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HEIGHT ONE SEPARABLE ALGEBRAS OVER
COMMUTATIVE RINGS

LAWRENCE W. NAYLOR

ABSTRACT. In this paper we define an R-algebra S to be height
one separable over R (a commutative ring) if S is separable at each
localization at a height one prime ideal of R. We prove some general
properties of height one separability and give some examples of
non-separable, height one separable extensions. It is also shown
that if S is an integrally closed domain and R is the fixed subring of
G-invariant elements of S, for some finite group G of automor-
phisms of S, and if each localization of R at a height 1 prime ideal
in R is Noetherian, then S is a height one Galois extension (i.e.,
each localization at a height one prime ideal of R yields a Galois
extension) if and only if S is unramified at each minimal prime ideal
in S.

Introduction. In [2], Auslander and Buchsbaum characterize separability
for a Noetherian ring S over a base ring R in terms of ramification of
prime ideals in S. They prove that, with rather general assumptions, S
is R-separable if and only if each maximal ideal of S is unramified. If more
conditions are put on R and S, namely that R be an integrally closed
Noetherian domain and S the integral closure of R in a separable field
extension of the quotient field of R, with S projective as an R-module,
they achieve the following result: S is R-separable if and only if each
prime ideal of height 1 in S is unramified. We will give examples here to
show that this result can fail to hold if the Noetherian restriction on R
is removed or if S is not R-projective. The setting here is rather closely
related to the problem of the purity of the branch locus (see [1]). One
of the examples here will show that if the base ring R is a local ring
which is not regular, then purity may indeed fail to hold for R.

We will focus our attention here on the prime ideals of the base ring
R, and call S height 1 separable over R if S is separable at each localization
at a height 1 prime ideal of R. We establish some general properties of
height 1 separable algebras and give several examples of height 1 separable
algebras which are not separable. In §3 we examine the situation where
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R and S are integrally closed domains and G is a finite group of automor-
phisms of S such that the ring S¢ of G-invariant elements of S is precisely
R, and such that R, is Noetherian for each prime ideal p in R of rank 1.
We show that S, is a Galois extension of R,, for each prime p in R of
rank 1, if and only if S is unramified at each minimal prime in S.

All rings in this paper are commutative with identity. The base ring
will always be denoted by R, and all unadorned tensors are taken over R.

1. Height 1 separability. For a ring R, let X’(R) denote the set of all
prime ideals in R having rank (height) < 1. If .S is an R-algebra and Q
is in X'(S), then by Q [} R we mean the contraction of Q to R. We
remark that if Going Down holds for the R-algebra S (e.g., if S is R-
flat), then Q ) Ris in X'(R) if Q is in X'(S). We call this property NBU
(for No Blowing Up, as in [4].)

DEFINITION 1.1. An R-algebra S is height 1 separable over R if S, is
a separable R-algebra for all p in X’(R).

We prove now some general facts about height 1 separability.

PrROPOSITION 1.2. Suppose that Ry, and R, are R-algebras and that S;
is a height 1 separable R;-algebra for i =1, 2. Assume that Ry ® R,
satisfies NBU over both R, and R, (where Ry ® R, is an Ry-algebra by
the mapr — r ® 1 and an Ry-algebra by r — 1 ® r). Then S; ® Sy is a
height 1 separable Ry ® R, algebra.

PROOF. Let p be in X'(R; ® R,) and let p; = p () R,. Then (S,),, is
separable over (R;),, and so (S1), ® (S2),, is separable over (Ry), ®
(Rp)y,- Localizing further we have ((S1)y, ® (S3),,), is separable over
((RDp, ® (R2)p,),- Since ((S1)p, @ (S2)p,), = (S1 ® S3),, and likewise for
(R; ® Ry),, the result follows.

COROLLARY 1.3. If S| and S, are height 1 separable R-algebras, then so
is SI ® Sz.
PrROOF. Let R; = R, = R in (1.2).

