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ON NONHOMOGENEOUS BOUNDARY VALUE PROBLEM
FOR THE STEADY NAVIER-STOKES SYSTEM
IN DOMAIN WITH PARABOLOIDAL AND LAYER TYPE
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ABSTRACT. The nonhomogeneous boundary value problem for the steady
Navier—Stokes system is studied in a domain €2 with two layer type and one
paraboloidal outlets to infinity. The boundary 952 is multiply connected and
consists of the outer boundary S and the inner boundary I". The boundary
value a is assumed to have a compact support. The flux of a over the
inner boundary I' is supposed to be sufficiently small. We do not impose
any restrictions on fluxes of a over the unbounded components of the outer
boundary S. The existence of at least one weak solution is proved.

1. Introduction

In this paper we study the nonhomogeneous boundary value problem for the
steady Navier—Stokes equations
—vAu+ (u-V)u+Vp=0 inQ,
(1.1) divu=0 in Q,
u=—a on 0,
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in a domain © C R? having layer type and paraboloidal outlets to infinity.
Here the vector-valued function u = u(z) = (u1(z), ua(z),us(x)) and the scalar
function p = p(x) are the unknown velocity field and the pressure of the fluid,
while a(z) = (a1(z),a2(x),a3(x)) is the given boundary value; v > 0 is the
constant coefficient of the viscosity.
In bounded domains 2 with the multiply connected boundaries 0f2, consisting
of N disjoint components I';, problem (1.1) was studied first by J. Leray in 1933
(see [24]), and thereafter by many authors (see [1]-[9], [12], [15]-[19], [26], [25],
[27]-[29], [44], [45], etc.). In case of a bounded domain § continuity equation
1.15) implies the necessary compatibility condition for the solvability of problem

(

(L.1):
N

(1.2) /(ma-ndS’:]‘Zl/rja-ndS:O7

where n is a unit vector of the outward (with respect to ) normal to 9.
However, for a long time the existence of a weak solution u € W2(Q) to problem
(1.1) was proved either under the condition of zero fluxes

(1.3) ]-"j:/ a-ndS=0, j=1,...,N,
Ly

(e.g. [24], [19], [20], [45]), or assuming the fluxes F; to be sufficiently small (e.g.
[2], [5], [6], [9], [18]), or under the certain symmetry assumptions on the domain
Q) and the boundary value a (e.g. [1], [7], [8], [26], [34]-[36], [16]), or assuming
that the arbitrary large flux F has the “correct” sign (see [15]). Condition (1.3)
requires the fluxes F; of the boundary value a to be zero separately on each
connected component I'; of the boundary 0f2, while the compatibility condi-
tion (1.2) means only that the total flux is equal to zero. Obviously, condition
(1.3) is stronger than (1.2), and (1.3) does not allow the presence of sinks and
sources. In [24] J. Leray formulated a question whether problem (1.1) is solvable
only under the necessary compatibility condition (1.2). In general case this so
called Leray’s problem was an open problem for 80 years. Fortunately, recently
Leray’s problem was solved for a 2-dimensional bounded multiply connected do-
main (see [17]).

In domains with noncompact boundaries problem (1.1) with the homoge-
neous boundary conditions was exhaustively studied during the last 35 years
(e.g. [10], [13], [21]-[23], [33], [37]-[42]). However, not much is known about the
nonhomogeneous boundary value problem (1.1) in the domain with noncompact
boundaries. To the best of our knowledge problem (1.1) with nonhomogeneous
boundary condition for the first time was solved without prescribing a “smallness
condition” in 1999 in [30]. Later H. Fujita and H. Morimoto [25]-[27] studied
problem (1.1) in the symmetric two-dimensional multiply connected domains ¢
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with channel-like outlets to infinity containing a finite number of “holes”. As-
suming that the boundary value a is zero on the “outer” boundary and that
a satisfies the symmetry assumptions on the bounded connected components of
09, it is proved in [25]-]27] that problem (1.1) admits at least one solution which
tends in every channel to a corresponding Poiseuille flow. Notice that the fluxes
of Poiseuille flows are assumed to be sufficiently small. In 2010 J. Neustupa [31],
[32] studied problem (1.1) in unbounded domains  with the multiply connected
boundaries. He supposed that the fluxes of a over bounded components of the
boundary are “small”, but did not impose any conditions on the fluxes over the
unbounded parts of 9 (of course, the total flux is supposed to be equal to zero).
In [32] the existence of at least one solution to (1.1) is proved assuming that the
boundary value a admits a solenoidal extension A with A € L3(2), VA € L?(Q),
and the found solutions have finite Dirichlet integrals. This imposes a restriction
on the domain 2: it should expand at infinity sufficiently rapidly, in order to
have enough place to “transfer” a flux of the fluid from a bounded part of Q to
infinity.

Recently problem (1.1) was studied in a class of domains Q C R, n = 2,3,
having paraboloidal outlets to infinity (see [14]). Assuming, as in [32], that the
fluxes of a over the bounded connected components of the inner boundary are
sufficiently small, we do not impose any restrictions on the fluxes of the bound-
ary value a over the noncompact connected components of the outer boundary.
Under these conditions in [14] the existence of at least one weak solution to prob-
lem (1.1) which has, additionally, the prescribed fluxes over the cross-sections of
outlets to infinity, was proved. This solution can have finite or infinite Dirich-
let integral depending on the geometrical properties of the outlets. The proofs
in [14] are based on a special construction of the extension A of the boundary
value a which satisfies the Leray—Hopf inequality and allows to get the effective
estimates of the solution.

In this paper the results obtained in [14] are extended to a class of the non-
compact domains 2 C R? having paraboloidal and layer type outlets to infinity
(see Subsection 2.2 for the exact definitions). Under the same assumptions as
in [14] it is proved the existence of at least one weak solution of problem (1.1).

2. Preliminaries

2.1. Notation and function spaces. Let V be a Banach space. The
norm of an element « in the function space V is denoted by ||u|]yv. Vector-valued
functions are denoted by bold letters; spaces of scalar and vector-valued functions
are not distinguished in notation. The vector-valued function u = (uq, ..., uy,)

n
belongs to the space V,if u; € Vyi=1,...,n, and |lully = > |lwillv.

=1
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Let 2 be a domain in R™. As usual, denote by C°°(£2) the set of all infinitely
differentiable functions defined on © and let C§°(£2) be the subset of all functions
from C°°(2) with compact support in 2. For a given nonnegative integer k and
q > 1, LYQ) and W*4(Q) indicate the usual Lebesgue and Sobolev spaces;
Wk=1/4:4(9Q) is the trace space on 9 of functions from WH1(Q); WH1(Q) is
the closure of C§°(9) in the norm of W#4(Q2); we shall write u € Wllf)’cq(Q) if
u € Wka(Q') for any bounded subdomain Q' with €/ C €.

