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NECESSARY AND SUFFICIENT CONDITIONS
FOR MULTIPARAMETER BIFURCATION

JORGE IZE

ABSTRACT. Obstruction theory is used in order to give
a complete characterization of linearized local and global
bifurcation. In both cases there is a set of two topological
invariants, depending only on the linear part, such that, if
both are trivial, there is a nonlinear part with no local or
global bifurcation. The nonvanishing of any of these invariants
is sufficient for bifurcation for any nonlinearity.

0. Introduction. A bifurcation problem is the study of the zeros
of the nonlinear map f(A,z), where A belongs to the parameter space
A, z to a space E and f(),z) has values in another space F near a
known family of solutions (A, z())) called the trivial solutions. After
linearization, one may assume that z(A) = 0 and that f(A,z) has the
form

(1) (4o — A(N))z — 9(X, 2)

where A(0) = 0,g(\,z) = o(|| z ||). It is well known that a necessary
condition for bifurcation is that A is non-invertible and if A is a
Fredholm operator one may write (1), near (0,0), as

(Ao = QA(N))(z2 — (I - KQA(N)) T KQ(A(N)z1 + g(), 7))
o (I - QAN — KQAN) ™'z

+ 22 — (I - KQA(N)) ' KQ(A(Nz1 + 9(A, 2))

+(I - ANKQ)'g9() 2)),

where £ = 21 @ x2, 1 in ker Ag, Q is a projection on Range A¢ and K
is the pseudo-inverse of Ag from Range Ag into X, the complement
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306 MULTIPARAMETER BIFURCATION

of ker Ag. Thus, the zeros of f(A,z) are the zeros of the bifurcation
equation

() B(A)z1+G(A,21) =0,

where
B(\) = —(I - QAN - KQAN)™
G\ z1) = ~(I - Q)(I — ANKQ) 'g(),2),
after one has solved the first piece for x5 as a function of A\ and z;
if g is smooth enough. (See [5] or [7].) It is easily checked that
G(M\z) =o(|] z ||),B(0) = 0, and B(}) is invertible if and only if
Ap — A(A) is invertible.

The present paper will give necessary and sufficient conditions for
bifurcation (in a sense to be made more precise below). In order to
make this point clearer and to avoid technicalities, several simplifying
hypotheses will be made:

(a) B(A) is Clin ),

(b) E = F = RV A = RF (the extension to infinite dimensional
spaces, with some compactness, is standard. For the case of an infinite
dimensional parameter space see [9]).

(c) The index of Ag is 0. For a non-zero index one may use the ideas
of [8], [7] or [9; Remark 4.8]; dimker Ag = d.

(d) B(A) is invertible for A small, A # 0. (If this is not the case
one may choose a hypersurface transversal to the set of A’s where
det B(A) = 0 and use the normal space to get more dimension in the
bifurcating set as in [9].) Note that if k£ > 1, this hypothesis may not
be “generic” for certain classes of perturbations. However it is natural
for problems like the Hopf bifurcation or if all the spaces are complex
[, 8]. See [3] for the generic approach.

From these hypotheses it follows that if || A ||= p, there is a positive
number &¢(p, G) such that if one has a solution of the bifurcation equa-
tion with || A ||= p || z1 ||< €0, then z; = 0.

DEFINITION A. (0,0) is a point of linearized local bifurcation if and
only if, for any G(\,z1) = o(|| z1 ||), the bifurcation equation (2) has
a solution with || A ||[< p || z1 ||=¢, for any €,0 < € < g0(p, G).
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Note that, to say that (0,0) is not a point of linearized local bi-
furcation means that there is a small nonlinearity such that the bi-
furcation equation has no other solution than the trivial one, for

TA < p:]] 21 [I< €0(p, G).
In a similar fashion, if C(g) is the continuum of non trivial solutions
bifurcating from (0, 0), one has

DEFINITION B. (0,0) is a point of linearized global bifurcation if and
only if, for any g(A,z) = o(|| z ||), the continuum C(g) is either un-
bounded or returns to a different bifurcation point.

Note again that (0,0) is not a point of linearized global bifurcation if
one has a small nonlinearity g(}, z), with C(g) bounded and containing
only (0,0) as a bifurcation point.

There are several ways, apparently equivalent from the point of view
of analysis, to set the bifurcation problem:

1) Look for solutions of B(\)zo + G(\, zo) = 0, with zo fixed and
|| zo ||= € in the set By = {\/ || A ||< p}-

2) Look for solutions of (B(A)z+G(A, z) = 0,z—z¢ = 0), o as above
in the set By = {(\,z)/ [| A l|< o, || = [|< 2€}.

3) Look for solutions of (B(A)z + G(A,z) = 0,|| z || —e = 0) in the
set B3 ={(A,z)/ [| A< pll zI<2e}.

4) Look for solutions of B(\)z + G(),z) = 0 in the set By = {(\,z)/
I A< el z||=e€}.

The topological ideas behind the sufficient conditions (i.e., valid for
all nonlinearities) for bifurcation are the following simple facts.

FACT 1. Let F(z) : 3(B™*!) — R™\{0}. Then any extension of F
to B™t! has a zero if and only if F is not deformable to a constant map.

FACT 2. Let A C X be two closed subsets of R™1!, and let
F,G: A — R™\{0} be two homotopic maps. Then F extends to X
without zeros if and only if G does.
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The proofs of these facts can be found in any text on homotopy theory
or in (7).

Here, in the four settings, the maps involved are non-zero on 9B;
and one wishes to prove that they don’t have a non-zero extension to
B;,i=1,...,4. From Fact 2, one may deform the bifurcation equation
on dB; to B(A)z and to || A || D(Xp/ || A ||) if D(A\) and B(A) are
homotopic families of matrices from {\/ || A ||= p} into GL(R?). In
each case, one obtains a homomorphism from [],_, (GL (R?)) into the
set of homotopy classes of non-zero maps defined on 9B;. In the first
approach one has that, if P.B()) = [B()\)zo] # 0 in [],_,(S%"!), then
one has bifurcation in the direction zo and in all directions (see [5;
Chapter 2] and [7]); in the second case one obtains the d-fold suspen-
sion of P,B(A) (see Proposition 4.1 for an interpretation of this fact);
the third approach gives the class of (B(A)z,|| z || =€) in [, 4_; (89,
which is called the Whitehead J-homomorphism [13]. For the case
k < d, the Bott periodicity theorem and the characterization of Im J
by Adams were used in [2] and [6] to give sufficient conditions for bi-
furcation: If JB(A) # 0, then one has bifurcation. (If £ = 1, then
det B(A) changes sign) In [7, p. 182] it was shown that, for a sphere,
there are no other ways of complementing the bifurcation equation.
This fact is made clear in the present paper where the fourth approach
is used in order to also get necessary conditions. The main results are
the following two theorems.

THEOREM A. One has linearized local bifurcation if and only if either
[B(A)zo] # 0 or JC(XA) # 0 for all C(A) in ]'[k_l(GL(Rd’l)) such

that (Cg’\) ?) 18 deformable to B()).

THEOREM B. One has linearized global bifurcation if and only if ei-
ther 3 [B(A)zo] #0 or JB(X) #0.

In §1, the local bifurcation problem is shown to be equivalent to an
extension problem to By. In §2, this construction is made explicit for
one real or complex parameter. In §3, Obstruction theory is used to
compute the topological invariants. Note that in [1] there is a hint
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that obstruction may be relevant for bifurcation problems. Another
approach, cohomotopy theory, is sketched in the appendix. Global bi-
furcation is studied in §4. The basic references for the topology are [4],
[12] and [15], however a short review of obstruction theory is included
for the reader’s convenience. The results of the paper were announced
in [8] and the study for an equivariant problem will be published in a
subsequent paper.

1. Nonlinearities without bifurcation. It has been seen that
the nontriviality of JB()) is a sufficient condition for bifurcation and
that it implied that B(A)z had no non-zero extension from the set
{0 2)/ | Al=p ]l 2 ||=1} to the set {(A, )/ || A ||< p,|| z ||=1}. In
this first section it will be shown that this condition is also “necessary”
in the following sense.

THEOREM 1.1. Let B()\) be a C'-family of d x d matrices which
are invertible for 0 <|| A ||< p and B(0) = 0. Then B(A)z has
a continuous non-zero extension B(A,z) from the set {(A,z)/ || A ||
1= pll o |l 1=} to the set {(0,2)/ 1| A I< gyl @ l|= 1} if and
only if there is a continuous nonlinearity G(A,z) such that the map
F(\ z) = B(A)z + G(A,z) has the properties:

(a) G(A,z) is defined for || A ||< p and any z;

(5) G0\,z) = 01| 2 [[?), for fized || A 1|, and Gr,z) = of]| = )
uniformly in XA, for || A ||< p;

(c) there is a p1 such that if F(A,z) =0, for || A ||< p1, then x = 0.
There is an € > 0 such that if F(\,z) =0, for || A ||< p,|| z ||< €, then
z=0.

