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LOCAL CONNECTEDNESS IN HYPERSPACES

JANUSZ J. CHARATONIK AND ALEJANDRO ILLANES

ABSTRACT. Variants of local connectedness as local con-
nectedness, local arcwise connectedness, strong local connect-
edness and strong local arcwise connectedness at a point are
studied for the following hyperspaces of a compact Hausdorff
space X: Cp(X), Coo(X), Fn(X), Fso(X) and 2X.

1. Introduction. In [20] it is proved that if X is a Hausdorff com-
pact space, then local connectedness and local arcwise connectedness of
the hyperspace C'(X) of all subcontinua of X and of the hyperspace 2%
of all nonempty closed subsets of X are equivalent at any point. In [21]
it is shown that for metric spaces the above properties are equivalent
to another one, namely to local k-connectedness. In the present pa-
per the above equivalences are studied for further hyperspaces: C,,(X)
of all members of 2% that have no more than n components, Cs,(X)
of all members of 2% that have finitely many components, F,(X) of
all members of 2% that have no more than n points, and F,(X) of
all members of 2% that consist of finitely many points. The obtained
results complete not only the above mentioned papers [20] and [21],
but also a number of other ones related to the same topic of local con-
nectivity properties of hyperspaces as, e.g., [4-7, 9-12, 18, 19] and
others.

The paper consists of six sections. In the first one we collect, for
reader information and completeness of this paper, some known results
about local connectedness at a point of the hyperspace 2%, i.e., at a
nonempty closed subset of X. The second and the third sections are
devoted to variants of local connectedness at a point of the hyperspace
Cr(X). We study local connectedness, local arcwise connectedness,
strong local connectedness and strong local arcwise connectedness of

We regret to inform you that Prof. Janusz J. Charatonik died in July 2004.
2000 AMS Mathematics Subject Classification. Primary 54B20, 54D05, 54F35.
Key words and phrases. Connected, continuum, hyperspace, local arcwise

connectedness, local connectedness, local n-connectedness, strong local arcwise

connectedness.
Received by the editors on September 19, 2002, and in revised form on April 20,

2004.
Copyright ©2006 Rocky Mountain Mathematics Consortium

811



812 J.J. CHARATONIK AND A. ILLANES

these hyperspaces at a point. Section 4 deals with local k-connectedness
and LC™ of C,(X) at a point, for compact metric spaces X. In
Section 5 we discuss the same variants of local connectedness of the
hyperspace C(X) at a point. The last, sixth, section is devoted to
investigation of the same kind of problems for the hyperspaces of finite
subsets of X, i.e., for F,(X) and Foo(X).

The symbol N stands for the set of all positive integers. All considered
spaces are assumed to be Hausdorff, and all mappings are continuous.
A continuum means a compact connected space.

A space X is said to be locally connected at a point p € X provided
that for each open subset U of X such that p € U the point p is an
interior point of a component of U, see [16, Section 49, p. 227]. Note
that some authors use the term connected im kleinen at a point in the
sense of “locally connected” as defined above, see e.g. [13, p. 113] or
[23, p. 132]. A space X is said to be strongly locally connected at a
point p € X provided that for each open subset U of X with p € U
there exists a connected open subset V' of X such that p € V. C U
(some authors use the term locally connected at a point in the same
sense, see e.g., [23, p. 132]).

Observe that

(0.1) if X is compact and Hausdorff, then X is locally connected at
a point p if and only if X has a basis of neighborhoods at p composed
of continua, see e.g., [20, p. 120].

An arc means a continuum having exactly two noncut points, as de-
fined, e.g., in [28, p. 36] (and named a generalized arc in [14, p. 114]).
A space is said to be arcwise connected provided that every two of
its points can be joined by an arc contained in the space. A space
X is said to be locally arcwise connected at a point p € X provided
that given an open neighborhood U of p in X there exists an open
neighborhood V of p with V' C U such that if x € V, then there is
an arc A C U joining p and x; equivalently, given an open subset U
of X such that p € U, there exists an arcwise connected set W such
that p € intx(W) C W C U. A space is said to be locally arcwise
connected provided that it is locally arcwise connected at each of its
points. A space X is said to be strongly locally arcwise connected at a
point p provided that for each open neighborhood U of p in X there
is an open arcwise connected neighborhood V' of p such that V. C U
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(note that the term “locally arcwise connected at a point” is used in
the same sense in [11, p. 41]).

For a given point z in the Euclidean k-dimensional space R* the
symbol |lz|| denotes the distance from z to the origin 0. We will
use the symbol S for the k-dimensional sphere, i.e., S = {z €
R**! . |lz| = 1}; the symbol By for the k-dimensional ball, i.e.,
B, = {z € RF : ||z|| < 1}; and N(x,¢), where » > 0, for an -
neighborhood of the point z.

Let k € {0} UN. A space X is said to be locally connected in
dimension k at a point p € X (briefly, we will write locally k-connected
at p) provided that for each open subset U of X such that p € U
there exists an open set V with p € V C U and such that each
mapping f : Sy — X for which f(S;) C V has a continuous extension
f* : Bgy1 — X such that f*(0) = p and f*(Bgry1) C U, see [16,
Section 53, p. 346]. A space X is said to be locally connected in
dimension k provided that it has the above property at each of its
points. Note that

(0.2) local 0-connectedness (at a point) is equivalent to local arcwise
connectedness (at the point), compare [16, Section 53, p. 351] and [1,
Chapter 1, Section 17, p. 30].

It should be observed that local connectedness in dimension & at a point
p is sometimes understood in a slightly different way; the difference is
that the condition f*(0) = p is not required, compare, e.g., [1, p. 30];
see [21, p. 30].

A space X is said to be an LC*-space (at a point p € X), where
k € {0}UN, if X is locally i-connected (at p) for each i € {0,1,...,k};
and an LO>-space (at a point p) means an LC*-space (at p) for every
ke {0} UN.

Given a space X, we let 2% denote the hyperspace of all nonempty
compact subsets of X equipped with the Vietoris topology, see [23,
p. 10] and [14, Definition 1.1, p. 3] defined as follows. Given a finite
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collection, Uy, Us, ... , Uy, of open sets of X, we define

Ur,y...,Up)

—{AEZX:AC UUk and ANUy # @ for each ke{l,...,m}}.
k=1

Then the family of all subsets of 2% of the form (Uy,...,Up,) forms a
basis for the Vietoris topology for 2%X.

We denote by C(X) the hyperspace of all subcontinua of X, i.e., of
all connected elements of 2%; further, for a given n € N, we let C,,(X)
denote the hyperspace of all elements of 2% having at most n compo-
nents. Thus C(X) = C1(X) and C,(X) C Cp11(X) for each n € N,
and we define Co(X) = {4 € 2% : A has finitely many components}.
Similarly, we denote by F},(X) the hyperspace of all elements of 2% con-
sisting of at most n points and define F,(X) = {4 € 2% : A is finite}.
Thus Coo(X) = U{C,,(X) : n € N} and F(X) = U{F,(X) : n € N}
All the hyperspaces mentioned above are considered as subspaces of
the hyperspace 2% (thus they are equipped with the inherited topology
induced by the Vietoris topology).

Let us note the following statements.

Statement 0.3. For each compact Hausdorff space X the hyperspace
2X is compact and normal.

Proof. Indeed, since X compact and Hausdorff, the hyperspace 2% is
also compact and Hausdorff, see [8, p. 244], and thus it is normal, see
[8, Theorem 3.1.9, p. 125]. i

Statement 0.4. For each compact Hausdorff space X and for each
n € N the hyperspace C,,(X) is compact and normal.

Proof. By the previous statement, the hyperspace 2% is compact and
normal. Since normality is a hereditary property with respect to closed
subspaces, to complete the proof it is enough to show that C,,(X) is a
closed subspace of 2X.

Let A € 2%\ C,(X). Then A has at least n + 1 components. Thus
there exist nonempty, closed and pairwise disjoint subsets A1,... , A1
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of A such that A = A; U---U A, 41. Choose pairwise disjoint open
subsets Uy,...,Up41 such that A; C U; for each ¢ € {1,... ,n+ 1}
Then A € (Uy, ... ,Upy1) C 2%\ C,(X). The proof is complete. u]

For each compact Hausdorff space X and for each n € N we
have F,(X) C Cp(X), whence Foo(X) C Coo(X). Further, since
each element of 2%, i.e., each nonempty closed subset of X, can be
approximated by finite sets, it follows that

(0.5) for each compact Hausdorff space X the hyperspaces Foo(X)
and, consequently, Coo(X), are dense subspaces of 2X.

To simplify notation, we put

(Ut,... . Un)n = Co(X) N (U, ..., Up)
(U1, . Un)oo = Coo(X) N (Un, ... ,Un).

For each nonempty closed subset A of 2% denote by U.A the union of
all elements of A. Then U: 22" — 2X isa surjective mapping, see [23,
Lemma 1.48, p. 100]; compare [14, Exercise 11.5, p. 91].

An order arc in a hyperspace H(X) is an arc & C H(X) such that the
partial ordering of containment for H(X) agrees on « with the total
ordering on «, see [14, p. 110].

The reader is referred to monographs [14] and [23] as well as to
papers [17, 18] and [19] for needed information about the above defined
hyperspaces.

The property of Kelley has been originally introduced for metric
continua, see [15, p. 26]; for more information see [23, p. 538 and
Chapter 16] or [14, p. 167], where references for further results in this
area are given. A pointed version of this property has been defined
by Wardle in [27, p. 291]. The concept has been extended to compact
Hausdorff spaces in [2, p. 210] and in [20, p. 124] as follows. A compact
Hausdorff space X is said to have the property of Kelley at a point
p € X provided that for each subcontinuum K of X containing the
point p and for each open neighborhood U of K in C(X) there is an
open neighborhood V' of p in X such that if ¢ € V, then there is a
continuum L in X containing the point ¢ and belonging to U, i.e., such
that ¢ € L € U. The space is said to have the property of Kelley
provided that it has the property of Kelley at each of its points.
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1. Local connectedness at a point in 2X — summary of
known results. In this section we collect, for a compact Hausdorff
space X, some known equivalences that are related to the considered
four variants of local connectivity, as local connectedness, strong local
connectedness, local arcwise connectedness and strong local arcwise
connectedness of the hyperspace 2% at a point A € 2X.

The following three equivalences were proved by Goodykoontz in
[9, Theorem 1, p. 388, Theorem 2, p. 390] and [11, Theorem 1, p.
42] originally for metric continua and extended to compact Hausdorff
spaces in [20, Theorem 3, p. 122].

Theorem 1.1. Let X be a compact Hausdorff space, and let
AeC(X).

(1.1.1) The hyperspace 2% is locally connected at A if and only if for
each open set U C X containing A there exists a connected set V' such
that A C intx (V) CV CU.

(1.1.2) The hyperspace 2% is strongly locally connected at A if and
only if for each open set U C X containing A there exists an open
connected set V' such that ACV CU.

(1.1.3) The hyperspace 2% is strongly locally arcwise connected at A
if and only if for each open set U C X containing A there exists an
open set V such that A CV C U and such that whenever B is a closed
subset of V', there exists a continuum K such that BC K C V.

