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ABSTRACT. We study integrability of the derivative of a solution to a sin-
gular one-dimensional parabolic equation with initial data in W11, In
order to avoid additional difficulties we consider only the periodic bound-
ary conditions. The problem we study is a gradient flow of a convex, linear
growth variational functional. We also prove a similar result for the elliptic
companion problem, i.e. the time semidiscretization.

1. Introduction

We study a one-dimensional parabolic equation
(1 1) Ut = (Wp(ufﬂ))m (wvt) €Qr:=Tx (OaT)v
. U(I,O) ZUO(I)a IET,

where W: R — R, W, = dW(p)/dp and T is a flat one-dimensional torus, which
we identify with [0,1). In other words, for the sake of simplicity we consider the
periodic boundary conditions, but the same argument with little change applies
to the zero Neumann data.

Equation (1.1) is formally a gradient flow of the following functional,

/ W (u,)dx for u e WH(T),
u) =< Jr
+o0 for u € L*(T) \ WH(T).
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240 A. NAKAYASU — P. RYBKA

Our main assumption on W, apart from convexity, is the linear growth of W.
We also consider a companion of this equation, namely, the time semidis-
cretization of (1.1),

(1.2) H )= (W) .

Even though it makes sense to consider ug € BV(T) for equation (1.1) we
study here the propagation of regularity, i.e. we show that the integrability of
dug/dx (denoted by ug ;) implies that the derivative of the weak solution is also
integrable, u,(-,t) € L'(T), see Theorem 4.2 in Section 4. Apparently, such
results are not known in the general context. We are only aware of the paper
by Bellettini et al. [4], on the parabolic minimal surface equation, for which the
authors show that the solutions are eventually regularized, i.e. there is a positive
waiting time. We stress that our assumptions on W are more general, since we
need only convexity and the linear growth. The precise formulation of these
conditions is in the statement of Theorem 4.2.

What we prove in Theorem 4.2 shows that equation (1.1) does not create
singularities like jumps. Such a result is known in a multidimensional setting
for W(p) = |p|. In particular, the jumps present in the data persist, see [6], and
Holder continuity of the data propagates, [7]. We also note that our method
is essentially restricted to one dimension. We are not able to address the same
question in higher dimensions.

Our Theorem 3.1 is a companion result on a closely related elliptic prob-
lem (1.2). But we prove it first, because it is slightly simpler than Theorem 4.2.
Here, in equation (1.2) f plays the role of initial conditions, hence f € LP(T),
p > 1 implies only that u € BV(T). Since (1.2) is the time semidiscretization of
(1.1), then integrability of the derivative of solutions following from integrability
of the derivative of f is not surprising. A similar statement for a domain in RY
is proved by Beck et al. in [2], but for smooth nonlinearities corresponding to
functionals with linear growth. In the setting of [2] the smooth dependence of
W on p is important for the argument. In [3], in a similar setting the Lipschitz
continuity of minimizers is shown.

If W(p) = |p|, the we can offer an additional comment about solutions
to (1.2), which is the Euler-Lagrange equation for the Rudin-Osher-Fatemi func-
tional, see [14]. We can say that if data are regular, in this case f € Wh(T),
then we cannot detect edges, understood as jumps of u solutions to (1.2), because
jumps may not be created.

Both of our results can be expressed as no singularity formation. They
are both obtained with the same technique depending on the insight into the
structure of L!(T). The necessary preliminary results are presented in Section 2.
Namely, if function g belongs to L'(T), then it automatically enjoys a better
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integrability, see Lemma 2.1 and [13, §2.1]. In our setting g is the derivative of
data, i.e. ¢ = f, in the case of equation (1.2) or g = (up). in the case of parabolic
equation (1.1). In fact, we show that this better integrability of derivatives of
data is passed to the derivatives of solutions, see Theorems 4.2 and 3.1.

We show first the desired estimates for solutions to the regularized problems
either elliptic or parabolic. The passage to the limit requires weak compactness
in L' and the Pettis theorem. In order to show that the limit of solutions to the
regularized problems are actually solutions to the original equation we depend
on the theory of monotone operators, i.e. Minty’s trick.

In Section 3 we first prove our result for the elliptic problem. For this purpose
we study solutions to a regularized problem. The parabolic problem, treated in
Theorem 4.2, requires an additional step, as compared with the elliptic equation,
and this is why we deal with this in the last section. Section 4 is closed with
a remark on finite extinction (or rather stopping) time, which is common to the
problems we consider, if W has a singularity at p = 0.