PROOF. (only if). From the hypotheses one derives the following
facts:

1) If D()) is defined by B()) =|| A ||'/2 D()), with D(0) = 0, then
there is a constant A such that || D(A) ||< A(]| A ||)}/2 for || A ||< p.

2) There are constants B and C such that B <|| B(A,n) ||< C, for
lIm|l=1and || A]|< p.

3) There is a continuous nondecreasing function g(|| A ||), with
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g(0) = 0, such that || BA)™* [I< g(|| A [)=*. For 0 <|| A |I< p it
is clear that || B(A\)~! ||< D | det B(A\) |~!. Define Dg(|| A ||) = min |
det x| 1<iuli<p B(1) | (If {An} goes to A, take {un} where the minimum
is achieved, take a subsequence converging to u; then || p ||>|| A ||
and Dg(|| A ||) €| det B(g) |- If one has a strict inequality, then
there is a v such that || A ||<|| v || and | det B(v) | lies between
the above two quantities. If || A ||<|| v ||, then || An ||<]|| v ||, for
large n, Dg(|| An |[) < Dg(|| v |) <| det B(p) |= lim Dyg(|| An [|). If
[| A|=|| v ||, then looking at v(1 + €) will give the same contradiction
for £ small enough). Note that if one wants to have a strictly increasing

function, one may take || A || fg"\“ g(r)dr.

The next step in the proof is to construct the Urysohn’s function
¢:{0<u<p0<vi\{0,0} —[0,1]:

0 if g(u)(u/p)/?C
<v < (A/B)p'/?u'/?
1 if v < g(u)(u/p)*/?/(2C)

_ or if v > 2(A/B)p'/?ul/?
P0) = 4 1 20u(u/p)2g(u)" if g(u)(u/p)?/(20)
< v < g(u)(u/p)2/C
1— (B/A)p~'?u~2y if (A/B)(pu)'/?
< v < 2(A/B)(pu)/*.

The function ¢ is continuous, except at (0,0) where it remains between
0 and 1, and, if g is C!, then ¢ is locally Lipschitz continuous.

Define, for || A|| < p and any z,

F(x2) =[IA 112 DO =) + (2 = (1IN ll=l1)) e/ 1IAID)z
+ llzl1> BOW/(IIN] + [12l1), 2/ [lzl))-
The only point to check for the continuity of F(A,z) is when A\ goes
to zero (then the argument in D(-) has norm less than p and the first
part of F goes to 0) and when z goes to 0 (then the argument in B(-,-)
remains bounded and the second part of F' goes to 0).

The proof of (b) is clear when A = 0; for A # 0 and || z||< g(|]| M ]])
(1 X 1| /p)Y2/(20), then (|| A ||,]] = ||) = 1, the first part of F is
B()\)z and the second part is bounded by C || z ||2. Furthermore,

IF(A,2) = B(Val| < A |NIY2 /2 |jal| +C [|12%]] +A ||A]] ||al]
< 240 h(|Il)*/? + C |la]) llal|
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if || A ||I< h(| z ||), where k(|| = ||) is the inverse function of
g(l A DAL M| /p)M/2(2C). Thus, for any (A, 2), || F(A,2) = B(\)z ||<
(24p'2h(|| z |)Y?2+C || z||) || z || and, as such, G(\,z) = o(|| z ||)
uniformly in A. ‘

For the proof of (c) one observes that

(@) Il F(\2) 12 B |l z |> A | X2 X ¢+ (1= ¢)p ||/
|z ||> Bl z||>=A(| Xl p)/? || z || so that F(),z) # 0 in the region
||z ||> (A4/B))p || X |)}/2, in particular for A = 0.

(8)
F(\,2) =BG+ 1 =)o/ IXINUN 2 (1A ¢+ (1~ )p) ™22
+B7 (A(e+ @ =)o/ A1) |1 = 1I* B(,),

for A # 0. Hence if F/(\,z) = 0, one has

WA AN A ¢+ (1 =)o) 2 =l 2 111l B*(O)BC, ) I
<llz | Cg (I A 1l &+ (1 = ¢)p)
<zl Cg~ (I A 1D,

since g is nondecreasing. Hence, if = # 0, then

IXP2<OUl A+ @ =8)) 2g A D N2l
<Gt (1A 2 I,

which is not possible if || z ||< (|| A || /0)*/2g(]| A ||)/C.

(y) Thus the only possible zeros are in the region where &(|| A ||,
|| z ||) =0. There,

F(\z) =(| M 12 +p'/2 || 2 [N Do/ || X )2
+11 2 12 B/ + 112 11,2/ 12 |I)
= 2D/ | A )2/ 1 2 1D)-

Now, from the continuity of B(v, n), there is a é such that || B(v,n)—
B(p,n) IS g(@)/2 i || v=p ||I< 6 < p/2,]| & |lI= o]l v |I< p
uniformly in . Thus if F(\,z) = 0, one gets (|| A |[}/2 +p'/?
Il z |]) || z ||| = || p*/2/2 (which is impossible unless ¢ = A = 0)
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provided p || z [|* (|| A || + || z ||*) 7 < 6, that is, for || z [|< (8 || A ||
/(p—8))!/4. But (A/B)(p [| A NV < (8| X ]| /(p—86))1/%, for || A |I<
6/(p—6)(BJ/A)*p~% = p;. Thus, for || X ||< p1, F(A,z) # 0 for = # 0.
For || A ||< p, one gets the same result if || z ||< (6/(p — 8)p1)/4 =&.

(If). If F()\ z) has the properties (a), (b), (c), then on the set
{2)/ I A= o5l 2 ||= 13, F(), ex) is deformable to B(A)ez (and to
B(\)z) and has the non-zero extension F(),ez). Thus, from the Bor-

suk extension theorem, B(\)z also has a non-zero extension B(), z) to
the set {(A,z)/ [[ A< p, || z ||=1} (Fact 2).

REMARK L.1. || A ||*2 D(A(t+ (1 —t)p/ || X ||)) gives a deformation
from B()) to || A ||*/2 D(Ap/ || A ||) via matrices which are invertible
for 0 <|| A ||< p.

REMARK 1.2. If B()) has the form || A ||*/2 D(Ap/ || A ||), then
one does not need the construction of ¢(|| A |,|| z ||) and thus
G\z) =l = |I> BA/(I A Il + 1l = [I);2/ || = |I) is uniformly
o(ll = 11?).

REMARK 1.3. If, on the set {), || A ||= p}, the family of matrices B())
is deformable io I via B(A,t) such that B(A,1) = B()A),B(\,0) =
I, B(\,t) invertible, then B(A,n) = B(Xp/ || A |1l A || /o)n is a
good extension to {(A,n)/ || A |I< o, || n ||= 1} (if A goes to O then
B(A,0) = I and one has continuity). In this case

F(\2) =(Il X [['/2 D(A@+ (1= #)o/ | A I)
+ 2| BOW/ IALITX /A X+ 1Tz 1)z

and with ¢ replaced by 0 if B(X) =|| A ||/2 D(Ap/ || A |])-

REMARK 1.4. If T is a compact Lie group, which acts linearly and
via isometries on z, and B(A)yz = yB(A)z, B(A,vz) = vB(A,z) for
all v in T, then F(X,~vz) = 4F (A, z) since the regions defined by ¢ are
invariant and the whole construction is equivariant. (See [8] and [10]
for applications).
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REMARK 1.5. For the general, maybe infinite dimensional, bifurca-

tion problem,
Aoz — ANz —g(X,2) =0

written as, for || A || small enough,

(Ao — AQ)) (22 — (I — KQA(N) ' KQ(A(N)z1 + g(\, z)))
e (I - QAN - KQAN) a1 + 22
- (I - KQA(\)) ' KQ(A(N) X1 + 9(), X))
+ (I - AMNKQ) g(),2)) =0,
one may choose
Qe(A,z) =0
(I - Q)g(Az) = —G(A, z1).
Then the above equation reduces to
(Ao — QA(N)) (22 — (I — KQA(N)) ' KQA(N)z1)
& —(I - Q)AN)(z2 — (I - KQA(N) ' KQA(N)z1)
+ (B(A)z1 + G(M, z1)) =0.

This equation has the properties (a), (b), (¢) of Theorem 1.1.

2. Analyticity in one parameter. If B()) is analytic in A (as a
real matrix if A is real and as a complex matrix if A is complex)), then
JB()) is zero if and only if det B(A\) = agA™ + --- has m even, where
m corresponds to the lowest non-zero term in the power series (in the
complex case one is assuming that the complex dimension d is larger
than 1). (See [5, p. 47).) In this section an explicit construction of the
nonlinearity G(A, z) will be given.