Let D(Q) be the Hilbert space of vector functions formed as the closure of
Cg°(Q) in the Dirichlet norm [jullpq) = [[Vulr2(q) generated by the scalar
product

(u,v) = / Vu: Vvdz,
Q

where
Vu:Vv = iVuj -V, = ii%%
=1 i ka 8xk
Denote by J§°(2) the set of all solenoidal (divu = 0) vector fields u from C§°(€2).
By H () we indicate the subspace of D(£) consisting of solenoidal vector fields,
and by H () — the space formed as the closure of J§°(€2) in the Dirichlet norm.
Obviously, H(€2) C H(). In general, the spaces H(Q2) and H(£2) do not coincide
(see, for example, [10], [21], [42], [13], [38]). However, if Q is a bounded domain
with Lipschitz boundary, then H(Q) = H(Q) (see [21]).
Let M be a closed set in R",n = 2,3. Denote by Ar(x) a regularized
distance from the point x to a set M. Notice that Ap(z) is an infinitely differ-

entiable function in R™ \ M and the following inequalities
(2.1) ardpm () < Am() < azdpm(), |DAp(z)] < agd}\,_lla‘(x)

hold. Here dypy = dist(x, M) is the real distance from x to M, the positive
constants a1, as depend only on the dimension n, while az depends on n and on
the order of differentiation |a| (see [43]).

2.2. Domains with outlets to infinity. Let  C R3 be an unbounded
domain which splits outside the ball Bg,(0) = {z € R? : |z| < Ro} into three
noncompact disjoint components (1), i.e.

Q= QyUD; UDy U Ds,

where Qp = QN Bgr,(0) and the unbounded components Dy, Do are layer type
outlets to infinity, while D3 is a paraboloidal outlet.

(1) In order not to loose the main idea in the technical details, we take a domain with

three outlets to infinity. In general we can take a finite number of outlets to infinity.
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We assume that the outlet D3 is connected to the layer Dy. Layers Dy, Do
are connected to each other by a finite cylinder which we denote H C Qg (see
Figure 1). Outlets Dy, Do, D3 have the forms (?):

Dy ={z0 eR3:0< 2 < g(|zV]) 29 > 1}, i=1,2
D; = {2(3) eR3: \2(3)/| < g3(2§3)), 2353) > 1},
where the functions g;(t), i = 1,2, possess the following properties:

pagi(t) < tgntlftsxmgi(h) < pagi(t), gi(t) > 1, for all ¢,

with the certain positive constants uq, po,
19i(t1) = gi(t2)| < Li(t)[ts — ta, 1,12 € [t,21],
and for L;(t) holds the inequality
Li(t) - t
gi(t)
the function gs(t) satisfies the Lipschitz condition

< const, L;(t) <const forallt, i=1,2;

lgs(t1) — g3(t2)| < Lslt1 —ta|, t1,t2 >1, g3(t) >1 forallt.

s
N\

I N e
Ve 7
2

D, e

FIGURE 1. Domain .

We assume that:
(i) The boundary 0X2 is Lipschitz.
(ii) The bounded domain Qg has the form Qp = Go \ G, where Gy and G
are bounded simply connected domains such that G C Gy.

(2) Note that z(*) means the local coordinate system in the outlet D;, while z is the global

system.
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(iii) The outer boundary S = IQ\ T, I' = 0G, consists of three disjoint
unbounded connected components:

S ={=0 € 90: 2" = g1(12V])},
5@ :{Z(l) c o0 - zél) =0, |Z(1)/| > 1} USH*uUTM
U {z(z) € 0N : zéz) =0, |Z(2)/| > 1} uT®
53 :{2(2) CON: 2y = 92(|Z(2)/D7 \z@)’| > 1} uTr® uoDs,
where 0H* is a lateral surface of the cylinder H and 0D} is a lateral
surface of the paraboloidal outlet D3, T is a surface connecting 9Dy

and OH*, T3 is a surface connecting 9Dy and dH*, T®) is a surface
connecting 9Dy and 9Dj3.

Below we will use the following notation:
() ={zDeD;: |2 <7}, i=12,
:{2(3ED ()<7'3}

Qo U D1(11) U Da(72) U D3(73),
={WeD;:r< 2V <27}, i=12,

7.3

(7'1,7'2, T3

) =
)
) =
(7)

ws(r) = 23 eDyir— 93(7) < z§3) < Ty,
2Ls

oi(t) =D;N {z(i) 2@ = Th i=1,2,
o3(r) =Dy (= : 57 =7},

ie. o; C R? are the cross-sections of the outlets D;,j=1,2,3.

In order to prove the existence of at least one weak solution, we use the
methods proposed in [33], [23], [40]. Following these methods, we have to select
a family of the bounded domains §2(¢) such that £(¢) exhausts the domain Q as
t — oco. Such a family of the domains can be taken in the following form

Q(t) = Q21 (1), 2ha (1), ks (1)),

where h;(t), j = 1,2,3, are the functions inverse to

T dr T dr
XZ(T):/ T q/3, i:1727 XS(T):/ “a4/3, 0
1 org () g5 ()
e /hi(t) dr i1 B /hs(t) dr
1 g P o g )

If the integrals
th(t) hg(t)
/ ‘?’ . i=1,2, and / fr
1 rg;(r) 1 g5(r)

so that
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diverge, then the functions x;(7), h;(t), j = 1,2, 3, increase monotonically and
tend to infinity as ¢, 7 run through the interval [1,00). Moreover, the following

relations
(22) R =hi(t)- g (1)), i=1,2,  B(1) = g5 P (ha(t))
hold.

REMARK 2.1. In case that the integrals

2h;(t) d hs(t) d
L/ O =12, and L/ -
1 rg; (r) 1 g3 ()

are bounded, we get the existence of at least one weak solution from the Leray—
Schauder Theorem and we do not need to control the corresponding Dirichlet
integral (see the proof of existence).

2.3. Formulation of the problem. We consider the following problem

—vAu+ (u-V)u+Vp=0 in Q,

divu=0 in ,
(23) u=a on 0},
/ u-ndS =F; for 7 =1,2,3,
o (t)

where n is the unit vector of the normal to o;, 7 = 1,2, 3.
We suppose that the boundary value a € W1/2?2 (0Q) has a compact sup-
port (}) and A = suppan S C S (see Figure 1). Let

/ a-nds = Fimn), / a-ndS = Feu
r A

be the fluxes of the boundary value a over the inner and the outer boundaries,
respectively. Then the necessary flux compatibility condition can be written as

(2.4) Flnn) 4 5w L 7 4 Fy 4 F3 =0

(the total flux is equal to zero).