Further, the following equivalences were proved by Goodykoontz in
[9, Theorems 4 and 5, pp. 393, 395], respectively, and [11, Theorem 2,
p. 43] again for metric continua, and, as it is observed in [20, p. 121],
they remain true for compact Hausdorff spaces with almost the same
proofs, see [20, Theorem 4, p. 122] (for local arcwise connectedness see
[20, Theorem 8, p. 123]).

Theorem 1.2. Let X be a compact Hausdorff space, and let A € 2X.
The hyperspace 2% is locally connected (strongly locally connected, lo-
cally arcwise connected, strongly locally arcwise connected) at a point
A if and only if 2% is locally connected (strongly locally connected,

strongly locally arcwise connected, respectively) at each component
of A.
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The following two equivalences were proved by Makuchowski in [20,
Lemmas 5 and 6, pp. 122 and 123, respectively].

Theorem 1.3. Let X be a compact Hausdorff space, and let A €
C(X).

(1.3.1) The hyperspace 2% is locally arcwise connected at A if and
only if for each open set U C X containing A there exists an open set
V such that A CV C U and such that whenever B is a closed set and
B C V, there exists a continuum K such that BC K C U.

(1.3.2) For each open set U of X containing A there exists a connected
set V such that A C intx (V) CV C U if and only if for each open set
U of X containing A there exists an open set V such that ACV C U
and such that whenever B is a closed set contained in V', there exists
a continuum K such that B C K C U.

Recall also the following result shown in [20, Theorem 9, p. 124].

Theorem 1.4. Let X be a compact Hausdorff space and A € 2X.
The hyperspace 2% is locally connected at A if and only if it is locally
arcwise connected at A.

Concerning the above result let us mention that for the case of C(X)
there is an equivalence for local connectedness of C'(X) at an element
A € C(X), see [10, Theorem 2, p. 358]. However, the following question
remains open.

Question 1.5 (Goodykoontz, Jr. [23, Question 1.144, p. 156]).
What are necessary and sufficient conditions for C'(X) to be strongly
locally connected at A € C(X)?

2. Local connectedness at a point in C,(X) — The general
case. The present section contains results concerning the four vari-
ants, mentioned in Section 1, of local connectivity at a point for the
hyperspace C,(X) of a compact Hausdorff space X in the general case
when the space X is arbitrary, i.e., when no additional assumptions are
needed on X. First, it is shown in Theorem 2.4 that local connected-
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ness and local arcwise connectedness, both at a given point of C,,(X),
are equivalent. Second, it is proved that, for n > 2, local connectedness
of C,, at A € C,,_1(X), i.e.,, when A has less than n components, is
equivalent to this property of 2% at each component of A, and that
for n = 1 only one implication holds, Theorem 2.5 and Example 2.7.
The four properties, now considered globally, are considered for the
Cartesian products of a finite number of factors, Proposition 2.10 and
Corollary 2.11; the results are applied to characterize the properties at
apoint A € Cpp(X)\ Cp—1(X), i.e., when A has exactly n components,
in Theorem 2.12. Further, Theorem 2.18 ties local connectedness of 2%
at a point with other variants of local connectedness of C,,(X) at this
point. Finally, in Theorem 2.21 and Corollary 2.22 it is shown that
local connectedness and strong local connectedness at a point A of the
hyperspace C,,(X) are equivalent if A has less than n components. The
same equivalence in case when A has exactly n components is discussed
in the next section (it needs an additional assumption that the space
X has the property of Kelley).

We start with three lemmas.

Lemma 2.1. Let X be a compact Hausdorff space, n € N, and let a
connected subset B of 2% be such that BN C,,(X) # @. Then UB has
at most n components.

Proof. Suppose on the contrary that U8B has more than n compo-
nents. Then there are n + 1 nonempty and pairwise separated sub-
sets A1,...,A,q11 of X such that UB = A; U---U A,41. Fix an
element B € BN C,(X). Then B has at most n components, and
B C AU -UA,41. Assume that Ay,... , A, are such that A,NB # &
foreachi € {1,... ,m}and A;,NB =@ foreachi € {m+1,... ,n+1}.
Thus m < n. Let

K={CeB:CcAU---UA,}
and

L={CeB:CN(Anp1U- UApi1) % o}

Since B € K, the set K is nonempty. To see that also £ is nonempty,
fix a point p € A,,+1 C UB. Then there is an element C of B such that
p€C. Thus CN(Api1U---UAp1) # D, 80 C € L, and thus £ # @.
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Since UB = (A1 U---UA,) U (Apg1 U---UA,41), it follows that
B=KUL.

We will show that the sets IC and £ are separated.

First, suppose on the contrary that there exists a D € clyx (K) N L.
Define Z = {F € 2% : E C clx(A; U---UA,,)} and notice that Z is
closed in 2% (by the definition of the Vietoris topology) and that K C
Z. Therefore clyx (K) C Z, whence D € Z. On the other hand D € L,
which implies that DN (A1 U U A1) # @. Tt follows from these
two conditions that clx (AU -UA,)N(Amt1U- - -UA, 1) # @ which
is a contradiction because the unions A;U- - -UA,,, and A, 1U- - -UA, 1
are separated.

Second, suppose on the contrary that there exists a D € KNclyx (£).
Define now Z = {F € 2¥ : Enclx(Apy U---U A,yy) # O},
and note that Z is closed in 2% (again by the definition of the
Vietoris topology) and that £ C Z. Thus clox(£) C Z, whence
D e Z, ie, DNeclx(Amt1 U -+ U Ayy1) # . On the other
hand, D € K means D C A; U---U A,,, whence it follows that
cx(Ami1U---UA,11)N (A1 U---UA,,) # D, a contradiction again.
Therefore K and L are separated, contrary to the connectedness of B.
The proof is complete. O

Lemma 2.2. Let X be a compact Hausdorff space, n € N, and let
a subcontinuum B of 2% be such that BN C,(X) # @. Then UB is a
closed subset of X with at most n components, i.e., UB € C,(X).

Proof. Put B = UB, and let p € clx(B). For each closed neighbor-
hood M of pin X, let Ay = {A' € B: AN M # @}. Then Ay
is a closed, therefore a compact, subset of B. If M and N are closed
neighborhoods of p in X with M C N, then Ay C Ay. Further, each
Ay is nonempty, because for a given M, the condition M N B # &
implies M N A’ # @ for some A’ € B, whence A’ € Ap. Thus
{Apr : M is a closed neighborhood of p} is a family of compact subsets
of B with the finite intersection property. Hence there exists an ele-
ment Ag € B such that Ay € Ay for each M. Thus p € clx (Ap) = Ap.
Therefore p € B, and so B is closed in X. Finally, B has at most n
components by Lemma 2.1. Thus B € C,,(X), as needed. The proof is
complete. ]
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Lemma 2.3. Let X be a compact Hausdorff space, n € N, and let
a be an order arc in 2% such that Na € Cy(X). Then o C Cp(X).

Proof. Take A € «, and define 3 = {B € o : B C A}. Then f is
a subarc of @ and A = UB. Then A € C,,(X) by Lemma 2.2, and so
a C Cp(X). O

The following result extends [20, Theorem 10, p. 124]. Its proof is
modeled on the corresponding proof in [20].

Theorem 2.4. Let X be a compact Hausdorff space, n € N and
A € Cn(X). Then the following conditions are equivalent:

(2.4.1) Cp(X) is locally connected at A;
(2.4.2) Cp(X) is locally arcwise connected at A.

Proof. The implication (2.4.2) = (2.4.1) is known, see [20,
Observation 1, p. 120]. To show the opposite implication, assume
that C,(X) is locally connected at A. Let U = (Uy,... ,Upn)pn be a
neighborhood of A in C,,(X) such that it is a member of a base in the
Vietoris topology. By the local connectedness of C,,(X) at A there is a
continuum K C Cp,(X) contained in ¢ and such that A € int¢, (x)(K),
compare (0.1). The set intc, (x)(K) is the open set required in the
definition of local arcwise connectedness. Indeed, let K = UK. Then
by Lemma 2.2 it follows that K is a compact subset of X that has at
most n components.

Observe that K C Uy U+ --UU,,, and that for each i € {1,... ,m} we
have @ # ANU; C KNU;. Hence K € U. Take B € int¢, (x)(K) C K,
whence B C K. Recall that A € K. We will show the following.

Claim. Given B € K, each component of K intersects B.

Suppose on the contrary that there exists a component C' of K
such that C N B = @. By the cut wire theorem, see [24, p. 72] for
the metric formulation, and a remark following its proof, referring to
compact Hausdorff spaces in [24, p. 82], there exist disjoint closed in
X subsets L and M such that K = LUM, C C L and B C M. Let
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M={DeK:DcM}and L={DeK:DNL+#@}. Then M and
L are closed, disjoint and nonempty subsets of K such that = MUL.
This contradicts the connectedness of K and proves the claim.

Thus by the Claim each component of K intersects both A and B,
and therefore, see [14, Theorem 15.3; p. 120], there are order arc oy
from B to K and order arc as from A to K. Then an arc joining A
and B can easily be constructed in a; Uag C U. The proof is complete.
]

For another proof of the implication from (2.4.1) to (2.4.2) see
Remark 2.23.

In the next two theorems we study several local connectivity con-
ditions of the hyperspace C,(X) at its element A. We distinguish
separately two cases, depending on whether the number of components
of A is less than n (Theorem 2.5) or it is exactly n (Theorem 2.12).

Since the case of n = 1 has already been investigated in the past in
a sequence of papers, see, e.g., [9-12, 20, 21], we may assume n > 2.
However, it should be underlined that this assumption is indispensable
in some results, so that a conclusion obtained for any n > 2 need not
be true for n = 1. Each such case will be indicated and/or discussed
separately.

Theorem 2.5. Let X be a compact Hausdorff space, and let n € N
be fized.

(25.1) If n=1, let A€ C(X). If 2% is locally connected at A, then
C(X) is strongly locally arcwise connected at A.

(25.2) If n>2,let A€ Cp1(X) C Cp(X). Then Cp(X) is locally
connected at A if and only if 2% is locally connected at each component

of A.

Proof. The statement (2.5.1) was proved in [10, Theorem 1, p. 358]
for the metric case; the proof for the general case is exactly the same.

To show (2.5.2) assume that n > 2, and let Ay,...,A,, be the
different components of A, where m <n — 1.
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Necessity. Assume that C,(X) is locally connected at A. Fix
j € {1,...,m}. In order to show that 2% is locally connected at
Aj, it is enough to see that if U is an open subset of X with A; C U,
then by (1.1.1) of Theorem 1.1 there exists a connected subset V' of
X such that A; C intx(V) C V C U. Let Vi,...,V,, be mutually
disjoint open subsets of X such that A; C V; for each i € {1,... ,m}
and V; C U. Let V = (Vi,...,Vy)n. Then A € V. Since Cp(X)
is locally connected at A, there exists a connected subset B of C,,(X)
such that A € int¢, (x)(B) C B C V.

Let B = clx(UB). Since A € B, the union UB has at most
m components. Thus B has at most m components. For a given
C € B we have C € (Vi,... ,Viu)n, 50 C € Vy U---UV,. Thus
AC B cCVWViU---UV,,. Hence B has at least m components. Therefore,
B has exactly m components, and they are BN Vy,--- ;BN V,,. Let
V=BnNV;. Then A; CV CV; CU. So, we only need to prove that
Aj C intx(V).