THEOREM 2.1. If m i3 even, then one may construct a nonlinearity
G(A, z) with the properties of Theorem 1.1 such that

(a) G(A,z) 1s real analytic in both variables if A is in R, z in R,

(b) G(A, z) 18 real analytic in x and X if A # 0 and Hoélder continuous
atA=01ifAisinC, z in Cd.. Ifm#0,d=1 or G(\, z) is complex
analytic in x or G(\,e?z) = €®G(), z), then there is always bifurca-
tion.
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PROOF. For the last sentence see [5, pp. 47, 82|, [8, p. 767].

The first step in the construction is to reduce the problem to the case
where B()) is diagonal. Since det B()) is analytic in A, one hasa p > 0
such that B()) is invertible for 0 <|| A ||< p.

LEMMA 2.1. There is a matriz deformation B(\,t), with B()A,t) in-
vertible for 0 <|| A ||< p such that B(A\,0) = B()\) and B()\,1) =
A(X) (A1 + B1(})), where A(X) = diag (AP1,. .., AP¢) Zp; is even, A; is
invertible, By () is tnvertible for 0 <|| A ||< p, B1(0) = 0,det By () =
a1 A™ + .- and m; 1s even.

PROOF. By factoring out, from each row in B(])), the largest possible
power of A (except possibly the last row so that Ip; is even), one may
write B(A) = A(A)(Ao — A())), where Ap has a non-zero element in
each row (except maybe the last one) and A(0) = 0. Thus the rank of
Ap is positive. Write z = z; ® z2, where z; = Pz is the projection of
z onto ker Ag, z2 in a complement X2. Let Q be the projection onto
Range (Ap) and K be the inverse of Ag |x,. Then, as in [5, p. 43], one
may write

B(\)z = A(N)((Ao — QA(N))(z2 — (I — KQA(X)) ' KQA(N)z1)
e (I-Q AN - KQAMN) ™ 21 + 22 — (I - KQA(N) ' KQA(N)z1))

(here (I — KQA(A))™! has to be interpreted as an infinite power series
and p is then accordingly small). Let A; be Ag( — P),B;(A) =
—(I-Q)A(N)(I-KQA(X))~1P. From the fact that B()) is invertible,
for A # 0, it is clear that B; (1)) is invertible, for 0 <|| A ||< p, B1(0) =0
and Bj () is analytic in A. Then if

B(\,t) = AQ)((4o - (1 - )QA(N))
(I - P = (1-)(I - KQA() " KQA(\)P)
® Bi()) — (1 - t)(I - Q)A(N)
(I - P— (1-)(I - KQA() ' KQA(\)P))
= A(\)D(\, 1)

it is easy to verify that B(),t) is invertible for 0 <|| A ||< p. (One may
also use the deformation A(A(1 —t)) in the above formula). Finally,
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since the class of B()) must be the class of B(,1) in [](GL (R%)) or
in [],(GL (C%)), which is characterized by the degree of det B()) as a
mapping from S° into R\{0} or from S'into C\{0},m; + Zp; and m
must have the same parity, in the real case, or must be equal, in the
complex case.

Note that B;()\) has a similar deformation B;(),t) and that one
may replace B;()\) by B;(A,t) in the expression for B(\,t) without
losing the invertibility. The process stops in at most d steps, when
Bi(X) = bA?P(1 + ---) which is linearly deformable to bA??. In the
complex case, if p # 0, one will consider the two-dimensional space
generated by an eigenfunction of A; (with eigenvalue a) and by By ().
Deforming linearly to O the row corresponding to this eigenfunction,
one will have a two dimensional diagonal matrix (aAP1,bAP2+2P) with
p1+p2 even and p; > 1 (the complex numbers a and b can be deformed
to 1). The proof of Theorem 2.1 will be completed with the second step.

LEMMA 2.2. A()\) = diag (AP, AP2,. .., AP2), with ¥p; even (considered
as the equivalent 2d x 2d real matriz in the complez case), is deformable
to A(\, 1) via A(M,t), such that A(),0) = A(X,)A(Nt) is invertible for
all \ || M€ pift>0.

End of the proof of Theorem 2.1. Define B(\ || z ||) = A(X,
||z ||)D(), || = ||>) where, in D(),t), B;()) has been replaced by
Ai(A\ ]| 2 |12)D1(A|] = ||?) and so on. Since Ai(A || z ||?) is invert-
ible for || z ||# 0, B(A,|| z ||) also has that property. Since D(),t) is
polynomial in ¢, as well as A(),t),G()\,z) = B(A,|| z ||)z — B(A\)z =
[| z ||2 H(\ || z ||*)z is real analytic in z and order of at least || z ||
near 0. The continuity in A will follow from the proof of Lemma 2.2.

PROOF OF LEMMA 2.2. Order pi,...,pq such that p;,...,p9 are
odd, pa¢+1,---,p4 are even. In the real case, couple the odd powers by

matrices of the type
APt
—t \P2

and the even powers by A" + ¢, which have the property stated in the
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lemma. In the complex case, if p; = pg + 2n,n > 0, then

A ot APtn 2 17,
—nt XV [A|Tnte )\ et |\ |TnmE gy 17y )

withe =0if n =0 and € = py/2 if n > 0, gives the right kind of matrix
when considered as a 4 x 4 real matrix (see [5, p.23]). Thus if d is even,
this construction will give A(A,t). Note that one has analyticity in A,
if n =0, and C¢ if n > 0. However if d is odd (d > 3 since d > 1) this
procedure will leave out one AP, with p even. Consider then d = 3 and
A(X) = diag (AP, A9, )7), with p < ¢ < 7 and p+ ¢ + r = 2m. Write
r =p+ q+ 2n, with 2n = 2(m — p — ¢) > —p. Define A(),t)z by

1 —n 0 n’t APz + 173
2t XA |-nte 0 AT+ A7 o tay |
0 n2t A x e |\ A rme aptatng, 4oz,

where e =0 if n =0 and € = ¢/2 if n # 0. By taking the conjugate of
its third component, the vector of the right hand side can be written

AP 0 t T1
t AT ) |TnE 0 z2 |,
0 t A= AT ) 23

showing thus that A(),t) is invertible if ¢ > 0. Note that one has real
analyticity in A, if n =0, and C¢ if n # 0.

3. The obstruction approach. As has been seen in Theorem
1.1, there is a nonlinearity without bifurcation if B(A)z has a non-zero
extension from the set {(A\,z)/ || A ||= 1,|| z ||= 1} = 8%~ x §¢-!
to the set {(A\,z)/ || A || 1,|| z ||= 1} = B* x S9! (after scaling A
one may take p = 1). This is a natural setting for obstruction theory.
For the reader’s convenience the main ideas and results needed in this
paper will be recalled.

3.1 Facts about obstruction theory. Consider a finite cell
complex K and a subcomplex L (here L = S¥~1 x §4-1 K = Bk x
S9-1). Recall that a cell complex K is Ug<pof, ¢ = 0,...,N =
dim K,z =1,..., a4, such that
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(i) of is a g-cell;

(ii) if KP = Ug<po? is the ptR skeleton of K, then 09 N K91 = da}
is the exact union of cells (called the faces of of);

(iii) ifi;éj,thena"?ﬂa".; = 0.

Cells are defined as the images of the unit ball under an “attaching
map” which is a homeomorphism on the interior. Here the cell decom-
position of $4~1 and S¥~! will be the equatorial decomposition with
two cells in each dimension.

If f is a map from L into R™\{0}, then one tries to extend f to K
by extending it to K'=KIUL andi increasing the dimension q. If f
has been extended to K°, one has to extend it over all (g + 1)-cells of
K\L. If 09*! is such a cell f : 80 — R™\{0} is extendible to a map
from o into R™\{0} if and only if f is deformable to a constant map in
Hq(S”'l). Since several (¢ + 1)-cells may be attached to the boundary
cells, one gets in fact a cochain C9*!(f) in C+!(K, L;T[,(S™71)),
which is a cocycle with the following properties:

1) If fo and f; are homotopic over K*, then Ct1(fo) = CI+1(Fy)
[4; Lemma 3.3., p. 177].

2) If fo is as above, then fg extends to K ifand only if C9t1(fo) =
0 [4; Lemma 3.2, p. 177].

HIff: ) G R™\{0} is extendible over K, then the set of all
(g+1)-dimensional obstruction cocycles form a single cohomology class

y(fy) in H* (K, L; T],(S™")) and f extends over K" if and only
if v(fq) = 0 (i.e., one may have to modify the previous extension, but
only on g-cells) [4 5.1, p. 180; 12, 34.2, p.174].

