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EXISTENCE AND GLOBAL ATTRACTIVITY
OF THE UNIQUE POSITIVE PERIODIC SOLUTION
FOR DISCRETE HEMATOPOIESIS MODEL

ZHIJIAN YAO

ABSTRACT. In this paper, a discrete Hematopoiesis model is studied. By
using fixed point theorem of decreasing operator, we obtain sufficient condi-
tions for the existence of unique positive periodic solution. Particularly,we
give iterative sequence which converges to the positive periodic solution.
In addition, the global attractivity of positive periodic solution is also in-
vestigated.

1. Introduction

Biological dynamic models are very important and hot research topics. In
1977, Mackey and Glass [14] investigated the Hematopoiesis model

B

which described the production of blood cells. Gyori and Ladas [7] have inves-
tigated the global attractivity of positive equilibrium for the above model (1.1).
Moreover, the model (1.1) and some generalized models have been investigated
by many authors, see [3], [5], [9]-[11], [15]-[17].
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The assumption that the environment is constant is rarely the case in real
life. When the environmental fluctuation is taken into account, a model must be
nonautonomous. Due to the various seasonal effects of the environmental factors
in real life situation (e.g. seasonal effects of weather, food supplies, mating habits,
harvesting, etc.), the effects of periodically varying environment are important, it
is rational and practical to study the biological system with periodic coefficients.
Many authors [17], [16], [9] have studied nonautonomous differential equations
with periodic coefficients of the above model (1.1).

Though most models are described with differential equations, the discrete-
time models are more appropriate than the continuous ones when the size of the
population is rarely small or the population has non-overlapping generations [1].
However, the studies in the past literature [7], [5], [11], [15], [10], [3], [17], [16],
[9] were concerned with the continuous case of the above model (1.1). To our
knowledge, studies on the uniqueness and global attractivity of positive periodic
solution for discrete models are scarce.

Motivated by the above facts, in this paper, we investigate the following
Hematopoiesis difference equation

b(k)
1+ an(k —7(k))

(1.2) Ax(k) = —a(k)z(k) +
where
Az(k) = z(k+1) —z(k), n>0,
a(k): Z = (0,1), b(k): Z — (0,400), 7(k): Z — Z*.
a(k), b(k), 7(k) are w-periodic functions, i.e.
a(k) =alk+w), bk)=blk+w), 7k)=7k+w), weZr.

Let 7* = 0r<nka<xw7'(k), the initial condition of equation (1.2) is z(k) = ¢(k) > 0
for —7* < k <0.

In the study of biological systems, an important ecological problem concerns
the existence of positive periodic solutions. Recently, many authors investigated
the existence of positive periodic solution by using Krasnosel’skii cone fixed point
theorem and Mawhin’s coincidence degree theory [2], [4], [8], [9], [12], [19]. Most
of the literature concerned the existence of at least one positive periodic solution
2], [4], [8], (9], [12], [13], [19].

Few papers study the existence and global attractivity of unique positive
periodic solution for discrete models. For the existence and uniqueness of positive
periodic solution, the method used in most of the past literature is contraction
mapping fixed point theorem and Liapunov functionals.

In this paper, different from the past literature, we aim to obtain sufficient
conditions that guarantee the existence of unique positive periodic solution of



UNIQUE POSITIVE PERIODIC SOLUTION FOR DISCRETE HEMATOPOIESIS MODEL 425

discrete model (1.2) by using fixed point theorem of decreasing operator. Particu-
larly, we give iterative sequence which converges to the positive periodic solution.
We also obtain sufficient conditions for the global attractivity of unique positive
periodic solution by means of some analysis tools.

2. Preliminaries

DEFINITION 2.1. Let X be a Banach space and P be a closed nonempty
subset of X, P is called a cone if

(a) =z € P, A >0 implies \x € P;

(b) z € P, —x € P implies x = 0.
Every cone P C X induces an ordering in X, we define “<”with respect to P
by x <y if and only if y — x € P.

DEFINITION 2.2. A cone P of X is called normal cone if there exists a positive

constant o, such that ||z + y|| > o for any =,y € P, ||z|| = ||y|]| = 1.