Since A € inte, (x)(B), there exists a basic open set W = (W71,.. .,
Wipn in Cp(X) such that A€ W C B. Let W =W;U---UWj. Then
A; c V;NW. We will show that V; "W C V. Let p e V; N W. Since
m < n, it follows that AU{p} € C,,(X) and AU{p} € (Wy,... , W), C
B. Thus AU{p} C Band p € BNV; = V. We have shown that
V;NW C V. Therefore A C intx(V) C V C U. The proof of the
necessity is complete.

Sufficiency. Assume that 2% is locally connected at each compo-
nent Ai,..., A, of A. To show that C,(X) is locally connected at
A take an open subset U of C,,(X) such that A € U, and let W =
(W1, ..., W), be a basic open set in C,,(X) such that A € W C U.
Put W =W, U---UWy. Let Vi,...,V,, be open subsets of X such
that 4; C V; C clx(V;) € W for each ¢ € {1,... ,m} and such that
clx(V1),... ,clx (Vi) are pairwise disjoint. By (1.1.1) of Theorem 1.1
for each i € {1,...,m}, there exists a connected set C; such that
A, C intx(CZ‘) Cc C; C V. Let Z2 = <Clx(Cl),... ,ch(Cm)>n n
(W1,... ,Wi)n. Then A € inte,(x)(Z) C 2 C U. Each B € Z in-
tersects each of the components of T' = clx(Cq) U -+ Uclx(Cy,) and
B C T. Then, by [14, Theorem 15.3, p. 120], there exists an or-
der arc o from B to T. It is easy to show that o« C Z. Thus Z
is a connected neighborhood of A, in C,,(X), and therefore C,,(X), is
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locally connected at A. The proof of the sufficiency is complete, and
thus (2.5.2) is proved.

The proof is complete. |

Remark 2.6. (a) The implication in (2.5.1) has been shown for metric
continua X in [9, Theorem 3, p. 390].

(b) The implication in (2.5.1) cannot be replaced by an equivalence,
i.e., the converse implication is not true in general. The next example
shows this.

Example 2.7. There is a metric continuum X and a subcontinuum
A of X such that C(X) is strongly locally arcwise connected at A while
2X is not locally connected at A.

Proof. In the Cartesian coordinates in the plane put v~ = (0, —1),
vt = (0,1), and for each n € N, let e, = (—(1/n),0) and e =
((1/n),0). For any two points p and ¢ let pg stand for the straight line
segment from p to q. Define

X = (U{Eumznem) Uo7

Thus X is the one-point union of two harmonic fans with the (only)
accumulation points of their sets of end points identified. The reader
can verify that X has the need properties for A = [-1/2,1/2] x {0} C
vot. O

Let X be a compact Hausdorff space and n € N. Accept the following
notation. Let (C'(X))™ be the Cartesian product of n copies of the space
C(X). Define a function

(2.8) ¢: (C(X)" — Cn(X) by @(A1,...,Ap)=A1U---UA,.
To prove the next result we need a lemma on properties of the function

@ and a proposition on various concepts of local connectedness in the
Cartesian products.

Lemma 2.9. The above defined function ¢ has the following prop-
erties.
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(2.9.1) ¢ is continuous.

(2.9.2) For each n € N with n > 2 and for each Ay € ¢~ 1(Cr(X) \
Crn-1(X)), there exists an open subset Y of (C(X))™ such that Ag € Y,
the set o(Y) is open in Cn(X), and the restriction o|Y : Y — p(Y) is
a homeomorphism.

Proof. To prove (2.9.1) let By = (Bi,...,B,) € (C(X))", and let
U = (Ui,...,Ug), be a basic open set of C,,(X) such that p(By) € U.
Put B = ¢(Byg) = By U---UB,. For each i € {1,... ,n}, define
JZ:{j € {1, ,k}:Bl-ﬁUj 7&@} Let

ui:{DQC(X):DCU{Uj:jeJi}andDﬁUj7£®
for each j € Ji}.

Finally put Uy = Uy X --- X U,. Since the sets Uy, ..., Uy are open by
the definition, it follows that each U;, for ¢ € {1,... ,n}, is open by
the definition of the Vietoris topology, and thus Uy is open in (C(X))".
Observe that By € Up. It is easy to show that ¢(Uy) C U. Therefore ¢
is continuous.

To show (2.9.2) let Ag = (A1,...,A4,) € o HCh(X)\ Crn_1(X)) C
(C(X))", and put A = p(4p) = A1 U---UA,. Then 4,,...,A, are
different components of A. Choose open subsets Uy, ... ,U, of X such
that A; C U; for each i € {1,... ,n} and that clx (U1),...,clx(U,) are
pairwise disjoint. Let W = clo(x)(U1)1 X - -+ X clg(x)(Un)1. Then W
is a compact neighborhood of Ag in (C(X))". Let V = (Uy,... ,Up)n.
Clearly, A € V C ¢(W). Thus A € int ¢, (x)(p(W)). It is easy to
show that ¢ | W : W — ¢(W) is one-to-one. Therefore ¢ | W is a
homeomorphism. Put Y = ¢! (int ¢, (x)(¢(W))), and observe that it
satisfies the required conditions. u]

Proposition 2.10. Let X andY be compact Hausdorff spaces. Then
the product X XY is locally connected (strongly locally connected, locally
arcwise connected, strongly locally arcwise connected) if and only if the
factors X andY are locally connected (strongly locally connected, locally
arcwise connected, strongly locally arcwise connected, respectively).

Proof. We will argue for the case of strongly locally arcwise connected
spaces; the proof for other cases is quite similar.
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Necessity. Assume that X x Y is strongly locally arcwise connected.
It ought to be proved that X is such, too (the argument for Y is the
same). To this aim take a point z € X and an open subset U of X
with x € U. Let m; : X XY — X be the natural projection. Fix y € Y.
Then (z,y) € 7, Y(U), and the set 7; }(U) is open in X x Y. Since
X x Y is strongly locally arcwise connected, there exists an arcwise
connected and open in X xY subset W such that (x,y) € W C 7, *(U).
Projecting under m; we get € 7, (W) C m (7, (U)) = U. Since the
projection 7 is an open mapping, m1 (W) is open in X. We have to show
that 71 (W) is arcwise connected. So, take points 1 (u), 71 (v) € (W),
where u,v € W. Since W is arcwise connected, there is an arc « in
W joining w and v. Thus m(u), 7 (v) € m1(a). Since the continuum
71 () is a continuous image of the arc «, it follows from [26, Theorem
9, p. 201] that it is arcwise connected. Thus there exists an arc
8 C m(a) C m (W) joining 71(u) and mp(v). Therefore 71 (W) is
arcwise connected, and the proof of the necessity is finished.

Sufficiency. Assume that X and Y are strongly locally arcwise
connected. Take (p,q) € X x Y and a (basic) open set of the form
P x @ in X xY such that (p,q) € P x @, P is open in X and Q is
open in Y. By the assumption there are subsets U of X and V of Y,
both arcwise connected, such that U is open in X, V is open in Y,
with p € U C P and ¢ € V C Q. Then their product U x V is open
in X x Y, arcwise connected and satisfies (p,q) € U x V C P x Q, as
needed.

The proof is complete. u]

Applying finite induction, Proposition 2.10 leads to the following
corollary.

Corollary 2.11. Let n € N be fized and, for each i € {1,... n},
let the space X; be compact and Hausdorff. Then the product Xi X
-+ x X, is locally connected (strongly locally connected, locally arcwise
connected, strongly locally arcwise connected) if and only if each of
the factors X; is locally connected (strongly locally connected, locally
arcwise connected, strongly locally arcwise connected, respectively).

Now we are ready to prove the previously mentioned result.
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Theorem 2.12. Let X be a compact Hausdorff space, n € N
fized, and let A € Cp(X) \ Cr—1(X) have Ay,..., A, as its different
components. Put Ay = (A1,...,An) € (C(X))™. Then the following
are equivalent:

(2.12.1) C,(X) is locally connected (strongly locally connected, locally
arcwise connected, strongly locally arcwise connected, respectively) at
A,

(2.12.2) (C(X))™ is locally connected (strongly locally connected, lo-

cally arcwise connected, strongly locally arcwise connected, respectively)
at Ao,

(2.12.3) C(X) 1s locally connected (strongly locally connected, locally
arcwise connected, strongly locally arcwise connected, respectively) at
each A; forie{l,...,n}.

Proof. Note that if n = 1 then the symbol C),_1(X) is not defined and
it can be taken as the empty set. In this case the conditions (2.12.1),
(2.12.2) and (2.12.3) coincide, so it is nothing to prove. Therefore we
can assume n > 2.

Let ¢ be as in (2.8). Then A = ¢(Ap) = A1 U---UA,, so the equiva-
lence between (2.12.1) and (2.12.2) is immediate from Lemma 2.9. The

equivalence between (2.12.2) and (2.12.3) is an obvious consequence of
Corollary 2.11. The proof is finished. ]

Note that in Theorem 2.5 local connectedness of Cp(X) at A is
characterized by local connectedness of 2% at each component of
A. In Theorem 2.12 however we cannot substitute 2% for C(X), as
Example 2.7 shows.

To prove the next result we introduce a notation and prove a lemma.

Let X be a compact Hausdorff space. Fix an arbitrary n € N. For
each open subset U of 2% and for each m € {1,... ,n} let

Ulm,n] ={A € C,(X) : there exist nonempty pairwise
disjoint closed and open subsets Aq,..., A,
of A such that A, U---UA,, EZ/{}.
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Lemma 2.13. The set U[m,n| is open in Cp(X).

Proof. Let A € Ulm,n] and let A;,..., A, be as in the definition
of U[m,n]. Put Ag = Ay U---UA,,. Since U is open in 2%, there
exist open subsets Uy, ... ,Uy of X such that Ay € (Uy,...,Ux) C U.
PuwU=U,U---UU. Let V1,...,Vy, Vg1 be pairwise disjoint open
subsets of X such that Ay C Vi, ..., Ay C Vi, A\ Ag C Vipy1 and
iu---uVv,, CcU.

For each ¢ € {1,... ,m}, let J; = {j € {1,... ,k} : A,nU; # o}.
Notice that J; # @ for each 1.

Let

V={BeC,(X):BCV1U---UVpi1, BN V1 #2
and BNV;NU; #@ forallie{l,... ,m} and j € J;}
if A\ Ay # o,
V={BeC,(X):BCViU---UVy,and BNV,NU; # @
forallie {1,...,m} and j € J;}
if A\ Ay = 2.

It can easily be proved that, in both cases, V is open in C,(X) and
A eV CU[m,n]. Thus U[m,n] is open. O

Let again X be a compact Hausdorff space; let A € C(X), and
assume that the hyperspace 2% is locally connected at A. Fix n € N,
and let U = (Up,...,Uk)n be a basic open set in C,(X) such that
A € U. Define U = U3 U---UU, and U = (Un,...,U;) C
2X. By (1.1.1) of Theorem 1.1, there exist closed connected subsets

Q-1,Q0,Q1,... ,Qn,Qny1 of X such that
AC intx(Qfl) cQ_1C intx(QQ) C Qo C intx(Ql) Cc @i C
--- Cint X(Qn) cQ,C intx(Qn+1) C Qn+1 cU.

