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COMPOSITION OPERATORS ON A
SPACE OF LIPSCHITZ FUNCTIONS

RAYMOND C. ROAN

ABSTRACT. For 0 < a = 1, let Lip(a) denote the space of func-
tions f which are analytic on the open unit disk, continuous on the
closed unit disk, and whose boundary values satisfy a Lipschitz con-
dition of order a: |f(z) — flw)| = K|z — w|*, for |z| = |w| = 1. For
0 < a <1, let lip(a) denote thé space of functions f in Lip(a) such
that [flz) — flw)| = o]z — w|®), as w— 2z |z| = |w| = 1. We prove
that a function ¢ in Lip(a) (resp., lip(a)), with |p(z)] = 1 for |z = 1,
induces a composition operator on Lip(a) (resp., lip(«)) if and only if
there exists a finite number M and a number r <1 such that
|p(z)] Zr implies |¢'(z)] = M. We also prove that a composition op-
erator C, on either Lip(a) or lip(a) is compact if and only if for
each € > 0 there exists an r <1 such that |@(z)] = r implies

lP()| =

1. Introduction. We shall denote the unit disk {|z] <1} by U. For
0 < a =1, we let Lip(a) denote the space of functions f which are an-
alytic in U, continuous on U~ (the closure of U), and whose boundary
values satisfy a Lipschitz condition of order a:

If(z) “‘f(w)l _ 0(1),

= = =1L
" fl =

For 0 <a <1, we let lip(a) denote those functions f in Lip(a) for
which

) = o)l _ o(l) asw—z 2| =|w =1

|z — w|*
Each of the spaces Lip(a) and lip(a) is a Banach algebra when the
norm of an element is defined as

fz) — flw)]

|z — w|*

s

IAle = Al +  sup
z+w

lzl=lw|=1

where [[]l,, = suplfi2)] (12 < 1)
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We say that a function ¢ : U— U induces the composition operator
C, on Lip(a) (respectively, lip(a)) if

Clh=f9o

is in Lip(a) (resp. lip(e)) for every function f in Lip(a) (resp. lip(a)). We
shall characterize those functions which induce composition operators
on both Lip(a) and lip(a). We shall also characterize those functions
which induce compact composition operators on both Lip(a) and lip(a).
Both characterizations will follow from the estimates proved in Theo-
rems 1 and 2.

2. Main Theorems. THEOREM 1. Suppose 0 < a =1, ¢ and f,(n = 1,
2, 3, - -+) are functions in Lip(a), |||, = 1, and there exist finite posi-
tive numbers K;, Ko, M, and r (with r < 1), such that the following
conditions are satisfied:
(@) |p(a)| = r implies |¢'(2)| = M
®) IWfalla = K, and ||f,|l, = Ky, forn =1,2,3, -~
(¢) |3 = r implies |f,/(z)] = M~

Then, for K = 2K, + [|¢llo

s © oll, < K, + KMe.

Proor. Let , ¢, {f,}, Ky, Ky, M, and r be as in the statement of the
theorem.

Let |z| = |w| = 1, 2 # w; and let L be the line segment joining z and
w. If |@(z)] =1, let 2, = z similarly, if |p(w)| = r, let w, = w. Other-
wise, let z, (respectively, w,) be the point of L closest to z (resp., w)
such that |@(z,)| = r (resp., |p(w,)| = 7). Such values z, and w, can be
uniquely determined by minimizing the continuous function d,({) =
|z — & (resp., d,(§) = |w — {|) on the compact set L N ¢~ {{] [¢| = r}.
We can assume, with no loss of generality, that z;, # z and w; # w.

By our choice of z; and w,, we see that

|2 — w7 = min{|z — 2|7 |3, — wy|7% |w; — w[7?}.