COROLLARY 1.4. If S is a height 1 separable R-algebra and T is an R-
algebra satisfying NBU over R, then T ® S is height 1 separable over T.

ProOOF. Let S, = S, 8; =T, Ry = Tand R, = R in (1.2).

COROLLARY 1.5. If I is an ideal of R such that R/I satisfies NBU over R
and if S is a height 1 separable R-algebra, then R/ ® S = S/IS is height
1 separable over R/I

PRrOOF. Follows directly from (1.4).
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We remark that the hypothesis that R/ satisfy NBU over R is fairly
restrictive. If I contains a prime ideal of height = 1 and R/I has a prime
ideal P of height 1, then NBU is not satisfied: if Py, P, are primes in R
with Py & P, S I, then P, S P, & P (| R.

PROPOSITION 1.6. If I is an ideal of S and S is a height 1 separable R-
algebra, then S|I is a height 1 separable R-algebra.

Proor. If p is in X’(R), then (S/1), = S,/1,, and the result follows since
S, is R,-separable.

CoroLLARY 1.7. If S is a height 1 separable R-algebra and f: S —S'
is a surjective homomorphism, then S’ is a height 1 separable R-algebra.

Proor. Immediate, from (1.6).

The next proposition deals with the R/I’-algebra S/I, where [ is
an ideal of S and I’ is an ideal of R contained in 7 () R. But first we
prove two lemmas.

LEMMA 1.8. Let I be an ideal of R and p 2 I a prime ideal. Then R,/1, =
RID 1.
PRrOOF. It is straightforward to check that the map from R, to (R/1),/,

given by r/s — (r + I)/(s + I), for r in R and s in R — p, is a surjection
with kernel 7.

LeMMA 1.9. Let I be any ideal in R and let p be a prime ideal in R//.
Denote p () R by Q. Then, if M is any R-module with /M = 0, M, =
M,

PROOF.

Mo=MQ®Rg=M/IM® Ry =(M® R/I)® Rg
= M ® Rollo = M ® (Rilg;r = M ® (RII), = M,
ProPOSITION 1.10. Let S be a height 1 separable R-algebra and I an

ideal in S. Let I' be an ideal of R contained in I (\ R such that R/I' satisfies
NBU as an R-algebra. Then S|I is a height | separable R/I'-algebra.

PrOOF. Let p be in X'(R/I'); then Q = p (1 R isin X'(R). By (1.6),
S/I is height 1 separable over R, and, hence (S/I)g is a projective
(S/1 ® S/I)q -module. Then, by (1.9) it follows that (S/1), is a projective
(S/T g/ S/T),-module, and is therefore a separable R//'-algebra.

Next, we have a version of transitivity.

PROPOSITION 1.11. Let T be a height 1 separable S-algebra, finitely gener-
ated as an S-module, where S is a height 1 separable extension of R and in-
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tegral over R. Then T is a height 1 separable R-algebra.

ProoF. Let p be in X'(R). We claim first that T, is a height 1 separable
S,-algebra. For Qin X'(S}), let Q" be Q (1 S. Then Q’ is in X'(S), and we
have that Ty is a separable Sy-algebra. Localizing further, we see that
(Te), = (Tyr ® R,) is separable over (Sg-), and the claim follows since
(To)p = (Tp)q and (Sg))p = (Sple-

Now suppose M is a maximal ideal of S,, for pin X'(R). Then M R,
= pR,. Since ht(M) < ht(M (| Ry) < 1, we have that M is in X'(Sp)-
It follows that T, is separable over S,([3], p. 72) and therefore separable
over R,. Hence T is height 1 separable over R.

2. Polynomial extensions.

DEFINITION 2.1. A monic polynomial f(x) in R[x] is a height 1 separable
polynomial if R[x]/f(x)) is a height 1 separable R-algebra.

We recall that if R is a commutative ring (with 1), a monic polynomial
fin R[x] is separable if and only if there exist g and 4 in R[x] such that gf +
hf" = 1, i.e., if and only if the ideal generated by fand f”, (f, f*), is precisely
R[x]. The following proposition is a straightforward generalization to the
height 1 case.