Further, define

V; = intx (Q;) for each i€ {-1,0,1,...,n,n+ 1},
W =V;\ Qi—1 for each i€ {0,1,...,n+ 1},
Z; = ‘/i-‘rl \ Q;_o foreach i€ {1, . ,’I’L},
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and, for each i € {1,... ,n — 1}, define

Z/[i = <Zi, Wl>[1,n] n (<V_1> ﬁZ/{')[i,n] n <V_1 U Zi>n7
Vi = (Vi, Vi) [i +1,n] 0 ((Voa) N U)[i,n] 0 (Viga) e

Finally, put Uy = (Vo, V1), NU, and let
(2.14) V=UyUly U+ Ul UVyU--- UV, 1.

In particular, if n = 1, then V = Uj.

Proposition 2.15. Let X be a compact Hausdorff space, and let 2%
be locally connected at A € C(X). Under the above notation, let V be
defined by (2.14). Then for each element B € V there exists an arc «
joining B and A in V with the property that for each C € « the number
of components of C is less than or equal to the number of components

of B.

Proof. Note that A € Uy, whence A € V by (2.14). According to
Lemma 2.13 the set V is open in C,,(X).

Take an element B € U; UV; for some ¢ € {1,... ,n — 1} and recall
that B € ((V_1) NU')[i, n]. Therefore B contains a closed subset which
belongs to U’. Thus B intersects each U, for j € {1,...,k}. Moreover,
B C V41 CU. Hence B € U. Since Uy C U, it follows that V C U.

Accept the following notation. Given two subsets R and S of V, we
write R=S to indicate that for each element R € R there exist an
element S € S and an arc a C V that joins R and S such that for
each C' € a the number of components of C is less than or equal to
the number of components of R. Thus, to prove the proposition, it is
enough to show the following:

U= U, U{A}, U=, VljZ/{QU{A}, Us= Vs, ...,
Z/[n72:; Vn727 Vn72:; Z/[n,1 U {A}7 Z/{nflj anlu anlj {A}

First, we show that Uy=U; U {A}. Let B € Uy. Then B C Vi,
BNVy # @ and B € U. Denote by C the union of all components
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of B that intersect Qp, and put D = B\ C. Thus B = CUD. Let
C1 = QoUC. Then C; € C(X). Let a be an order arc in Cy(X)
from C to C4, and let 8 be an order arc in C'(X) from A to Cy. Put
vy={DUE:E € aUp}. Then v is the union of two order arcs, one
joining B =C U D to C1 U D, and the other joining C; UD to AU D.
Thus it is possible to find an arc § C v which joins B to AU D. By
Lemma 2.3 the number of components of each element of o U 3 is less
than or equal to the number of components of B. It is easy to show
that v CUy C V. If D = &, then § joins B to A. Otherwise AUD € U .
So, we have shown that Uy= U U {A}.

Now we show that ;= V; for each i € {1,... ,n —1}. Let B € U;.
Since V_1 and Z; are open and disjoint, B is of the form B = C U D,
where C' and D are closed, disjoint and nonempty, and

ccV.y, DcZz, DnW,#g,
C has at least i components, and C € U’.

Define D; (D2 and Ds, respectively) as the union of all components
of D that intersect @; and are not contained in V; (are contained in
Vi, are disjoint with Q;, respectively). Then D = D; U Dy U D3 and
D NW,; # & implies that D U Dy # @. Consider two cases.

Case 1. Dy = &. In this case Dy is a nonempty subset of V;. Thus
CUDy € (V;,V;_1) and C U D5 has at least i + 1 components. Since
B=CUD C V4, it follows that B € V,.

Case 2. Dy # @. Let Ey,...,E, be all the different components of
D,. Each E} intersects ; and is not contained in V;. Thus we may
choose a point p; € (Fr N Q;) \ V;i. Let Y7 and Y3 be open subsets of
X such that

Qi—2 CY1 Ceclx(Y1) CViey C Qi1 CYa Cclx(Yz) C V.

For each k € {1,...,r}, let Fj be the component of @; \ Y7 that
contains p,. Then Fy, € C(X) and, by the boundary bumping theorem,
see [23, Theorem 20.2, p. 626], there exists a point g, € FyNelg, (Y1) =
FrpNclx (Y1) C FNV;_1. Let Gy, be the component of Fj;Nclx (Y2) that
contains g;. Thus G, € C(X). Notice that p; € Fy \ clx(Y2). So, we
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can again apply the same boundary bumping theorem to conclude that
@+ Gy ﬂbdpk (Fk ﬂClX(Yg)) C G ﬂbdx(ch(ng)) C G ﬂbdx(yvg) C
G NW;. Thus G "W, # @. Note that Fj, C Vis1 \ Qi_o C Z;. Put

F:U{Fk:ke{l,...,r}} and G:U{Gk:ké{l,...,r}},

and observe that G C D, U F.

Let a (B) be an order arc from Dy to Dy U F (from G to Dy U F,
respectively), and put vy = {CULUDyUD3 € C,(X) : L € aUS}. Tt is
easy to show that there is an arc § C 7y that joins B = CUD;UD>UDg
to the set By = C'U G U Dy U D3. Notice that G U D5 is a nonempty
subset of (clx(Y2)\Y1)UDs C V;\ Qi—2. Thus CUGU D5 has at least
i+ 1 components and belongs to (V;, V;_1). Therefore By € V;. Notice
that, for each L € v, we have

LcCUDiUFUDy;UDsCBUF C BU(Q;\Y1)
CBUZiCVLlUZi,

and L contains Dy or CUGU Dy U D3, so LNW,; # @. It implies that
L € U;. Thus we have connected, by an arc in V, the set B to By € V;.
This completes the proof of U;=V;.

Now we show that V;=U; 11 U {A} for each i € {1,... ,n —2}. Let
BeV;. Let C (D, &, F, G, respectively) be the set of components of B
that are contained in V_; (that intersect V;_; but are not contained in
V_1, intersect @;_1 but do not intersect V;_1, intersect Q); but do not
intersect (Q;_1, do not intersect Q;, respectively). Some of the sets D, &,
F and G may be empty. Since B € V;, the set C has at least i elements,
UC € U', CUD has at least i + 1 elements, and (UF)U(UG) C Z;. For
each L € D, choose a point pr, € (LNV;_1)\ V_1, and for each L € &,
choose a point pp € LN Q;—_1.

Let By = (UC)U{pr : Le DUELU (UF)U (UG). Since B; C B
and each component of B intersects Bi, there exists an order arc «

from B; to B. It is easy to show that each element of a belongs to V;.
Therefore we have joined B to B; by an arc in V.

Let Y7 be an open subset of X such that UC C Y] Cclx(Y7) C V_;.
For each L € DUE, let My, be the component of @;_1 \ Y7 containing
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pr. By the boundary bumping theorem, see [23, Theorem 20.2, p. 626],
there exists a point g, € My Nclg, (Y1) = M Neclx(Yr) C Voq. Let

By = (UC)U (U{ML:LeDue}) UUF)U(UG),
By =(UC)U({qr: L€EDUE}) U(UF)U(UG).

Then By U B3 C B, and each component of By intersects both By and
Bs. Thus there are order arcs 8 and ~ from By to By and from Bj to
Bs, respectively. It is easy to check that 8 U~ C V;. Therefore we can
join By to Bs by an arc in V. Notice that Bs € ((V_1) NU")[i + 1, 7]
and By C V_1 U (Vi41 \ Qi—1). Further, Bs = C; U Dy, where C; and
D; are closed subsets of X such that C; ¢ V_1, C; € U’, C; has at
least i 4+ 1 components and Dy = (UF) U (UG) C Vig1 \ Qi—1.

Let Y3 be an open subset of X such that clx (Y1) C Y2 C clx(Y2) C
V_y. For each L € F choose a point z, € LNQ;. Let By = Cy U{zy :
L € F} U (UG). Then By C Bz and each component of Bz intersects
By. Thus there exists an order arc d from B4 to Bz. Notice that § C V;.
Therefore we have joined B3 to B4 by an arc in V.

For each L € F, let N be the component of @; \ Y2 that contains
xr,. By the boundary bumping theorem, see [23, Theorem 20.2, p. 626],
there exists a point yr, € Nz Nelg, (Y2) = N Nelx(Ya) C Voq. Let

Bs=C, U <U{NL:L6}'}> U (ug),
Bs=C1 U ({yLILEJ:}) U(Ug)-

Then B, U Bg C Bs and each component of By intersects both B, and
Bg. Thus there exist order arcs ¢ and n from By to Bs and from Bg to
Bs, respectively. Note that ( Un C V;. Thus we can join B4 to Bg by
an arc in V. Observe that Bg = C3 U D3, where C3 and D3 are closed
subsets of X such that C5 C V_;, C5 has at least ¢ + 1 components,
Cg €U’ and D3 C V;url \Qz

Consider two cases.

Case 1. D3 = @. In this case Bg = C3 € (Vp, Vi), NU and
Bg C V_1. Let x and A be order arcs from Bg to Q_; and from
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A to @Q_1, respectively. Clearly, each element of x U A belongs to
(Vo,Vi)p NU C V. Thus it is possible to join Bg to A by an arc
in V.

Case 2. D3 # @. In this case Bg € U;y1.
This finishes the proof of V;=2 U1 U {A}.

Finally, we intend to show that V,,_;= {A}.

Let B € V1 = (Voe1, Vo), n] N (Vo) NU ) [n — 1,0l N (V).
Define C}4 as the union of all components of B that are contained in
V_1, and let Dy = B\ C4. Then Cj has at least n — 1 components.
Consider three cases.

Case 1. Dy = &. In this case B=Cy € (Vo, Vi), NU and B C V_;.
Let £, 0 be order arcs from B to @_; and from A to Q)_1, respectively.
Clearly, each element of £ U o belongs to (Vo, V1), NU C V. Thus it is
possible to join B to A by an arc in V.

Case 2. Dy # @ and D4,NV_1 # &. In this case D, is a subcontinuum
of X and B C V,,_1. Fix a point p € Dy N V_;. Then it is possible to
find an order arc from Cy U {p} to B. Observe that each element of
such an arc is in V,,_1. Since Cy U{p} € V,,—1 and Cy U {p} C V_4, we
can proceed as in Case 1 to join Cy U {p} to A by an arc in V.

Case 3. Dy # @ and D,NV_1 = &. In this case D, is a subcontinuum
of X, BCV,_yand DyNV,,_o # &. Fix a point ¢ € (D4NV,_2)\ V_1.
Let Y5 be an open subset of X such that Cy C Y3 C clx(Y3) C V_;. Let
M be the component of @2 \ Y5 that contains ¢. By the boundary
bumping theorem, see [23, Theorem 20.2, p. 626], there exists a point
r € Mnclg, ,(Ys) =M nclx(Ys). Using respective order arcs from
C1U{q} to B, from C4U{q} to C4UM and from CyU{x} to C4UM, it is
possible to join B to C4U{x} by an arc in V,,_1. Since C4U{z} € V,,_1
and Cy U{z} C V_1, we can proceed as in Case 1 to join Cy U {x} to
A by an arc in V.
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With this we finish Case 3 and the proof of V,,_1=3 {A}.