Consequently,
o @) — falew)l  _  fal@(z) — fale(zy)]
Iz — wl| - |z — z*
+ Lfn(q)<z1)) - fn((P(w1))' + Ifn(q)(wl)) - f'n(q)(w))l
|2y — wy|* [w;, — w|*

We shall estimate each term separately.
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falp®) — ful@@))

|z — z|*
‘fn z)) - fn zl) | (p(z) - q)(zl) @
[P(z) — @(2,)|* z2—2%
- 1 2 , a
sk {2 L woa )
= K M,

We have used the fact that if { = Az + (1 —A)z, 0 =A =1, then
lp($)] = 1, so |¢'(§)] = M (by (a)).

Similarly,
lf wl) fn q)(w) = KlMa.
jlw; — w|®
Finally,
[ful®(z1)) — fulp(wy)|
|2y — w,|*
_ fue(z) = fulew)) |e(z) — p(w)|
[p(z,) — p(w,)| 2, — wy|*
= llplllo(en) — oo foo 1,0 dt
= gl

We have used the fact that |¢(z,)| = r and |p(w,)| = r implies that for
§=Ap(z) + (1 — Np(w,;), 0 =X =1, we have [{| =1 so that
') = M= (by (c)).

Combining these estimates, we see that

[fa(®(2) — fulp(w))] = 2K, + ||ol,)M

e — w*

Consequently, if K = 2K, + ||¢|,. then

THEOREM 2. Suppose 0 < a = 1 and ¢ is in Lip(a), ||¢p||l,, = 1. Sup-
pose {k,} is a sequence of positive numbers and there exists a sequence
{2,} of points in U such that |p(z,) — {| < 1/n for some { with |{| = 1
and |@'(z,)| >k, for n =1, 2, 3, ---. Then, there exists a sequence of
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functions {f,} in Lip(a) and a constant K < oo such that
a) {||f,lla} is bounded in n
(b) f.(z)— 0 uniformly on U~
(©) Ilfu ° @lla > K(k,)* forn =1, 2, 3,

In addition, for 0 < a < 1, we can choose the functions fon=1213
-, to be in lip(a).

Proor. Without loss of generality, we may assume that { = 1. For
n=1223, ---, let

fn - Z + 1— (P( ))
(a) Fixn andlet a = 1 — ¢(z,). If |2] = jw| = 1, 2 # w, then
[fa2) — fulw)l _ |G+ @) — (w + a)|

B —wl n"|z — w|®

{I — (w + ay }r(z+a),._(w+a),

n|z — w|

1)

We will estimate each factor separately. First,

z+a |*

w4+ a
13 (e
(25 )"

=e
We will make two estimates on the second factor, both of which will
make use of the fact that |z + a| =1+ (1/n) and |w + a| = 1 + (1/n).

lz+ar—(@w+ar _ 17

njz — w| n k=0

IIA

lIA

n
3) |(z+a)"—(w+a)"|§|z+a|”+|w+a|"§2(1+—717> =2e

n—1

@+ o —w+ar| Sl —wl 3 5+ afw + -t
@

= nelz — w|.
Also, for |z| = 1,
(5) fd S ene s
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If we combine estimates (2) and (3) with (1) and (5), we see that
flla = € + 212!, forn=1,2,3, -,

50 {||f.llo} is bounded. Furthermore, if we combine estimates (2) and (4) .
with (1), we see that if 0 < a < 1, then each f,, is in lip(a).

(b) The inequality (5) shows that f,(z) — O uniformly on U~.

(c) We know that both ¢ and ¢’ are continuous on U. Therefore, for
eachn =12 3, ---, there exists a §, > 0 such that |z,| + §, <1 and
|z — z,| <9, imphes that

@) 9@ > k,
1

(@) 19 — 9z < -
Fix n, and suppose |z — z,| < §,. Then

‘fn((p(z)) — fn(¢(z ))

IZ - znta

= { e et Ay o) peie

From [4], there exists a {, |{ — z,| = |z — 3,| < §,, such that

ful@(2)) — fule(z,) = (= = z)f (9()e'€)

Consequently,

{lf“p Lo hlel 1 e e
= (L — (9(z,) — PN Q)