DEFINITION 2.3. Let P be a cone of X and A: P — P an operator. A is
called decreasing if 0 < z <y implies Az > Ay.

The following fixed point theorem of decreasing operator (see [6]) is an im-
portant tool in our proofs.
LEMMA 2.4 ([6]). Suppose that:

(a) P is normal cone of Banach space X, operator A: P — P is decreasing;
(b) A(0) >0, A%(0) > g9A(0), where g9 > 0;
(¢) For any 0 < a < ¢ < 1, there exists n = n(a,c) > 0 such that A(Ax) <
A1 +n)]"tAz for anya < X < c and 0 < z < A(0).
Then A has a unique positive fized point =* > 0. Moreover, ||xx — z*|| — 0,
(k — 00), where x, = Axp_1, (k=1,2,...) for any initial o € P.

In this paper, we will use the above Lemma 2.4 to investigate the existence
of unique positive periodic solution of model (1.2).

REMARK 2.5. In Lemma 2.4, the operator A needs neither continuity nor
compactness.

Let X = {z(k) | z(k)=z(k4w)}, for x € X, we define ||z| =

then X is Banach space.

|$(k) ’

max
keZ,0<k<w

Leta= max a(k),a= min a(k),b= max b(k),

0<k<w-—1 0<k<w-—1 0<k<w-—1
w—1 k+w—1
[T-a(r) . II (1-a(r)
r=0 r=s+1
m=—"— M=—7y—, Ghs)=——"7F—,

1-TT-a(r) =TTt -a(r) 1-TT-a(r)

r=0 r=0 r=0
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for k < s < k+w—1. Then we know G(k, s) is w-periodic in both variables, and

T a() 1
m = T::,),l < G(k,s) < — = M.
1—H(1—a(7")) 1—H(1—a(7”))
r=0 r=0

LEMMA 2.6. z(k) is the w-periodic solution of equation (1.2) if and only if
x(k) is the w-periodic solution of the following equation

k+w—1

a(k)= > (G(k,s)Hﬂif)_T(s)))

s=k
PROOF. It is easy to see that equation (1.2) is equivalent to

b(k)

(2.1) z(k+1)— (1 —a(k)z(k) = T 20k — 7 (0))

k
Multiplying two sides of (2.1) by ] 1/(1 — a(r)), we get
r=0

e b(k) Tl
(2.2) A(x(k) II 11— a(r)) T 1+ an(k— (k) 11 L —a(r)

r=0

Summing two sides of (2.2) from k to k +w — 1, we get

k+w—1 k—1

1 1
vk+w) [] 1_7(1(74)_:5(@1‘[ T

r=0 r=0

B k+w—1 b(S) s 1
> (Hm”(ST(S)) 11 1a(7’)>

s=k r=0

Since z(k 4+ w) = x(k), we have

k+w—1 1 k—1 1 B k4+w—1 b(S) s 1
(1 1—a<r>—l]01-a<r>)- > (o o L am)

r=0 s=k

That is

_k+w71 b(S) s 1
- Zk <1+xn<sr<s>>H1a<r>>
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Hence we get

k+w—1
H (1 a a(r)) ktw—1 s
r= b(S) 1
o) =—5 5 2 e 11 —aw)
1- ] a-a(r) *~ "~
r==k
k4+w—1

1- [ -a()) = =0
r=0
kﬁl
k4+w—1 (1 B CL(T‘)) s
_ r=0 b(S) 1
N ; w1 1+ a2n(s —7(s)) 7_1;[0 1—af(r)
1-— H (1 —a(r))
r=0
k4+w—1
ktw—1 H (1 —af(r)) b(s)
B S [ —
— w—1 (s —71(s))
=kl - H (1 —a(r))
r=0
B k+w—1 b(S)
"X e =)}
The proof is complete. d

We define operator A: X — X,

k4+w—1

(Aa)(k) = > (G“‘?’S)Hwb((ss)—r(s)))

s=k
Obviously, (k) € X is the w-periodic solution of equation (1.2) if and only if x
is the fixed point of operator A.
Define cone Q = {z |z € X, x(k) >0, (k) > d||z||}, § =m/M.

LEMMA 2.7. AQ C Q.