PROPOSITION 2.2. A monic polynomial f in R[x] is height 1 separable if
and only if (fy, f,) = Ry[x] for each p in X'(R), where f, denotes the polyno-
mial f with its coefficients considered elements in R,,.

COROLLARY 2.3. If f is a height 1 separable polynomial in R[x] and
S = R[x]/(f). then whenever c is a root of f'in S, f'(c) is a unit in S,, for all
pin X'(R).

Proor. Immediate from (2.2).

Let f(x) be a height 1 separable polynomial in R[x], and let S = R[x])/(f).
Let a = x + (f) in S. Then a is a root of fin S, and, since the leading
coefficient of x — a is a unit, the Euclidean algorithm is valid here. Hence,
x — adivides fin S[x]. Let
&) = (x = @by + -+ + by X2 + x77)

= (box + -+ b,y x»1 + x") — (aby + - -- + ab,_yx"2 + ax1)
= X" + (bn—2 - a)xn—l + (bn—S - abn—Z)x”_2
+ - + (bg — ab))x — ab,.
Since f(a) = 0, we have the following.

n—1

Q) ar = ;) (ab; — b;))a,
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where b,_; = 1 and b_; = 0. Recall that if T'is a separable R-algebra, then
the separability idempotent for T is the unique idempotent ¢ in T® T
such that e maps to 1 under the multiplication map 7 ® 7 — T and
(1 ® t)e = (t ® 1)e, for all ¢ in T. We are going to describe the separa-
bility idempotent for S, in terms of a, b,, and f'(a), for p in X'(R).

PROPOSITION 2.4. In the setting described above, the element
n—1
e=Fe® 7
inSy® Sy, for p in X'(R), is the separability idempotent for S,.

PROOF. If m: S, ® S, — S, is the multiplication map, then we have

o ab, _ fla) _
") =4 T @ T

To show that (1 ® s)e = (s ® 1)e for all s in S,, we need only show that
(1 ® a)e = (a ® 1)e, since S, is generated over R, by a. We have the
following:

(l®a)e—Z:a' f()
and

@® e = Fa1© 7

From (1) we obtain
@ ® o =[5 @b - bya|e
(@ L= S
=T )
since the terms ab; — b,;_; are in R. Then,

("®"e‘§l[ ® fiy v ® Ll

—Za’ f()-—(l®a)e

Thus, e is the separability idempotent.

The key to the above is the fact that if S, is R,-separable, then f'(a) is
a unit in S,. If f'(a) is not a unit in S, then S itself cannot be R-separable.
If we let
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n—1

e = Z a ® bi,
=0

an element of S ® S, then the above shows that it is still true that (1 ® s)e’
= (s ® 1)e’ for all s in S, but it is no longer true that X a’b; = 1, since
Y a'b; = f'(a). However, the element ¢’ acts like a “pre-image” for the
separability idempotent of each localization S,, p in X’'(R), in the sense
that the ideal generated by m(e’) in S,, namely S, itself, is the same ideal
generated by m(e), where m is the multiplication map, since m(e’) = f(a)
is a unit in .

We point out that if the base ring R is an integrally closed Noetherian
domain and S = R[x]/(f) is height 1 separable over R, then S is a finite
product of finitely generated projective height 1 separable R-algebras,
each of which is therefore R-separable, and thus S itself is separable over
R.

Next we give an example which is based on the following straightfor-
ward exercise in [6; #8, p. 114]. Let k be a field and let R’ be the ring of
all polynomials in k[x, y] having no term in a power of x alone. Note that
the ideal () is not prime in R’, since (xy)? is in (y) but xy is not in (). Let
M be the prime ideal in R’ consisting of all polynomials having constant
term zero. Then M is minimal over (). Further, rank(M) = 2 since M
contains the zero ideal and the prime ideal of all polynomials with constant
term equal to zero and no term in a power of y alone.