1 (n—Da
1 — —
n

(6)

> pol—ak ja

> patl-ayk yag—a,
Similarly,
®)  fal®@) — ful@z)I'
= n®@D|(1 — g(z,) + @()" — 1|~
Z n@ V(1 —|1 - |o(z,) — @(z)| [*| '~

[1-G-3)
= pae-n |1 (1 -2
n
Z pala—1) ( 1 -1 >l_a .
e

1-a
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Let K = ¢ %1 — 1/¢)'~® and use the estimates from (7) and (8) in (6)
to get

[fale(z) — ful®(z,))| >Kk)* forn=1213, -
Iz — 2,/ " U

Hence, by Theorem 2.2 of [5],
If, ° @l > K(k,)%, forn=1,23, ---.

3. Applications. Observe that since the identity function is in Lip(a),
if ¢ : U— U is to induce a composition operator on Lip(a), then ¢ must
be in Lip(a). For a = 1, this necessary condition is sufficient, as we
shall see; but, for 0 < a < 1, it is not sufficient. For example, consider
a = 1/2. Define functions ¢ and f by

oz) = [1 - 2)/2]"% — 1
fla = (1 + 272

A simple calculation shows that ¢ and f are in Lip(1/2) and that
llpllo = 1. However, (f° @)(z) = c(1 — 2)~%*%, for some constant c.
Consequently, (f° @)(z) # O((1 — |2))~1/2), so f° @ is not in Lip(1/2)
(see [1], Theorem 5.1).

DeFINITION. A function @ : U— U is called a U-primary function if
there exist numbers M < oo and r <1 such that |¢(z)] = M whenever

()| = 7.

ReMaRk. Without loss of generality, we could require r = 1 — 1/M.

CoroLLARY 1. Let 0 < a = 1. A function ¢ in Lip(a) (resp., lip(a))
induces a composition operator on Lip(a) (resp., lip(a)) if and only if ¢
is a U-primary function.

Proor. Let ¢ be in Lip(a) (resp., lip(e)), 0 < a = 1, and suppose ¢
induces a composition operator on Lip(a) (resp., lip(a)). If ¢ is not a U-
primary function, then for every M =1, 2, 3, -+ there exists a point
2z in U such that |p(zy,)] = 1 — 1/M and |¢'(z})] > M.

By choosing a subsequence, if necessary, we may assume that
|p(zy) — §| < 1/M for some { with |{| =1 Let k, =M, M =1, 2, 3,
---. By Theorem 2, there exists a uniformly bounded sequence {f,} in
lip(a) C Lip(a) and a constant K such that

”Cw(fu)“a > KMa’

contradicting the continuity of C,, (see Proposition 3 of [3]).
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Conversely, suppose ¢ is a U-primary function in Lip(a) and f is in
Lip(a). Forn =1, 2, 3, - - -, let f, = f. By Theorem 1.

If © @lle < o0,

so f° ¢ is in.Lip(e). A simple continuity argument shows that if ¢ and
f are in lip(a), 0 < a < 1, then f° ¢ is actually in lip(a).

Notice that if ¢’ is in H®, the set of bounded analytic functions on U,
and if ||g||, = 1, then ¢ is a U-primary function. But

Lip(l) = {h| A is in H*}

(see Theorem 5.1 of [1]). Consequently, every Lip(l) function which
maps U into itself induces a composition operator on Lip(1).

An operator L on a Banach space # is said to be compact if every
bounded sequence {x,} in % contains a subsequence {x, } such that
{Lx, } converges to a point of %.

LEMMA. Let 0 < a = 1. The operator C,, : Lip(a) — Lip(a) is compact
if and only if for each bounded sequence {f,} in Lip(a) which con-
verges to zero uniformly on U~, we have ||C f,||,— 0 as n — co.