2. Preliminaries

We gather here our assumptions on W and we present necessary information
about the structure of the space L*(Q) for any Q C RY.

2.1. Conditions on W and functional £. Throughout the paper, we
assume that W is an even, convex function with linear growth at infinity, i.e.

(2.1) im O gy lim =0

t—soo  t t—o0 t

=W

In the above formula, W¥ are positive numbers. Without loss of generality we
could assume that

(2.2) WH=W"=W>>0.

Indeed, one could consider W (p) = W (p) + (W~ — W*)p/2 in place of W. This
modified W does not change neither (1.1) nor (1.2).
We will not impose any further restrictions W. Here are some examples,

bl,  lp+1+lp—1, VI+p2 ||+ /141

We note that functional £ is defined naturally on the space W1 (T). How-
ever, in general & is not lower semicontinuous on W1 !(T) with respect to the L?
topology, unless W is piecewise linear, see [9], [12]. The lower semicontinuous
envelope or the relaxation of £, denoted by &, is naturally well-defined on BV (T).
For u € BV(T) we write,

(2.3) E(u) = inf{ lim E(up) : up — uin LQ}.

n—roo
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We know that (see [1, Theorem 5.47])
(2.4) /W Ugy) dx + W°°/ |D?ul.

Here, Du = u, L' + D*u is a decomposition of measure Du into the absolutely
continuous part with respect to the Lebesgue measure and the part singular to it.

2.2. The useful structure of L!(Q). Here, we recall the information on
L' () needed to derive estimates on solutions to (1.1) and (1.2).

LEMMA 2.1. Let us suppose that f € LY(Q), then there exists a smooth,
convez function ®: R — R such that, lim|, o ®(z)/|z] = 00 and

(2.5) /QQ)(f) dzr < oco.

PRrROOF. By [13, §1.2, Corollary 3], there exists a convex function ® such that

lim ®(z)/|z| = oo and / O(f) dz < oc.
|z]— o0 Q
From now on, we will use that
d is decreasing on (—o0, 0] and P is increasing on [0, +00).
In other words, 0 is minimum point of ®. We can achieve that by adding to ®
a linear function ap for a properly chosen real a.
Now, for all § > 0, we define
%(p— §) for p >4,
Ds5(p) = B(p+6) forp < -6,
®(0) for [p| < 6.
Once we have it, we take ® = D ¢s, for any 0 < 1, where ¢s is the standard,
positive mollifier kernel with supp ¢; C B(0,1) and max ¢ = ¢(0). It is easy to
see that ®(p)/|p| = +oo as |p| = +oc.
Now, we check that
(2.6) B(p) < Co®(p) + C1,

where Cy = ¢(0)/6. For p > 1 we see that

5/¢5 ( )dq<¢?xéiaﬁw+6mq<G@@)

Similar inequality holds for p < —1.
If |p| <4, then
®(p) < Co®(0) < B(p) + C1,
where Cy = Cpmax{1,®(0)}. Thus, (2.6) holds. Since we established (2.6), we
conclude that (2.5) holds, too.
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We recall that a family F of integrable functions is uniformly integrable if
and only if

(i) sup/ |f] du = ¢ < 00, and
ferJQ

(ii) lim / | f] dpp = 0 uniformly with respect to f € F.
1(A)—=0 [ 4

Let us introduce the notation
6= [ B(ulw))da.
D

where D = T or D = Q7. The Pettis Theorem immediately implies the following
fact.

LEMMA 2.2. If a sequence F = {fx}72o C L'(D) satisfies
G(fx) <M < o0, keN,
then we can select a subsequence fy,, converging weakly in L*(D) to f € LY(D).
We address now the question of the limit passage in G or &.