4) If ©9+1(f) C HY (K, L;[],(8™1)) is defined as empty if f is
not extendible to K* and as the set of all 49+1( fq) for all extensions
fq of f over K, then this obstruction set has the following properties:

(i) homotopic maps (over L) have the same obstruction sets;
(i) f is extendible to K" if and only if ©9+1(f) # 0; and

(iii) f is extendible to Kt if and only if 0 belongs to ©9+1 (f) 4,
6.1, p. 181, 6.4 and 6.5, p. 182; 12, 34.9, p. 176].

5) If ¢ = n — 1, then the obstruction set ©,(f) reduces to a single
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element, the primary obstruction, v*(f) = 6 K™ 1(f), where

§: HM(L; [T(s™Y) — H* (K, L; [T (5™))

n—1 n—1

is the usual coboundary operator in the cohomology sequence for the
pair (K,L) and K™ !(f) is the characteristic element of f (given by
fH(K"1(S™1)) with

f* . Hn—l(sn—l; H(Sn—l)) N Hn(L; H(Sn—l))
n—1 n—1

and K"~1(S"71!) is the generator of the first group [4, 13.1, pp. 189,
193; 12, 35.4, p. 178].

6) Finally one has obstructions for lifting homotopies (with K re-
placed by K x I): If fo, f1 : K* — R™\{0} and if h; is a homotopy of
fo|E ¥ tofi | K%', then one has a difference cochain d?(fo, he, f1)
in CI(K, L, [],(8""1)) such that:

(a) 6d%(fo, he, f1) = C%1(fo) — CI*'(f1),6 the above coboundary
operator [4, Lemmas 4.1, 4.2, p. 179).

(b) d(fo, ht, i%) = 0 if and only if h; extends to a homotopy of
fol K to fi | K¥ [12; 33.4, p. 171].

(c) If f and g are two extensions over K™ such that f=gonlL,
and if hy is a homotopy (relative to L) of f | K* > to g | K*? which

is extendible to a homotopy (relative to L) h} of f | K ' tog | 7,
then the set of obstruction cocycles d?(f, k%, g) form a single cohomol-
ogy class 6%(f,h:,g) in HY(K, L; Hq(S"'l)) and h; is extendible to a
homotopy of f | K to g | K” if and only if 69(f, he,g) = 0 [4, 8.3,
p. 184; 12, 34.6, p. 175] (i.e., one may have to modify h} on the
(g — 1) cells). As before, one may define obstruction sets and a pri-
mary obstruction for ¢ = n — 1 : f and ¢ are always homotopic on
7—2, and the obstruction set consists of a single element 6"~ 1(f, g)
in H* (K, L; [],_,(6"71)) with j*6"1(f,9) = K*~1(f) — K" !(g),
where j* is the homomorphism H"~!(K,L) — H™ 1(K) induced by
inclusion and K, —1(f) is the characteristic element of f (as a mapping
defined on K). Note that this lifting of homotopies implies that the
obstruction in the first non-vanishing group H?+!(K, L; [],(S"~1)) is
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unique [12, 35.10 and 36.11].

3.2. The cohomology groups and the obstructions. Eventual
obstructions will be elements of the groups

HIT(B* x 8471, gk=1 x g4-1, T](5%71)),
q

where, in S471, the cell B? = {(z1,...,2p)/ || = ||?= Zz? < 1} is
sent into (z1,...,%p, £(1— || 2 ||2)1/2,0,...,0). Relative cells, in K\L,
are of the form B¥ x BP, BP as above, attached to L by S¥—1 x BP.
Now H9t1(Bk x §4-1 Gk=1 x §d-1) ~ ga+1(gk+d—1 gk—1 pd) by
excision of the open set (in S¥*4-1 = §(B* x B4))S*~1 x (B%\§4-1).
Since B? is contractible, S¥*~! x B% has the cohomology of S¥~! and,
from the exact sequence

— HI(S* 1) — H<1+1(Slc+d—1,sk—1 x B%)
— Hq+1(5k+d—1) N Hq+1(Sk—1) -,

one derives easily that

0 ifg+1#kk+d—-1

Z ifg+1=k,
ork+d—-1,d>1

ZeZ ifq+1=k,d=1.

HOH(BF x §9-1, k=1 x §4-1) =

Thus one will have at most two obstructions, one in Hk_l(Sd‘l)
(in two copies of it, if d = 1) and the other, in the top dimension, in
Hk+d—2(sd—1)'

The first (unique)obstruction is given by the class of F/(A,zg) : {},
|| A |l= 1} — R%\{0}, where z; is a fixed point in §4~1 (two such
points, if d = 1). If d > 1, F(), z9) is deformable to F(A,zy), for any
other point z; in S9!, and, for F(\,z) = B(\)z and d = 1, the class
of B(A)1 and of B(A)(—1) are the same (0 if £ > 1). This can be
summarized as

THEOREM 3.1. If B(A\)zo : S¥! — R%\{0} is non-trivial (thus
k > d), one has bifurcation in all directions xo.
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In order to compute the obstruction in [T, 4_,(S%"!), one has first
to extend F(),z) to B¥ x §4-2 (S9-2 the equator of S¢~1).

Now, in the exact sequence

= [+ 13 [TeL ®*-1)= [T 6L @5 [[ s+ —
k

k-1 k—1 k-1

(since GL (R"™) is homotopy equivalent to O(n) [12, p. 57]), P
is the evaluation map P : B(A) — B(M\)zo, ¢ the inclusion map

i C() — (Cgﬂf;) [12, p. 91]. Thus, if [B(A)zo] = 0, B()) is
deformable to (cg\) ‘1’) and B(A)z has the same obstruction sets as
(C(N)%,24),% in R4

Consider the map
FOuz) = (I M1 CO/ NI X IDE,za,—e(1= || A1), 0<e<1,

F()z): 851 x §9-1y B* x §9-2 - R%\{0}.

F | L is homotopic to B(A)z and extends to the south hemisphere,
thus the obstruction is the class of F' on the north hemisphere, z4 =
(1— || # ||?)*/2. Since, on the boundary of the cell, either || Z ||= 1 or
[| A||= 1, one may use the deformation

(A= 12172 I A )+ (@ --2]12])

(for || A ||= 1 and C(A)Z = 0, then £ = 0). Thus this obstruction
vanishes if and only if JC(A) = 0. Note that JB()\) = JEC(A) =
—XJC(A) [13] where the second ¥ stands for the suspension map
from [, 4 ,(S%"?) into [T 4_,(S?%). Hence, if JB(A) # 0 and
[B(A)zo] = 0, one has bifurcation. Conversely JC(X) is unique if it
is the primary obstruction, i.e., k¥ < d, and ¥ is an isomorphism, as
well as i,, if k < d — 1 (both are onto if k£ = d — 1); furthermore ¥ is
one to one if d = 2, 4 or 8 [12, p. 112; 4, p. 327]. Thus if J(B(A)) =0
and [B(A)zo] =0,k <d—1ord =2, 4or 8, JC(A) =0 and one has an
extension. In the other cases one may have more elements in the ob-
struction sets and C(A) may not be unique. In fact, if o is any element
of [T,(S%71), then 6(a)C(X) is also an element of [],_,(GL R4
with 7. (6(a)C(A)) = B()). (The class of the product of matrices is the
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sum of the classes : [12; Lemma 16.7, p. 88].) However one has the
following result.

THEOREM 3.2. Ifd > 2, the top obstruction set consists of all ele-
ments [JC())], where 1.[C()\)] = [B())]. Ford = 2, if [JB(A)] # 0
then B(A)x has no extension (thus k = 2).

PROOF. If d = 2, then if k£ > 2,[B(\)] =0 and if k = 2, J and P, are
isomorphisms (J(u + iv) is the Hopf map). Suppose then that d > 2.

In order to define the obstruction set in H*+4=1(K, L; [T, 4_o(S%"1))

one has to look at all possible extensions to f’cﬂl_z. In fact each ex-

tension is characterized by its behavior on K+ = S¥~1x §4-1UB* x §0.

LEMMA 3.1. If Fy, F1 are two extensions of B(A)z to K2 such

that Fy | K" is homotopic, relative to L, to Fy | Fk, then Fy and Fy
are homotopic, relative to L.