The main purpose of the paper is to construct an appropriate extension of
the boundary data which gives the possibility to reduce the nonhomogeneous
boundary conditions to the homogeneous ones. This extension is constructed as
the sum

A= B(inn) + B(out) + B(ﬂux)’

where B(") extends the boundary value a from the inner boundary I, B(°ut)

extends a from the connected component S of the noncompact outer bound-
ary S, and B1") has zero boundary value and “removes” the fluxes over the

(3) As in the paper [14], this assumption is made to insure that the flux F(°"®) of the

boundary value a over the unbounded parts of the boundary has sense.
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cross-sections o, j = 1,2, 3. The vector fields B©u) and BA™) are constructed
to satisfy so called Leray—Hopf inequality (see (2.8) below) which allows to obtain
the a priori estimates of the solution for the arbitrary large fluxes ") and Fi,
j =1,2,3. The construction of the vector fields B(°") and B is based on
the methods proposed in [22], [42], [38] (see also [14] where such extensions are
constructed in the domains having only paraboloidal outlets to infinity). Notice
that in general Leray—Hopf inequality cannot be true for the vector field B
There are counterexamples of a bounded domain (see [44], [11], [3]), showing
that for nonzero fluxes of the boundary value a over the connected components
of the boundary Leray—Hopf inequality may be false whatever the choice of the
solenoidal extension is taken. Therefore, we suppose that the flux F(in®) of a
over the inner boundary I' is “sufficiently small”. After the extension A with
the above properties is constructed, the proof of the existence of a weak so-
lution to problem (1.1) is based on the methods developed in [23], [33]. The
construction of a suitable extension depends on the form of the outlet to infinity
to which we “drain” the fluxes. In this paper we analyse in details the case,
when we “transport” the fluxes from the bounded parts of 92 to the layer-type
outlet to infinity.

2.4. Weak solutions. The weak solution of problem (2.3) is a solenoidal
vector field u € I/Vﬁ)f (Q) satisfying the boundary condition ulgg = a, the flux
conditions

(2.5) / u-ndS=7*;, j=123
o (t)
and the integral identity
(2.6) V/Vu:Vnda:—/(u~V)n~udm:O for all n € J5° ().
Q Q

Assume that the necessary compatibility condition (2.4) is valid. Let A €
Wéf(Q) be a solenoidal extension of the boundary value a satisfying the flux
conditions (2.5):

diV.A:O7 14|(3;Q:a7 A-l’ldS:]:j, j:1,2,3.
o;(t)

We reduce problem (2.6) to the problem with the homogeneous boundary con-
ditions and zero fluxes. After substituting u = v + A into (2.6), we look for the
new unknown velocity field v € W&)CQ () satisfying the conditions

divv =0, v]so =0, / v-ndS=0, j=1,23,
o;(t)
and the integral identity

(2.7) V/QVV:Vndx—/Q(V~V)n~vdx—/Q(A~V)n~vdx
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7/(V~V)noAd:c:/(A'V)rrAdxfz//VA:Vndx,
Q Q Q

for all n € J§°(£2). We construct the extension A which satisfies Leray—Hopf

/ AP |w|?dr < 6/ |Vw|? dz,
Q) Q(t)

/ A |w|?dr < 6/ |Vw]|? de,
w;i (h; (1)) w; (hy (8))

where w € Wéf(ﬂ) is an arbitrary solenoidal function with w|sq = 0 and e can

type inequalities

(2.8)

be chosen arbitrary small.

3. Construction of the extension of the boundary value

3.1. Construction of the extension B(*™), We start with the construc-
tion of the “virtual drain” function b("™) which “transforms” the flux F(n®)
from the inner boundary I to infinity. Constructing the vector field b (also
b(®") in the next subsection) one can arbitrary choose the outlet where the
virtual drain function has nonzero flux. Generally speaking, choosing different
outlets, different solutions of problem (2.3) may be obtained (a solution is unique
only for small data). A solenoidal vector field with nonzero flux can have finite
Dirichlet integral over the outlet only if it is “sufficiently wide” (see [33], [42]).
Moreover, if the Dirichlet integral is infinite, growth of it over D;(7) depends on
how fast the outlet D; is expanding at infinity. Therefore, constructing b
(and b(®")), we “drain” the flux to the “widest” outlet in order to minimize the
dissipation of energy (Dirichlet integral). In this paper we suppose that such an
outlet is of the layer type, say Dj.

inn)

First, we construct in D; a solenoidal vector field bg such that

b(linn)(x)|3D1ﬂ89 =0, / ( )bginn) .ndS = [(inn)
o1 (t

Introduce the infinite layer L = {y € R : 0 < y3 < g1(|¢|), ¥’ € R?} which for
|y'| > 1 coincides with the outlet Dy. Let v = {y € L : |¢/| = 0} (i.e. one can
take y = z(1)). Define in L a cut—off function

(3.1) Gly) = \I’(ln (W))’

where 0(y) = Ayiugye=g (v} (¥), BY) = Bor\(ya=g (v} (¥), ¥ is a smooth
monotone function, 0 < ¥(t) <1,

0 fort <O,

3.2 (t) =
3.2) ) 1 fort>1,
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p(7) is a smooth monotone function with p(7) = a1dy/2 for 7 < asdp/2, p(7) =7
for 7 > aody, where a1, ay are the constants from inequality (2.1), dy is a small
positive number.

LEMMA 3.1. The function (1(y) is equal to zero at those points of L\ y1 where
p(6(y)) < A(y) and 1 (y) =1 if A(y) < e 1p(d(y)). The following estimates

‘84“1 8261(y)‘< c
Oy y)’ Oypoyr | = A%(y)

(3.3) ‘ <
hold.

PROOF. The proof follows directly from the definition of the function (7, the
properties of the regularized distance and the fact that suppV(; is contained in
the set where A(y) < p(d(y)) (see Lemma 2 in [42] for the details). O

Define
b (y) = Fi™ ewrl (¢1 (y)bo(y)) = FI™ V(¢ (y) x bo(y), y €L,

b0<y):1(_ v2 U1 o).

