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EXISTENCE OF ALMOST PERIODIC SOLUTIONS
FOR IMPULSIVE CELLULAR NEURAL NETWORKS

GANI TR. STAMOV

ABSTRACT. In this paper we present results on the ex-
istence of almost periodic solutions for impulsive neural net-
works. By means of estimated for the Cauchy matrix suffi-
cient conditions for existence and exponential stability of these
equations are obtained.

1. Introduction. Many physical systems are characterized by the
fact that at certain moments of time they experience a sudden change
of their state. These systems are subject to short-term perturbations
which are often assumed to be in the form of impulses in the modeling
process. Adequate mathematical models of such processes are the
impulsive differential equations in the form

{ i(t) = F(t,z(t)) t # Tk,
Az(t) =z(t+0) —z(t —0) = Ix(z(t)) t=m k€Z,

where t belongs to the interval J C R, F : J x R™ — R", the sequence
{7} has no finite accumulation point and I : R® — R".

The theory of these differential equations goes back to the works
of Mil'man and Myshkis [7]. In recent years impulsive differential
equations have been intensively researched (see the monographs of
Samoilenko and Perestyuk [8] and Lakshmikantham et al. [6]). Re-
cently, some qualitative properties (oscillation, asymptotic behavior
and stability) are investigated by several authors, see [3, 9].

In this paper we obtain some sufficient conditions to ensure that
for Hopfield neural networks, see [5], with distributed delays and
impulses at fixed moments of time where there exist unique almost
periodic solutions. It is well known that neural networks have successful
applications in many fields such as optimization, associative memory,
signal and image processing.
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The main results related to the study of the existence of almost
periodic solutions for systems with impulse effects have been obtained
n[1, 2, 10-13].

2. Preliminary notes. Let R™ be the n-dimensional Eu-
clidean space with elements z = col (z1,z2,...,z,) and norm |z| =

max;{|z;|}, R = (—00,0), Ry = [0, +00), ? a domain in R", Q # .
By B, B = {{Tk}zo:—oo t e ER, T < Tpg1, kK € L) limg sy o0 T =
+o00} we denote the set of all sequences unbounded and strictly increas-
ing.
We shall investigate the problem of existence of almost periodic

solutions of the system of impulsive Hopfield neural networks with
distributed delays

(1)
;i (t) =Z?:1%() i(t) + Z _1 Bij () fi (1 fo ij(w)x;(t — u) du)
+%®,t#mJ—LZHW,
Az(t) = Aex(t) + Ie(2z(t)) + i, t =70, k€L,
where
(i) t € R, a;;(¢),8:;(t) € C(R,R), f;(t) € C(R R), u; € R+,
kij(t)EC(R+7R+) () C( ’ ) i:172a . ]- 2 )
(ii) A € R™*", Ik(m) C( ), Ve € Rn, {Tk} € B, k € Z,
Az(t) = z(t +0) — z(t — 0).

Let PC(J,R™), J C R, be the space of all piecewise continuous
functions = : J — R"™ with points of discontinuity of first kind 75 in
which it is left continuous, i.e., the following relations hold

z(1—0) = z(1), z(m +0) = z(7) + Azx(7), k€ Z.
Recall [3] it follows that the solution z(t) of (1) is from PC/(J,R™).

The initial condition associated with (1) is of the form

(2) z(t) = ¢o(t), tcR,

where ¢o(t) € PC(R,R") is almost periodic function with points of
discontinuity of the first kind 7, k € Z.

Since the solutions of (1), (2) are piecewise functions we adopt the
following definitions for almost periodicity.
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Definition 1 [8]. The set of sequences {T,z}, le = Tht+j — Tk, k € Z,
j € Z,{r} € B is said to be uniformly almost periodic if for arbitrary
€ > 0 there exists a relatively dense set of e-almost periods common
for any sequences.