EXAMPLE 2.5. (A height 1 separable R-algebra which is not separable.)
Using the notation in the above exercise, let R = R;,. Then, MR, is mini-
mal over (), and by localizing we have ensured that the element y cannot
be contained in any prime in X’(R), for the existence of such a prime would
contradict the minimality of MR,, over (y). Let f(t) = t” — y, where 1/n
is in R, and let S = R[t]/(f). Then S is a finitely generated projective
R-module. Since y is not a unit in R, S is not R-separable [5; 2.4]. But,
since p is not in any prime p in X'(R), y is a unitin R,, and so S, = R,[t]/
(f) is R,-separable.

We also show now that the domain R in (2.5) is integrally closed. This
will follow if we show that R’ is integrally closed. Suppose g is in the quo-
tient field of R’ and integral over R’. Then since g is also in the quotient
field of k[x, y] and integral over k[x, y], g is in k[x, y]. Write g = g(x, y)
as a polynomial in y:

g(x, ») = go(x) + g1(x)y + -+ + g (x)p".

Since gi(x)y + --- + g,(x)y" is in R’, we see that go(x) must be integral
over R’. Thus, g satisfies a monic polynomial in R[¢]:

go()" + ay(x, Y)go(x)* 1 + -+ + a,(x,y) =0,
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where each a; is in R'. Since each a/(x, y) contains no terms in powers of
x alone, we see that ¢; = a,(x, 0) must be an element of k, i =1, ..., n.
Thus

go(x)* + c180()* 1 + -+ + ¢, =0.

This says that gg(x) is integral over the field &, but this is impossible unless
go(x) is a constant. Thus we have

g(x, y) = constant + gy(x)y + --- + g,(x)y"

and we have that g(x, y) is in R’. This shows that R’ is integrally closed,
and, hence, that R = R;; is also integrally closed.

We note that in the above example the ring R is not Noetherian, and we
have a situation where the principal ideal theorem fails.

3. Height 1 Galois extensions. In this section we discuss height 1 Galois
extensions and finish with some more examples of height 1 separable
extensions which are not separable.

DEerINITION 3.1. Let S be an R-algebra and let G be a finite group of
R-algebra automorphisms of S. Then S is a height 1 Galois extension of R
with group G if S, is a Galois extension of R, for each p in X'(R).

We remark that if g is an R-algebra automorphism of S and p is in
X'(R), then the map g,: S, = S, given by g,(s/t) = g(s)/t, for s in S and
tin R-p, is an R,-automorphism of S,. If G is a finite group of R-algebra
automorphisms of S, let G, denote the set of induced R,-algebra automor-
phisms of S,. Since a finite group of automorphisms is “almost finite’’ as
defined in [7], then ([7], 1.13) shows that (S¢), = S, for pin X'(R).

We will now characterize height 1 Galois extensions in a special setting.
Recall that a prime ideal Q in an R-algebra S is said to be unramified if
p = O () Rsatisfies the following:

(1) pSq = OS; and

(2) Sq/pSq is a separable field extension of Ry/pR,

Let R and S be integrally closed domains and G a finite group of auto-
morphisms of S such that S¢ = R, and suppose that, for each p in X'(R),
R, is Noetherian. (This will be the case, for example, if S is a Krull do-
main.) Then S is integral over R. Since R is integrally closed, Going Down
holds for S over R. If L is the quotient field of S then any elementin L can
be written as a quotient with numerator in S and denominator in R.
Letting G act on L, we see that if K is the quotient field of R, then K = LG,
and so L is a Galois extension of K.

PROPOSITION 3.2. With S and R as described above, S is a height 1
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Galois extension of R if and only if S is unramified at all the primes Q in
X'(S) with ht(Q) = 1.