2\ P Iy

where

LEMMA 3.2. The solenoidal vector field B(lirm) is infinitely differentiable for
y € L\ {y : |¢/| = 0}, vanishes near the set OL U {y : |y'| = 0} and satisfies the
conditions:

(3.4) / b"™ . nds =R,

L
1

. F(inn)‘
35 Bl () < :
~ C|Finn)|
3.6 I O I i
(3.6) R N DI
T (inn C(|1F(inn) | C|F(inn) |
(3.7) IVb{"™ (y)| < . yeL\ Q.
! a1y gy ly)?
Here d(y) = dist(y, LN 9Q\ {y € 0 : y3 = g1 (|y'])})-
PRrOOF. Since
180G 1
V(, % bg) - = —— e
(Ve xbo) oty = =50 50 T

we get

/ b{"™ . nds = Fim) / (V1 x bg) -ndS
L(t) T ()

¢ 2m g1(t) oG 1 ) g1(t) ac
1nn) Ukl .2 d — _F(lnn) / d
/ / dys t v 0 dys v
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]F(inn) (Cl (yb Y2, g1 (t)) - Cl (yla Y2, O)) = F(inn)’

where ol() is a cross section of the layer L. From the definition of Bgin") and

(3.3) it follows that

T (inn i ]F(inn)
B ] < F IV Qb)) < He
B8 B )] < FO (VTG 0) b)) + 16 0)] Tho(w))

. 1 1
S CF(mn) ( + )
FI\ &y T R E

It is easy to see that for the points y € supp Bginn) the inequalities

(3.9) cgi(y'l) < Ay) < cag1(ly'])

hold (see [33] for the details). Therefore, estimates (3.5)—(3.7) follow from

(3.8), (3.9). 0
Define

(3.10) by (=) = b (V)| p,

LEMMA 3.3. For any vector field w € W112(D1) with wW|ap,neq = 0 the
following inequalities:

/ |b§inn)‘2‘w|2 de < C|F(inn)|2‘/ |VW|2 dr,
(3.11) Q) ()

/ |b§inn)‘2‘w|2 de < C|F(inn)|2/ |VW|2 dx
(h1 (1)) w1 (ha (1))

hold. The constant c is independent of t.

PROOF. It is well known (see [20]) that the following inequality

2
(3.12) / ‘W| dz /|VW\2dx

dlst

holds in a bounded domain II and for any w € WH2(II) with w|z = 0, where
L C 11 has a positive surface measure. Therefore, estimates (3.11) follow from
(3.5) and (3.12). For the detailed proof see [33] and [42]. O

Let us briefly describe the construction of the virtual drain function, which
“removes” non-zero flux from inner component I' (this construction is similar to
that of the paper [14]). Let () € G, be the point lying inside the “hole” G.
Denote q1(z) = q(z — (M), where ¢(z) = 1/(4rx|z|) is the fundamental solution
of the Laplace operator in R?, and let

béinn) (:E) — ]F(inn)vq1 (.CE)
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Then

div béinn) _ 0’ / bginn) .ndS = F(inn)’ / béinn) .ndS — —F(inn)
r 9

Set
0 for x €T,
/81 = bgfnn)|8ﬂoﬂ51 + bgmn) QoND; for = € 890 ﬂbl,
s, s 0\ (D)
We have

ﬁ -ndS = b(inn) .ndS + b(inn) .ndS = F(inn) . F(inn) —0.
1 1 §
090 0QND1 Q0

Therefore, the function B, can be extended inside the domain €2y as a solenoidal
vector field b(()llnn) € Wh2(Q) and
106 lw2(00) < ellBillwarzaony)
< c(Ib§™ w122 (000) + DS 1 /2.2(00,05,)) < lFE),

where the constant ¢ depends only on the domain € (see, for example, [20],
[21]). Now, define the virtual drain function

béinn) + b(()ilnn) for x € Qo,

bl = ¢ plin for z € Dy,
0 for x € Do, D3.
Set
8, = a—bémn)|F for x €T,
0 0 for x € 00 \ T
Then

/,6'0 ‘ndS = / a-nds - / by™ - ndS = Fim — gl = g,

r r r

and, therefore, the function B, can be extended inside 0 in the form (see [20])
by () = curl (x(2)B(x)),

where E € W22(Qy), curl E|pn, = B, and Y is a smooth cut-off function with
x(z) =1 on T, supp x is contained in a small neighbourhood of T" and

IV Xom () -

< —-.
s dist(z,T")

Moreover, for any w € I/Vli)c2 (Q) with w|sq = 0 the following estimate

13 [ @) de < FCR [ (Twlo)P da
Qo Qo



BOUNDARY VALUE PROBLEM FOR STEADY NAVIER—-STOKES SYSTEM 847

holds. Finally, we put
(314) B(inn) — b(inn) + b(()mn).

LEMMA 3.4. The vector field BU™) s solenoidal, BU"™|r =alr, BU™)| g =
0, m=1,2,3, Bim ¢ W3(Q), BU(z) = 0, € Dy, # € Dy, |2| > 1. For
any w € VV&)C2 (Q) with w|sq = 0 the following estimates:

/ |B(inn)‘2‘w|2 dr < C|F(inn)|2‘/ |VW|2 dl’,
wj(h; (1)) wj(h; (1))

(3.15)
/ B 2w d < C|F<inn>|2/ \Vw|? da,
(1) (1)

hold. Moreover,

. C|Flinm)|
(inn) I i
(3.16) (inn) C|F(inn)| C|F ()|
VBTN S R g €O
|B(in“)(a:)|—|— |VB(inn)(a:)| < C’|IF(i“n)|7 z € supp B,

The proof of this lemma follows directly from the construction of BU™) and
from estimates (3.11), (3.13), (3.6) and (3.7)

3.2. Construction of the extension B(°™), In this subsection we con-
struct the vector field B(°")  extending the boundary value a from the outer
boundary S. We start with the construction of the “fux carrier” b") which
“drains” the flux F©" from the bounded part A ¢ S®) to infinity.

Let v be a smooth simple contour which intersects 9 at the points (%) €
A c 8@ and (M € S and have the form

Y= Ul UFUI,,

where 71 is a finite curve lying in D; and intersecting boundary S at the point
(M| 5 C Qp is a finite curve connecting v; and the point ™ 1y, Iy € R3\ Q
are the semi-infinite curves which begin at the points () and =), respectively
(see Figure 2).

Assume that the direction of 7 coincides with the direction of increase of the
coordinate zél) and that the dist(7y, S® \ A) > dy > 0, where dj is a sufficiently
small number. Denote by

~ 1 T —y

b(z) x dl,

CAn ) oyl

a magnetic field generating, upon passage through v, an electric flow of unit
intensity. We take b(x) = b(x)|q.
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(1)
S\

Fi1GURE 2. Contour 7.

LEMMA 3.5. The vector field b is solenoidal in R3\ v, curl b = 0, and the
circulation of b along any closed contour, enveloping vy, is equal to —1, if the
direction of the integration along this contour and along v are connected by the
gimlet rule. If this contour does not envelop v, then the circulation of b along it
is equal to zero. At the points whose distance from ~y is not less than dy, we have

c(a, dp)

(3.17) |D&b(z)| < 2Ty

where d(x) = dist(z, 7).