ProOOF. For any = € Q,

k+w—1

2 (6910 )|
k+w—1 s
S (i)

|Az|| = max |[(Az)(k)| = max
keZ, 0<k<w keZ,0<k<w

<M max
keZ,0<k<w
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| S (mes)| = % (o)

On the other hand,

B k+w—1 b(s)
(Ax)(k) = Z; Qﬂh@1+st_7@»>
+w—1

"% (o)

S

v

—

w—

w3 (1) 2 mop el = sl
s=0

which implies Ax € 2, hence we have AQ) C Q. O
LEMMA 2.8. Every solution x(k) of equation (1.2) is positive.

PROOF. Let z(k) be the solution of equation (1.2), then we have

b(k)

x(k+1)—[1—a(k)]zk) = o (h— ()"

Hence we get

(E1) xwy41—mk—npw_1)=1+xw;flfak_ny
(Ey) x@—1y{1—ak—mum—2):1+xW;@;ka_my
(Bs)  a(k—2)—[1—a(k—3)a(k-3) = xn(kb(kg_gl(k —3))
(Ex-1) z(2) = [1 —a(D)]z(1) = 1+ xnlzgl) (1))
(Ex) z(1) = [1 - a(0)]z(0) = 1+ xnlzg))_ 7(0))

Multiplying two sides of (Es), ..., (Eg) by 1—a(k—1), [1—a(k—1)][1 —a(k—2)],
o l=ak=D]l-ak—2)]...[1—a2)],[ 1 —alk—1)]1 —a(k—-2)]...[1 -
a(2)][1 — a(1)], respectively, we get

(E5) [1—alk—Dlx(k—1)—[1—a(k—1)][1—alk—2)]zk—2)
B b(k —2)
S l4an(k—2—1(k—2))

[1 - a’(k - 1)]7
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(E3) [L—alk-D]1—ak-2)x(k-2)
—[1—a(k—1D][1 —alk—2)][1 — a(k — 3)]z(k — 3)

B b(k — 3)
14 an(k—3—7(k—3))

[1—a(k =Dt —a(k - 2)],

(i) [L—alk -1 —a(k-2)]...[1-a(2)]z(2)
[ —alk— D1 —a(k—2)]...[1 — a@)][l - a(1)]z(1)
_ b(1)
= Ty k= Dl = el =) (1 - a2),

(Er) [L—alk =D —ak—-2)...[1 —a@)][l — a(1)]z(1)
—[1—alk =Dt —a(k =2)]...[1 = a2)][1 = a(D)][1 - a(0)]z(0)

R
= Ty ok~ DI~ ek = 2] L - a(2)]1 ~ a1
Summing (E1), (E5), (E3), ..., (Ey_,), (E}), we get

2(k) — [1 - a(k — DI[1 — a(k — 2)]...[1 - a@)][1 — a(D)][1 - a(0)}(0)

B b(k —1) k=2 b(s) ko1 _
Tt h-lork-1) z::o <1+x"(s—7(s)) i:sHH(l - a(%)))-
That is
x(k) = 2(0) ﬁ(l —a(s)) + bk~ 1)
s=0 L+an(k—1-7(k—1))
b(s) .
+ 3 (vt Loy IL0-ato)

Since x(k) = ¢(k) > 0 for —7* < k < 0, we can deduce that x(1) > 0, ...
x(k) >0 forall ke ZT. O

LEMMA 2.9. Every solution x(k) of equation (1.2) is bounded.

PROOF. Suppose that equation (1.2) has unbounded solution z(k). Then,
for sufficiently large L > 0, there exists K € ZT and x(K>) sufficiently large,
such that —ax(K3) + b < —L. Thus we have

b(K>)
1+ an(Ky — 7(K3))
< —a(K2)z(K3) + b(Ks) < —ax(Ks) +b< —L <0

2(Ky+1) —2(Ky) = —a(Ky)z(Ks) +
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which implies (K2 + 1) < 2(K3).

Let p = 2(K2+1), K1 = max{k|x(k) < p, k < K3}, then we have (K1) < u
and x(K;j + 1) > p. Thus there exists K3 € Z1 and K1 + 1 < K3 < K, such
that z(K3) = maxg, y1<k<k, (k). Hence
(2.3) (K3 —1) < z(K3).

