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WITT SUBGROUPS AND CYCLIC
DIEUDONNE MODULES KILLED BY p

ALAN KOCH

ABSTRACT. Let k be a perfect field of characteristic p > 0.
We obtain a complete classification of cyclic Dieudonné mod-
ules killed by p, which in turn gives us a complete classification
of Witt subgroups killed by p. Finally, we construct an explicit
formula for the number of Witt subgroups of a given dimen-
sion over a finite field k& and use this to disprove a conjecture
of Lubin.

Let k be a perfect field of characteristic p > 0. Let GG be an affine
finite commutative k-group scheme. It is well known (e.g., [11]) that
G splits into the direct sum of G’ and G”, where G’ is the maximal
connected unipotent subgroup of G. While G” can be classified using
descent (over an algebraically closed field it decomposes into various
roots of unity functors and constant group schemes of dimension p” for
various 7), the classification of connected unipotent group schemes is
more difficult.

To fully understand this subcategory of group schemes, we must
introduce Dieudonné modules. Dieudonné modules are a class of
modules (over a certain ring F) which correspond to these group
schemes. It is for this reason that we are interested in studying
Dieudonné modules. In this paper we will use Dieudonné modules to
obtain a complete classification of Witt subgroups that are killed by p.
A Witt subgroup refers to a finite subgroup scheme of any finite-length
Witt vector group scheme. In the first section we describe the basic
correspondence between group schemes and Dieudonné modules; we
give additional properties for the Dieudonné modules that correspond
to Witt subgroups killed by p, namely, the modules that are killed by
p and are cyclic. In Sections 2 and 3 we classify all of the modules that
correspond to Witt subgroups; we see that they can be parameterized
by triples (I,m,n), where [ and m are positive integers and 7 is an
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element from a certain quotient group of £*. Finally, in the last section
we explicitly describe these Witt subgroups, provide a formula for the
total number of Witt subgroups killed by p when k is finite, and use
these results to disprove a conjecture made by Lubin concerning the
number of cyclic Dieudonné modules.

It is the hope that this paper will bring insight to Dieudonné module
theory. Once the cyclic modules killed by p are classified, perhaps it
can be extended to cyclic modules killed by p" for some h, or even
more general modules. In addition, the results provided here will be
useful in classifying group schemes over rings of Witt vectors (which
are unramified extensions of Z,) as in [8]; also the techniques used
in Section 3 will be applied to classifying Hopf algebras which are
generated as algebras by a single element [9]. While efforts have been
made in [1] and [2] to discuss group schemes killed by p (not necessarily
cyclic) over k (and W (k)), the results here are more explicit in both
the Dieudonné module description and the group scheme description.

Throughout this paper we shall work over a fixed prime p > 0, and
all group schemes are affine, commutative, connected and unipotent
unless otherwise specified. By k we shall always mean a perfect field of
characteristic p.

1. Group schemes and Dieudonné modules. In this section we
discuss the basic properties of Dieudonné modules that will be needed
for the rest of the paper. We also specialize these properties to the
subclass of Dieudonné modules that correspond to Witt subgroups.
Dieudonné modules are modules over a certain ring, whose description
requires the ring of Witt vectors. We will start by recalling how this
ring is defined. More details can be found in either [3] or [7].

Let k be a field of characteristic p. For any n > 0 define a polynomial
wn(Zo, Zl, e ,Zn) by

wn(Zos 21y Zn) = D" T+ "2+ 2D

We use these to define additional polynomials Sy, S1,...; Py, Py, ...
via

’wn(So, N ,Sn) = ’wn(Xo, e ,Xn) +wn(Y0, e ,Yn)
wn(PO,.. . 7Pn) = wn(Xo,. oo ,Xn)wn(YO,.. . ,Yn)



WITT SUBGROUPS 1025

For example,
So(Xo,Yo) = Xo + Yo
Xo+Yo)P — XP —YY
p

S1((Xo. X0, (Yo, Y1) = X1+ — ¢

Py(Xo,Yp) = XoYo
P ((Xo, X1), (Yo, Y7)) = XY1 + X1 Y + pX V7.

The polynomials S; and P; have integer coefficients.