The proof of estimate (3.17) repeats the corresponding arguments from Lem-
ma 1 in [42].
In the domain ) we introduce the virtual drain function

(3.18) b (2, 6) = FOWeurl(¢C(z, €) - b(x)) = FOOVE(x, ) x b(z),
where
6(x) )
3.19 ) =¥leln ——m—F—— |,
( ) () (8 ! Aaﬂ\(/\usun(?c)

3
(@) A, s (@) + ) pile)]z — o
j=2

3
+(12pj(x))AwS<1)(x) if € Q\(yuUSW), zy €7,
j=1

0 ifzeyuSM,

1 forx € D;\ D;(3),

pi(x) = .
0 forze (2\D;)UD,;(?2), j=1,2,3.
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The function &(z) is continuous in the domain © and infinitely differentiable in
Q\ (vUSM), |Vé(x)| is bounded. Tt is easy to see that

A’Ylus(l) (.’17) for x € D, \ D1(3),
6(x) =< |z — x|, |z|>1 forxzeD;, i=2,3,
AL s (z) for z € €,

the function ¢ is equal to zero on S and ¢ =1 on 9N\ (AU SW).

LEMMA 3.6. The vector field plou) g infinitely differentiable and solenoidal,
b°") yanishes near the surface 9 \ A, in a small neighbourhood of the curve
yNQ and for x € Dy, x € D3, |x| > 1. The following estimates:
ce

(B20) (o) < , reo
oo (Aus®) ()dyus ()
(out)
oy ) < ORI
(3.21) |b (x,¢€))] Sgl(|2(1)/|)|2(1)’|7 x € Dy,
(out) (out)
(322) ‘Vb(OUt) (.13,8)‘ < C(E)|S | 8(6)‘3 | v Dh

AN 07 " g (0] O
hold. The constant ¢ in (3.20) is independent of €. Finally,

/ b(out) .ndS = S(out).
A

PRrROOF. The first statement of the lemma follows from definitions (3.18),
(3.19) and from the properties of the regularized distance. Estimates (3.20)-
(3.22) can be proved using definitions (3.18), (3.19) just in the same way as the
analogous estimates in [33], [42], [38]. Since b{®" (z, €)ooy = 0, b (z,6) =0
for x € Dy, x € D3, |z| > 1, and (z,¢) = 1 on 9N\ (AU SM) and ((x,¢) =0
on S, the OstrogradskyGauss and the Stokes formulas yield

/b(out) .ndS = _/ beut) . pnds = —3(0‘“)/ curl(¢b) - ndS

A o1(t) o1(?)

——gen [ @ a=ge ([ wpas [ o) a)
9o (t) ao(t) a(t)

_ 1rgv(out) / b dl = %v(out),
al(t)

where ag(t) = 0o (t) NSV ay(t) = doy (t) 1S3 (4. O

Let B(x,e) = a(x)|s — b (z,¢)|5. Then

/5nw /anw /bwﬂnw—o

(%) Notice that the contours ag(t) and o (t) have the opposite directions.
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Therefore, 3 can be extended inside §2 in the form
b () = curl (x(x, £)E(x)),

where E € W22(Qq), curl E[, = 3 and Y is a Hopf’s type cut-off function such
that x(z,e) =1 on A, supp x is contained in a small neighbourhood of A, and

ec

. m 9 S N 7/ ol
(323) V(2 9)] < g gy

(see [20]). Define
B(O“t)(m, g) = plout) (z,e) + b(()out) (z,¢€).
Obviously,
divB©" =0, B[, =a, By, =0,
B =0, zeD, xe€Ds |z|>1

LEMMA 3.7. The following estimates

(3.24) / BO) 2w 2 d §56|8'(°“t)|2/ Vwl2dz, j=1,2,3,
w;(hj(t)) w;(hj(t))

(3.25) / BO 2w 2 d §50|8(°“t)|2/ Vwl|? dz,
Q(t) Q(t)

hold for any solenoidal w € Wlif(Q) with w|asq = 0. The constant ¢ does not
depend on € and t. Moreover,

C(e)|3]

(out)
(3.26) B (x,e)| < (2O 207 z € D,
C(e)|F] C(e)|Fm]
(out)
320 VBl < Gronpen t pgoppor © € P
(3.28) |B(°“t)(a:,a)|+ |VB(°“t) (x,e)] < C’(E)\S(Out)|, z € supp B,

Inequalities (3.24) and (3.25) follow from (3.20) and (3.23). Estimates (3.26)—
(3.28) are the consequences of (3.21) and (3.22).

3.3. Construction of the vector field B "), Now we need to compen-
sate the fluxes over the cross-sections of the outlets to infinity, i.e. we have to
construct a solenoidal vector field BM"™) satisfying the flux conditions:

B(ﬂux) -ndS =F + ]F(inn) + 3«(out)’
g1 (t)

(3.29) / B . nds = F,
0’2(15)

B . nds = F;.

a3 (t)
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Note that the total flux is equal to zero:
(3.30) Fi+ Fo+ Fy + Fnn) 4 glout) — g

y (.2)

S(l)

FIGURE 3. Contours v(1:2) and ~(2:3),

Constructing BA™) | first, we define the vectors

s 1 T —y

b (z :—f — xdl,, j=1,2
)= 5 e Je—ypp ’

describing the magnetic fields upon passage through the contours 72 and

~(23) Let us introduce 42 and (23,

(1,2)

1. Contour v(1:?) goes through two layer type outlets Dy and Dy, v(1:?) is an

infinite smooth simple curve which intersects 9Q at the points () € S and
22 € G N AD,. Contour v(1:2) consists of a finite curve %2) C Qo and semi-
infinite curves Iy, lo C R3\ Q which begin at the points x| ()| respectively
(see Figure 3):

7(1’2) = ?%2) U ll U l2.

(2,3)

2. Contour v goes through two outlets, one of which is paraboloidal

outlet D3 and another Ds is of the layer type:
729 =3B U® U, U,

where 3(3) € D3 is a semi-infinite line, 32 C Dy is a finite line intersecting 99
at the point (2 € S N aD,, %3) C € is a curve joining 73 with 32 and
lo C R?\ Q is a semi-infinite curve which starts at the point 2(?) (see Figure 3).