Definition 2 [8]. The function ¢ € PC(R,R") is said to be almost
periodic, if:

a) the set of sequences {T,i}, TIZ =Thyj—Th, k€L, jEZL, {1} €B
is uniformly almost periodic.

b) For any € > 0 there exists a real number > 0 such that if the
points ¢’ and t” belong to one and the same interval of continuity of
©(t) and satisfy the inequality [¢' — ¢’| < 4, then |p(t') — p(t")| <e.

c¢) For any € > 0 there exists a relatively dense set T such that if
T € T, then |o(t +7) — ¢(t)| < € for all t € R satisfying the condition
|t — 1| > ¢, k € Z.

The elements of T are called e-almost periods.

Together with system (1) we consider the linear system

(3)

where t € R, A(t) = (a;5(t)), i =1,2,...n,j =1,2,... ,n.
We introduce the following conditions:
H1. A(¢t) € C(R,R"™) and is almost periodic in the sense of Bohr.

H2. det(E + Ax) # 0 and the sequence {Ax}, k € Z is almost
periodic, E € R™"*",

H3. The set of sequences {Tg}, T,z =Tky; — Tk, kK € L, j € L,
{7} € B is uniformly almost periodic and there exists § > 0 such that
infy, 7',% =6>0.

Recall [6] that if U(t, s) is the Cauchy matrix for the system

B(t) = A(t)z(t), Te1<t<me, {m}€ B,
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then the Cauchy matrix for the system (3) is in the form

Ui (t,s)
Th—1 < 8 <t < Ty,
Uk_;,_l(t,Tk + 0)(E + Ak)Uk(t, S),
W(t,s) = The1 < § < T < t < Tho1,
Uk+1(t,’rk + 0)(E + Ak)Uk(Tk,Tk + 0)
o (B + A)Ui(73, ),
Tic1 <S8 <7 <7k <t < Thga.

and the solutions of (3) are written in the form

x(t; o, o) = W(t,to)o.

Lemma 1 [8]. Let the following conditions be fulfilled:
1. Conditions H1-H3 are fulfilled.
2. For the Cauchy matriz W (t, s) of the system (3) there exist positive
constants K and A such that
W (t,s)| < Ke M=% t>5 ¢ scR.

Then, for anye >0, t e R, s e R, t > s, [t — 1| > &, |s — 1| > ¢,
k € Z there exists a relatively dense set T' of e-almost periods of the
matriz A(t) and a positive constant T such that for 7 € T it follows

[W(Et+7,s+7)—W(t,s)| < eLe~(A/2)(t=s)

Introduce the following conditions:

H4. The functions B;;(t), i =1,2,...,n, j=1,2,... ,n, are almost
periodic in the sense of Bohr,and

0 < sup |Bi;(t)] = Bij < 00.
teR

H5. The functions f;(t) are almost periodic in the sense of Bohr,
and

0 <sup|f;(t)] < oo, f;(0)=0,
teR
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and there exists Ly > 0 such that fort,s € R

mja'x|fj(t)7fj(s)|<L1‘t75|7 j:1a27"'an'

H6. The functions k;;(t) satisfy

/kij(s)ds:l, /skij(s)ds<oo, ,j=1,2,...,n.
0 0

H7. The functions v;(t), i = 1,2,... ,n, are almost periodic in the
sense of Bohr, {vk}kez is an almost periodic sequence and there exists
Co > 0 such that

max { max |7 ()], max | } < Co.
1

HB8. The sequence of functions Ix(x) is almost periodic uniformly
with respect to x € Q, and there exists Ly > 0 such that

L () — Ir(y)| < La|z — y|

forkeZ, x,y € Q.