Let W(k) = {(ao,a1,...) | a; € k}. We can make W (k) into a ring
by

(ao,(ll, .. ) + (bo, bl, . ) = (So(ao, bo), Sl((ao, al), bo, bl)), . )
(ao, ai, .. ) . (bo, bl, - ) = (Po(a(), bo), Pl((ao, CLl), (bo, bl)), - )

W (k) is called the ring of Witt vectors with coefficients in k. W (k) is
a commutative ring with multiplicative identity 1y ) = (1,0,0,...).
The characteristic of W (k) is 0. Note that p = Ly ) + lw@) + -+ +
lww = (0,1,0,0,...). More generally, p" is the vector with a 1 in the
nth place and zeros elsewhere.

If we take k = F, then W (k) = Z,, the ring of p-adic integers. If
k = F,r, then W (k) is isomorphic to the unique unramified extension
of Z,, of degree r.

We can use Witt vectors to define a unipotent group scheme, which
we will call W. For any k-algebra A we define W(A) = W(k) ®; A,
which gives the Witt vectors with coefficients in A. Let W,, = W,,(k) =
W/p"W, the group scheme of Witt vectors of length n. Clearly W,
can be viewed as a unipotent group scheme in the same way.

The ring W (k) is equipped with two k-group scheme homomorphisms
F and V defined by

Fl(ag,a1,az,...) = (ab,al,ab,...)
and
Vag,a1,az,...) =(0,a9,a1,as,...).
One of the properties of F' and V is that FV = VF = p =

(0,1,0,0,...). These maps induce maps on the W,s which we shall
also denote by F and V.
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Let E be the ring of noncommutative polynomials W (k)[F, V] with
the relations FV =VF =p, Fw = w’F, wV = Vw?, with w € W(k)
and w? defined by raising each component to the pth power. To
any finite unipotent group scheme G we associate a left E-module
D*(G) = Homy_g4(G,C), the k-group scheme homomorphisms from
G to C, where C is the F-module functor of Witt covectors as defined
in [5].

The action of E on D*(G) is induced from the action on C:

e f(z)=fle- =)
where e € E, x € G(A) for some k-algebra A, and f: G — C.

The (exact) contravariant functor D* induces an anti-equivalence
between finite unipotent group schemes and finite length E-modules
that are killed by a power of V. Moreover, if G is connected, then
D*(@G) is also killed by a power of F, so D* induces an anti-equivalence
between finite connected unipotent group schemes and E-modules
killed by a power of both ' and V. Here we will use the term Dieudonné
module to refer to such a left E-module. (This notion of Dieudonné
module is somewhat restrictive, for in [4], [5] a Dieudonné module
can be used to describe formal groups or nonconnected, non-unipotent
group schemes. However, this definition is all we will need for the
results to follow.) The size of the group scheme and the Dieudonné
module are related by

dlmkG _ plengthWD (G)7

[6]. As an example, it can be shown that D*(W,) = E/E(V™), a
fact we will use several times. Also, if we let oy, be the unique k-
group scheme of rank p (namely for any k-algebra A we have a,(A4) =
{a € A | a? = 0{ with operation induced from the operation on A),
then ap, = ker F' : W7 — W1, so D*(ey,) = coker (F : D*(W;) —
D*(Wh)) = E/E(F,V).

Of interest to us will be the following special class of group schemes.

Definition 1.1. A Witt subgroup is a finite subgroup of W,, for some
n.

Notice that a Witt subgroup is not a subgroup of W. As an example,
we have already seen o, is a subgroup of Wi and is finite, hence it is
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a Witt subgroup. For a more complicated example, let G be the group
scheme given by

G(A)={ac A|a” =0}

with group operation given by

a+ b:a+b_§uambp(pfi)
¢ Zil(p— )] :

Then G is isomorphic to the Witt subgroup
G'(A) = {(aP,a) | a” =0} C Wa(A).

In fact, F(a?,a) = (a?’,a?) = (0,a?) = V(a?,a) and p(aP,a) =
(0,a””) = (0,0), hence

D*(G) = D*(G') = E/E(F — V, F?).

A Dieudonné module is cyclic if it is of the form E/I for some ideal
I C E. The connection between cyclic Dieudonné modules and Witt
subgroups is given by

Lemma 1.2. G is a Witt subgroup if and only if D*(G) is a cyclic
Dieudonné module.

Proof. Since G C W, for some n, we must have D*(G) as a quotient
of D*(W,) = E/E(V™), which is cyclic. Conversely, if M = D*(G)
is a Dieudonné module, there is an n such that V"M = 0. Now if
M = E/I, then V™ € I, and we get the projection E/E(V") - E/I
which, when applying the inverse functor to D*, gives us the injection
G — W,. ]

We now restrict our attention to Witt subgroups G that are killed by
p. Let M = D*(G). If pG = 0, it is easy to show that pM = 0. Thus
we may classify all Witt subgroups killed by p by classifying all cyclic
Dieudonné modules killed by p.