We suppose that the distances dist(7("2),9Q\ (SM U (SG) N Dy))) > do and
dist(y23), 00\ (S N Dy)) > dy are positive, where dy is a sufficiently small
positive number (see Figure 3). The direction of the curves 412 and (23)

coincides with the direction of increase of the axis 252)7 zég), respectively.
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Denote

b (2,6) = curl(¢ 41 (x, )bYTH () = V¢ i1 (@, €) x U (),

5(j,j+1)(;x) )
jjri(z,e) =¥|leln—— |, j=12,
Ggt(w,e) ( Agu+vur(x) ’

where
pl(x)A('yUS?)(l))ﬂDl + p2(2)Ayusennp, + p3(x)Co
52 () = +(1 - Zpk(m)>A7uS(l>us(3> (2), z€Q\(yUSHUSH),
0, reyUSHUSG
/?2(%)A<7usg<2>)np2 + p3(2)Aynp, + p1(2)Co
s (@) =4 + (1 -3 pk(x)) Ausmuse (@), 2 e\ (yusHus®),
0 i zeyUSDUSE)

with a sufficiently small positive constant Cj.

Note that in the first case (the contour v(1:?) goes from the layer D; to the
layer Dy) the function ¢ is equal to zero on S US®) and ¢ = 1 on S, In the
second case (the contour 7(23) goes from the layer D, to the paraboloidal outlet
D3) the function ¢ is equal to zero on S™ US® and ¢ =1 on S©.

The vector fields bgﬂjuﬁ have the following properties (see [42], [38] for the
case of the paraboloidal outlets and [33] for the case of the layer type outlets).

LEMMA 3.8. The vector fields bﬁ;x) (x,€) and b(ﬂux) (x,e) are solenoidal,
b5 90 = 0, B8 |00 = 0, 8% (2,6) = 0 for z € Ds, |2] > 1, b3 (2,¢) =
0 for x € Dy, |z| > 1 and

/ bglx) -ndS =1, / bgf?;X) -ndS = —1,
o'l(t) G’Q(t)

/ b nds =1, / b nds = —1.
oa(t) o3(t)

For any solenoidal w € Wéf (Q) with w|sq = 0 the following estimates:

/ |b(i‘f1| |w|?dx < EC/ |Vw|? d,
ws (hs(t)) ws (hs(8))

(3.31) j=1,2, s=1,2,3,

/ |b(ﬂj‘f1| |w|?dx < é‘C/ |Vw|? dx
ot Q)

hold with the constant ¢ independent of ¢ and t. Moreover,

ux C(e) (flux) O(E)
18 (2, )| < L Vb (2,e))] < ., z€Ds,
] ] g(zé?))) J ] gg)(zi(;?)))
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(flux) C(e)
‘bjj-‘rl( )| < (|Z(7' |)|Z 7I),|
@ o -
VE ) < DR oo © € P i b
flux) (Aux Aux
|b(j+1( )| +[Vb; J+i(x,6))|§C(€), xESuppb(H%

Let us define
B(fx) (z,e) = alb(ﬂux)( ,€) + agbgl;x) (z,¢),

where ay = Fy 4+ Flmn) 4 glout) ", — 7, 4 F, + Flinn) 4 x(out)  The vector field
B gatisfies flux conditions (3.29).

3.4. Solvability of problem (2.3). We look for the solution u in the form
(3.32) u(z) = A(z,e) + v(z),
where

A(z,e) = B () + B (z) + BA™) (4 o),

As it follows from (3.15), (3.24), (3.31), for any solenoidal w € W-*(Q) with

w|aq = 0 the following inequalities

/ APIW dz < (| B +elg ]2+ [Fim) 2) / Vw|2dz,
(hj(t)) wj(hj(t))
(3.33)

/ |AWWP¢Egdd?ﬁ+ﬂ@wwﬁ+mmmﬁ{/ Vw2 da,
Q(t) Q)

hold, where |F| = /FZ+ F2+ 72, F = (F1, Fo. Fa), j = 1,2, 3.
In order to prove the existence of at least one weak solution, we need some
known results.

LEMMA 3.9 ([23]). Let non-negative, non-decreasing smooth functions y(t)

and p(t) satisfy the inequalities
1

(3.34) y(t) <0(y'(1) + 5¢(),
(3.35) p(t) >20(¢' (1)), t€10,T],
where 0(s) is a positive increasing function of a positive argument s. If y(T') <
o(T), then y(t) < o(t) for allt € [0,T].

LEMMA 3.10 (Poincaré inequality). Let u € W2(Q). Then the following

inequalities

(3.36) / \M@FWSCﬁ@/‘\VM@PM,j:LZ&
w; ()

w; (t)

hold, where the constant ¢ is independent of u and t.
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LEMMA 3.11. Letu € W”(Q) Then the following inequalities

(337) Hu||L4(w](t)) < Cg] ( )HVUHLz(w](t)), j = 172,3,

hold, where the constant ¢ is independent of u and t.
The proof of this lemma follows directly from the multiplicative inequality

(3.38) ||UHL4(wJ @) < CHVUHLZ(w ) ||U||L2(w )’ J=1,2,3,
and Poincaré inequality (3.36). The constant ¢ in (3.38) is independent of t.

LEMMA 3.12. Let f € L*(w;(t)) and

/ fde=0, i=12.
wi(t)
Then problem

divu=f forxzel,

(3.39)
u=0 for x € 09,

admits a solution w e WY2(w;(t)) satisfying the estimate

(3.40) IVl 2w 1)) < 122 (s ()

bt
gt

with the constant c independent of w, f and t.

LEMMA 3.13. Let f € L*(ws3(t)) and

/ fdx=0.
wg(t)

Then problem (3.39) admits a solution w € W2(ws(t)) satisfying the estimate

(3.41) IVl 2 (ws 6y < el fll22(ws (1))

with the constant ¢ independent of w, f and t.
The last two lemmas were proved in [21] and [33], respectively.

THEOREM 3.14. Assume that the boundary value a € W'/22(9Q) has a com-
pact support, the fluz FU™™) s sufficiently small and the necessary condition (2.4)
holds. Then there exists at least one weak solution u of problem (2.3) satisfying
the inequality

(3.42) Va2 d Z O _dr
3.42 / u|“dx < c- ¢ (1 + / / >,
Q) rgir) i gin)

where

(@, F) = alyseagon) + lallleaon + 1P+ F1L [F2=F2 + 73+ 7.