PROOF. If zo = (1,0,...,0), then K" has two relative cells B x {zo}
and B¥ x {—zo}. On 8(B* x {0} x I), define the map F(),t) as
F(\,0) = (Fo(A),0), F(\1) = (F1(A),1), F(\t) = (B()\)zo,t) for
[| A ||= 1. The class of F(A,t) in [1,(S?) is the obstruction for lifting
the homotopy of Fy | L and Fy | L (here the identity) to LUB* x {zo}.
Together with the corresponding class for B* x {—zo} they form the
suspension of the generalized primary difference (since H?(K,L) = 0
for ¢ < k) [12, 36.11 and 36.8]. Now, if F;()) is the homotopy from Fy
to F; on K, one may extend F to B* x SO x I via (Fy()),t). Thus the
primary difference vanishes and the next obstruction for lifting this ho-
motopy will give cohomology classes in HY(K, L; [],(S d-1)) (since the
obstructions for Fy and F; vanish up to the level k + d — 2). However,
these groups are 0 for ¢ < k + d — 2, thus one may lift the homotopy
to K197 = §k=1 x §4-1y Bk x §9-2 [12, 34.6]. Note that if d > 2
and Fp(A,zo) is homotopic, relative to L, to Fi(A,zo), then Fy and
Fy are homotopic: since S¢~2is connected, F;(\, o) is homotopic to
F;(\, —x0), 2 =0, 1, giving a homotopy, relative to L, on K"
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LEMMA 3.2. Assume B(A)zo = 7o _and let F()\) be an extension of
B(M)zo to {|| X ||< 1}. Then there is C()) in GL (R*™Y), for || A ||=1,
such that T[C(N)] = [B())] and an extension to K* %72 B()\,z), of
B(A)z such that B(), zo) is homotopic to F()), relative to L, and the
obstruction for extending B(\, z) to K is J(C(X)).

PROOF. F()) : (B*,8%=1) — (R%\{0},zo) defines an element of
[1,(S%*; zo) which is isomorphic to [],(S0(d), S0(d — 1)), via P,
where PD()) = D()\)zo, [12, 17.2]. Thus there is D()) : (B*, S¥~1) —
(50(d), (50(d—1)) with D(A)zo = F(X), D(A) = (o cl(,\)) for || A||=
1. Let

B(A\z) =
(1 [RY[R:XCYAIRY) ) i
b | o 1 AW) za
0 [IAICT O/ 1A INCO 1] A 1
AN CT A AT/ ITAL za—e(1— || A [])

where Bj () stands for the first line in B()) for the rows 2 through d
and C()) corresponds to the rest of B. A(}) is the rotation on the first
and last coordinates:

cos(1= [|A)7/2 0 -~ 0 sin(1— || A|)r/2
0 0 :
(—sin(l— IAI)r/2 0 - 0 cos(1—||/\||)7r/2)

AN =

C(A) = C7YH(A)C()). Since, for || A ||= 1, B;(A) may be deformed to 0
in the matrix form of B(A), £[C(A)] = [B())]. On the other hand

)]

= [D"'(\)B (A)] - [D ‘(tA ~1(0)B(V)] = [BOV],
since D~1(0) can be deformed to I. Clearly B(\,z) = B(\)z, for
I A ||= 1, and if B(A,z) = 0, then either A # 0, £ = 0 and
zg = ¢(1— || A ]|), which is not possible since || z ||= 1, or A =0
and z4 = €. Thus B(\,z) extends over the lower hemisphere. The
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obstruction is the class of B()A,z) for either || A ||=1or || Z ||= 1,
with 4 = (1— || z ||?)/2. One may deform D()) to D(0) and then
to I as above. Use, next, the deformation A(t\) and send B;()) to
O. The obstruction is then the class of ((1— || Z |[)/2 — (1= || A |]),
[l X1 CA/ |l XD (=z2y-.-5Za—1,—21)T. A series of rotations will
bring the vector (z,...,Z4-1;—21) to ((—1)4*1zy,29,...,24-1) and
another series of d — 1 rotations will take the function to JC()). Fi-
nally, replacing /2 by (7/2)t inA()\) and ¢ by &t, one has that B(), zo)
is deformable, relative to L, to D(A)zg = F()) (for A = 0, the defor-
mation is (cos /2t + etsinn/2t,0,...,0)). '

End of the proof of Theorem 3.2. Since [B(A)zo] = 0,B()) is
deformable to a matrix of the form ((1) C?A) ), with the same obstruction
sets. Take an element of the top obstruction set, realized by an
extension F(),z). By Lemmas 3.1 and 3.2 this extension is homotopic

n —I?Hd“z, relative to L, to a B(),z) constructed as in Lemma 3.2,
and the obstruction is JC()) where Z[C())] = [B(})].

Computing the classes of JC(A) for all possible C(A) does not look
very easy. Furthermore, JB()\) seems to be a more “natural” invariant
to use. The following result provides a partial answer to the extension
problem.

THEOREM 3.3. If JB()\) = 0 and B()\)zg is deformable to a constant,
then B(\)x extends to B* x S4=1 if one of the following conditions is
satisfied:

1) k < 2d — 2 (“metastable range”).
2)d=2,4,8 (if d =2,k > 2, then [B(\)] = 0).

PROOF. Note first that if d = 1, the only obstruction is the class of
B(A)1 which is not trivial only if £ = 1 and B()) changes sign. Thus
one may suppose that d > 1.

Consider the diagram
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IT,_. (GL(Ré-1)= ]], _, (GL(R%)

e N

[1.(s¢! J J II_.(s%°)
[ '4\
Hl:-{-d—z(sd_l) = ng..;(s‘) P
/ \
[li4a(54.B*.E7) | Q H Mo (54 EHET)
h\ ‘/h
Hk+d( S3d- 1) Hk+d— . ( Snd-l)

The two rows are the exact sequences for orthonormal groups and
the suspension triad for the sphere [11]. E< are the hemispheres
of S§%,j, is induced by inclusion, A is a double boundary operator,
[@,24—1] is the Whitehead product of a in [],(S4!) with the genera-
tor of [J,_,(S?"!). P and h are defined in [11] with the property that
AP(a) = jb(a) = [a,74-1] (see also [14]), PP.(B())) = t.JB(}) [11;
Theorem 1.5]. H is the generalized Hopf invariant defined in [14]. And
h has the property that hoP = ¥9; it is an isomorphism if d is even or
if k <2d—1,k # 2d—3 and d odd, in which case h is still onto [11; 7.2].
(Here h is considered from [, 4(S%, E*, E7) into [], 4,(S?¢~!). Note
that £ : [T, (S%7!) — [1;44(S?*!) is an isomorphism if k < 2d — 4
and onto if ¥ = 2d — 3). @ is defined only when A is an isomorphism,
giving rise to the QCH (EH P in classical notation) exact suspension se-
quence. P is an isomorphism from [],(S%~?) onto [T, 4(S% E*,E™)
if k<2d—3. Pisontoif k=2d— 3 and if k = 2d — 2 (if [T,,_,(5%)
has no element of Hopf invariant 1, i.e., according to Adams’ results,
if d = 2,4,8 in which case ¥ is one to one) (see [11; Theorems 7.3,
7.4, 7.5]). Thus if JB(A) = — > JC(X) =0, then JC(A) (if non-zero)
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comes from an element in [], ., (S¢,Et,E™), by exactness. From the
above result, for £ < 2d — 2 and ¥ not one to one, there is an o in
[1,(S41) such that APa = JC(A) = [@,%4-1] = Jéa. [11; Theorem
7.7] Hence J(6a)71C(A)) = 0 and i.(6a)~*C())) = B()), proving
the Theorem (Part 2 comes from the fact that ¥ is one to one and
50(2) ~ S [12; 22.2)).

Note that, for k > 2d — 2, P is not onto anymore, however, what is
needed here is that the map [¢4—1] is onto Im J Nker & (in the known
examples Im J = 0). This can be stated in the following form (in view
of the “naturality” of the analysis problem).

CONJECTURE. The map o — [aig—1], from [],(S*™?) into [Tiyq—s
(S9-1) is onto ker LN Im J.

For k < 2d — 3, a summary of the results for local linearized bifurca-
tion is given by

THEOREM 3.4. If k < 2d — 3, the non-vanishing of J(B())) is a
“necessary” and sufficient condition for local bifurcation. For d = 2,
this 18 true for any k; for d = 4 or 8 one may allow k < 2d — 2.

PROOF. The only point to check is for the case where P,B()\) =

[B(M)zo) # 0. However, HJIB()\) = ho PP.B()) = Z¢[B(\)zo] and

is an isomorphism if £ < 2d — 2, a one to one map if d = 4 or

8 and k < 2d — 2 (the first suspension is one to one, the others are

isomorphisms). For d = 2,[],_,(S!) = 0if k > 2, and for k = 2 the
suspension is an isomorphism.

REMARK 3.1. For k > 2d — 2, one may have [B(X)zo] # 0 and
JB(A) =0. Taked = 3, k = 4. Then P, is an isomorphism (from
the exact sequence, this is true for k£ > 4; for k = 3, [[,(S0(3)) =0
and J],(S0(3)) = Z;3) [12, pp. 115-116]. Thus, if p generates
[15(5S0(3)) = Z, then P.p = n is the Hopf map. HJ(p) = £3n gen-
erates [[¢(S°) = Z;. Thus J(p) generates [[4(S3) = Z12. If B(})
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represents p'2, then P,p!'? = 12n # 0 but J(p'?) = 0. Note that
LP.p'?2 =0. P: [[5(S?) — [Ig(S3, E4, E_) is onto with kernel gen-
erated by 3[iz,72] = 67 [11; Theorem 7.4] since [i2,%2] = 2n generates
kerX. Also h is onto with kernel generated by 2Pn and of order 3.
From this it is easy to see that [J(S3, E4, E_) = Zg, generated by
pn, and that j. is onto with kernel generated by J(p®). Note that the
suspension sequence is not exact since HJ(p?) =0, but J(p?) is not a
suspension.