(2.3) can be divided into two cases:
Case 1. If ©(K3) < (K5 — 1) < 2(K3), then
b(K3—1)
T (s — 17 (K — 1))
< —azx(Kz3—1)+b< —ax(Ky) +b< —L <0.

2(Ks3) —x(K3 —1) = —a(K3 — 1)z(Ks — 1)

Thus z(K3) < (K3 — 1), which contradicts with (2.3).
Case 2. If (K3 — 1) < z(K3) < 2(K3), then
b(K3—1)
1+27(Ks—1—7(K3-1))
—azx(K3—1)+b< —ax(Kz — 1) + ax(Ky) — L
—ar(K3— 1)+ ax(K3) — L = a[z(K3) — (K3 —1)] - L,

ZC(Kg) — .’E(Kg — 1) = — a(K3 — 1).([}(K3 — 1) +

IN

IN

Hence we get
(1-a)z(K3) —x(K3—1)] < —L,
which yields
x(K3)—z(K3 —1) < _iLa <0.
Thus z(K3) < (K3 —1), which contradicts with (273) Therefore, every solution
of equation (1.2) is bounded. O

3. Existence of the unique positive periodic solution

~ w—1
Let b= > b(k), we make the following assumptions:
k=0

(Hl) 0<n S 17
(Hy) n>1, (n—1)(Mb)™ < 1.

THEOREM 3.1. Assume that (Hy) or (Hg) holds. Then equation (1.2) has
a unique w-periodic positive solution z*(k). Moreover, |z, —x*|| = 0, (k — 00),
where x, = Axg_q1 (k=1,2,...) for any initial xo € Q.

PROOF. Firstly, we prove that € is normal cone, A: Q — € is decreasing
operator.

For any =,y € Q, ||z|| = |ly|| = 1, we have z(k) > 0, y(k) > 0, (k) > d|jz| =
5, y(k) > 6lly|| = 6, here § = m/M. Hence we get

|z +y|| > z(k) + y(k) > 6 + 6 = 20.
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Thus there exists a positive constant ¢ = 2§, such that ||z + y|| > o for any
z,y € Q, ||z|]| = |lyl]| = 1. So Q is normal cone.
For z,y € , x <y, then we have

et b(s) b(s)
(Az)(k) — (Ay)(k) = ; Gk, 5) (1 +2n(s—7(s)) 1+y"(s— T(S))> =0

which implies Az > Ay. So A: Q — () is decreasing operator.
Now, we will show that condition (b) of Lemma 2.4 is satisfied.

w—1 k+w—1
Mb=MY b(s)=M > b(s) > (A®0))(k)
s=0 s=k
k+w—1 ktw—1 w—1 _
= > (G(k,s)b(s)) =m > b(s)=m D b(s)=mb>0
s=k s=k s=0

which implies A(0) > 0. Again, we have
k+w—1
(A2O)k) = Y

b(s)
2 (9 amt—ron)
k+w—1

1 1
> m ;c (G(k,s)b(s)) = m (A

(0))(k) = £0(A(0))(K).
This implies A2(0) > g9 A(0), here g9 = 1/(1 + (Mb)™).

Finally, we show that condition (c¢) of Lemma 2.4 is satisfied.

Let for any 0 < a < ¢ < 1, for any a < A < cand 0 < z < A(0), we have
0 < [Jol] < [|A©)]| < M.

B k+w—1 b(S)
A(Az)(k) = ; <G(k’5) 1+ Anan(s — 7'(5)))
R b(s) 1+ 2" (s — 7(s))
B ; (G(’“’ g an(s —7(s)) 14 Aran(s — T(s))>‘

Notice that
1+ 2"(s—7(s)) (14 A" —1
1L+ Anzn(s —71(s)) 14+ Aran(s —7(s))

Sx\”<1+ A"—1~ ): 1+ (M ):L .
1+ A (Mb)» 14+ A (Mb)»
So we have
ktw—1 b(s) 1+ (MN)n
400 < 3 (Ot Ty
R b(s) AL+ (MD)"]
D) Sz:% <G(k’,s) 1+ an(s—7(s)) . 1+ )\n(M~)n)'
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Let ~
L+ (MD)" |2
) = oy
We have

oy = L OO+ (1= mya ]
[1 4 2 (Mb)"]? .
Since (Hy) or (Hz) holds, we know thatf’(z) > 0 for 0 < z < 1, so we have