BOUNDARY VALUE PROBLEM FOR STEADY NAVIER—-STOKES SYSTEM 855

PROOF. In every bounded domain Q(T) there exists a vector field v(T) €
H(Q(T)) satisfying the integral identity

(3.43) V/ v Vnde - / (A +v D). V)p v d
QT) T)

VA:Vnda:Jr/ (A-V)n-Adz

- / v .Vn-Ade = —v
QT) QT)

Q(T)
for all m € H(Q(T')). Indeed, it is well known that in the bounded domain (7')
this integral identity is equivalent to the operator equation

(3.44) v = £v(™),

where L is a compact operator (e.g. [20]). By the Leray—Schauder Theorem,
(3.44) admits at least one solution if the norms of all possible solutions of the
equation

(3.45) viTA) = ALv(TN X eo,1],

are bounded by the same constant independent of .
Taking n = v(7) (°) in (3.43) and using the Leray Hopf (2.8) and Cauchy-
Schwarz inequalities, we obtain

) v [ WOPd = [ DT A
A1) QT)

" VA : Vv dz + A (A-V)vT . Ada
QT) UT)

1/2 1/2
< (/ |VV(T)2dx> : (/ |V(T)|2|A2da:>
Q) oT)
1/2 1/2
- (/ |VA|2dx) . </ |VV(T)|2d1‘>
T) T)
1/2 1/2
4 (/ |A|4dm> - (/ |VV(T)|2dJJ>
T) T)

< C\/g|?|2 + E|3’(out)|2 + ‘]F(inn)‘Q/ \VV(T)|2 dx
Q(T)

14
+ (VA7 ery) + 1A 74ry)) + §||VV(T)H%2(Q(T))'

The last inequality yields

14 .
<2 - C\/el?\Z + ce|§lou)|2 - |F(inn) |2 ) Vv 2200

< (VAL ey + 1AL @ery))-

(5) For simplicity, we omit the index .
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Assuming that [F0")| < v/(4c) and taking ¢ sufficiently small we derive

(3.47) IV 22y < c(IVAIZ2 oy + 1AL @) -

Since

||VA||%2(Q(T)) + ”AH%A(Q(T)) <c(llallfy e, 200) T ||a||‘%,v1/2,2(09)

e ([ L )
:c~c(a,?)<1+ 2

Z /th(t) dr ha(t) gy
i / )
1 g3 (r) 1 g5(r)
from (3.47) it follows that

i=1
hs® g
3.48) ||[vv(T <c-cla 1+ / / >
015) 199 sy < oot P (143 [ e [0

Hence, for any fixed T the existence of a solution v(T) of operator equation (3.44)

follows from the Leray—-Schauder Theorem. If the integrals

th(t) dT hs (t) d'f'
/ 3 s 1= 17 2, and / BV VIRY
1 rg;(r) 1 g95(r)

are bounded, then the right hand side of the above estimate is bounded by

a constant uniformly independent of T'. Let us assume that all the integrals are
unbounded. Then we have to estimate the norm |[Vv(™)||12(q) for t <T. We
introduce the cut-off function x(z, t):

(3.49) k(z,t)

1 for z € Q<h1(t)»h2(t)’h3(t) N W)
e
W for z € wy(hy()),
e
= 2h2(t}32()|| for © € wa(ha(t)),
QLM for x € ws(hs(t))
> gs(hs(t)) T
0 for z € O\ Q(1),

where
wi(hi(t)) = {29 € D; - h(t) < |2V < 2m; (1)}, 0= 1,2,

w(hs(t)) = {z<3> € Dy : hy(t) — %zit)) < 2P < hg(t )}.
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The derivatives of the function k(z,t) satisfy the estimates
ok z,(ci)

= . k=1,2,
6200 h(D)- 207

(3.50)
c Ok .
Vel SR a” g (hi1), @ € wiha(1)), i=1,2,
Ok _ 2L3
(3.51) 0:0  gs(ha(t)’

Vil < oo 520, @ €unlh(d).

Define the function

(3.52) UD(z,1)

v (z), € Q(hl(t),hg(t),hg(t) - W}
3 3
= a2, v (@) + 39 (@), @ e |Jwi(hyt),
j=1 j=1
0, z€Q\ Q).

where VS-T) € Wl’z(wj(hj (t))) are the solutions of the problems

div ¥ = Vi v in w;(hy(2),

(3.53) -
v =0 on dw; (hj(t)).
Since
/ Vi - v de = / div(kv ™)) dz
w;(h; (1)) w;(h; (1))
:/ HV(T)~IICZ$=/ viT) . ndz =0,
Ow; (h;(t)) o5 (h; (t*))

for 7 =1,2,3, and
hs(t
t* =hi(t), i=1,2, t* :h3(t)_M7
2L

there exist the solutions QE-T) of problems (3.53) satisfying the estimates

~(T
(3.54) IV 2wy (s 1)) < Ciws (g OV VT | 200 (0

where
Cl(wl(hi(t))) S m, 1= 1,2, Cg(CU3(h3(t))) S C,

the constant ¢ is independent of ¢ (see Lemmas 3.12 and 3.13, respectively).
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Using the estimates of the derivatives of the function x(z,t) and Poincaré
inequality (3.36), from (3.54) we derive

hi(t)

VVgT) 2w (hs <e—22 Ve -V 1200 (h
Vo Nz < e | 22 s hi o)

hi(t) 1 T T
St h-(t)”V( M 22 wr i () S NV | 20, (s (1)

=

for i = 1,2, and

~(T
V9 L2 wathacery < ellVE VO |2y hateyy)

C
< m||V(T)||L2(w3(h3(t))) < cHVv(T)||L2(w3(h3(t))),

Hence,
~(T .
(3.55) IV 2y s ) < VYD 2y hyarys 5= 152,83,

Taking in integral identity (3.43) n = U™ and using the fact that
/ (v + A) - V)UD . UD gy — 0,
Q(t)

we obtain

(3.56) v / (Vv 2k, t) d
Q(t)

_ Z/ B ))((Vm +A)-TIUD . (v — D) gy
j=1 wj(h;(t
3

=23 / v vu®D gz 4 / vD . vy uD . Adze
w; (hy (1)

j=1 Q(t)

—v VA :vu® dx+/ (A-V)UD . A dz.
Q(t) Q(t)

Using definition (3.52) of the function U™, Poincaré inequality (3.36) and esti-
mates (3.55), we obtain

||V(T)||L4(wj(hj(t))) Sngl'/ﬁl(hj(t))||VV(T)HLZ(w,‘(hg(t)))7
IV = U Ly < eIV s o) + 9 1 2oy thy )
<egy" (i ENIVVT L2, (s )
+ gl (g NIV L2 s 1y ()

< e g ENIVYD| L2 (hy )0



BOUNDARY VALUE PROBLEM FOR STEADY NAVIER—-STOKES SYSTEM 859

for j = 1,2,3. Definition (3.52) of the function U™, estimates (3.50), (3.51),
(3.55) and Poincaré inequality (3.36) yield

~(T
VU 2oy < IV EV O 2o + IV 22 s
. ~(T
< VOl + el VYO lle o aageny + 1995 o
< i(hi(t)
hi(t)
<V Lo, ha)))

for i =1,2, and

IV 2w, s 1)) + IV L2 s (a0

IV 2w ooy < NV V)2 anaton + 1995 22 @athacon)
= W‘;@)va 22 (ws () + € IVY T L2 s (1)
< el VYD L2 g ha o))
Hence,
VU 2y tny ) < VYOl iy 5= 1,23,