Proor. Suppose that for each bounded sequence {f,} in Lip(a)
which converges to zero uniformly U~ we have ||C f, ||, — 0 as n — oo;
and suppose {f,} is a bounded sequence in Lip(a). From the work of P.
Duren, B. Romberg, and A. Shields ([2], Theorem 2), we know that
Lip(a) is equivalent to the dual of an HPf-space with 1/2=p <1
(p = (1 + a)~!). By the Banach-Alaoglu Theorem ([6], Theorem 3.15),
there exists a function f in Lip(a) and a subsequence {f,, } of {f,} such
that f, — f in the weak * topology on Lip(a). With no loss of general-
ity, we may assume that f = 0 and f, — 0 (weak *). Using Theorem 1
of [2] and the fact that hy(z) = (1 — {z)~! is in H? for 0 <p <1 and
[§| = 1, one can show that evaluation at a point of U~ is a weak * con-
tinuous linear functional on Lip(a). Therefore, f,(z) — 0 for each z in
U~. But the sequence {f,} is a normal family; hence, equicontinuous.
By Ascoli’s theorem, f, — 0 uniformly on U~. Our hypothesis then
shows that ||C_f,||, — O; hence, C_ is compact.

The proof of the converse is easy and we omit it.

CoroLLarY 2. Let 0 < a = 1. The composition operator C,, is com-
pact on Lip(a) (resp., lip(a)) if and only if for each € > 0 there exists an
r < 1 such that |¢'(z)] = € whenever |¢p(z)| = r.

Proor. Suppose 0 <a =1 and C, is compact on Lip(a) (resp.,
lip(a)). Suppose there is an € > 0 such that for each n =1, 2, 3, ---
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there exists a point z, in U with |¢(z,)] > 1 — 1/n and |¢/(z,)| > €.
With no loss of generality, we can assume that |¢(z,) — §| < 1/n for
some { with |[{| = 1. By Theorem 2 (with k, = ¢), there exists a uni-
formly bounded sequence {f,} in lip(a) CLip(a) which converges to
zero uniformly on U~ such that

|[fn°q’||a>K€°‘>0forn:1,2,2’

Thus {||f, ° ¢||,} is bounded away from zero, contrary to the com-
pactness of C,.

Conversely, suppose € > 0 and r << 1 is such that |¢’(z)] = ¢ whenever
|p(z)] = r. Suppose the sequence {f,,} is bounded in Lip(a) and con-
verges to zero uniformly on U~. Then f,’ — 0 uniformly on compact
subsets of U. In particular, there exists a number N so that n = N im-
plies

fallo = € and  suplf,/(2)) < e (2| = ).

By Theorem 1, there exists a constant K (which is independent of n)
such that

ICo(fallla = Ke.

Therefore, ||C(f,)|l— 0 and C, is compact on Lip(a). Finally, lip(a) is
a closed subspace of Lip(a), so C, is also compact on lip(e), provided ¢
is in lip(a).

Remark 1. Although we did not use the full strength of either of
Theorems 1 or 2 to prove Corollary 1, we did use the full strength of
both to prove Corollary 2.

REMARK 2. One can easily verify the following lemma.

LemMA. The composition operator C, is compact on Lip(l) if and
only if for each sequence {f,} in H® which is bounded and converges
to zero wuniformly on compact subsets of U we have

limn-»ool 'fn((p)q),l |oo = O

Using this lemma, we obtain the following alternate proof of Corol-
lary 2 for the special case a = 1.

A simple estimate proves that if ¢ is in Lip(1), ||¢||, = 1, and for
each ¢ >0 there exists an r<<1 such that |¢’(z)] <e whenever
|p(z)| > r, then C is compact on Lip(1). To prove the converse, sup-
pose for n =1, 2, 3, ---, there exists a point z, in U such that
|9(z,)] = € and |1 — ¢(z,)] < 1/n. Let f (z) = [z+ 1 — ¢(z,)]*; then
the sequence {f,} is bounded in H* and converges to zero uniformly
on compact subsets of U. However,
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|lfu((p)(p,”oo = |.f7l %, )(p I =6n= 1’ 2’ 3’
so C,, is not compact on Lip(1).
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