Therefore the proof of the proposition is complete. i
The following corollary is a consequence of Proposition 2.15.

Corollary 2.16. Let X be a compact Hausdorff space, 2% locally
connected at A € C(X) and, for a fited n € N, let U = (Uy, ... ,Uk)n
be a basic open set in Cp,(X) such that A € U. IfV is defined by (2.14),
then A€V CU and V is an arcwise connected open subset of Cp(X).

Corollary 2.16 leads to the following result, that generalizes [10,
Theorem 2, p. 358] as well as implication (2.5.1) of Theorem 2.5.

Theorem 2.17. Let X be a compact Hausdorff space, and let 2% be
locally connected at A € C(X). Then, for each n € N, the hyperspace
Cn(X) is strongly locally arcwise connected at A.

The converse implication to that of Theorem 2.17 is also true. More-
over, we have the following result.

Theorem 2.18. Let X be a compact Hausdorff space, and let
A € C(X). Then the following conditions are equivalent:

(2.18.1) the hyperspace 2% is locally connected at A;

(2.18.2) for each n € N the hyperspace C,(X) is strongly locally
arcwise connected at A,

(2.18.3) there exists an integer n > 2 such that C,(X) is strongly
locally arcwise connected at A;

(2.18.4) for each n € N the hyperspace Cy,(X) is locally connected at
A;

(2.18.5) there exists an integer m > 2 such that Cn(X) is locally
connected at A.

Proof. (2.18.1) = (2.18.2) is Theorem 2.17; the implications
(2.18.2) = (2.18.3) = (2.18.5) and (2.18.2) = (2.18.4) —
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(2.18.5) are immediate; and finally (2.18.5) = (2.18.1) by Theorems
2.5 and 1.2. o

Recall the following well-known example.

Example 2.19. There exist a metric continuum X and a point
p € X such that:

(2.19.1) X is locally connected at p;
(2.19.2) X is not strongly locally connected at p;
(2.19.3)

(2.19.4)

2% is locally connected at {p};
2% is not strongly locally connected at {p}.

Proof. In the Cartesian coordinates in the plane put p = (0,0) and,
for each k € N, let Hj, be the cone with the vertex vy, = ((1/k),0) over
the set By = {vp1} UU{(1/(k+1),(1/0)) :i e {k+1,k+2,... }}.
Then each Hy is homeomorphic to the harmonic fan. The union

X = {p}U| J{Hy: k € N}

is the needed continuum. It is pictured in [13, Figures 3-9, p. 113]
and in [24, Figure 5.22, p. 84], where assertions (2.19.1) and (2.19.2)
are shown. Assertions (2.19.3) and (2.19.4) are consequences of the
previous two by [9, Corollaries 1 and 2, pp. 389 and 390], respectively.
[}

Remarks 2.20. (a) In (2.18.1) the local connectedness of 2% cannot
be replaced by the strong local connectedness because of Example 2.19.

(b) Example 2.7 shows that we cannot put n = 1 in (2.18.3) and
(2.18.5).

In Theorem 2.17 the strong local arcwise connectedness of the hyper-
space Cp,(X) at an element A was established if A € C(X) C C,(X).
Now we are going to prove a similar result for an arbitrary A € C,,(X).
However, the situation differs depending on either A € C,,_1(X) C
Cn(X)or A€ Cp(X)\ Cpr_1(X). The latter case needs an additional
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assumption (that X has the property of Kelley), and it will be discussed
in the next section.

Theorem 2.21. Let X be a compact Hausdorff space, and let
n € N with n > 2 fized. If the hyperspace C,(X) is locally connected
at A € Ch_1(X) C Cn(X), then Cn(X) is strongly locally arcwise
connected at A.

Proof. For some m < n — 1, let Ay,..., A, be the different
components of A. By Theorem 2.5 the hyperspace 2% is locally
connected at each A;, and by Theorem 2.17 the hyperspace C,,(X)
is strongly locally arcwise connected also at each A;. Let Vq,...,V,,
be open mutually disjoint subsets of X such that A; C V; for each
ie{l,...,m}, and U = (Uy,...,Uk)n be a basic open set in Cy,(X)
such that A € U. For each i € {1,... ,m} let F; = {j € {1,... ,m}:
A;NU; # @} and

L{i:{BeC’n(X):BﬂUj;é@ for each j € F; and

Bc|J{U;:je Fi}} A (V).

Then U; is an open subset of C,(X), A; € U;, and {1,... ,m} =
FyU---UF,. By Corollary 2.16 there exists an open subset V; of
Cr(X) such that A; € V; CU; and, if B € V;, then there exists an arc
« joining B and A; in V; having the property that for each element
C € « the number of components of C' is less than or equal to the
number of components of B, see Proposition 2.15.

Let V={B e (Vi,... ,Viu)n : BNV, € V; foreach i € {1,... ,m}}.
We are going to prove that V is an open arcwise connected subset of
Cy(X) such that A € V C U. Clearly, A € V.

Given B € V and ¢ € {1,... ,m}, let B, = BNV,. Since B; € V;
and V; is open in C,(X), there exists a basic open subset W; =
W W), of Cu(X) such that B; € W; C V. For each
i€{l,...,m}and each j € {1,... ,k;} let Zj(-i) :Wj(i)ﬂVi.

Let W=(z{",.... 2V 2,27 . 2™, ..., Z{™),. There-
fore W is open in C,,(X) and B € W. For C € W and i € {1,... ,m}
let C; = CNV,. Since ¥ # CN le) c C NV, it follows that
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C; # @. Note that C C Vi U---UV,,. So each C; is closed, and
Ce (Vi,... ,Vi)n. Foreachi e {1,... ,m} and each j € {1,... ,k;}
we have @ # C'N Z](-Z) cC;n Wj(l). Given a point p € C; C V;, there
exist 1 € {1,...,m} and j € {1,... K} such that p € Z](»l) C V. Since
Vi,...,V, are pairwise disjoint, we get [ = ¢. Thus C; C Zf)u' . 'UZlgi).
Hence C; € W; C V;. This proves that C' € V. So, we have shown that

W C V. Since W is open in C,,(X) and B € W C V, it follows that V
is open in Cy,(X).

Now we show that )V is arcwise connected. Let B € V. For each
i€ {l,...,m} let B, = BNV;. Then B; € V;. By the definition
of V; there exists an arc «; joining B; and A; in V; having the
property that for each element C' of «; the number of components
of C is less than or equal to the number of components of B;. Let
o1 ={(B\V1)UC :C € a1}. Then oy is an arc in C,,(X) (since the
number of components of each element of oy is less than or equal to
the number of components of B) that joins B to (B \ V1) U A;. Note
that each element of o; belongs to V. Using a similar argument it is
possible to join (B\V1)UA; to (B\ (V1 UV;))UA; UAs by an arc in V.
Repeating this procedure it is possible to join B to A in V. Therefore
V is arcwise connected.

Given B € V and i € {1,...,m}, let (as previously) B, = BN V,.
Since B; € V; C U;, it follows that B € U; U --- U Ug. For each
j € {1,... ,k} there exists i € {1,...,m} such that j € F;, whence
B;NU; # @. Therefore B € U. So, we have shown that V C ¢. This
completes the proof. u]

Corollary 2.22. Let X be a compact Hausdorff space, n € N with
n>2, and let A€ Cp_1(X) C Cr(X). Then the hyperspace Cp(X) is
locally connected at A if and only if C,(X) is strongly locally arcwise
connected at A.

Remark 2.23. As it was mentioned earlier, the implication from
(2.4.1) to (2.4.2) in the proof of Theorem 2.4 can be obtained as
a consequence of Theorem 2.21 (for the case that A € C),_1(X)),
Theorem 2.12 and [20, Theorem 10, p. 124].
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3. Local connectedness at a point in C,(X) — the property
of Kelley. The next results concerning local connectedness at a
point in C,(X) need an additional assumption on X, namely the
property of Kelley. We start with a result that is a continuation of our
investigation from the previous section. Namely, in Theorem 2.21, the
implication was shown from local connectedness to strong local arcwise
connectedness of the hyperspace C,(X) at its element A provided
that A € C,,—1(X). Now we are going to prove a similar result if
A e Co(X)\ Cp-1(X). But this will be done under an additional
assumption that the considered space X has the property of Kelley.
As we will see in Example 3.4, this assumption is essential for the
result. Finally, a characterization of the property of Kelley in terms of
hyperspace is obtained in Theorem 3.5.

Theorem 3.1. Let X be a compact Hausdorff space having the
property of Kelley, and let n € N. If the hyperspace C,(X) is locally
connected at A € Cp(X)\ Cr—1(X) (forn =1 we assume A € C(X)),
then C,(X) is strongly locally arcwise connected at A.

Proof. Note again that if n = 1 the symbol C,,_1(X) can simply be
omitted, and that, in this case, the result is just Theorem 12 of [20, p.
125]. Thus we can consider the case n > 2 only.

Let Aq,...,A, be the different components of A. Since C,(X) is
locally connected at A, it follows from Theorem 2.12 that C'(X) is
locally connected at each A;. Further, since X has the property of
Kelley, C'(X) is strongly locally arcwise connected at each A; by [20,
Theorem 12, p. 125]. Applying again Theorem 2.12 we conclude that
C,,(X) is strongly locally arcwise connected at A, as needed. The proof
is complete. a

Corollary 3.2. Let X be a compact Hausdorff space having the
property of Kelley, and let n € N. Then the hyperspace Cp(X) is
locally connected at A € Cp(X)\ Cn-1(X) (for n = 1 we assume
A € C(X)) if and only if Cp(X) is strongly locally arcwise connected
at A.

Corollaries 2.22 and 3.2 imply the next one.
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Corollary 3.3. Let X be a compact Hausdorff space having the
property of Kelley, and let n € N be fized. Then the hyperspace Cp(X)
is locally connected at A € C,(X) if and only if C,(X) is strongly
locally arcwise connected at A.

As it was said before, the property of Kelley for X is an indispensable
assumption in Theorem 3.1. This can be seen by the following example.

Example 3.4. There exists a continuum X which does not have the
property of Kelley and which contains, for each integer n > 2, a subset
A € Ch(X)\ Cp_1(X) such that C,(X) is locally connected, while not
strongly locally arcwise connected, at A.

Proof. In [10, Example 3, p. 361] a metric continuum X and its
subcontinuum M are constructed such that

(a) X does not have the property of Kelley,

(b) C(X) is locally connected at M,

(¢) C(X) is not strongly locally connected at M.