LEMMA 2.3. Let us suppose that f, € L*(D), where D C RY, d > 1, satisfy
the following bound

D

where ® is as in Lemma 2.1, and f, — f in L*(D). Then,

Tim /D B(fu(a)do > [ @(f(a))da.

n— 00 D

PROOF. Due to the convexity of @, this function is the envelope of a family
of straight lines,

®(p) = sup La(p).

aecl
Thus, for any index a we have ®(p) > £,(p) = anp + b, and
lim [ G(fa(@)de> lim [ Lo(fu(x))de = / G (2) di + ba| D],
n—oo J D n—oo J D D

because any constant a, may be identified with a continuous functional over

LY(D). Thus,
tm [ G(fu(x))de > / (a(f(2)) d.
D

n—oo J D

After having taken the supremum over a € I we reach the claim. U

REMARK 2.4. We need this lemma only when d =1 or d = 2.
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3. The elliptic problem of time semidiscretization

We first deal with integrability of solutions to the following elliptic problem,
1

(3.1) 7= f)=Wp(ue))a in

augmented with either the periodic for Q = T or the Neumann boundary condi-

tions, when Q = (0,1). However, the argument will be provided for 2 = T.
First of all, we have to settle the meaning of a solution to (3.1). If we assume

that f is in L?(T), then (3.1) is formally the Euler-Lagrange equation of the

following functional,
1
£ — - f)*da.
)+ 5 [(w= 1P da
However, due to the lack of lower semicontinuity of £ in general, we could under-
stand solutions to (3.1) as minimizers, which are the only critical points here, to

Fy(w) = Ew)+ 5 [ (=) da,

where £ is the lower semicontinuous envelope of £ defined in (2.3), cf. (2.4). If
u is a minimizer of F, then this fact just implies that

1
|Dul(T) < =l fll7e, ez < 4l1f]7-

But this is not sufficient to deduce that u, € L*(T).

If we wish to establish integrability of the derivative of the solution to (3.1),
we have to proceed differently. Since we expect that u € WH(T), we can
define the appropriate notion of a solution. We say that a function u € W11(T)
is a weak solution to (3.1) if there exists ¢ € L>(T), &, € L?(T) such that
&(z) € OW (ugy(z)) for almost every x € T and the following identity

/T (i(u - f)90+€901> dr =0

holds for all ¢ € C*°(T). We notice that since C*°(T) is dense in W11(T) and
WLL(T) c L*(T), we can take test functions from W11(T).

THEOREM 3.1. Let us assume that W is convex and the assumption (2.1)—
2) holds. If f € WH1 and h > 0, then there exists a unique weak solution to
1), u. The distributional derivative of u is an element of L*(T). Moreover,

(2.
(3.
(3.2) G(uz) < G(f2),
where ® is given by Lemma 2.1 for f,.

PROOF. In order to obtain existence of solutions, we regularize the equation

by adding the eu,, term and smoothing out the nonlinearity, W¢(p) = (W x

pe)(p), where pe is the standard symmetric mollifying kernel. Thus, we consider,
1

(3.3) E(ue = f)=W,(u3): +eug,, zeT.
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We shall say that a function u® € WY2(T) is a weak solution to (3.3) if the
following identity holds,

(3.4) (G = e+ W50 + et ) do =0

for all ¢ € C°(T). In formula (3.4) we require that ¢ is smooth, but since
C°°(T) is dense in W2(T) we may use u° as a test function.

We notice that equation (3.4) is the Euler-Lagrange equation for the func-
tional

Filu) = /T (21}1(” — )7+ W (ug) + ;u§> da.

Since F7 is strictly convex and lower semicontinuous on W12(T), we immediately
conclude the existence and the uniqueness of minimizers, u* € W2(T). Since
We is smooth, we immediately conclude that v satisfies (3.4).

Due to the linear growth of W the derivative W, is bounded and Wy, +¢ > e.
Hence it is easy to deduce higher regularity of u¢, i.e. u® € W22(T), because

(= ) = (W5, (2) + <,

We set
(3.5) £ =W, (u3),

we notice that €& € W2(T). Since W€ is convex, then its derivative is a mono-
tone function. If we combine it with the linear growth of W, then we notice,

(3.6) £ (x) € [-W, W],

We have to deduce that the family {u°} is relatively weakly compact in
WLH(T). The main point is establishing the existence of a subsequence {uS}
converging weakly in L'(T). For this purpose, we use Lemma 2.1 guaranteeing
that (2.5) holds, i.e. G(fz) < co. Once we have ®, we multiply both sides of
(3.3) by " (us)us, € L?*(T). After integration over T and integration by parts,

we come to
[ w) - i) 2o
T

Now, the convexity of ® gives us,

[otde= [a@an= [ o -,

T

Combining these two inequalities yields,
(37) 6(ue) = [ @) < [ @(r)de=G(1)

Now, we can use Lemma 2.2 to deduce the weak convergence in L!(T) of uS
to uy € LY(T) as € — 0. In the next step, Lemma 2.3 guarantees the lower
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semicontinuity of G and € with respect to weak convergence in L'(T). Thus, we
reach the bound (3.2).