REMARK 3.2. For the general Hopf construction, that is, for a map
F(\zx) : 8k¥=1 x §4-1 — §4-1 not necessarily linear in z, one has
two possible obstructions for extension to B¥ x §4~!. The primary
obstruction is the class of F(A,zo) in [],_,(S%). If it does not van-
ish, then one has bifurcation in all directions for the problem G(y,y),
where G(u,0) = 0, G(u,y) # 0 for 0 <|| z [|[< n,|| p ||= p, taking
F(\ z) = G(Ap,ex) with || A ||=|| z ||= 1,0 < € < r. If it vanishes,
Lemma 3.1 is still valid and classifies all possible extensions oK 42
in terms of the class of F()\,zo) relative to L. In particular, if £ < d,
there is a unique generalized primary obstruction in [],,,_,(S*™?),
the top obstruction. In fact the obstruction for lifting the homotopy
of Fo(A, zo) to F1(A, zo) lies in [T, (S%) = 0, hence the generalized pri-
mary difference vanishes and the argument of Lemma 3.1 goes through.
Of course the difficulty here is to find an extension to K2 in order
to compute the top obstruction.

4. Global bifurcation and obstruction. For the equation
(Ao — A(N))z — g(A,z) =0,

let C be the continuum of non-trivial solutions bifurcating from (0,0)
(C maybe empty). Here g(A,z) = o(]| z ||), Ao — A(]) is invertible for
0 <|| A|I< p, A(0) = 0 and dimker Ay = d, where z € RV, \ € R.
(For the corresponding problem in infinite dimensions one has to add
the usual hypotheses of compactness).

DEFINITION 4.1. (0,0) 3 a point of linearized global bifurcation if
and only if, for any g(),z), the continuum C is either unbounded or
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returns to a different bifurcation point.

A sufficient condition for linearized global bifurcation is that J(Ag —
A(})), [2, 5, etc]. Note that J(Ao — A(X)) = eZN~4J(B())), as in
Remark 1.5, where ¢ = +1 depends on the orientations (see below).
In this section it will be shown that, if N > d, the non-vanishing of
J(Ag — A(]A)) is also necessary for linearized global bifurcation. As for
the local bifurcation, an equivalence with extensions of maps will be
first established.

THEOREM 4.1. One has linearized global bifurcation if and only if the
map

((Ao = A(N))n,r =€) :
{urm)/ |l ll=1,(x,r) € 3(B* x 1), B* = {A/ || A lI< p}, T = [0, 2¢]}

- RN*\{0),

has no non-zero extension to B¥ x I x SN—1,

PROOF. (If). (Sketch). Suppose that one has no linearized global bi-
furcation. Then there is a nonlinearity g()\, z) such that the correspond-
ing continuum C is bounded and does not meet any bifurcation point
except (0,0). By standard arguments one constructs an open bounded
set (), containing C and such that if (49 — A(A))z — g(\, z) = 0 on 912,
then z = 0,]| A ||< p. Taking a large box B = {|| A ||< R,|| z ||< R}
containing (2, then this equation, together with the condition || z || —¢,
is non-zero on AU {z = 0} and, for € large on (B\Q?) U{z = 0}. Thus,
for any ¢, the pair is inessential on Q2 U {z = 0}, that is, it extends
without zeros to (B\Q) U {z = 0} (see [7] or [9; Remark 2.8], using the
homotopy ((Ao — A(A)z — g(A\, z),|| z || —=te — (1 — t)2R). Choose €
so small that, for || A ||= p, the linear part dominates the non-linear
part if || z ||< 2e and such that the box {|| A ||< p,|| z ||< 2¢} is
contained in €2 and || z ||> 2¢ outside the box but still in 2. Extend
the pair without zeros to (B\2) U {z = 0}. By scaling, first in A, then
in r, the map ((Ag — A(X))rn —g(A,mn),r —¢€) on d(B* x I) x SN—1 is
homotopic to the extension on 9(|| A ||< R,r € [0,R]) x S¥~1. Thus
((Ap — A(A))n,r — €), which is clearly homotopic to the previous map
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on d(B* x I) x S¥~! also has an extension to B¥ x I x SN¥~1. For a
more complete proof see [7] or [9; Proposition 4.1].

(Only if ). Suppose ((Ao—A(X))n,r—¢) has the extension (A(A,r,n),
h(X,r,n)) to BX x I x SN—1. Define, for || A ||< p, || = ||< 2¢,

gh2) ==zl (ANl z |2/ | z]]) = (Ao — AN)2/ || 2 ]))-

(take g(A,z) = 0 outside this box). Since A(\,r,n) — (Ao — A(N))n
tends to 0 uniformly in (A,7), as r goes to 0, then g(A,z) = o(|| z ||)-
(In the infinite dimensional case this difference has to be compact, see
[9]). Furthermore, g(A,z) = 0 for || A ||= por || z ||= 2¢. Let Q
be the set {(A\,z)/h(A\ || z ||,z/ || =z ||) < 0}. Since h(A,r,n) tends
uniformly to —e, when r goes to 0,h is continuous and () is open.
And 80 c {(\,z)/ || A ||= p,]] z ||< €} UA™1(0). Since h = ¢, for
|| z ||= 2¢, 9N separates (0,0) from the level || z ||= 2e. Finally C
does not meet A1), since if h = 0, A(\,|| z ||,z/ || = ||) # 0 and if C
meets || A ||= p this could be only for = = 0, giving a bifurcation point
for some A, with || A ||= p, which contradicts the fact that Ag — A(A)
is invertible for || A ||= p.

REMARK 4.2. It has been seen in [9; Proposition 4.5] that ((Ao —
A(A)z,|| z || —€) extends from 3{|| A ||< p,|| = ||< 2¢} to full ball if
and only if J(Ag — A())) # 0. Here one wishes to maintain the map as
(0, —¢) on z = 0, staying closer to the bifurcation idea. The next step
is to use obstruction theory to know when one has an extension.

THEOREM 4.2. (a) One has linearized global bifurcation if and only
if either ©(Ag — A(A))no # 0 or J(Ap — A(N)) #0.

(b) If N > d or k < 2N — 2, one has linearized global bifurcation if
and only if J(Ag — A(\)) = eZN—4JB()) #0.

PROOF. The possible obstructions for extending ((Ag — A(A))n,r —¢)
from L; = 8(B*xI)x SV~ —» RN*1\{0} to K; = B xIx SN~ are
in Hq“(Kl,Ll;]'[q(SN)). These groups are zero except for ¢ + 1 =
k+1or k+N if N > 1, in which case they are Hq(SN), and two copies
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of [1,,(S1) if N = 1. The first obstruction, for the (k+1)-cells of K1\L1,
is the class of ((Ag — A(A))no,r —¢) : (B* x I) — RN*1\{0}, that is
(Ao — A(X))no, where ng = (1,0,...,0)T. For N =1 the classes for
1o and for —ng are inverses of each other and non-zero only if £ = 1
and A()) changes sign as A crosses 0 (Ap = 0 and one has degree 1 if
AA(X) <0,—-1if MA(X) > 0 and 0 if A(X) doesn’t change sign).

In order to compute the second obstruction, in [, y_;(SV), one
will rescale A so that p = 1 and replace r by u = (r — €)/e so that
|p|< 1.

Proof of (a) when N = d. If N = d, then Ag — A(A\) = B()) and
(B(A)n, p) is deformable, via (((1—1)B(A)+¢ || A || B(A/ || A [)n, ),
to (Il Al BA/ |l A [)n, ) on {|| A [|= max(]| A |[,| w[) = 1}
{l| n ||= 1} (any zero gives u = 0,]| A ||=1). Since EB())¢ = 0, the
pair (|| A || Ba(A/ || A]), #) has a non-zero extension(Bg (A, u), h(A, 1))
from the set || A ||> 1/2 to the set || A ||< 1, where By()) is the last
column of the matrix B(A). Now (|| A || B(A/ || A ||)no, 1) is deformable
to (|| A || Ba(A/ || A ), ) since no is deformable to (0,...,0,1)7.
Let B(A,p) be the matrix obtained from || A || B()A/ || /\ ) by
replacing the last column by By(A, p). Let S = AL 1L,h(A ) =
0,det B(A,u) = 0}. For || X ||> 1/2, h(\,u) = p, so that if u = 0,
then B(\,u) is invertible. Let ¢ : {A/ || A ||< 1} — [0,1] be such that
$(S) = 0, ¢(A,u) = 1if || A [|> 1/2. Decompose 1 as (i,74)” and
define an extension of (I Al BA/ | A |l)n, m), from L = Sk x §4-1
to K" = LUBF x {na = 0}, by (BO\ )@, )i, na — (1-
[| X 11)/2)T, k(A u)). Note that if this map is zero, then either one
has det B(\, 1) = 0,¢ = 0,74 = (1— || A |[)/2 (since Ba(A, 1) # 0 when
h(),p) = 0), or det B(A, ) # 0,67 = 0,74 = (1~ || X |[)/2. Thus if
| All=1o0rns <0, one has g = 0,[| A ||= 1,6 = 1,]| 77 ||= 1, leading
to a contradition.