If pM = 0, then M = M/pM is amodule over E/pE = k[F,V]/(FV).
Thus we need only consider actions on our modules by elements of
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the form a + 37" | b;F* 4+ 377", ¢;V7, eliminating the need to consider
multiples of p or polynomials with “cross terms” F*V7. In particular,
an F-module homomorphism between cyclic Dieudonné modules killed
by p is given by multiplication by an element in F/pE.

Finally, notice that if G is killed by p, then the length of D*(G) over
W (k) is exactly equal to the dimension over k, hence

dim;G = pdimk‘D*(G).

2. Cyclic Dieudonné modules killed by p. Having established
that Witt subgroups killed by p correspond to cyclic Dieudonne mod-
ules killed by p, it suffices to completely classify this class of cyclic
Dieudonné modules.

Proposition 2.1. Let M be a cyclic Dieudonné module killed by p.
Then there exist positive integers I and m such that either

M= B/E(F.V™,p) or M= E/E(F —nV™p)

where n € k*.

Proof. Assume M is not isomorphic to E/E(F', V™ p) for any [, m.
E is Noetherian [3], so M must be of the form F/I, where

I=(F" fi(F) =g1(V), fa(F) = g2(V),..., fs(F) = gs(V), V", D)

for some n,r and polynomials f;(F) € k[F], g;(V) € k[V]. Of course,
we can assume each f;(F') has degree no more than n—1 and each g;(V)
has degree no more than r — 1. (Note that we can also assume that
there are no “cross terms” in these relations as F'V = VF =p € 1)
Assume F"~'M £ 0.

We shall first consider the case s = 1. Let z € M be the element
corresponding to 1 € F under the natural projection E — M. Notice
that neither f(F) = fi(F) nor g(V) = ¢1(V) can be zero. For
instance, if g(V) = 0, then f(F) # 0, since M % E/E(F', V™ p),
but f(F)x = 0 € M, so we can solve this equation for the smallest
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power of F'; which means that we could write a power of F' strictly in
terms of larger powers of F, violating the fact that F*~'M # 0.

Let f(F) = Y05 ¢;Ff and g(V) = /21 d;Vi for some [ and m
with ¢;,d; € k, ¢;d,, # 0.
Claim 1. [ #0 and m # 0.

Of course, we can always assume m # 0. Suppose [ = 0. Since
M = M/pM, x generates M as an E/pE = k[F,V]/(FV)-module.

Then
r—1 n—1
cox = Z d;V'e — Z c; F'x.
i=m i=1
But then
r—1 n—1 e d.
T = dVi— ¢FY, where ¢, = =, d = —.
g;n 1V ; it 7 o 7 dO
This gives

r—1 n—1

_ 1o —1 _ . =1 s

Fn 1$: § dip Fn 1vzx_ E Cip Fn 1+Z£L‘.
i=m i=1

Ifn=1, wegetz=3,_, d/pnilviz, which is impossible as repeated

i=m i
substitutions for & would express x as higher and higher powers of V,
forcing x to be zero. Suppose n > 1. As F"z =0 = pz, we get

r—1
Fr—l, — Z d;p”*an—zvi—lpx —0=0,

i=m

contradicting the fact that F™~'M # 0. Thus [ # 0, and the claim is
proved. a

Claim 2. F'"'M =0 and V™M +0; hence, we may let n =1+ 1
and r =m + 1.
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Suppose n > 1+ 1 and F" 1M # 0. Then

n—1
Frt=tf(Fye =Y F" e Fla
i=l

n—1 I
— E Cf Fn—l—l—&-zx
i=l

n—1l—1

= cf Frlg.
But we also have

Frim f(Fye = FP i g(V)a
r—1
=Y F" Vi
i=1

r—1
=y PV lpe = 0.

i=1

Thus Cfn_l_lF"_lx = 0. Since ¢; # 0, F" 'z = 0, contradicting our
choice of n. Thus we may let n = [+1. A similar argument for r = m+1
establishes the claim.

Our Dieudonné module is now of the form
E/E(F' ¢ F' —d,,v™, vmtl p).