PROOF. Suppose that S is height 1 Galois over R and let Q be a height 1
prime in S; let p = Q [} R. Note that since pSq & 0So and pSg # 0,
then pS, will equal QSy, since QS is of height 1, provided that pSy is
a prime ideal in S,. This follows from the separability of S, over R,, since
then we have that S,/pR, is separable over the field R,/pR, and is therefore
a finite product of fields. Then, Sg/pSy is also a product of fields and hence
a field itself, being a local ring, since it is just a further localization of
S,/pS,. Hence, pSqis a prime ideal of Sg and pSy = 0S,. By the above
we have also shown that Sy/pSy is separable over R,/pR,. Thus we have
that S is unramified over R at all the height 1 primes in X'(S).

Conversely, suppose that S is unramified at the height 1 primes in X'(S).
Let p be in X'(R). Then, since (S,)¢ = (S¢), = R,, the quotient field of
S is a Galois field extension of the quotient field of R,, and hence a finite
separable field extension. Thus S, is a finitely generated R,-module. If we
can show that S,/pS, is separable over R,/pR,, it follows that S, is R,
separable.

Since R is integrally closed and S is integral over R such that the quotient
field of S is a finite separable field extension of the quotient field of R,
there are only a finite number of primes in S lying over p; denote these
by Q1, ..., 0, Each Q; is in X’(S), and we are given that Sy,/0Q;S,. is a
separable field extension of R,/pR,, for each i. We will show that S,/pS,
I8 Ry/pR,separable by showing that S,/pS, = I1S,,/0Q;So,. For the
moment replace R, by R, pR, by p, S, by S, and the ideals Q,S, by Q;.
Then we still have Q; | R = p, and, since p is maximal in R, Q, is maxi-
mal in S. Further, if Q is any maximal ideal of S, then Q | R = p, and
so QO must be one of the Q,’s. Thus, Q4, ..., O, are all the maximal ideals
inS. Let/=0; -+ Q, Then pS S I. Now, for each i, we have
(PS)o; = (0o, = (01 N -+ N Qu)g, = lo,- Hence, pS =1 By the
Chinese Remainder Theorem we have S/pS = I1S/Q,. Since

S/Q; = S/Q; ®SQ'. So; = S/Q; ®s So; = Soi/Q:‘SQ,«
we see that
S/pS = HSQ,-/ 0:Sq;-
Going back to our original notation, the above says that
SplpSy = [150,/0:Se,

(note that (Sy)o, = S,). As we noted above, this shows that S, is R,
separable. Finally, since S, is connected for each p in X'(R), we see that
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S is height 1 Galois over R ([3], p. 81). This completes the proof of the
proposition.

We remark that if S and R are as in Example 2.5, then the first part of
the proof of 3.2 shows that S is unramified at each height 1 prime ideal of S.

Recall that if R and S are domains with R & S, and such that the quo-
tient field of S, say L, is a finite extension of the quotient of R, then the
complementary module C(S/R) is defined to be the set of all elements x
in L such that tr(xS) S R, where tr is the trace map, and the Dedekind dif-
ferent D(S/R) is then defined to be the set of all x in L such that xC(S/R)
€ S. As in [4; Chap. IV], we now consider the situation where S is a
Krull domain and G is a finite group of automorphisms of S. Then,
letting R = S€, R is also Krull, and so both R and S are integrally closed
domains. If L and K are the quotient fields of S and R, respectively, then
K = LG, and so L is a Galois extension of K. The following appears as
Proposition 1.6.3 in [4; p. 84]: In the setting just described, S is unramified
over R at p in X'(S) if and only if p does not contain D(S/R). Fossum uses
this result in the following test for ramification. Let u be a primitive
element for L over K such that « is in S, and let f{¢) be its minimal poly-
nomial. Then, one can check that C(S/R) & f'(1)~1S, and so f’(u) is in
D(S/R). Thus, if there are primitive elements u;, ..., u, in S such the ele-
ments f1(uy), ..., f(u,) are not in any height 1 prime ideal of S, then S
is unramified at all height 1 primes in X'(S). This result is used in the
following two examples of height I Galois extensions (which are also
examples of height 1 separable extensions that are not separable).