In the set X \ M choose n — 1 distinct points pa, ... ,p, such that
(d) X is locally connected at each p; for i € {2,... ,n},

and define A = M U {ps,... ,p,}. Putting 43 = M and A; = {p;}
for each ¢ € {2,...,n}, we see that A; (for i € {1,2,...,n}) are
the components of A. Thus A € C,(X) \ Cp—1(X). It follows from
(b) and (d) that C(X) is locally connected at each component of A.
Hence the equivalence of conditions (2.12.1) and (2.12.3), for the local
connectedness, in Theorem 2.12 implies that C,, (X) is locally connected
at A. Further, according to the same equivalence (now for the strong
local arcwise connectedness) condition (c) implies that C,(X) is not
strongly locally arcwise connected at A. The proof is complete. ]

In the next theorem we present a characterization of the property
of Kelley in terms of hyperspaces. The result is an extension of [20,
Theorem 11, p. 125].
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Theorem 3.5. Let X be a compact Hausdorff space, and let n € N.
Then the following conditions are equivalent:

(3.5.1) X has the property of Kelley;

(3.5.2) for each n € N the union of any open subset of Cp,(X) is an
open subset of X;

(3.5.3) there is an n € N such that the union of any open subset of
Cr(X) is an open subset of X;

(3.5.4) the union of any open subset of C(X) is an open subset of X.

Proof. We will show the following circle of implications:
(3.5.1) = (3.5.2) = (3.5.3) = (3.5.4) = (3.5.1).

The first implication is easy to check. Let U be an open subset of
C,(X), and let x € UU. Thus there is an A € U such that z € A.
Since X has the property of Kelley at x, there exists an open subset V'
of X such that x € V, and for each point ¢ € V there is a subcontinuum
Lof X withge L € C(X)NU CU. Therefore V C UU. Hence UU is
open. Thus (3.5.2) follows.

The implication (3.5.2) = (3.5.3) is obvious.

To prove that (3.5.3) = (3.5.4) we may assume that n > 2.
Let U be an open subset of C(X), and let U = UU. Take a point
p € U. Then there exists A € U such that p € A. If A = X, then
X =AcCU cC X, whence U = X. Therefore there is a neighborhood
of p contained in U, and we are done. So, we may assume that
A # X. Fix points ¢a,...,¢, € X \ 4, and choose pairwise disjoint
open subsets Vi, Va,...,V, in X such that A C V; and ¢; € V; for
each i € {2,...,n}. Since U is open in C(X) and A € U, there exists
a basic neighborhood Uy = (Uy,...,Up)1 of A in C(X) such that
Acly CclUnN <‘/1>1 Let U; = <U1 NVi,... . U, NV, Vs, ... ,Vn>n,
and put W = UU;. By hypothesis W is open in X. Further, since
AU{q,...,qn} €Uy and p € A C AU {qo,...,qn}, we infer that
peWnVy. Let x € WnNV;. Then there exists B € U; such that
x € B. Thus x € BNV;. Since B € Uy, we have BC V;UVLU---UV,
and B intersects each one of the sets Vi, Vs, ..., V,. Consequently, B
has exactly n components, namely BNV, BN Vs, ... ,BNV,. Since
B € U, it follows that BNV; € <U1 NnVvy,... ,UmﬁV1>1 ClUy CU.
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Thus x € BNV; C U. So, we have shown that W NV, C U. Therefore
p € WnV, C U. This completes the proof that U is open in X. Hence
(3.5.4) follows.

Finally, the implication (3.5.4) = (3.5.1) is shown in [20, Theorem
11, p. 125]. The proof is complete. O

4. Local k-connectedness at a point in C,(X). In Theorem 2.4
it was proved that, for compact Hausdorff spaces and for any n € N,
local connectedness and local arcwise connectedness of the hyperspace
Cr(X) at a point are equivalent. In the present section we show that for
compact metric spaces the above properties are equivalent to another
one, viz. to LC*-connectedness for each non-negative integer k, i.e., to
LC® at the considered point, Corollary 4.2.

The following result is an extension of [21, Theorem 2, p. 30].

Theorem 4.1. Let X be a compact metric space, n € N and
A € Cn(X). Then the hyperspace C,(X) is locally connected at the
point A if and only if Cp,(X) is LC* at A.

Proof. We have to prove that for C,(X) local connectedness at A
is equivalent to being LC* at A for each k € {0} UN. If k = 0,
then local connectedness of C,(X) at A is equivalent to local arcwise
connectedness at A by Theorem 2.1 above, thus to local connectedness
of C,,(X) at A at dimension 0, see (0.2). Therefore we may assume that
k € N. It is shown in [21, Theorem 1, p. 30] that local k-connectedness
of a space at a point implies local connectedness of the space at this
point. Therefore it remains to prove the opposite implication only.

Let the hyperspace C,,(X) be locally connected at A € C,,(X), and
let k be a positive integer. We show that C,,(X) is locally k-connected
at A. For some positive integer r < n, let Aq,..., A, be the different
components of A. Consider two cases.

Case 1. r <mn,ie, A€ Cp_1(X)CCp(X). Let U = (Ur,... ,Un)n
be a basic element in the Vietoris topology in C,,(X) such that A € Y.
Let V1, ..., V, be pairwise disjoint open subsets of X such that A; C V;
for each i € {1,...,r}. Pt U = Uy U---UU,. Since C,(X) is
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locally connected at A, by Theorem 2.5 and [20, Theorem 3, p. 122]
for each ¢ € {1,...,r}, there exists a closed connected subset K; of
X such that A; C intx(K;) C K; C V; NU. We claim that the set
V = (intx(Ky),...,intx(K,)), NU is the open set required in the
definition of local k-connectedness. Let K = K1 U---UK,.. Notice that
ACK and K € U.

Take a mapping f from the k-sphere S; to V and observe that
S = Uf(Sk) is compact and it has at most n components according
to Lemma 2.2. Notice that S € V and S intersects each set K;.
Thus there exists an order arc from S to K in C,,(X). Since A C K
and A intersects each K, there exists, again in C,(X), an order arc
from A to K. Hence there exist mappings « : [0,(1/3)] — Ch(X)
and B : [(1/3),(2/3)] — C,(X) such that «(0) = A, «(1/3) = K,
B(1/3) = K, 5(2/3) = S; and if 0 < s <t < 1/3, then a(s) C a(t)
and, if 1/3 < s <t <2/3, then B(t) C B(s).

Now, recalling that By stands for the (k + 1)-ball having Sy, as its

boundary, we construct an extension f* : Byy; — U of the mapping f.
Namely, for each x € Bj1 we define

a(lz[]) if 0 < ]| <1/3,
fr(@) = q BAl=l) if 1/3 <|lz] <2/3,
Uf(Sk N ((/llx]]),6(1 = [lz]l))) if 2/3 < =[] < 1.

We see that f* is continuous, f*(0) = A and f*(x) = f(z) for each
T € Sg.

Case 2. r =n, ie, A€ Cp(X)\ Cpr_1(X). It is easy to show that a
finite product is locally k-connected at a point if and only if each one
of the factors is locally k-connected at the projections of the point. So,
this case follows from Lemma 2.9, Theorem 2.12 and [21, Theorem 2,
p. 30]. The proof is complete. a

Theorems 2.4 and 4.1 can be summarized as follows.
Corollary 4.2. Let X be a compact metric space, n € N and

A € C,(X). Then the following conditions are equivalent:
(2.4.1) Cp,(X) is locally connected at A,
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(2.4.2) Cp(X) is locally arcwise connected at A;
(4.2.1) Cp(X) is LC™ at A.

Remark 4.3. In connection with the equivalences of Corollary 4.2,
recall that each of local arcwise connectedness as well as LC* of a space
at a point implies local connectedness of the space at the point (the
former implication is obvious; the latter one is shown in [21, Theorem
1, p. 30]). The opposite implications are not true in general, see [21,
Remark b), p. 33].

It is tempting to have the equivalence of Theorem 4.1 (and ones in
Corollary 2.2, too) not only for metric spaces, but in general, if X is a
compact Hausdorff space. However, it is not the case, as can be seen
from the example below.

Example 4.4. If X denotes the long segment, and if n € N, then
(4.4.1) Cp(X) is locally connected at X, while
(4.4.2) C,,(X) is not LCY at X.

Proof. Let wy stand for the least uncountable ordinal, and let
denote the (ordered) set of all ordinal numbers o« < wy. For each
ordinal & < w; we consider the open (closed) ordinal space defined
respectively by

F¢)={ae:a<é¢} and T(¢={aeQ:a<}

equipped with the order topology. Then the long segment X, see [8,
p. 237]; it is called the extended long line in [25, Example 46, p. 71] is
defined as the space obtained from the closed ordinal space I'(w;] = §2
by placing between each ordinal « and its successor o+ 1 a copy of the
open unit interval (0,1). Then X is linearly ordered, and we give it the
order topology. Further, for each y € X we consider open and closed
initial segments:

0,y)={xeX:z<y} and [0,y]={xreX:z <y}

Thus, in particular, we have [0,u1] = X.
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To show (4.4.1) note that by (1.1.1) of Theorem 1.1 the hyperspace 2%
is locally connected at its point X, whence it follows by Theorem 2.17
that C,(X) is strongly locally arcwise connected at X. So (4.4.1) is
satisfied.

To prove (4.4.2) suppose on the contrary that C,,(X) is LC? at X.
Let U = (X),. Then U is open in Cp,(X) and X € U. According to
the definition of LC? at X there exists an open subset V of C,(X)
such that X € V C U and that each mapping f : S° = {-1,1} —» V
has a continuous extension f* : [—1,1] — U of f with the property
fr(0) = X.

Since V is open, there is an ordinal number v < w; such that
[0,7] € V. Let f: 5% ={-1,1} — V be given by f(—1) = [0,~] = f(1).
By the choice of U there exists a mapping f* : [-1,1] — U such that
f*(=1) = [0,7] = f*(1) and f*(0) = X. For each ¢t € [0,1], define
Gy = U{f*(s) : s € [t,1]}, and let r = sup{t € [0,1] : G = X}. Then
X = f*(0) C Go, whence Gy = X. Thus r is well defined.

Further, G; = f*(1) = [0,7] € ([0,y + 1)), which is an open
set. So, by the continuity of f*, there exists t; € [0,1) such that
f*(s) € ([0,v + 1)), for each s € [tg,1]. Therefore G, C [0,7 + 1),
whence G4 # X for each s € [tg, 1]. Thus r <y < 1.

So, we can choose a strictly decreasing sequence {r,,} such that
r<---<ry<r <1 withlimr, = r. Then, by Lemma 2.2, for
each m € N the set G, , is a proper subcontinuum of X containing
0 (because 0 € [0,7] C G,,,). Therefore there is an ordinal number
Ym < wi such that G, C [0,7,]. Consequently, there is A < w; such
that v, < A, whence G,,, C [0, ] for each m € N.

Note that for any ¢ € (r,1] there is an index m(t) € N such that
Tm < t for each m € N with m > m(¢). This implies that f*(t) C G,,,
for each m > m(t). Then, by the continuity of f* we conclude that
f*(t) C [0, A] for each t € [r, 1].

In particular, we get f*(r) C [0,A] C [0, A + 1), which in an open
subset of X. Thus f*(r) € ([0,A + 1)),. Since f*(0) = X, we
conclude that 0 < 7. Therefore there is a number ¢ € (0,r) such
that f*(s) € ([0, A+ 1)), for each s € [¢,r]. Then f*(s) C [0, A+ 1) for
each s € [g,1), which implies that G, # X.
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On the other hand, by the definition of supremum, there is t € (g, r]
such that Gy = X. But G; C G, implies G, = X. This contradiction
completes the proof. i

5. Local connectedness at a point in C(X). In this section
it is shown that, for each compact Hausdorff space X, local connect-
edness, local arcwise connectedness, and strong local connectedness of
Cwo(X) at a point are equivalent to the corresponding properties of
2% Theorems 5.2 and 5.3, while for strong local arcwise connected-
ness only one implication is true: from 2% to Cu(X), Theorem 5.5
and Example 5.6. Further, a characterization of strong local arcwise
connectedness of Coo(X) at a point is obtained in Theorem 5.4.