Lemma 2 [8]. Let the conditions H1-H5, H7 be fulfilled. Then, for
each € > 0 there exist €1, 0 < €1 < € and relatively dense sets T of real
numbers and @ of whole numbers, such that the following relations are
fulfilled:

(a) |JA(t+7) —At)| <e, teR, T€T;

(b) ‘ﬂ”(t-i-T) 7ﬂ”(t)| < g, t € R, T € T, |t*’7’k‘ > g, k c Z,
,j=1,2,...,n;

() lfit+7)—fit) < e, t e R, 7T, |[t—1k| > ¢, k€L,
i=12,...,n;

(d) [Aktq — Akl <&, ¢ € Q, k € Z;

(€) vjit+71)—vt) <e, te R, 7T, |[t—1 >¢ k€L,
i=L12,...,n;
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() [Verqg — Wl <&, q€Q, k€L
(8) ITi — 7l <e1,q€Q,7€T, k€L

Lemma 3 [8]. Let the set of sequences {1i} be uniformly almost
periodic. Then for each p > 0 there exists a positive integer N such that
on each interval of length p no more than N elements of the sequence

{Tk}, i.e.,
i(s,t) < N(t —s) + N,

where i(s,t) is the number of points 1 in the interval (s,t).
3. Main results.

Theorem 1. Let the following conditions be fulfilled:
1. Conditions H1-H8 are fulfilled.

2. The number

—~ L
— -1 ] 2
r—K{mzax)\ Lljglﬂiju] + l—e—)‘} < 1.
Then:
1. There exists a unique almost periodic solution z(t) of (1).

2. If the following inequalities hold

1+ KLy <e, A—KLimax) Buj — Nn(l+KLy) >0,
[ i

then the solution x(t) is exponentially stable.

Proof of assertion 1. We denote with D, D C PC(R,R") the set of
all almost periodic functions ¢(t) satisfying the inequality |[¢|| < K,
lloll = supier [@(t)], K = KCo((1/X) + (1/1 —e ).

Set

F(t,x) = col {Fl(t, x), Fa(t, z),. .. ,Fn(t,x)},

Y(t) = col (ya(t), y2(t), - - - s Ya(t)),
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where

muao—}jmxwﬁwﬁéwmxm%@—uwmx i=1,2,... 0.

1

Define in D an operator S,

Sw:/:PWt$W@W@D+%QH%

+ 5" Wt m)Ie(e(m),) + e,

TE<t

(4)

and subset D*, D* C D,

. rK
1)={¢6wa¢ug }

1—r
where
t
0o = / W (t, s)v(s)ds + Z W (t, )Yk
e t <t
We have
(5)
t
looll = sup {max ([ Wt 9llu(olds) + 3 W)l }
e TR <t

t
< sup { max (/ Ke 279 |y, (s)] d8>
teR g —00
+ Z Ke’Mt*T’“)Wk\}

TE<t

Co Co —
< — =K.
_K(A +1_6_A> K

Then, for arbitrary ¢ € D* from (4) and (5) we have

rK — K
< — < K = .
el < llo = poll + llgoll < 72— + K = =
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Now we prove that S is self-mapping from D* to D*.
For arbitrary ¢ € D* it follows

©)
5= goll =sup {max ([ s IZIBU 5

(2

G [ hg(hpsts — w o)l as)
+ 3 Wt ) (o))}

T <t

t n
< {max </ Ke X9 ZBileuj d3>
[ — 0 =
+ > Ke MLy gl

TE<t
_1 - L,
< K{mzax)\ Ly Bijhi+ 1= e_A}H‘PH
j=1
rK

Let 7 € T, g € @ where the sets T" and @ are determined in Lemma 2.
Then

(7)
IS¢t +7) = Se@)ll
§fu§ max< W(t+7,s+71)—W(t,s)|

ZB” s+T fj<uj/ kij(w)ei(s +7 —u) du> ds

t n
LD SRS
SR

(s [ hstwes(o s 7 wa)
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_ éﬂm’(S)fj (uj /Ooo kij(u)p;(s —u) du) | ds)

+ D Wt 47, 7hrg) = Wt ) g (9(Tig)|

T <t
+ 3 W (70 g (0 (Thg) = Ik(%(Tk)))|} <eCh
T <t
where
L . — LoI'N
Cy = 71<m?x <Z(2F+K)Bijuj> +K> + 5 = —5-
j=1
From (6) and (7) we obtain that Sp € D*.
Let ¢ € D*, ¢ € D*. We get
@ t )
5= sl < sup {max ([ 1wt Y1805
S =