0= f(0) < f(a) < f(N) < f(c) < f(1) = 1. Hence we have

b(s)
14+ 2n(s—7(s))

k+w—1

1
Ap)) < S (G(k,s>

s=k

here n =n(c) =1/f(c) —1 > 0.
By Lemma 2.4, we know operator A has a unique positive fixed point z* > 0,
lzx —z*|| = 0, (k = o), zr, = Azr—1 (k=1,2,...) for any initial o € Q. O

REMARK 3.2. The Theorem 3.1 of this paper not only gives sufficient con-
ditions for existence of unique positive periodic solution,but also gives iterative
sequence {z }which converges to x*.

REMARK 3.3. From the above proof, we have
k+w—1

e L b
6 = (48 = 3 O ).
Etw—1 w—1
<M D b(s) =M b(s) = Mb
s=k s=0
We also have
(k) = (Az") (k) = ki_l (G(’“ ) o )
2 " (s — 7(s))
btow—1 b(s) - m k+w—1
- Z::k <1+(M5)")1+(M5)" Zk "

So we get mb/(1 + (Mb)™) < z*(k) < Mb.
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4. Global attractivity of positive periodic solution

In this section, we study the global attractivity of positive periodic solution.

THEOREM 4.1. Assume that (Hy) holds, and (n — 1)"~Y(Mb)" < 1, then

equation (1.2) has a unique globally attractive w-periodic positive solution.

PrOOF. Since (Hz) holds, by Theorem 3.1 we know equation (1.2) has
a unique w-periodic positive solution 2*(k). Now we prove that 2*(k) is globally
attractive.

Suppose x(k) is arbitrary solution of equation (1.2). Let y(k) = x(k) —2*(k),
then we get

(4.1)  Ay(k) = Ax(k) — Az* (k)

b(k) 1+ 7 (k — 7(k))

1+ﬁ%k—d@)1+x%k—d@)_1'

= —a(k)y(k) +

Now we prove lim y(k) =0 in three cases.
k— 400

Case 1. Suppose y(k) is eventually positive, then we have y(k) = x(k) —
x*(k) > 0 for k sufficiently large. This combined with (4.1) leads to Ay(k) <
—a(k)y(k) < 0. Thus we have y(k + 1) < y(k), which together with y(k) > 0
implies lim y(k) =h > 0.
k—+o0

We claim that h = 0. If A > 0, then we have Ay(k) < —a(k)y(k) < —ha(k)
for k sufficiently large, i.e. there exists Ny > 0, such that Ay(k) < —ha(k) for
all k > Ny.

Summing two sides of the inequality from N7 to +o00, we get

+o00 +oo
=Y Ay(k)<-h Y alk)=-

k:Nl k’:Nl
which is a contradiction, so we have h = 0.

Case 2. Suppose y(k) is eventually negative. By the similar proof as above,
we also can get h = 0.

Case 3. Suppose y(k) is oscillatory. By Lemma 2.9, we know z(k) and z* (k)
are all bounded. So y(k) is bounded.
Let lim supy(k)=p>0, lim infy(k)=¢<0.
k— 400 k— 400
For for any € > 0 sufficiently small, there exists Ny > 0, such that

(4.2) g—e<ylk)<p+e forall k> Ns.

From (4.1) we have

ylk+1) = (1 —a(k)y(k) = 7 gc*:((:)_ (k) 111:;*:((:—_:((:)))) !
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Multiplying the two sides by H 1/(1 — a(s)), we get

s=0

(4.3) A(y(k) kﬁ 1—1a(s)>

s=0
B b(k) 1+ 2 (k b
_1+m*"(k—r(k)){1+w"<k—r }Hl

s=0

:1+x*nb((:)_7<k)) {exp(l [1111*:& Sf) D_l]ﬁol

S

By mean value theorem, we have

1+ 2" (k — 7(k))
(44 I [ 1+ 2n(k — 7(k)) ]
=In(1+2*"(k —7(k))) — In(1 + 2" (k — 7(k)))
B ngn—l . B ., . B _ngn—l .
= 2 (= () = = () = ~ 2y = 7(0)

where ¢ lies between z*(k — 7(k)) and x(k — 7(k)).