We start with a lemma that concerns local connectedness of a regular,
i.e., a T3, space at a point of a dense subspace. The lemma is not related
to the hyperspace theory. Its proof is quite standard, and it is attached
here for the sake of completeness only.

Lemma 5.1. Let D be a dense subspace of a reqular space X, and
let p € D. Then the following implications hold.

(5.1.1) If D s locally connected at p, then X is locally connected at
p, too.

(5.1.2) If D is strongly locally connected at p, then X is strongly
locally connected at p, too.

Proof. To show (5.1.1) assume that D is locally connected at p. Let
U and V be open subsets of X such that p € V C clx(V) C U. Since
D is locally connected at p, there exists a connected subset K of D
such that p € intp(K) C K C VND. Put W =intp(K). Then there
exists an open subset Z of X such that W = Z N D. Since D is dense
in X, it follows that W C Z C clx (W) C clx(K) C clx(V) C U. So,
clx (K) is a connected neighborhood of p in X.

To show (5.1.2) assume that D is strongly locally connected at p. Let
U and V be open subsets of X such that p € V C clx(V) C U. Since
D is strongly locally connected at p, there exists an open connected
subset W of D such that p € W C VN D. Let Z be an open subset
of X such that W = Z N D. Since D is dense in X, it follows that
Z Ccx(W). SoW C Z C clx(W). Thus Z is an open connected
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subset of X such that p € Z C clx (W) C clx (V) C U. Therefore X is
strongly locally connected at p, as needed. ]

Theorem 5.2. Let X be a compact Hausdorff space and A €
Coo(X). Then the following conditions are equivalent:

(5.2.1) 2%
(5.2.2
(5.2.3
(5.2.4

18 locally connected at A;

2X s locally arcwise connected at A;

Coo(

X) is locally connected at A;
Coo(X) is locally arcwise connected at A.

—_— N ~—

Proof. Since the equivalence between (5.2.1) and (5.2.2) has been
shown in [20, Theorem 9, p. 124], see Theorem 1.4 above, it is enough
to show the following circle of implications:

(5.24) = (5.2.3) = (5.2.1) = (5.2.4).

The implication (5.2.4) == (5.2.3) is clear. Since 2% is normal,
thus regular, by Statement 0.3 and since Coo(X) is its dense subspace
according to (0.5), the implication (5.2.3) = (5.2.1) is a consequence
of implication (5.1.1) of Lemma 5.1. To close the circle of implications
it remains to prove that (5.2.1) implies (5.2.4).

So, assume (5.2.1). To show (5.2.4) let U = (Uy,... ,Un)e be a
basic open set in Coo(X) such that A € U. Let Aq,..., A, be the
components of A. Choose pairwise disjoint open subsets Vi,...,V,
such that 4, ¢ V; Cc U1 U---UU, for each ¢ € {1,...,n}. By
Theorem 1.2 the hyperspace 2% is locally connected at each component
A;. Applying normality of 2% we infer that for each i € {1,...,n},
there is an open set W; such that A; C W; C clx(W;) C V;. Further,
by (1.1.1) of Theorem 1.1, there is a connected set D; such that
A; C intx(D;) ¢ D; ¢ W; € V;. Let B; = clx(D;) is a closed
connected subset of X such that A4, C intx(B;) C B; C V;. Let
B = By U---U B, and observe that By,...,B, are the components
of B. Define V =U N (intx (B1),...,intx(B))e0, and note that V is
open in Coo(X) and A €V C U.

Take C € V. Then C C intx(B;)U- - -Uintx (B,) and CNintx (B;) #
@ for each i € {1,... ,n}. Then C'Nintx(B;) is closed, nonempty, and
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it has a finite number of components for each i € {1,... ,n}. It follows
that C' C B and each component of B intersects C. Thus there is an
order arc a(C) in Coo(X) joining C to B. Let D = U{a(C) : C € V}
So, D is arcwise connected and V C D. Thus A € intc_(x)(D), and
therefore D is an arcwise connected neighborhood of A in Coo (X).

It remains to prove that D C Y. To this aim it is enough to show
that o(C) C U for each C € V. So, take C € V and E € «o(C).
Then C C E C B. Since C € V Cc U = (Uy,... ,Un)oo, We
infer that C NU; # @ for each j € {1,...,m}. Since C C E it
follows that ENU; # @ for each j € {1,...,m}. Further, we have
ECBCUU---UUpy,. Therefore E € U, and thus (5.2.4) is shown.

The proof is complete. i

Theorem 5.3. Let X be a compact Hausdorff space and A €
Coo(X). Then Coo(X) is strongly locally connected at A if and only if
2X is strongly locally connected at A.

Proof. Necessity. Assume that Cu,(X) is strongly locally connected
at A. Since 2% is normal, thus regular, by Statement 0.3 and, since
Coo(X) is its dense subspace according to (0.5), the needed implication
is a consequence of implication (5.1.2) of Lemma 5.1.

Sufficiency. Assume that 2% is strongly locally connected at A. To
show that also C (X) is, take a basic open set U = (Uy,... ,Un)oo
such that A € U. Let Aq,...,A, be the components of A. Choose
pairwise disjoint open sets Vi, ..., V,, such that for each i € {1,... ,n}
we have 4; C V; C Uy U---UU,. By (1.1.2) of Theorem 1.1 for
each i € {1,...,n}, there exists an open connected set W; such that
A;CcW,CVi. Let V=UN{Wq,... ,Wy)e. Then A €V CU and V
is open in Coo(X). It remains to show that V is connected.

To this aim take B € V. Then BC Wy U---UW,, and BNW,; # &
for each ¢ € {1,...,n}. Fix a point a; € A;. Consider the set
A ={BU{p}:pe Wi} Since the function g : Wi — A defined by
g(p) = B U {p} is continuous and onto, it follows that A is connected.
Observe that A C V. Thus B and BU{a;} can be joined by a connected
subset of V. By [23, Theorem 1.8, p. 59] there is an order arc o in 2%
from BU{a;} to BUA;. Clearly, « C V. Therefore B and BU A; can
be joined by a connected subset of V. Similarly, BUA; and BUA;UAs
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can be joined by a connected subset of V. Proceeding in this way we
conclude that B and B U A can be joined by a connected subset of V.
Similarly, A and BU A can be joined by a connected subset of V. Hence
V is connected.

Therefore Co (X) is strongly locally connected at A, and the proof
is complete. ]

Theorem 5.4. Let X be a compact Hausdorff space. For some
neN,let A=A, U ---UA, € C,(X) C Cx(X), where Aq,..., A,
are the components of A. Then Cuo(X) is strongly locally arcwise
connected at A if and only if for each open subset U of X with A C U
there exist pairwise disjoint open subsets Vi,...,V, of X such that

(a) A; CV; CU foreach i € {1,... ,n}, and

(b) if B € Cx(X) and B C V; for some i € {1,...,n}, then there
exists a subcontinuum K of X such that B C K C V;.

Proof. Necessity. Assume that C(X) is strongly locally arcwise
connected at A. Let U be an open subset U of X with A C U,
and let Uy,...,U, be pairwise disjoint open subsets of X such that
A; CcU; CUforeachie{1,... ,n}. Put U = (Uy,...,Upn)eo. Then
A € U. By assumption there exists an open arcwise connected subset
V of Coo(X) such that A € V C U.

Let V =UV. We will prove that V is open. To this aim take p € V.
Then there exists an element B € V with p € B. Since V is an open
subset of Coo(X), there exists a basic open set (Wi,... , Wi)s such
that B € (Wq,... ,Wi)oo C V. We may assume that p € Wi. Given
q € Wy, we have BU {q} € (Wi,... ,Wi)s. Thus ¢ € V. So, we have
shown that p € W7 C V. Therefore V is open.

For each i € {1,...,n}, put V; = V NU;. Then V; are pairwise
disjoint open subsets of X. Since A C V, we have A; C V; for each
ie{l,...,n}

Now let ¢ € {1,...,n} and B € Cus(X) be such that B C V;.
Let Bi,...,Bs be the different components of B. Fix points p; €
By, ..., ps € Bs. Let j € {1,...,s}. Since p; € V;, there exists
K; € V such that p; € K;. Since V is arcwise connected, there exists
an arc «; in V that joins K and A. Put D; = Uq; C V. By Lemma 2.2
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the set D; has at most n components. Since a; C U, we conclude that
Dy cUiU---UU,. Since A C Dj, it follows that D; intersects each
one of the sets Uy, ... ,U,. Therefore D; has n components, and they
are D;NUy,...,D;NU,. Hence D; NU; is a subcontinuum of V;, and
it contains the point p;. Thus K = A;,UBU ((D1U---UD,)NU;) is
a subcontinuum of V;. This completes the proof of the necessity.

Sufficiency. Let U = (Wy,... ,W}) be a basic open set in 2% such
that A € UNC'oo (X). Put U = W1 U- - -UW},. By assumption there exist
pairwise disjoint open subsets Vi, ..., V, of X such that conditions (a)
and (b) are satisfied.

Let V=UN{V1,... ,Vi)oo. Then A €V CU. We will show that V
is arcwise connected. To this aim take D € V. For each i € {1,... ,n}
the set D NV, belongs to Coo(X), so there exists a subcontinuum K;
of X such that A, Uu(DNV;)) C K; CV;. Pt K = K1 U---UK,.
Then A C K, D C K, and each component of K intersects both A and
D. Thus there exist order arcs o and § from A to K and from D to
K, respectively. Clearly, « U8 C V. Thus V is arcwise connected, and
thereby Co(X) is strongly locally arcwise connected at A. The proof
is complete. a

Theorem 5.5. Let X be a compact Hausdorff space, and let
A € Coo(X). If 2% is strongly locally arcwise connected at A, then
also Coo(X) is strongly locally arcwise connected at A.

Proof. Assume that 2% is strongly locally arcwise connected at
A € Cyo(X). Let Aj,...,A, be the components of A. Then 2%
is strongly locally arcwise connected at each component A; of A by
Theorem 1.2.

To prove the conclusion, take an open subset U of X with A C U.
Choose pairwise disjoint open subsets Uy, ... ,U, such that A; C U; C
U for each i € {1,... ,n}. Since the hyperspace 2% is strongly locally
arcwise connected at each A; € C(X), the characterization (1.1.3) of
Theorem 1.1 (applied to each A; and the open set U; separately) implies
that there is an open set V; such that A; C V; C U; having the property
that

(x) if B € 2% and B C V;, then there is a subcontinuum K; of X
such that B C K; C V.
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Since O (X)) C 2%, each set V; satisfies (%) for B € Coo(X), whence (b)
of Theorem 5.4 holds. Thus Theorem 5.4 can be applied and thereby
Coo(X) is strongly locally arcwise connected at A. i

The converse implication to that of Theorem 5.5 is not true in general,
even for metric continua X. The next example shows this.