The obstruction is then the class of
(B, w) (¢, (1= 1 7 |1)*2 = 1= (| X 1)/2)T, h(A, 1))

as a map from (|| A ||< 1,]| 7 |I< 1) = Sk+d=1 into R4\ {0}.
Perform the homotopy (1—#)((1= || 7 [[)*/2 = (1= || A [)/2)+¢(2 || A |
)/2=-1); if || A ||= 1and h(A, u) = p =0, then || A [|= 1, B(A, u) = B(})
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is invertible, thus ¢ = 1,7 = 0 and (1 —¢) + ¢t = 1 at a possible zero;
if || % ||= 1 and h(X,u) = 0, then ¢f = 0 and —(1 - t)(1~ ||X||
)/2+t(2 || A|| —1) = 0 at a zero. Thus ¢ = 0 and, by construction,
Il Al €|l A ||< 1/2, a contradiction with the vanishing of the last
expression.

Replace, next, 2 || A || =1 by (1—£)(2 || A || =1)+th(A, ), h(A, p) by
(l—t)h(’\a l“)_t(2 ” A ” —1) and ¢(’\a “) by ¢()" Ky t)7 where ¢(’\7 Ky t) =
0if det B(A,u) = 0 and (1 —t)h—¢t(2 || A || =1) = 0, ¢(},pu,0) =
6\ ), (A i 1) = 1 and (A, u,t) = Lif || A || 1/2. (If ¢ = 1 and
20| A -1=0, or if || A || 1/2, then BO\ ) =I| X [| B [| A[]) is
invertible and ¢(A, u, t) is well defined.) For a zero of the homotopy one
would have 2 || A || =1 =0, h(A,u) = 4 =0, ¢f) =/ = 0, which is not
possible on the boundary of {|| A ||< 1,]| 7 ||< 1}. The last homotopy is
then (1—) Ba(A, w)+¢ | A || Ba(M || X [1), A=8)h(A, w)+tp: for 2 || A |
—1 = 0, this homotopy is just || A || Ba(A/ || A ||), #. The obstruction is
thus the class of the map (|| A || B(A/ || X 1) (7, &,)T,1=2 || A ||). Since
one may use the linear homotopy (1—t)(1—2 || A |)+¢(2 || Z || —1), with
Z = (7, p), (at a zero one has either A # 0 and thus Z =0,|| A ||= 1
and the linear homotopy is negative, or A = 0, thus || Z ||= 1 and the
linear homotopy is positive). One gets then the Whitehead homomor-
phism with the last component, 2 || Z || —1, with a different sign; its
class is JB()) (Although a change of orientation in the range does not
necessarily give an inverse for the class, in this case one might have
chosen to replace 2 || A || =1 by —h(A, 1) and h(A,u) by 2 || A || -1
in the second homotopy; the obstruction would have been the class of
MABOX N AIDG, —p),1—2 || Z]]) : the change of orientation in the
domain (u giving —u) gives then the inverse. The orientations are given
by(X,#, p) in this order; this is how one proves EJB()\) = —JZC())
with these orientations.)

Proof of (b). If N > d, then

(4o — A(A))z = BA)PX — (I - Q)A(N)(( — P)z
— (I - KQA(X)) ' KQA())Pz)
®(40 — QA(N))((I - P)z — (I - KQA(X) "' KQA(N)Pz).

By replacing A by (1 — t)A (except in B(A))one may deform this map
(for || A ||= p), or this map with the side condition r — & on 8(B* x I),
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to B(A\)Pz & Ao(I — P)z. Since Ag(I — P) can be deformed to (sign
det Ag, I) (once bases have been chosen), one has that [Ag — A(A\)no] =
0. If k < 2N -2 and (49— A(A))no = 0, then ¥ is an isomorphism and
again (Ag — A()))no is deformable to a constant map. One could then
proceed as before with (B(A)Pn,(sign det Ag, I)(I — P)n), however it
is simpler to note that, in both cases, B() is deformable to Cg") (1) .
One then gets an extension to KT given by (|| A || C(A/ || A ||
)7, na—e(1— || X 1), 1), which will give, as in §3.2, the obstruction as
the class of (|| A || C(A/ || A )%, 1 —2 || 7 ]|, #). A rotation in the last
two components will give (|| A || C(A/ || A 1)7%,u,2 || 4 || —=1), and a
linear deformation will replace 2 || # || =1 by 1 —2|| A ||.

Note that (sign det Ag, I)(I — P)z acts as a suspension, so that € =
sign det Ag. Thus one has a proof of the remaining cases for Part (a).
If N =d,k < 2N —2, then, since HJ(B()\)) = VN B(A)no and V1 is
an isomorphism, the vanishing of J(B(A)) then implies the vanishing
of ZB(\)no, as in Theorem 3.3.

REMARK 4.2. The shorter argument for part (b) does not extend to
the case where N = d and k > 2N — 2. One could have expected that

the vanishing of XB(A)no would have implied that (B (()’\) (1’) could be
deformed, on || A ||=1, to

Cc(A) 00
0 10},
0 01
using Stiefel Manifolds.

However, if k = 4,d = 3, and B(\) = p?, as in Remark 3.1,
then EP*p? = 0 in [[,(S%). And i.p? = 2 in [[5(S0(4)) =
[15(S®%) @ [15(S0(3)) and ¢.p? cannot come from an element C(A) in
[15(S0(2)) = [15(S*) = 0. Conversely, if A = pu + iv, then ('})2 ‘1)) is
deformable to I in [],(S0(3)) = Z., while £P,()?) has degree 2 in
[12(5?).

REMARK 4.3. If N = 3 or 7, then ¥~ is one to one for k < 2N —1,
thus in this case, J(B(})) is the only invariant. If N = 1,J(B(})) =
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25 B(A)no(= 0 if k > 1); if n = 2, B()) is deformable to a constant
when k > 2, P,,J,¥ are isomorphisms for ¥ = 2 and J is one to one
for k£ = 1, within the range of Bott’s and Adams’ results.

REMARK 4.4. If (Ao — A(A))no # 0, then one has global bifurcation
in the direction 7g, that is, the equation

(Ao — A(X))tno — g(A,tno) =0

has a continuum of non-trivial (¢ # 0) solutions branching from
(0,0) and going to another singular point of Ag — A()) or to infin-
ity; the suspension is the class of ((Ag — A()))tno,t — €) on the set
A(] M I p,| t |< 2¢). Since the direction 79 can be deformed to any
direction, one has global bifurcation in all directions of RN. One may
give more precise information on this continuum, by

PROPOSITION 4.1. If ¢(Ag — A(M\))no # 0, for some £,1 < £ < N,
then the continuum has a connected subset X, bifurcating globally from
(0,0), such that the local covering dimension at each point of ¥ is at
least ¢.

PROOF. Consider the map

(Ao — A(X)(rno, T2, ..., THe,0...,0)T
—g(A,rno,TH2, . .., THe,0,...,0)
= gl(A’T)#% cee 7“8):

where r, ug, . .., e are arbitrary parameters. Then g; (A, 0, g, ..., ue) =

0 and g, satisfies the hypotheses of Theorem 4.2 in [9]. Furthermore, on
6(” A ”S Ps | r |S 2¢e l Hi |S P), the map (gl()‘,ry K2, .- ’Mp)v K2y eeos ey T—
€) is deformable to (Ag — A(A))(n0,0,...,0)T, ua, ..., pe, 7 — €) which

is just ¢(Ap — A(M))no. Thus the above map is O-epi on the ball
and one may apply Theorem 4.2 in [9] : there one has | r | —¢ in-
stead of r — ¢, but it is easy to check that the argument goes through.
Note that one could have chosen the type of solutions differently, and
that one may have used the continuation result in [9] for the map
(fOA,z1,...,2,0,...,0),21 — €1,...,Tp — ).
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REMARK 4.5. It is clear that the same argument works for B())
instead of Ag— A(X) : If Z¢B(A)no # 0 one will get locally (i.e., as long
as the Liapunov-Schmidt reduction is valid) an ¢-dimensional “surface”.
The following example illustrates this situation. Let Ag — A(A) =

o —)‘1), where X is in C, N = 4,d = 2. As in [5] it is easy to see that
B(X) = A2, so that B(A\)no = A?1o has degree 2, as well as £2B(\)no
(so that £ = 2). JB(X) is twice the Hopf map, whose supension (and
thus J(Ag — A(A))) is 0. Thus the invariants for the local bifurcation
are non-zero, while both invariants for global bifurcation are trivial.