Of course, E(F'*Y ¢, F! —d,, V™ V™l p) = B(F*L FL—(d,, /c)V™,
VmEl p). If we let n = (d/c;), notice that

FH—l — F(Fl _ nv’m) + nPV’m—l(p)

and )

v = g P ) =g P V(F =y
so, for s = 1, we get
M = B/E(F' V™, p).
Finally, if s > 1, then there is another relation, say f/'(F) = ¢'(V)
where we have f'(F) = Y2\, a;Fi and ¢/ (V) = 3.7, b;V. Using the
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above methods, it is clear that I’ +1=1[+1 and m’ +1 = m+1, hence
I'=1and m' =m. So f'(F) = a;F" and ¢'(V) = b,,,V™. Thus

wFlz =b,V"z and ¢F'z=d,V"z.
where a;, by, ¢, dp, € k*. Since Flaz # 0 and V™ # 0, we get

dm
aj Cl

VT,

so the additional relation f'(F) — ¢'(V) is extraneous, i.e., it is a
multiple of f(F) — g(V). Thus we can always take s = 1, hence all
cyclic Dieudonné modules killed by p are of the form

E/E(F' V™ p) or E/E(F'—nV™,p). o

We shall adopt the following notation for our cyclic Dieudonné
modules:

Ml,m = E/E(Fl>vm7p)
My = E/E(F' = V™, p)

where [, m are positive integers and n € k*.

Remark. The modules of the form M;,, are all nonisomorphic;
however, this is not true for modules of the form M, ,. In the
next section we shall give a classification where all of the modules are
nonisomorphic.

Before examining isomorphism questions, we need a quick result on
the dimensions of our modules.

Lemma 2.2. Let | and m be positive integers, n € k*. Let
M, = E/E(F'L, V™, p) and My, = E/E(F'—nV™, p). Then

(1) dimle’mm =l+m
(ii) dimle7m =l+m-—1.

Proof. 1t is easy to see that
{¢,Fz,Fz,... Fla,Va, V3, . .. V" g}
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is a k-basis for M, , where z =1y, ; and that
{y7 Fy) F2y7 A )Flily) Vy? V2y) R Vmily}

is a k-basis for M ,, where y =1y, , . a

3. The complete classification of nonisomorphic modules.
We now address the question: when are two Dieudonné modules as
given in (2.1) isomorphic? Any homomorphism of cyclic modules
¢ : M — M’ is uniquely determined by &(1as). If ¢(1p7) = h, then
dle-1p) =e-d(1a) = e-h € M'. Of course, this h must “preserve
the module relations,” i.e., if e- 1py = 0, then ¢(e-1p7) = e h must be
zero in M’'. We will say that ¢ is given by h in this case.

In the case where M’ is killed by p, we can take h = h(E,V) €
E[F,V]/(FV) and think of it as a polynomial with no cross terms. In
order for ¢ to be an isomorphism, the constant term of this polynomial
must be nonzero.

We start with some easy results.

Lemma 3.1. Let My ,,,=E/E(F', V'™ p), My v =E/E(F", V"™ p),
My = E/E(F'—nV™,p) and My .y = EJE(F" —n/V™ | p) where
I,U',m and m’ are positive integers and n,n’ € k*. Then

(1) Mym = My e if and only if 1 =1 and m = m’.

(i) If My = My sy, then L =1 and m =m/.

(iil) Mymy 2 My me for any choice of 1,1/, m,m’,n.

Proof. (i) The powers of F and V that kill M are invariant under
isomorphism, so FlMl’m =0, Fl_lMl’m # 0 implies that FlMl/,m/ =0,
F'=IMy r # 0; hence, I’ = 1. A similar argument shows m = m’.

(ii) Similar to (i), only here we use F'*1 M, , = 0, F' M, ,, # 0.

(ili) Suppose Mjmn = My . By (2.2), we must have [ +m =
I’ +m’' — 1, so without loss of generality we may assume [ < [’.

For an isomorphism ¢ : Mj ., — My e given by h € k[F,V]/(FV)

we get
0= (0) = ¢((F' = V™)) = (F' —nV"™)hy
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where v =1y, ,,, and y = 1p, . Write h =a+ Fhi +Vhy, a € k>,
hi € k[F], ha € k[V]. Then

(F' — V™ hy = ap' Fly — a? " nV™y + (F* — V™) (Fhy + Vha)y
— aplFly _ ap’mnvmy + h/Fl+1y + h//Vm+1y
for the appropriate choice of b’ and h”. Since the powers of F' and

V' are linearly independent in Mj ,,/, we must have F’ ly = 0, which
contradicts our assumption that | < [’. ]

Thus, all of the M; ,,,’s are different and are different from all of the
M m.y’s. In fact, the only possible isomorphisms are between M, »,
and Mj p, ., The primary goal of this section is to determine exactly
how many isomorphism classes of modules we have for a given [ and
m. For the remainder of this section, we shall fix [ and m and write
M, for M, p.

