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1. Introduction. The de la Vallée-Poussin means of a series },a, are
defined by
_ ”n (n!)Z
=Lk F R

(L. V,

The Euler-Knopp means E,(x) of Y a, are defined for0 < x < 1 by

(1.2) Efx) =D z;(") il = xpiay, 0 < x < 13 E(1) = 3 a
=0 j=k \J k=0

The series },a,, is said to be V-summable if the sequence {V,} converges
and E(x)-summable if {E,(x)} converges for a given x € (0, 1). The E(x),
V, and (C, A) methods belong to a general class of summability methods
defined by T. H. Gronwall [2]. These methods involve an identity of the

form
(13 (1= w1 Sagionr = 5" A v
n=0 n=

(Gronwall’s definition is slightly more general.) The function f(w) in (1.3)
is assumed to be analytic and univalent in |w| < 1 with f(0) = 0, f(1) = 1.
Near w = 1 the inverse function w = f~1(z) is assumed to have the form

w=1—-(—=2#0by + bz + ---)

with 4 = 1 and by > 0.
When A = 0in (1.3) and f(w) is replaced by

- v
(1'4) fl(w)_ 1_(l_x)ws 0<X§1,
then U, = E,(x). WhenA = — 1/2 in(1.3) and f(w) is replaced by
1= (1 — w2
(1.5) ]:2(W) STF A =wize

then U, = V,. When f(W)f w in (1.3), then, as is well known, U, =
0,(2), the (C, 2) mean of Y a,.
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For a given sequence g, we will write 4g, = g, — g,-1, n =0, 1,
2,...; 8.1 = 0. The series ) a, is said to be summable |V|, |E(x)|, or
|(C, A)| respectively if 33|4V,| < o0, JI4E(x)| < 00, or X|do, ()| < co.
It follows from a fundamental theorem of Gronwall (see Theorem 1 in
[1] for a corrected version) that (C, 1) summability with A = 0 implies V'
summability and that E(x) summability with (/2 — 1)/4/2 <x =1
implies ¥V summability. B. Kwee [5] proved that [(C, 1) summability
with 2 = O implies |V | summability. Here we will prove the following
corresponding result for |E(x)| and |V].

THEOREM. If Y3 |AE(x)| < 0 and(4/2 — 1)/ /2 <x X1, then 33|4V,)|
< o0.

2. Preliminaries. It is known [4] that in order for a series-to-series
transformation ¢, = X} ,a,,x, to be such that }|x,| < co implies Y[z,
< o0, it is necessary and sufficient that

Q.0 sup ) larnl < 0.
k n

The proof of the theorem stated in the introduction depends on determin-
ing a,;, such that

2.2 AV, = 3] ay AE(x),

=0
and then showing that the «,, satisfy (2.1). The explicit representations
(1.1) and (1.2) for ¥V, and E,(x) will not be used. Instead we will use the

relations of the form (1.3) satisfied by {¥,} and {E,(x)}. This section
will be devoted to proving the following preliminary result.

LEMMA. Define B,, = B,(x) by
(2.3) i Bwr=w(l — (1 — w)l2)k-1[1 4+ 2x — 1)(1 — w)l’2]+1,
n=k

Then the e,y in (2.2) are given by a,, = kxB,,/n(*7}?).

PrOOF. First, we will develop some formulas for 4U, (U, as defined in
(1.3)) and then specialize to V, and E,(x). Define b,, for n, k =0, 1,
2,...by
2.4 (I — wy 1 fw)e = X buwr, k=0,1,2, ...

n=k
and b,, = 0,n < k. From (2.4) and (1.3) we find

@.5) (”:2>U,,=Z";b,,,,a,,,n=o, L2,....
k=0
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Now forn = 1, 2, ..., we have after a minor computation
@.6) n(* ¥ M av, - kz_;) [y — (1 + Wby, sla.

If A # 0, then define 7, by
Tnk = nb”k - (n + l)bn—l,k; n = l, 2, ceey k= 0, 1, 2, oo e
Then from (2.4) follows

Q7 X yawrl = k(1 — WA LFL ), k= 1,2, ... .
n=k

In particular, for V summability with A = —1/2 and f(w) = fi(w) we
obtain
2.8) n(” “n‘/2>AV,, = S n=1,2, ...

k=0

29) gkr""w”_l =k(l — (1 — w)2)k-1 (1 4 (1 — w)l/2)=-1,

k=1,2,....
When A = 0in (2.6), setting 8, = b,, — b, ; yields

(2.10) AU, = 3 Buapn=0,1,2, ... ,
k=0
@.11) 3 B = L0 k= 1,2, .. .

Consequently, we have for the Euler-Knopp case

@.12) AE,(x) = ij]O‘B,,,,a,,, n=0,12, ...

@.13) i B = oWl — (1 — Wit k=0,1,2, ... .
Equations (2.12) and (2. 13) can be inverted to give

@.14) a, = 1;20 endE(0),n=0,1,2, ...,

@.15) ie”kw" —wHx + (1 — W h k=0,1,2,....

From (2.8) and (2.14) it follows that
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(2.16) n<” - 1/2>AV,, = 3 CLdE(),
k=0
where C,, = 2%, 7,6, A computation using (2.9) and (2.15) shows that
23 Cowr = kxw(l — (1 — w)V2)e1[1 + 2x — 1)(1 — w)l/2]~#-1
n=k

so that C,, = kxB,, and the lemma is proved.