Now, we want to show that u is indeed a weak solution to (3.1), i.e. we have to
find € stipulated by the definition of a weak solution and to show that it has the
desired properties. For each € > 0 we have at our disposal, solutions u® to (3.4)
and £° defined by (3.5). We notice that due to (3.6) £° converges (possibly
after extracting a subsequence) weakly* in L>°(T) to £ and £(z) € [-W>, W]
almost everywhere.

We know that uS converges weakly in L!(T) and we assumed that the test
function ¢ in (3.4) is in C*°(T). Thus, in order to be able to pass to the limit
in (3.4) we need to know that e [ u@, dz goes to zero as e — 0. Indeed, since
uf is a minimizer of F5, then we notice

1£1Z2
2h

Al < 75 < 750 = [ g e weo)|ar < Mo woy o

Thus,
[ wipada] < cluzliallealis < <2V/Cr 0.
T

Finally, after passing to the limit in (3.4), we obtain the following identity,

(3.8) / <,11<u e+ s%) dr =0

for all ¢ € C°°(T). The density of C°°(T) in W!(T) and the embedding
WLL(T) ¢ L*(T) imply that we may take test functions from W11(T) in (3.8).
It is important to notice that (3.8) implies that ¢ € W2, Indeed, due
to (3.8) the weak derivative of £ is (u — f)/h, hence our claim follows.
Now, it remains to show that &(z) € OW (uy(z)) for almost every = € T.

3

Indeed, from the construction of u we know that for any w € W11(T) we have

(3.9) / We (w,) dz > / € (wy —uE) da + / W (ul) da.
T T T
We want to calculate the limit of both sides taking into account that
(3.10) € 5¢ in L®(T) and S —wu, in LY(T).
In order to proceed we have to take a close look at each term in (3.9).
Due to the locally uniform convergence of W€ to W and the Lebesgue dom-
inated convergence theorem we deduce that

(3.11) lim Wa(wz)dx:/W(wz)dm.
e—=0 Jp T

Next, we note that the Jensen inequality gives us W¢(p) > W (p). Hence, Lem-
ma 2.3 yields,

(3.12) lim [ W(ul)dz > lim [ W(u) dmZ/W(uz) dx.
T

e—=0JT e—=0JT
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Finally, we look at [.£%ug in (3.9). We use (3.4), where we take u® for a test
function. Thus, we obtain

- e [P [ - e

If we use this information, then (3.9) takes the following form,

1
/I/ngac da:>/§5wxdz+/5|ux\2dz+h/( udx+/WE

After dropping the positive term fT e|ug|? dz on the RHS and taking the liminf,
using (3.10), (3.11) and (3.12), we arrive at

/TW(wr)d:r2/Tgwxdx+%/T(uff)uder/TW(um)dx

We use (3.8) again, we reach

(3.13) /TW(ww)dm > /Tg(ww —ux)dx+/TW(uw)dx

Relaying on (3.13), u, € L'(T), due to Lemma 3.3 below, we deduce that
&(z) € OW (u,) almost everywhere. Thus, indeed u € WH(T) is a weak so-
lution to (3.1). Moreover, (3.7) and Lemma 2.3 imply that

/T@(um)dxg /T<I>(fx)dx. O

Before we state Lemma 3.3 we observe that our argument shows that

COROLLARY 3.2. Ifu is a solution constructed in the previous theorem, then
—&, € OE(u).

PrOOF. We will see that —¢, is an element of the subdifferential O (u).
We know that for u € Wbt it is true that £(u) = E(u). If w € BV(T), then
w = v+ 1, where w, = v,, w, € L*(T) and v, = 0 L'-almost everywhere in T.
Then,

E(w) = (v +0) = ‘/mew|

Moreover, £ the weak™ limit of £ with values in [—-W°, W °°] satisfies the same

constraint. Since D*i¢ = o|D?1|, where |o| = 1 |D*y|-almost everywhere, then
Jwipsii - b = [ —enipru =0,

because (W — £o)(x) > 0 for |D*y|-almost every z € T.
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Combining the available information, we obtain,
Ew) ~ B(w) = £(0) ~ &) + [ W[D%y]
T

> /T«s<vz )+ /Tstw

— [at-wir- [Gvdr—- [&w-w.
In other words, —¢, € 9E(u). O

LEMMA 3.3. Let us assume that ¢ € WH2(T) is such that £(z) € [-W, W]
and (3.13) holds for all w € WHY(T). Then, £(z) € OW (ug(x)) for almost all
xzeT.