X <uj /0 N kij(u)p;i(s — u) du)

—fi <#j /Ooo kij(u);(s — u) dU> H d8>

+ 3 Wt mllT (e (7)) — Ik(¢(Tk))|}

TRe<t
<K AL ; Bt L
< K max 1; i) T T ox e =
=7llp =Yl

Then from (8) it follows that S is contracting operator in D*. So
there exists a unique almost periodic solution of (1)

Proof of assertion 2. Let y(t) be an arbitrary solution of (1) with
initial condition y(to + 0, o, wo) = wo, wo € PC(tp). Then from (3)
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we obtain

y(t) — x(t) = W(t,to)(wo — #o)
+ [ Wt s)[F(s,y(s)) — F(s,z(s))] ds

to

4 Z W (t, 7)1 (y (%) — Iie(x(7%))]-

to<tp <t

Then

ly(t) — 2(t)] < Ke 7 [y — o

t n
([ RIS Bl s) (o] s
' to j=1

+ Y Ke M Lojy(n) — ().

to<Tp<t

Set u(t) = |y(t) — z(t)|e* and from Gronwall-Bellman’s lemma [8]
we have

ly(t) — z(t)] < Klwo — pol(1 + K Ly)*(o:t)

X exp ( A+ KLy maxz,@juj> (t —to)-
j=1

Thus the proof of Theorem 1 is complete. i

We note that the main inequalities which are used in the proof of
Theorem 1 are connecting with the properties of the matrix W (¢, s)
for system (3). Now we will consider some special cases in which these
properties are accomplished.

Together with system (1) we shall consider the following systems of
impulsive differential equations with perturbations on the linear part.

i(t) = 3051 (aij(t) + pij(t))z;(t)

+ 300 Bi (O Fi (kg Jo Kaj(w); (E — w)du) + 7i(t),
t£1, 1=1,2,...,n,

Azx(t) = (Ap + Pr)x(t) + In(z(t) + v t=m, k€,

(9)



EXISTENCE OF ALMOST PERIODIC SOLUTIONS 1281

where P(t) = (pi;(t)) € CR,R"), ¢ = 1,2,...,n,j =1,2,...,n
P, € R™™ k € Z, and let Q(t,s) denote the Cauchy matrix for
system

#(1) = (A() + PW)e(t) 17,
(10) { Ac(t) = (Ax + Palt)  t=m ke L,

Introduce the following conditions.
H9. P(t) € C(R,R"™) and is almost periodic in the sense of Bohr.
H10. det(E + Py) # 0 and the sequence { Py }xez is almost periodic.

Lemma 4 [5]. Let conditions H9 and H10 be fulfilled:
Then there exist positive constants di and do such that

sup |P(t)| < dy, sup | Pg| < da.
t€(to,00) € (t0,00)

Lemma 5 [12]. Let the following conditions be fulfilled:
1. The conditions H1-H3, H9, H10 are fulfilled.
2. The following relation holds true

W(t,s)| < Ke M=) s<t tseR,

where K <1, A = const > 0.
Then
1. If
v=-A+Kd+N(1+ Kd) >0,

where d = max(dy,dz), it follows that for eache > 0,t € R, s € R
there exists a relatively dense set T of e-almost periods, common for
A(t) and P(t) such that for each T € T the following inequality holds
true

(11) Q(t + 1,5 +7) — Q(t,s)| < eTe~W/2(t=9),

where T = 1/\2KeN nO+Kd (1 4 N 4 (Nd/))).
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2. If
| 1p@)de+ Y P <1

to to<Tg

where H > 0 it follows that for each ¢ > 0, t € R, s € R, there
exists a relatively dense set T of e-almost periods, common for A(t)
and P(t) such that for each T € T the following inequality holds true

(12) 1Q(t+ 7,5 +7) — Q(t, s)| < eTe"A/D(t=3)

where T = 2/AKeXH (1 + N + (2N /))).