Therefore, we can estimate the integrals in the right-hand side of (3.56) as follows

/ (v +A)- 9UD - (v~ UD) dx
wj(h;(t))
< ||V(T)||L4(wj(hj(t))) ”V(T) — U(T)||L4(wj(hj(t))) ||VU(T)HL2(wj(hj(t)))
+ VU L2y (01)) (/
Wj(hj(t))

1/2
<cg)/ (P EDIVY T2 s 000

+ C(\/€IS<0“)I2 + e P2 + [Fn)|2 ) N PIAHONON

1/2
x (/ |V (v(™) —U(T)|2dx>
w; (hy (1))

1/2
Sng/ (hj(t))HVV(T)||?iZ(w_7~(hj(t)))
n c(¢e|s<out>|2 T <[ FJ2 4 R 2 ) IV o

for 5 =1,2,3, and

1/2
AP VT) —u@)? dm)

/ vv(D . vu® gz
w; (s (t))

3
j=1
3 3
<Y VYO 22wty ) IV L2yt ) < €D VYT T2 000 00
j=1 j=1
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1/2
‘/ (V(T) .V)U(T) CAdr| < ||VU(T)HL2(Q(t)) (/ ‘V(T)|2|A|2 d:c)
Q(t) Q(t)

< C(\/€|S(out)|2 + €|?|2 + |F(inn)|2>

3
X (/Q(t) (Vv Pk, t) do + ”vv(T)||%2(w_7(h_7(t)))>;

j=1

v VA : vUD dz| +

/ (A-V)UD . A da
()

Q(t)
<c([IVA L2y + A7) IVUD)| L2 0y
2
<C(w) (IVAl 2wy + A1) + NHVU(T)H%Z(Q@))

C)- efa. F) (1 + E_I /jhim TG /lhg(t) gd<>>

i=1

3
+ M(/Q( : Vv Pr(z, t)de 4+ |VV(T)||2L2(Wj(hj(t)))>'
t

Jj=1

IA

Hence,

3
V/Q( )|VV(T)|2'€(1’J) dz < CZQ;/2(hj(t))||VV(T)||?£2(w,~(hj(t)))
t

Jj=1

3
+ C(\/€|1’S’(°“t)|2 + E|?|2 + |F(inn)|2> Z ||VV(T)H%2(wj(hj(t)))

j=1

3
ey IV Lew, i)
j=1

+ c(\/dg(out) |2 + 5|?|2 + |F(i“n)|2> / Vv 2k(z, t) dx
Q(t)
ha(®)  qp
e (1 " / = )
e Z o T E

+u(/m|v\f” () do+ 3 VYD o (tm)

j=1

Assuming that [F(0")| < v/(4c) and taking e, p sufficiently small we obtain

/ Vv 2k (z, t) da
()

3
<a Z!) ||VV(T) ||L2 h;(t) T €2 Z HVV(T) ||%2(wj(hj(t)))

j=1



BOUNDARY VALUE PROBLEM FOR STEADY NAVIER—-STOKES SYSTEM 861

2 th(t) dr hg(t) d'l"
+c3-cC ? (1—1— / —|—/ >
@AY wmth aw
Denote y(t fQ o) |Vv(T) |2 ki(x, t) do. Then the last inequality can be rewritten
in the forrn
3
12
)sa Zg P2y DIV Ny ey + 2 2 IV 20, 1)
2 2kt g ha(®)  gp
+03~ca,? (1+ / 7—1—/ )
@AM weth aw
Since (%)
dy(t) _ < / 13, >
= Vv fd:r 2c) 4, VYD 7z, hy(t
dt = w;(hy (1) Z (w; (h; (1))
we derive )
y(t) < e (1) + can ' ()2 + S0(0),
where
2 2k gy ha(t) gy
o(t) =2c3-c ?(14— / ,7—1-/ )
@AM et aw

Using (2.2) we get

o - 2h;(t) hi (1)
(3.57) ¢'(t) = c3-c(a, ?)(Z 2hit) - g2 2ha(8) | gh(halt )))

o 2\t 9
3
83
<cses-ola, 7)Y g;
Jj=1

Then because of the condition (3.57) we can choose the constant ¢z in such
a manner that condition (3.35) should hold, i.e.

29(¢’(t)):2c*sﬁ’(t)+2c ()72
3

B 3/2
<2cic3cCy4- c Zg 8/3 +2c**(0304 c Z 8/3 )
<ecgeyq- c <2C*Zgj 8/3 )) + 8cuxr/C3Cy c Zg )

Note that Zl g{s/g(hj (t)) and Zl g;4(hj(t)) are bounded for every ¢ and the
i= j=
integrals ffhi(t) dr/(rg3(r)), i = 1,2, and flhg(t) dr/g3(r) tend to infinity as

() This estimate follows from (3.50) and (3.51).
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t — o0o. Therefore, for sufficiently large ¢ we get the following estimate
2

2hi(0) gy ha(t)  qp
)
2 /1 rgi(r) Ji g3(r)

i=1

0(¢'(t)) < c3-c(a, ?) (1 +
Thus, ¢(t) satisfies conditions of Lemma 3.9 and we obtain the estimate

(3.58) y(t) = / VD2 () da
Q(t)

2

Z /th(t) dT' /hg(t) d'f' )
— Jr - .
1 rgi(r) 1 93(r)

i=1
Since for every bounded domain (t) the embedding W2(Q(t)) — L*(Q(t))
is compact, the estimate (3.58) guarantees the existence of a subsequence {v(7m)}

§c3~c(a,?) <1+

which converges weakly in W12(Q(t)) and strongly in L*(Q(t)) for any ¢ (such
subsequence could be constructed by Cantor diagonal process). Taking in inte-
gral identity (3.43) an arbitrary test function 1 with a compact support, we can
find such ¢ that suppn C Q(t) and, hence n € H(Q(t)). Extending n by zero
into © \ Q(t), and considering all the integrals in (3.43) as the integrals over €,
we can pass in (3.43) to a limit as T}, — 0o. As a result we get for the limit
vector function v integral identity (2.7). Therefore, the sum u = A+ v is a weak
solution of problem (2.3). Estimate (3.42) for v follows from (3.58). Since for
A the analogous to (3.42) estimate is also valid, we obtain (3.42) for the sum
u=A+v. O

REMARK 3.15. All the results obtained in the paper remain valid for the non-
homogeneous Navier—Stokes system if the external force f have an appropriate
decay at infinity.
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