PROOF. We will construct special test functions h € W(T). For any
r1,T9 € T and a, e > 0 we set,

alz —xy) forx € (z1 —e,21 +¢),

aE for z € (x1 +,20 — €),

—a(x —x9) forx € (3 —e,29 + ),

—ae forx € T\ ((x1 — €, 22 +€).

Of course, we assume that 2¢ < |7 — z2|. By definition, h € W11(T). In our

notation we suppress the dependence of h on x1, x5 a, €.
We stick w = u + h into formula (3.13). The result is

xr1+€
(3.14) / W (als) )~ Wua(s)) ds

Tote
+ / Wug(s) —a) — W(ug(s))ds

> f " (s ds—a / sy s

1—€ 2—¢€

For each a > 0 there is a full measure set A, C T such that for all y € A, we

have
yt+e
Ly gi  Wlua(s) + @) = W ua(s)) ds = W (ua(y) + @) = W (us(y).

We take any sequence 0 < oy, converging to zero and the corresponding set A, .
o0
Subsequently, we take any x1, z2 € Ag = () Aa,. Then, we divide both sides

k=1
of (3.14) by 2¢ and pass to the limit. In this way we obtain,

W (g (1) +an) =W (s (1)) + W (s (22) — ar) =W (ua (22)) 2 ar(§(z1) —&(2)),
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for 1, x5 € Ag. Now, we divide both sides of this inequality by «y and pass to the
limit. Since W is a Lipschitz continuous function having one sided derivatives,
then we obtain,

(3.15) W (ug(21)) = W, (ug(22)) > E(21) — E(22).

Here W, (y) (resp. W, (y)) denotes the right (resp. left) derivative of W at y.
Let us us suppose that there exists 1 € T such that

(3.16) £(x1) > max{w : w € OW (ug(21)} = W, (ug(21)).

Since £ is continuous and set Ay has the full measure so it is dense, we may
assume that x; € Ayp.
We notice that (3.15) and (3.16) combined imply

W (e (1)) = W, (ug(22)) > W (ug(21)) — &(22).
Hence for all 22 in Ag we have

(3.17) §(w2) > W, (uz(w2))-

A similar reasoning may be performed, when
§(r2) < min{w : wEIW (ug(22)} = W, (uz(2)).

Let us notice that if £ satisfies (3.13) and b is a real constant, then  — b satisfies
(3.13) too. Indeed, if 9 is an element of W11(T), then

(= vaao= [ co.an

Let us define by = sup{&(x) — W,F (uz(z)) : © € Ap}. Due to the continuity of
¢ and the linear growth of W the number by is finite. Since we assumed (3.16),
then by is positive.

Let us consider shifts & — b, where b € (0,bp). If for all such shifts we have
that

§(x1) —b> W, (ug(x1)), forall 21 € Ao,

then due to continuity of £ we will have
&(x1) — by € OW (ugz(x1)), forall 21 € Ay

hence our claim follows after redefining &.

If on the other hand there is b € (0,bg) such that there is z; € Ay such that
§(z2) —b < W, (ug(z1)), then due to the definition of by we have {(z2) — b >
WF(ug(22)). Thus, we reached a contradiction with (3.17). Our claim follows.
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4. Integrability of the derivative
of solutions to the evolution problem

In this section we study the integrability of the space derivative of solutions
to the following evolution problem,

up = Wy(ug))z, (z,t) € Qr:=T x (0,7,

(41) u(x,0) = uo(x), ze€T.

We assume here the periodic boundary conditions, but the same argument ap-
plies to the homogeneous Neumann data. The initial value, ug, is in W11(T).

The question we address here is as follows: let us suppose that uy € WH1(T),
is it true that u(t) € WH1(T) for almost every ¢ > 0?7 We give an affirmative
answer below. This means that, in general, equation (4.1) does not create sin-
gularities like jumps.