3. Proof of the theorem. It is known [4] that if 0 < x; < x, < I, then

|E(x3)| summability implies |E(x;)| summability. Also, n(*~1/2) ~ (n/z)!/2,
so that it suffices to prove that if (4/2 — 1)/4/2 < x < 1/2, then

G.1) sup k 310172 |B,y| < oo.
k n—=k

To show that (3.1) holds we will write B, as a contour integral and then
estimate the integral. Write 7 = 1 — 2x and set

gw) =1 — (L =wA) (1 — 11 = w21 h(w) = (1 — 1(1 — /52,

We take the branch of (1 — w)l/2 that equals | when w = 0. From the
lemma, for a suitable contour C,,

(.2) B = o j L8O ey dw

The contour C, will be constructed using the mapping properties of g(w).

Note first that g(w) is univalent in |w| < | and that g(1) = 1. Next
observe that a fractional linear transformation ¢(z) = (1 — z)/(1 — ¢2)
with ¢ < 1 satisfies |¢(z)| < 1 if and only if |z — (1 + )71 < (I + ¢)~L
Since g(w) = @((1 — w)!’2), we have that if # < | and if (1 — w)1/2 lies in
the disc C;: jw — (1 + )7} < (1 + )71, then [g(w)| < 1. Simple geo-
metric considerations show that (1 — w)l’2 lies in C, for |w| < 1if
(/2 — 1)/4/2 < x<'1/2. Hence, |g(w)| < | for |w| < 1 and (/2 — 1)/
v/ 2 < x < 1/2. Indeed, for these values of x, |[g(w)| < 1 for |w| £ 1,
w# 1. Write z = g(w). The inverse function w = g-1(z) satisfies
arg(l — w) = 2arg(l — z) + o(1) as w — 1. Thus, near z = 1 the image
of |w| < 1 by g(w) is contained in the sector z = | + pe’4, p > 0, 3z/4
< ¢ < 5z/4.

The mapping properties discussed above allow us to choose 3 € (0, z/2)
and R;€(0, 1), so that [g(w)] < 1 for w in the sector w = 1 + pef,
0 <p = Ry, B <0 <2z — §. Also we may choose R, > 1 satisfying the
following three conditions.

1) Noting that g(w) has a singularity in (— oo, — 1); we choose R, so that
this singularity lies outside of |w| = Ry.
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2) Choose R, so that [g(w)] < 1 for [w| £ Ryand |1 — w| =

3) We require that |w| = R, intersect the ray w = 1 + pef# at a point
W() =1+ po(?"ﬂ with 0o < Rl-

Finally we choose R3 = R3(n) < min(R,, n=2) such that [l — w| < Rs
is interior to |w| £ R,. Now define the closed contour C, = 'y U 'y U
I'sU 'y where ['; is the circular arc |w| = R, exterior to the sector w =
1 + peif,p >0, — <0 <pB,[pisthecirculararcw = 1 + Rzeif, <@ <
2z — B, I'3 is the line segment w =1 4+ pe’f, Ry < p =< po, and [y is the
line segment w =1 + pe~, R3 < p £ pp. Note that [g(w)| < 1 for
we C,. Write

= o J, B O wrd,
then |B,| £ || + || + |Is] + |I]. Let 4 = sup{|h(w)|: we C,,n =
k,k + 1,...}. Then || £ AR;*™ and

k 3 n 21| = o(l)as k — oo.
n=k
On [, wehave w = | + R3ef?, Ry < n~2,s0
Ll <A (71 + Reet-rd
R | —n
1l < 525 [ 711+ Reol-ndo.
Since |l + Rgeif|» < (1 — n=2)~" = O(1), we can conclude that

k 3 n12 ||

n=k

o(1)as k — oo.
Turning to I3, we have
- c1e < AP A1 iB|—n p-1/2
Z_:k|13|” < 97 ), 180+ pe) Z‘;“ + petf|=nn~1'2 dp.
There exists a constant B so that for 0 < p < p,
Z “ + peiﬁl—n n-1/2 < Bll + peiﬁl—k p—1/2,
n=k
and hence
B
3.3 Z |Isln-12 < —nvj lg(1 + pei®)F=1|1 + peiB|~kp=1/2dp,

Sincew = 1 + petfon ['3, (1 — w)l2 = —j pl/2¢i#/2 and then we have
lg(1 + pe®)|F|l + peid|=* = |1 + itpl/2 eib/2|~k |1 — jpl/2eib2|~+,

Since |g(w)|~1 is bounded on /'3 uniformly in n, we have from (3.3) that for
some constant Q,
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GH  Tipnes o [Tew(- 5 HE) oV o
where H(p) = log |1 + itp!/2e®/2|2 |1 — ipl/2¢i/2|2, We may then apply
the Method of Laplace (c.f. [3], Theorem 7.1) to the integral in (3.4) and
obtain

oo k -1/ S S
o ewel = 5 #0) %o ~ sy

Thus k 32, |Iln~12 = O(1). The integral I, is handled in exactly the same
way, and the proof of (3.1) is complete.
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