d} and I = [1—tg,1+to], 0 = {1xto}, the inclusion
ye
g (I x M,0I x M) — (I x M ,0I x M%) is defined by j(s,x) = (s,x). Then
cupl(j) > cupl(M)  for small d > 0.

PROOF OF THEOREM 1.1. From (2.40) and Lemmas 2.12 and 4.2, standard
argument (see [24]) imply that

§u € Xm0\ ZE00)=50 T (4) = 0} > cat (A0 o xEmo)=d0).
Then, from Lemma 4.3 (a) and (b), we have
cat (er(mo)”", XrEg(mo)*‘SO)
> cupl(X,f(moH‘;o, Xrb;(m(’)_‘;o) + 1> cupl(¥. 0 d,) + 1.
Here, we choose vy > 0 small such that M([—1p,0]) C M?. Then, setting the
inclusion map
oo: ([1 —to, 1+ to] x M([=r0,0]), [1 —to,1 4 to] \ {1} x M([=10,0]))
— ([ —to, 1 +to] x M [1—to, 1+1tg] \ {1} x M?).
From Lemma 4.1, gg o ¥, o ®. is homotopic to the inclusion map
G ([1—to, 1+ to) x M, {1 £t} x M) — ([1 —to, 1 +to] x ML {1 £t} x M?).
Then it follows from Lemma 4.3 (b) and (c) that
(4.4) cupl(¥. o @) > cupl(op o ¥, o ®.) = cupl(y).
Consequently, by Lemma 4.4 and (4.4), we have
cat(Xf(m°)+5°,X£(m°)_5°) > cupl(M) + 1.
In summary, for any d > 0 in (V3), there exists 4 > 0 such that for £ € (0,e4),
I, has at least cupl(M) + 1 critical points u e er(m”)”o \Xg(m")_éo with
Fs(ug)) < Cg fori=1,...,cupl(M) + 1. Then, from
eY(u?) € M([~1p,0]) € M4,
we have, up to subsequence,

lir% dist (Y (uP), M) =0 and limsup . (u)) < E(my).
E—r

e—0
Letting xgi) be maximum point of ug), by Lemma 2.2, one has
. . (1) _
Eh_r)r(l) dist(exs”, M) = 0.
Moreover, noting that

limsupo(u'?) < E(mg) and I'(u?) =0,
€ € €

e—0
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it follows from the proof of Lemma 2.5, up to subsequence, ug) (- —l—mg)) converges

toU € S as e — 0. Since lirr(1) dist(exgi),/\/l) =0,U € Sn,-
e—
For Theorem 1.1 (c), we refer to the proof of Lemma 2.6 or [21]. Consequently,
we complete the proof of the theorem. O
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