A relatively simple way to address the question of existence of solutions is by
using the nonlinear semigroup theory by Komura. It is based on the observation
that (4.1) is formally a gradient flow of £. For this purpose we have to consider &,
the lower semicontinuous envelope of £ defined by formula (2.3), see also (2.4),
in place of £.

PROPOSITION 4.1. Let us suppose that W is convexr and even, with the lin-
ear growth, i.e. (2.1) holds. If ug € BV(T), then there is a unique function
u: [0,00) — L*(T), such that

(a) for all t > 0 we have u(t) € D(OE(u(t)));

(b) uw e L>®(0,00; BV(T));

(c) —du/dt € OE(u(t)) almost everywhere on (0,00);

(d) u(0) = ug.

In addition, u has the right derivative for all t € (0,00) and

dtu —
e + (0E(u(t)))° =0, for a.e. te€ (0,00),

where (O€ (u(t)))? is the minimal section of OE (u(t))), i.e. the element of OE (u(t)))
with the smallest norm.

PROOF. Due to the convexity and lower semicontinuity of £ with respect to
the L? convergence, this fact follows immediately from [5, Theorem 3.2]. O

This theorem has a drawback. Namely, in order to make this result mean-
ingful, we have to identify the subdifferential of £. We would like to contrast it
with our main result, stated below.

THEOREM 4.2. Let us suppose that W: R — R is conver with the lin-
ear growth, (2.1) holds and ug € WY1, Then, there is a unique weak so-
lution to (4.1), i.e. there are u € L>(0,00; WH(T)), u; € L?(0,00; L*(T)),
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& € L™(0,00; L>=(T)) such that

(42) [ la (@) + € pul)) da =0

for almost every t > 0, for all ¢ € C°(T) and &{(x,t) € OW (uy(x,t)) for almost
every (x,t) € Qr. In particular, E(u(t)) = E(u(t)). Moreover, £(u(t)) < E(uop).

The proof of this result will be performed in several steps. Before we engage
into it, we will make few comments. In order to construct by approximation
solutions to the elliptic problem (1.2), we had to resolve the following issues:

(1) Making sure that the limiting function u has the desired integrability
properties, see (3.2).

(2) Making sure that the limiting function u is indeed a weak solution, i.e.
the limit ¢ of £&*=W (ug) is indeed an element of W (u,). For this we used
Minty’s trick.

There is another reason for regularization of solutions. This is necessary to
give meaning to the following simple informal argument. If we multiply (4.1) by
D" (uy )y, where @ is convex, then the right-hand-side will take the form

ol (UI)WH (ux)uiz

and it will have a sign. A rigorous approach requires regularization.
In order to resolve these issues for the parabolic problem (4.1), we will pro-
ceed in a similar way, i.e. we will consider an auxiliary problem, whose initial

conditions are regular,
ui = (Wp(u;))xa (Q?,t) € QT7

(43) U/E(x, 0) — (UO * pa)(qj)7 HASS T7

where wug * pe is the convolution with the standard mollifying kernel p..
We recall the basic existence result for (4.3).

PRrROPOSITION 4.3 ([10, Theorem 1]). Let us assume that W satisfies hy-
potheses of Theorem 4.2. If ug € BV(T) and (uo), € BV(T), then there ex-
ists a unique weak solution u to (4.3). More precisely, u, € L>(0,T;BV(T)),
ug € L*(Qr) and there is € € L*(0,T; W12(T)) satisfying the (4.2). Moreover,
&(z,t) € OW (uy) for almost every (x,t) € Qr.

In order to underline the dependence of solutions, obtained in this way, on the
mollifying parameter ¢, we will denote them by u® and £°. However, the result
above is not sufficient for establishing estimates on solutions, which require prior
regularization of W. For this purpose, we have to recall the problem, which led
to Proposition 4.3, see [10],

up” = (W) (ug)e +yugy, (1) € Qr,

(44 u™7(z,0) = (ug * pe)(z), z €T,
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where WY = W * p, and p, is the standard mollifier kernel. By the classical
theory, see [8], solutions u=" to (4.4) are smooth.

We wish to proceed as in the proof of Theorem 3.1. For this purpose, we fix ®
corresponding to ug , see Lemma 2.1. With its help we will establish additional
estimates of solutions to (4.3).