Notice that the function g(x) = nz"~1/(1 + 2") is increasing on [0, {/n — 1]
and decreasing on [{/n —1,+00). So g(x) = nz" !/(1+2") has maximum
(n — 1)1~ on [0, +00). Hence we have n£"~1/(1 +&") < (n — 1)'=Y/" which
together with (4.2) and (4.4) yields

(45) i [LEEE T < -1,

in which ¢ — e < 0. Thus, by (4.3) and (4.5), we get
L

4. A —_—

(46) (mml%l_ﬂ$)

< fexp(—(g —&)(n —1)' /") —1]

b(k) LT

1+ a*(k —7(k)) H 1—a(s)

s=0

k—1
_ [exp(*(q — g)(n — l)lfl/n) — 1] A(x*(k) H 1—1a(s))’
s=0

Summing two sides of (4.6) from N» to k, (k > Ns), we get

k No—1 1
k+1£[01 _yN2>51_[01 a(s)
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This leads to

k
y(k+1) <y(No) T (1~ als)) + lexp(—(g —&)(n —1)' /") — 1]
s=N,
k
. (x*(k‘ +1) —z*(N2) H (1-— a(s)))
s=N>
k
<y(N2) T (1 =a(s)) + fexp(=(g — &) (n = 1)'71/") = 1]
s=No
B k
. <Mb ' (V) JJ (0 - a(s))>.
s=Ns

Let k — +o00, we get p < Mg[exp(—(q—e)(n—l)l_l/")—1]. As e is arbitrary,
we have

(4.7) p < Mblexp(—g(n — 1)1y —1].

1)1=1/7) — 1] holds

Now we prove that the inequality g > Mg[eXp(—p(n -
< (n—1)'"Y" and (4.2),

too. By similar method as above, from n&"~1/(1 + &™)
(4.4), we get

8 N {1 + o (k — T(k))}

1+ an(k —7(k)) 2 ~lpre)n -,

Hence, by (4.3) and (4.8), we obtain

(4.9) A(y(k> ﬁ 11a(s)>

s=0
> [exp(—(p +€)(n — 1)' V") = 1] 1+ wa((:)_ (k) I1 1 —1a(s)
s=0
k—1
= |ex (_ + n_l)l—l/n _11A x*(kz) ; .
[exp(—(p + €)( ) —1] ( 8H01a(3)>

Summing two sides of (4.9) from Ns to k, (k > N3), we get

1
1—a(s) y(Nz) Sli[

y(k + 1)H

s=0
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This yields

k
y(k+1) 2y(N2) TT (1= a(s)) + [exp(—(p +&)(n — 1) 71/") — 1]
s=Ns
k
: (m*(k +1) — 2" (N2) H (1- a(s)))
s=Ns
k
>y(No) [T (1= a(9) + lexp(=(p+2)(n —1)' /") = 1]
s=No
_ k
: (Mb —2*(Ny) JJ (1 - a(s))).
s=No

Let k — +oo. We get ¢ > Mblexp(—(p + &)(n — 1)=/") — 1], As ¢ is
arbitrary, we have

(4.10) q > Mblexp(—p(n —1)'=1/™) —1].

From the condition (n — 1)"~1(Mb)" < 1, we have Mb(n — 1)1~2/ < 1. Since

p>0,q<0, by Mb(n— 1)~/ <1 and the results in [18], we know that (4.7)

and (4.10) have a unique solution p = ¢ = 0. So we get klirf y(k) = 0. This
— o0

implies *(k) is globally attractive. O

REMARK 4.2. By means of the well-known inequality * > x for x > 0, we

get (n—1)"! > n —1 for n > 1. Hence the inequality (n — 1)"~*(Mb)" < 1
implies (n — 1)(Mb)™ < 1. Thus the condition of Theorem 4.1 can be replaced

by n > 1 and (n — 1)""1(Mb)" < 1.

So we have the following theorem.

THEOREM 4.3. Assume that n > 1 and (n — 1)""1(Mb)" < 1, then equation
(1.2) has a unique globally attractive w-periodic positive solution.
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