ExAMPLE 3.3. (See [4; p. 85] or [8; p. 58].) Let k be a field of character-
istic p and let n be an integer relatively prime to p, and suppose k contains
a primitive n-th root of unity, w. The map on S = k[xy, ..., x,}, r = 2,
defined by x; — wx,; and extending linearly, is a k-automorphism. The
cyclic group G generated by this automorphism is the finite group Z/nZ.
The fixed subring R = S¢€ is the subalgebra of S generated by all monomi-
als of degree n. Each x, is a primitive element with minimal polynomial
fAt) = t* — x2. It is easy to see that no height | prime ideal in S can con-
tain all the elements f:(x;) = nx?71,i = 1, ..., r. Thus, S is unramified at
each height 1 prime in X'(S), and by (3.2) is a height 1 Galois extension of R.

In particular, S is height 1 separable over R. We show that S is not
R-separable. Let I be the ideal in R generated by all monomials of degree
n. Then R/I = k, a field. Now, S/IS cannot be separable over the field
R/I because S/IS contains the nilpotent elements x; + IS. Thus, S is
not separable over R.

We further note that, since R/ is a field, S/IS is not height 1 separable
over R/I. However, this does not violate (1.5) because R/I does not satisfy
NBU over R.
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It is well known [1] that if R is a regular local ring and S is the localiza-
tion at a maximal ideal of the integral closure of R in a finite separable
field extension of the quotient field of R, then S is unramified over R if
each minimal prime ideal of S is unramified (purity of the branch locus).
The above example can be modified to show that the regularity condition
cannot be dropped.

In the example, let J be the ideal (x;, x5, ..., x,)in S, and letJ" =J (| R.
Both S; and R are integrally closed domains, and, as in the remarks pre-
ceding (3.3), the quotient field of S; is a Galois field extension of the
quotient field of Rj. It follows that S; is a local R;.-algebra, as in the
setting described in [1]. Denote R;» by R’ and S; by S’. We claim that the
minimal primes of S’ are unramified over R’, but S’ is not unramified, and
so R’ is not regular. Note that R’ and S’ are each Krull, and, as argued
above, Fossum’s test shows that S’ is unramified at each height 1 prime
ideal. The second half of the proof of (3.2) then shows that S’ is height 1
Galois, and hence height 1 separable, over R’. Now, if R’ were regular, it
would follow by [1; 1.4] that S’ is unramified over R’. Let J; be the ideal
J'R’. Then S'/JyS’ contains the non-zero nilpotent elements x; + J,S’,
and so JyS' # JS’, the maximal ideal of S’. Thus, S’ is not unramified
over R’, and R’ is not regular.

The next example is similar and is based on the example found in
[8; p. 58].

ExAMPLE 3.4. Let k, w, and n be as in (3.3). Let S = k[x, y]. The map
defined by x — wx, y » w~lyis a k-automorphism of S. If we let R = S¢C,
where G is the group generated. by this automorphism, then we see that
R = k [x*, y», xy]. As in (3.3), the elements x and y are primitive ele-
ments for the quotient field of S over that of R, with minimal polyno-
mials fi(t) = t* — x* and f,(t) = t” — y~, respectively. Since no height 1
prime ideal in S can contain both nx”~! and ny”!, we see that S is un-
ramified at the height 1 primes in X’(S) and is therefore a height 1 Galois
extension of R. By an argument similar to that in (3.3) we see that S is
not R-separable.

We remark that in both (3.3) and (3.4) we have the following situation.
R is integrally closed and Noetherian and S is the integral closure of R
in a separable field extension of the quotient field of R. The fact that the
quotient field of S is separable over the quotient field of R follows from
the height 1 separability of S over R (by localizing further). Since S is
unramified at each minimal prime ideal in S, but S is not R-separable,
S is not R-projective [2; 3.7]. Thus, the hypothesis that S be R-projective
cannot be removed in [2; 3.7].
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