LEMMA 4.4. Let us suppose that u® is a unique weak solution to (4.3) and ®

corresponding to ug 4 1S given by Lemma 2.1. Then,

GuE (1) < g(jg: <ug)) < g(jxuo)

PROOF. We multiply both sides of (4.4) by ®”(uS7)us;) and integrate over
T to obtain,

[t @ de = [0 + )8 ()
Positivity of the right-hand-side (RHS) is guaranteed by the convexity of W7
and ®. Integration by parts of the left-hand-side (LHS) above yields,

da
dt Jy

where the boundary terms dropped out due to the periodic boundary conditions.

2dz > 0.

O(ul7)dx <0,

After integrating in time over (0,7) and recalling the definition of G we
obtain,
Guz (1) < G(ug,)-
From [10] we know that

(4.5) uZ” converges to u; strongly in LP(0,7; LY(T)), p > 1 and a.e. in Qp,

thus G(uz(-,t)) < G(uf,). Since ® is convex, then the Jensen inequality gives
us

(4.6) G(uf0) < G(uoa)-
Indeed, if we recall that

o) =1 [ oo 22 ) an

where ¢ € C°°(T) is the standard mollifier kernel, then we have

v (z) = /Tr v(y) dps (y),

where . = (1/e)o((xz — y)/e) dy is a probability measure. If we combine the
above observation with the Jensen inequality, then we obtain,

Dus,) = <I>( [ wocto) dui(zx)) < [ @unat) duiv)

Integrating over T yields (4.6). O
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Now, in order to pass to the limit with €, we need further estimates for this
purpose.

LEMMA 4.5. Suppose that u® is a unique weak solution to (4.3), then

(4.7 / (uf (,1))? dmdt—f—/TW(ui(x,t)) dz < /TW(uSm(x)) dx.

T

PrOOF. We multiply equation (4.4) by u;"” and integrate over Q7. Integrat-
ing the RHS by parts yields,

/ |u§,’7|2dxdt—|—/ gt( [uS 72 + W (u 6~/)> dxdt = 0.

Performing the integration over (0,7") leads us to,
@8) [ P st [ (F @R+ W w0) de
T T
= | (2 usu@)+ W (g, (2))) do
- T 2 0,z 0,z .

The RHS converges to
/ W7 (u ))dz asy—0.

We may drop

1

5 [l (@0 do
2 )r

on the LHS. The lower semicontinuity of the L? norm yields

lim lug V|2 de dt > / |us|? da dt.
y—=0t JQr Qr

Now, when regularizing W, we notice that the averaging of a convex function,
performed in the convolution gives us W(p) < W¢(p) for all p € R. As a result

[ W < [ Wi e <o

We again use (4.5) to conclude that

we arrive at

lim W( xtd:c—/W )(z,t)dx ae. t>0.

y—0+t

Combining these gives the desired result. U
We notice that Lemma 4.5 immediately implies that
(4.9) uf —u; in L*(Qr) as € — 0.
We know that £° postulated by Proposition 4.3 satisfies
& (x,t) € OW (ui(-,t)) C [-W, W™].
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Here, the last inclusion is obtained by the argument, which gave us (3.6). Hence,
we deduce that there is a subsequence (not relabeled) such that

*

(4.10) € —~¢ inL*(Qr) and € ¢ in L®(Qr).

Using the argument from [11, Theorem 2.1, p. 2292] we can show that
(- t) 2 &(-,t) in L®(T) for a.e. t > 0.

We may repeat the argument of [10], [12] to claim that

(4.11) u® converges to u in LP(0,T; LY(Q)), p,q € (1,00),

hence ||u®(-,t) —u(-,t)||La — O for a lmost every ¢ > 0. However, the key issue
is convergence of ug.

We notice that due to Lemmas 4.4 and 2.2, we can select a subsequence
{usr}22, such that uS* converges weakly in L'(Qr) to u, and, if we fix ¢ >
0, there is a subsequence (not relabeled) such that uSk(-,t) converges weakly
in LY(Q) to u,(-,t). However, copying the argument from [11, Theorem 2.1,
p. 2292] leads us to the following statement:

LEMMA 4.6. There is a sequence u*, k € N such that u® — w, in L'(Qr)
and, for almost all t > 0, uk (- t) = uy(-,t) in L*(Q).