Example 5.6. There exist a metric continuum X and a point p € X
such that Coo(X) is strongly locally arcwise connected at {p}, while
2% is not.

Proof. The example is constructed in the 3-space R? equipped with
the Cartesian coordinate system.

For each n € N, let p, = ((1/(n+1)?),0,(1/(n + 1))) and ¢, =
(0,1 —(1/(n+1)),0). Consider a sequence of arcs a,, in R? such that
each a,, joins p, and ¢,, Lim «,, is the segment o = {0} x[0, 1] x {0}, the
arcs o, are pairwise disjoint and, if 7, : R?® — R denotes the natural
projection on the second coordinate, then the restriction ma|a,, — [0, 1]
is one-to-one for each n € N. Putting D = a UU{a, : n € N}, we
see that D is an arcwise connected subcontinuum of R3. Note that
D\ {(0,1,0)} is an open arcwise connected subset of D.

Given a subcontinuum A of R3, a point b € R3 and a number ¢ € R,
let b+tA={b+tacR>:a€ A}.

Using this notation, for each n € N let D,, = (0, (1/2™),0)+(1/2™)D.
Putting p = (0,0, 0) we finally define

X ={p}uU{D, :ne N}

For each n € N, let

Un = ({p}U Dy UDps1 U+ )\ {(0, 5z, 0)} = (w2 X) ([0, 3=r)).

Then U,, is an open arcwise connected subset of X, and the family
{U,, : n € N} is a local basis of neighborhoods of p in X.

To see that Coo(X) is strongly locally arcwise connected at {p}
we apply Theorem 5.4. Let U be an open subset of X such that
p € U. Take m € N such that p € U,, C U and B € Co(X) with
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B C U,,. Fix points wi,... ,wr € B such that each component of
B intersects {wy,...,w}. Since Uy, is arcwise connected, there exist
arcs 71, ... , Y, in Uy, such that for each ¢ € {1,... ,k} the arc ~; joins

w; with p. Hence the set C = BU~; U+ - -U~y is a subcontinuum of Uy,
containing B. Therefore Cy, (X) is strongly locally arcwise connected

at {p}.

To verify that 2% is not strongly locally arcwise connected at {p}
it is enough to show that U = Nyox ({p},1/2) (the 1/2-neighborhood
of {p} in 2%) does not contain any open arcwise connected subset
V with {p} € V. Suppose on the contrary that there exists such
aset V. Let m = min{k € N : (0,(1/28=1),0) € UV}. Since
V is open, there exists k € N such that {(0,(1/2%),0)} € V, so
m is well defined. Since UV C UU C Nx(p,(1/2)), we infer that
m > 3, and since (0, (1/2™~1),0) € UV, there exists B € V such that
(0,(1/2m1),0) € B.

For each n € N, let

Bn =BU ((07 %70) + W;—l{pn7pn+17" }) .

Then Lim B,, = B. Since V is open, there exists n € N such that
B, € V. Since V is arcwise connected, there exists an arc « in V
joining B, with {p}. Put A = Ua. Then A is a subcontinuum of
X containing B,. Clearly, (0,(1/2™72),0) € A. Thus there exists
E € a C V such that (0,(1/2™72),0) € E C UV. This contradicts
the choice of m and completes the proof that 2% is not strongly locally
arcwise connected at {p}.

The proof of the properties of the example is finished. o

6. Local connectedness at a point in F,(X) and F(X). In
the present, last section of the paper the previously considered four
variants of local connectivity at a point are studied for the hyperspaces
of finite subsets of a compact Hausdorff space X. Characterizations
are obtained for local connectedness and strong local connectedness at
a point of F,(X) and F.(X), while for local arcwise connectedness
and strong local arcwise connectedness of these hyperspaces at a point
only sufficient conditions are shown, which appear to be also necessary
if the space X is metric. But we do not have any examples showing
that metrizability is essential to get the reverse implications.
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We start with two lemmas.

Lemma 6.1. Let X be a compact Hausdorff space, n,r € N with
r < n, and let A = {ay,...,a.} € F,(X), where ay,...,a, are
different. Let Uy,... U, be pairwise disjoint open subsets of X such
that a; € U; for eachi € {1,... ,r} and C C (Uy,... ,U)NF,(X) such
that A € C. Then the following implications hold.

(6.1.1) If C is open in F,(X), then UC is open in X.

(6.1.2) If C is connected, then (UC) N U; is connected for each
ie{l,...,r}.

(6.1.3) If C is arcwise connected and X is metric, then (UC)NU; is
arcwise connected for each i € {1,...,r}.

Proof. To show (6.1.1) take a point p € UC. Then there exists
B € C such that p € B. Since C is open in F,,(X), there exists a basic
open set V = (Vi,... , V) N F,(X) in F,(X) such that B € V C C.
Suppose that Vi,...V; are the sets Vj, each of which contains p. We
claim that p € Vin---NVy, Cc UC. Take z € Vi N---NV,. Then
{z}U(B\{p}) e (Vin---NV,,)NE,(X) CC. Thus z € UC. We have
shown that pe V1N ---NV; C UC. Therefore UC is open.

In order to prove (6.1.2) and (6.1.3), put D = (Uy, ... ,U,) N F,(X),
Y : D — Fo(X) by (D) = DNU;. First, we show that 1 is continuous.
Let D € D and W = (Wy,... ,W,,) N F,(X) be such that (D) € W.
Let V=W NUy,... W, NU,Us,... ,U.)NE,(X). It is easy to
prove that D € V and ¥(V) C W. Hence v is continuous.

Now we are ready to prove (6.1.2). Since C is connected and % is
continuous, ¥(C) = {C NU; : C € C} is connected. Since {a1} =
P(A) € ¥(C), it follows that (C)NC(X) # @. By Lemma 2.1 the union
U (C) is connected. But Uy(C) = U{CNU;, :C € C} =U;NUC).
Thus U; N (UC) is connected. An argument for the connectedness of
U;N(UC) for any i € {1,...,r} is the same.

To show (6.1.3) take a point p € (UC) N Uy = Up(C). Then there
exists C' € C such that p € ¥(C). Since 9(C) is arcwise connected,
there exists a mapping « : [0,1] — ¥(C) with a(0) = ¢(C) and
a(l) = ¢¥(A) = {a1}. Thus «([0,1]) is a locally connected metric
subcontinuum of X, see [3, Lemma 2.2, p. 252]. Since p,a; € U«a([0,1]),
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there exists a mapping (8 : [0,1] — U«([0, 1]) such that 3(0) = p and
B(1) = a1. Note that 8([0,1]) C Uea([0,1]) € Uy(C) = (UC) N T;.
Therefore (UC)NU; is arcwise connected. The proof is complete. o

Lemma 6.2. Let X be a compact Hausdorff space, n,7 € N

with r < n, and let A = {a1,...,a,} € F,(X), where aq,... ,a,
are different. For each i € {1,...,r}, let U; and C; be such that
a; € C; CU; and that Uy, ... U, are open and pairwise disjoint subsets

of X. Further, let

C={BeF,(X):BCcCU---UC, and BNC; # &
for each i€ {1,... ,r}}.
Then the following implications hold.
(6.2.1) If each C; is open in X, then C is open in F,(X).
(6.2.2) If each C; is connected, then C is connected.

(6.2.3) If each C; is arcwise connected, then C is arcwise connected.

Proof. Implication (6.2.1) holds by the definition of the Vietoris
topology.

To prove (6.2.2) take B € C. For each i € {1,... ,r}, let B, = BNC;.
Then B; # @ and B = B1U---UB,.. Suppose that B; has m; elements.
Let

C=C" x 03 x - x Ot x O (maetme),
Then C' is a connected subset of X™. Let n : X™ — F,,(X) be given
by n(z1,...,2n) = {z1,... ,2,}. Clearly, 5 is continuous, B, A € n(C)
and n(C') C C. Therefore, C is connected.

The proof of (6.2.3) is similar to that of (6.2.2) (applying [26,

Theorem 9, p. 201] as in the proof of Proposition 2.10), so it is left
to the reader. O

Theorem 6.3. Let X be a compact Hausdorff space, n,r € N
with r < n, and let A = {ay,...,a,} € F,(X), where ay,...,a, are
different. Then the following hold.

(6.3.1) F,(X) is locally connected at A if and only if X is locally
connected at each a;.
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(6.3.2) F,,(X) is strongly locally connected at A if and only if X is
strongly locally connected at each a;.

(6.3.3) If X is locally arcwise connected at each a;, then F,(X) is
locally arcwise connected at A.

(6.3.4) If X is strongly locally arcwise connected at each a;, then
F,(X) is strongly locally arcwise connected at A.

(6.3.5) If X is metric, then the implications in (6.3.3) and (6.3.4)
can be reversed.

Proof. We only prove (6.3.2); proofs of the other assertions are
similar.

First, assume that F,(X) is strongly locally connected at A. Let
Uy, ..., U, be pairwise disjoint open subsets of X such that a; € U; for
each i € {1,...,r}. We show that X is strongly locally connected at a;
(for other points a; the proof is the same). Let U be an open subset of
X such that a; € U. By the assumption there exists an open connected
subset C of F,,(X) such that Ae C C (UNU4,Us, ... ,U,)NF,(X). By
Lemma 6.1 the set (UC) N Uy is connected and open in X. Moreover,
a1 € (UC)NU; C U;. Therefore X is strongly locally connected at a;.

Second, assume that X is strongly locally connected at each a;.
Let W = (Wy,... ,W,) N F,(X) be such that A € W. For each
ie{l,...,r}let V; = (Nn{W; :aq, € W; and j € {1,... ,m}})NU,.
Then V; is open and a; € V; C U;. By assumption there exists an open
connected subset C; of X such that a; € C; C V;. Let

D={BeF,(X):BCCiU---UC, and BNC; # @
for each i € {1,...,7}}.

By Lemma 6.2, D is connected and open in F,(X). Clearly A € D C
W. Therefore F,,(X) is strongly locally connected at A. The proof is
then complete. u]

Proofs of Lemmas 6.1 and 6.2 can easily be adapted for the space
F(X) instead of F},(X). Thus we have the following result.
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Theorem 6.4. Let X be a compact Hausdorff space, r € N and
A =Aa1,...,a;} € Fouo(X), where ay, ... ,a, are different. Then the
following hold.

(6.4.1) Foo (X) s strongly locally connected at A if and only if X is
strongly locally connected at each a;.

(6.4.2) Foo(X) is locally connected at A if and only if X is locally
connected at each a;.

(6.4.3) If X is strongly locally arcwise connected at each a;, then
Foo(X) is strongly locally arcwise connected at A.

(6.4.4) If X is locally arcwise connected at each a;, then Fyo(X) is
locally arcwise connected at A.

(6.4.5) If X is metric, then the implications in (6.4.3) and (6.4.4)
can be reversed.

To prove (6.3.5) and (6.4.5), one has to use the fact that locally
connected metric continua are arcwise connected. This implication is
not true for the non-metric case, see [22, Theorem 1 and Corollary 1,
p. 167]. So, we have the following question.

Question 6.5. Is metrizability of X an essential assumption in
(6.3.5) and (6.4.5)7
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