Suppose ¢ : M, — M,, is an isomorphism. Let x = 1), and
y= 1M"2. Write

é(x) =ay+eFy+eVy, ack”.
Then
ng(Fla:) —a” Fly = aplnngy and o(m(V™z) = a”fmmey

so we must have a?' ny = a? "y, ie., (n1/n2) = a® ") Thus we
obtain

Lemma 3.2. M,, = M,, if and only if there exists an a € k* such

that »
2

Alternatively, let 7 : k& — k be the F,-monomorphism defined by
7(z) = 2?7, Let G be the subgroup of kX given by {r(z)/z} | z €
k*}. Then we may restate the above lemma as follows: M,, = M,, if
and only if (1 /m2)?" € G.



1034 A. KOCH

1+m_q

It k is algebraically closed, f(z) = aP — (m1/m2)?" = 0 always

has a solution, so we get

Corollary 3.3. If k is algebraically closed, then M, = M,, for
all n1,m2 € k. In particular, all cyclic Dieudonné modules killed by a
power of p are isomorphic to E/(E(F', V™ p) or E/E(F' — V" p).

Let ko C k be the subfield of elements fixed by 7. Notice that in the
case k C Fi4m we have kg = k so 7(x) = x, hence G is trivial. Thus,
M,, = M,, if and only if (1/m2)?" = 1, i.e., ;1 = 2. Thus in this
case no two M,,’s are isomorphic.

The following two lemmas provide very useful properties of G:

m

Lemma 3.4. GNkP" =Gr™".

Proof. Tt is clear that GP" C GNkP". Let ¢ € GNkP". Then
g = (7(z)/z) for some s € k* and there is an a € k* so that a?” = g.
We shall show a € G. If we raise both sides of (7(z)/z) = a?" to the
p'th power, we obtain

!
P )
L — ),

hence 7(a) € G. But (7(1/a))/(1/a) € G as well, hence

T(1/a) _
7(a) - a

is an element of G. O
Lemma 3.5. Let G,k and ko be as above. Then G = k> [k .

Proof. The map ¢ : k* — G given by ¢(x) = 7(z)/x is clearly a
group homomorphism with kernel k. ]

Of course, the map ( )P" is injective, hence if (1 /m2)?" = g =
(m1/m3)P", then ny = n3. Thus, for a given M,), there is an injective
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map from {n’ € k* | M, = M, } to G. In fact, since the corresponding
elements of G must be p™th powers, the image of the injective map lies

in GNkP" = GP". So for all g € GP” there is a unique v € G so that
4P" = g. Given any such v we have

m

() =

hence M, = Mn/v' Thus we obtain

Theorem 3.6. The isomorphism classes of cyclic Dieudonné mod-
ules of the form E/E(F'—nV™ p) for a fived | and m are in one-to-one
correspondence with the quotient group Q = k* /GP" .

We shall briefly revisit the case where k is algebraically closed. Here
G = k* and G?" = G, hence Q = {1}. In other words, there is exactly
one isomorphism class, as was stated above.

The results also simplify in the case where k is a finite field, say
k = F,r. In this case G is finite (as it is a subgroup of k*), hence
GP" = G. Also, ko = kN F,+m = Fa, where d = ged (1,1 +m). Here
Q = k*/G. By (3.7) the order of G is |k*|/|kg |, so we obtain

Theorem 3.7. Let k = Fyr. The number of isomoprhism classes of
cyclic Dieudonné modules of the form E/E(F' —nV™, p) for a fized |
and m is p® — 1, where d = ged (r, 1 +m).