Here is an immediate conclusion from Lemmas 4.6 and 2.3:

COROLLARY 4.7. If u, is a weak limit in L'(Qr) of the sequence u?, then

x

Gu(-,t) <M<oo and E(u(-,t)) <E&(uy) forae t>0.

Now, we claim that u with £ is a weak solution to (4.1). If we inspect (4.2),
the weak form of (4.1), and integrate it over (0,7’), assuming that ¢ € C§°(Qr),
then we will see

(4.12) / uj (z, t)p(x, t) dx dt + A E () (z,t) dxdt = 0.

The stated above weak convergence of uf and &° gives us,

/ ug(z, t)d(z, t) de dt + E(x,t)pp(x,t) dedt = 0.
T Qr

We can localize it by arguing like in [11, Theorem 2.1, p. 2292],

/ut(x,t)w(m) dzr + / E(x, t)e(x)dr =0 for a.e. t >0 and all p € C°(T).
T T

Now, it remains to show that £(z,t) € OW (ug(x,t)) for almost every (x,t)
in Q7. Indeed, from the construction of u® we know that, for any w € W' and
for almost every t > 0, we have

um)AwmmmmzAg@m%m—@@mm+AW@@ﬁmm
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In order to use (4.10) and Lemma 4.6 we multiply (4.13) by ¢ > 0 and ¢ €
C§°(0,T) and integrate over (0,7). We get,

YW (w,) dx dt > Y€ (wy — ul) dedt + YW (us) de dt.
Qr QT Qr

Due to Lemma 2.3
lim YW (u) de dt > YW (uy) dx dt.
n—oo JQr Qr

If we use u® as a test function in (4.12), then we reach,

/ Eul dedt = —/ uju® dz dt.
T T

Since sequence u° is bounded in Wh(Qr), then u® converges strongly to u
in L2(Qr), (possibly after extracting a subsequence). Combining this with (4.9)
yields,

lim uju® dx dt =/ upu dzx dt.

—
nOOQT T

Thus, we have reached

YW (wy) d dt — YW (uy) da dt
Qr Qr

> [ (6w, +uu)dedt = [ pE(w, — ug) drd,
Qr Qr
where we use (4.12) again in the last equality. Since ¢ > 0 was arbitrary, we
deduce that

(4.14) /T W (w,) dz — /T W () da > /Tr £(wy — ug) dz.

Here, we notice that since C*°(T) is dense in W11 (T) we can take u as (4.12).
Now, by applying Lemma 3.3 we deduce that {(z,t) € OW (u(z,t)) almost
everywhere in Q7. Thus, we finalized the construction of a weak solution to
(4.1) satisfying the desired bound. Now, we notice that the solution we have
constructed satisfies the properties stipulated by Proposition 4.1; hence we de-
duce uniqueness of solutions. This concludes the proof of Theorem 4.2. O

We also notice that, in fact, in Theorem 4.2 we have constructed solutions
in the sense of Proposition 4.1.

4.1. Common properties of solutions. Since we made rather weak as-
sumptions on the nonlinearity W, we should not expect too many common fea-
tures of solutions. The property, which draws attention, when dealing with the
total variation flow is the finite stopping time of solutions, i.e. at some time
instance the solution stops moving having reached a terminal state. In this sec-
tion we will relate the finite stopping time to the lack of differentiability of W
at p = 0. The behavior of W for large arguments does not seem to matter.
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THEOREM 4.8. Let us suppose that ug € WH1(Q) and W is such that at all
points p, the one-sided derivatives of W, at p are greater or equal to o > 0.
Then, for all t > Tex, we have

1
u(t) =nug, where Ty = @/ uodr and Texy < CplluollL2,
o

and Cy, is the constant in the Poincaré inequality.

PrOOF. Observe that the average of solutions is preserved due to the bound-
ary conditions. We denote this average by w. We compute d||u — @||%. /dt, while
integrating by parts

/ lu(z,t) —al* de = /(u — W) up dx = /(u — ) (Wp(ug))s
/W Uy Uy = —/ [Wp(ug)] sgn uy - uy de.
Q
We used here the monotonicity of W, which implies that

Hence,

2dt/|uxt ) — T de < — /a|um|d:c§fC’;1||ufﬂ||Lz.

Here, we used the Poincaré’s inequality, ||u — @||p2 < Cpllug||z:. We conclude
that

d _

D=z < Gy,
what implies that Texy, < Cp|luol|L2- O
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