Theorem 2. Let the following conditions be fulfilled:
1. The conditions H1-H11 are fulfilled.
2. For the system (1) there exists a unique almost periodic solution.

Then there exists a constant dy such that for d € (0,dy] for the system
(9), there exists a unique almost periodic solution.

Proof. Recall [9] it follows that for the matrix Q(t,s) we have
|Q(t,s)] < Ke~ A K (E=s)Fi(s,t),

Then the proof follows immediately from Lemma 4, (11) and the proof
of Theorem 1. O

Theorem 3. Let the following conditions be fulfilled:
1. The conditions H1-H11 are fulfilled.
2. For the system (1), there exists a unique almost periodic solution.

3. There exists a constant H > 0, such that
/ P@)do+ Y [P < H.
to to <7k

Then there exists a constant Hy > 0 such that for H € (0, Ho| for the
system (9) there exists a unique almost periodic solution.
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Proof. Recall [9] it follows that for the matrix Q(¢,s) now we have
|Q(t, 8)| < KeKHe_()\_KH)(t_S).

Then the proof follows immediately from Lemma 4, (12) and the proof
of Theorem 1. O

Corollary 1. Let the following conditions be fulfilled:
1. The conditions H1-H8 are fulfilled.
2. For the system (1) there exists a unique almost periodic solution.

3. P(t) =P, P, = A, where P and A are a constant matric such that
|P|+|Al <d, d>0.

Then there exists a constant dy > 0, do < d such that for d € (0, do]
for the system (9), there exists a unique almost periodic solution.

REFERENCES

1. D.D. Bainov, A.B. Dishliev and G.T. Stamov, Almost periodic solutions of
hiperbolic systems of impulsive differential equations, Kumamoto J. Math. 1 (1997),
1-10.

2. D.D. Bainov, A.D. Myshkis and G.T. Stamov, Dichotomies and almost pe-
riodicity of the solutions of systems of impulsive differential equations, Dynamic
Systems Appl. 5 (1996), 145-152.

3. D. Bainov and P. Simeonov, Systems with impulse effect: Stability, theory and
applications, Ellis Horwood, Chichester, 1989.

4. A M. Fink, Almost periodic differential equations, Springer, Berlin, 1974.

5. J.J. Hopfield, Neurons with graded response have collective computational
properties like those of two-stage neurons, Proc. Nat. Acad. Sci. 81 (1984),
3088-3092.

6. V. Lakshmikantham, D.D. Bainov and P.S. Simeonov, Theory of impulsive
differential equations, World Scientific, Singapore, 1989.

7. V.D. Mi’'man and A.D. Myshkis, On the stability of motion in the presence
of impulses, Siberian Math. J. 1 (1960), 233—237 (in Russian).

8. A.M. Samoilenko and N.A. Perestyuk, Differential equations with impulse
effect, Visca Skola, Kiev, (1987) (in Russian).

9. P.S. Simeonov and D.D. Bainov, Estimates for the Cauchy matriz of perturbed
linear impulsive equations, Chinese J. Math. 21 (1993), 73-80.

10. G.T. Stamov, Almost periodic solutions for forced perturbed impulsive differ-
ential equations, Appl. Anal. 74 (2000), 45-56.



1284 GANI TR. STAMOV

11. G.T. Stamov, Separated and almost periodic solutions for impulsive differ-
ential equations, Note di Matematica 20 (2000/2001), 105-113.

12. , Ezxistence of almost periodic solutions for impulsive differential
equations with perturbations of the linear part, Nonlinear Stud. 9 (2002), 263-272.

13. , Lyapunov’s functions for existence of almost periodic solutions of
impulsive differential equations, Adv. Stud. Contemp. Math. 74 (2004), 45-56.

DEPARTMENT OF MATHEMATICS, TECHNICAL UNIVERSITY AT SOFIA, SLIVEN, 8800
SLIVEN, BULGARIA
Email address: gstamov@abv.bg




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