The group k* is cyclic, and we shall denote a generator by a. Clearly
G is also cyclic and is generated by (7(a)/a) = o™ =1 Oy
classification can be a bit more explicit:

Corollary 3.8. Let k = Fyr, kg = kN Fpum. Lel a generate
the cyclic group k*. Any cyclic Dieudonné module killed by p can be
expressed uniquely as either

Ml,m:E/E(Flan,p) or Ml,m,ai :E/E(Fl_alvmap)a

where 1,m and i are positive integers, 0 < i < p? —2 and d =
ged (r, 14+ m).
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Proof. G is the unique subgroup of F - = (a) of order (p"—1)/(p*—1),
hence the powers of « in G are multiples of p® — 1. Therefore,

2 d—2

a®=1,a,0% ... ,a"

are distinct elements modulo G. O

In spite of the fact that every element of @ has finite order (indeed,
for all ¢ € Q we have qpm(pHm) = 1), Q itself need not be finite. For
example, take k to be an algebraically closed field, and consider the field
k(t). We claim that, for a # b € k¥, 14at and 1+ bt are not equivalent
modulo GP™. Since GP" C ((k(t))P")* = ((k(t*")))*, it suffices to
show that 14 at # (1 + bt)f(t?") for all f(t*"). By an elementary
degree argument, f must be constant, and clearly 1+at = (1+bt)c has
no solution if a # b. Thus we have found an infinite number of distinct
elements in @, hence @ is infinite.

4. Witt subgroups killed by p over finite fields. Now that we
understand the Dieudonné modules corresponding to Witt subgroups,
it is not difficult to explicitly write down the group schemes.

Take any M; ,,, = E/E(F', V™, p). We shall denote the corresponding
group scheme by Gy . Let A be any k-algebra. Since E/E(V™) — M
is surjective, Gy, can be viewed as a subgroup of W,,. As pM = 0,
we must have pG,,, = 0, that is, for (ag,a1,...,am-1) € Gim(A), we
must have

plag,ar, ... ,am-1) = (0,af,a},... ab ) =1(0,0,...,0).
In addition, since F'M = 0, we must have

Fl(a/07a/17" . 7am—1) = (ag 70}1)

11 1 1

For My ., = E/E(F'—nV™, p), the surjection is from E/E(V™ ! —

M, so the corresponding group scheme Gy, 1, is a subgroup of Wi, 1.

Here pM = 0 gives that a? = 0 for 0 <i < m —1, (ap,a1,... ,am) €

Gl.m.n(A). The relation (F! —nV™)M = 0 translates to the condition
aP, = nap. Thus
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Theorem 4.1. All Witt subgroups killed by p are of the form

Gim(A) ={(ag,a1,... ,am—1) € Wy, (A4) |y =al =---

or
Gimn(A) ={(ag,a1,... ,am) € Wipi1(A) |ah =af =---

1
j
y Uy, = 77a0}

Il
S
S'B

L
I
=)

for somen € Q = k*/GP".

Remark. If we allow n = 0, then we would get Gy 0 = Gim+1. We
shall not adopt this notation since the dimension of Gy, ¢ is not equal
to the dimension of all of the other Gy, »s.

We shall conclude with some remarks concerning the number of Witt
subgroups of a given dimension.

Proposition 4.2. Let k = Fp-. The number of Witt subgroups of
dimension p" is p*(n — 1) + 1 where d = ged (n, 7).

Proof. By (2.2), we know that dim;Gy ., = p'™™ and dim G, =
p!t™=1 Tt is clear that there are n — 1 different choices of positive
integers [ and m so that [ +m = n. Since each choice leads to p? — 1
different n’s (where d = ged (r,1 + m) = ged (n, r)), we find that there
are (n — 1)(p? — 1) distinct Witt subgroups of the form Gy, ,. In
addition, since there are n different choices of positive integers [ and
m so that [ +m — 1 = n, and each gives rise to exactly one Gy ,, this
adds another n Witt subgroup of dimension n. Thus the total number
of Witt subgroups is (n — 1)(p? — 1) +n = pi(n — 1) + 1. O

Remark. Of course, we can do a similar calculation if k is algebraically
closed. In this case we replace p? — 1 by 1 and get the total number to
be 2n — 1.

Finally, it is a conjecture of Lubin [10] that, given any positive integer
n, the number of cyclic Dieudonné modules (not necessarily killed by
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p) of length n is n(n + 1)/2. Clearly, this cannot be the case for finite
fields. The number of cyclic modules killed by p is p?(n — 1) + 1, which
depends on p. The appearance of the ged in the formula also gives large
fluctuations among fields of similar size, for example there are 13 Witt
subgroups of dimension p® over Fgs and Fge, but over F3s there are
973. It seems likely that any such formula must take into consideration
the size of the field in a fairly nontrivial way.
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