Consider then the equations

A2y — d(r?)zy + 7222 =0

2'2-1 =0,

Azg —r
where 72 =| z; |2 + | 22 |2, ¢(t) is a non-increasing smooth func-
tion with ¢(t) = 1 for t < 1/2,¢(t) = 0 for t > 1,¢(t)is con-
cave for t < to,to = ¢(to). Multiplying the first equation by 2z,
and the second by z;, one obtains r* = ¢(r?)22, thus 2z, is real;
22(d(r?) —r2) = X7y, | A 2= r2(4(r?) — r?), (if 21 = 0, then 22 = 0).
Thus any solution has r2 < to, p < 1/2 (the function ¢(¢(t) — ¢t) has
a unique maximum at ¢ = 1/2). Thus, | A |, | 21 |, 22 are given
in terms of r and if A =| A | €'® is a solution, then z; = (sign
22) | z1 | e7%. Thus the continuum bifurcating from (0,0) is two
dimensional and there is no global bifurcation. Note that, on the solu-
tions, 8(22(p(r?) — r2) — X21)/022 = ¢ — r2 + 2r4(¢' — 1)/ is zero at
72 =1/2 : there the Liapunov-Schmidt reduction fails.

REMARK 4.6. If Z¢JB()) # 0 for some £,0 < £ < N — d, then one
has a local continuum branching from (0,0). Also, since JZ¢B(A) =
(B(N)x, p1, .- -, e, || z || —€) is non-trivial, one sees that any small per-
turbation of (B(A)z, ft1,. .., 4e), in the variables A, z, uy,. .., ue, will
have a global bifurcation. This could be used in cases where the re-
duction to B(A) could be done in two steps with a larger range of
applicability on the variables different from z,u;,...,u¢. Note that
the invariants B(\)no and JB()) are linked by HJB(A) = Z¢B(A\)no
and other properties for the suspensions: for example if d is odd and
k < 3d — 1, then, if £JB()) = 0, then JB()) is a suspension [11;
Theorem 10.6] and thus HJB(A) = 0. However the usefulness of such
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relations for the bifurcation problem is not clear.

The last result in this section will relate the local invariants on a
bounded continuum. Let C be the continuum of non-trivial zeros of
f(Az) = (Ap — A(X))z — g(A,z), branching from (0,0), and C(no)
be the continuum for f(A,¢no),t > 0. Assume all bifurcation points,
(A, 0), on C or C(no) have the property that A — A(A) is invertible
for A close to A;, A # A;. Thus, if C is bounded, there is only a finite
number of such bifurcation points.

PROPOSITION 4.2. Assume C or C(ng) is bounded, with the above
hypothests. Then

Y1J (Ao — A(N)): =0, for ();,0) on C,

and
2IE(’40 - A(’\))t =0, for (Aho) on C(’?O)

PROOF. Since the arguments have already been used in other con-
texts, the proof will be sketchy. Use first the fact that C, (or C(no))
is a continuum to construct a bounded open set 2 such that C is con-
tained in 2 and f(A, z) (or f(A,tno)) is non-zero on 1Y, if z # 0 (¢ # 0).
Complementing f(),z) by || z || —¢ (or t — €), one gets a map which
is inessential on 9] with respect to B\(2, where B = {(\,z)/ || A ||<
Ry,|| z ||I< R} contains Q2 (or B = {(\,t),|| A ||< Ro,0 <t < R})
and a non-zero extension to B\ Uy B; of this map (take the map to
be (0,—¢) ondB) where B; = {(A\,z)/ || A = A ||< piy || z ||< 2¢ (or
0 <t < 2¢;)}. The result follows from the fact that one is dealing
with primary obstructions for extensions from 8(B\ Uy B;) to B\ Uy B;
and some operations on cohomology groups which are given in (7, p.
159] and in [8, p. 789] : one has that the sum in [],, y_;(S") (or in
[1.(S™)) of the local obstructions has to be zero. Note that since this
result belongs to the “sufficient” category one does not need to work
with the set {(A\,7,1)/ || A ||< Ro,0 < r < R,|| n ||= 1} for which the
obstructions (probably both of the above invariants) are more difficult
to compute.

REMARK 4.7. One has to be careful with orientations when using
Proposition 4.2 and relating J(Ao — A(A)) to JB()). Here is an easy
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way to do it: observe first that, once the orientations have been cho-
sen, the invariants for B()) are independent of the choices for P and
Q (as in the proof of [5; Theorem 4.5, p. 33]). Next, (Ao — A(A))z
is deformable to Ag(I — P)z @ B(\)z, for any A close to 0; thus the
orientations have to be chosen such that det Ag(I — P) det B()) has the
sign of det(Ap — A(A)) at each A close to Ag (in fact, if k¥ > 1, this sign
is invariant around 0; if £ = 1 one may have a change corresponding to
the generalized algebraic multiplicity). In order to relate the signs of
det(Ao — A()X)) near two distinct bifurcation points, one takes a path
joining the two points and studies the set of points where Ag — A())
is singular along the path. Note that the sign of det(4o — A()))
is the index of the zero solution at A\. Then J(Ao — A())) =sign
det Ag(I — P)J B()), after choosing the orientation of the domain with
((I = P)z, Pz) and of the range with ((I — @)y, Qy) (there is then no
change of sign when suspending).

APPENDIX: THE COHOMOTOPY APPROACH

One might have studied the extension problem in the more general
(although related) framework of cohomotopy theory (see [4]). That
is, since B(A)z — g(),z) is non-zero on S¥~1 x S4=1 = {)/ || A ||=
p} x {z/ || = ||= 2} one has an element in [J*"*(S*~1 x §4-1) (the
set of all homotopy classes of maps from S*¥~1 x $9-1 into R%\{0}).
The extension problem to B¥ x §4~! is then equivalent to the fact that
[B(A)z] is in the image of ¢*,

d—1 L d-1
H(Bk: x Sd—l)‘__' H(Slc—l x Sd_l),

where ¢* is induced by restriction of the maps to S¥~! x S9!, One
has the sequence

L d-1 L d-1 d .
R H(kasd_l)L’ H(Sk-—lxsd—-l)_ﬂ H(kasd—l’sk—lxsd—l)f_)

with Im 5* = kers*,Imé6* C ker 7*,Ims* C keré*, [4]. The following
facts are easily verified:

(a) Imz* = kerd, if k < d, in which case these sets are groups.
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(b) [1*"1(B* x S4-1) ~ Z, since B* is contractible.

(c) If F(\,z) : S¥~1x 841 — R4\{0}, then 6F(\,z) = (|| X ||
FM/ Al IJ 1—-2]| AJ|?) maps (B* x §4+1 §k—1 x §4-1) into
(R**1\{0}, R**
IAll=p=1.

(d) By excision of S¥=! x B¢, one has an isomorphism [[*(B* x
§d—1 gk=1 5 gd-1)Z [T4(Sk+d-1, gk-1, ng)

(¢) the map [T/(S¥+4-1, 551 x BYL [TH(SH+41) = [T, (5)
is an isomorphism for k£ < d.

(f) 7*6(B(M\)x) = JB(X) is the Whitehead homomorphism; thus if

B(X) # 0, then §(B()\)z) # 0 and B(\)z & Im1*.

(g) the following diagram commutes

I\R™"), that is, the last component is negative for

T4 (%1 x §¢-1) 6 [I4(B* x §4-1, 561 x §d-1)

- g

sk —— 4B, 8% ~ [T%sH),

where P*F()\,z) = F(\ 20), i.e,, P*6B(A\)z = LB(\)zo [4, p. 227).
One gets thus a relation between the two invariants, similar to the
H-homomorphism.

(Note that in the example of Remark 3.1, J(p'%?) = 0, thus
7*6(p'?z) = 0 and p'%z does not belong to Im:* since P,p'? # 0.
However it is not clear if §(p'2z) is 0 or not: this would give an exam-
ple where the sequence would not be exact.)

However the non-exactness of the sequence, and the fact that j* is
not one to one, limit the application of this approach to the case where
k < d, in which case P*B()\) = 0,B()) is a suspension, one is in the
stable range and the only invariant is JB()). Thus, although the co-
homotopy approach may seem to be more “natural”, for the problem
at hand the treatment with obstruction is simpler. Probably for more
complicated sets or functions (for example the general Hopf construc-
tion) one could get some information from cohomotopy.
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