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COMPOSITION OPERATORS ON A 
SPACE OF LIPSCHITZ FUNCTIONS 

RAYMOND C. ROAN 

ABSTRACT. For 0 < a = 1, let Lip(a) denote the space of func­
tions / which are analytic on the open unit disk, continuous on the 
closed unit disk, and whose boundary values satisfy a Lipschitz con­
dition of order a : \f(z) - f(w)\ ^ K\z - w\a, for \z\ = \w\ = 1. For 
0 < a < 1, let lip(a) denote thé space of functions / in Lip(a) such 
that \f(z) — f(w)\ — o(\z — w\a), as w —* z, \z\ = \w\ = 1. We prove 
that a function <p in Lip(a) (resp., lip(a)), with |<p(z)| ^ 1 for \z\ ^ 1, 
induces a composition operator on Lip(a) (resp., lip(a)) if and only if 
there exists a finite number M and a number r < 1 such that 
\<p(z)\ =r implies \<p'(z)\ = M. We also prove that a composition op­
erator Cy on either Lip(a) or lip(a) is compact if and only if for 
each e > 0 there exists an r < 1 such that \<p(z)\ = r implies 
W(Z)\ ^ €. 

1. Introduction. We shall denote the unit disk {\z\ < 1} by U. For 
0 < a = 1, we let Lip(a) denote the space of functions / which are an­
alytic in U, continuous on U~ (the closure of U), and whose boundary 
values satisfy a Lipschitz condition of order a: 

ML = 0(i), w = H = L 
\Z-U>\« W Mil 

For 0 < a < 1, we let lip(a) denote those functions / in Lip(a) for 
which 

m-fw\ =0(1) MU,_%W = M = 1. 
\z — w\l 

Each of the spaces Lip(a) and lip(a) is a Banach algebra when the 
norm of an element is defined as 

Ml. = IWL + sup 1/W-ffl , 

where \\f\\„ = sup\f(z)\ (\z\ < 1). 

z*w \Z — W\l 

l*l=|w|=l 
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We say that a function <p : U —» U induces the composition operator 
Cy on Lip(a) (respectively, lip(a)) if 

CJlf)=f'V 

is in Lip(a) (resp. lip(a)) for every function / in Lip(a) (resp. lip(a)). We 
shall characterize those functions which induce composition operators 
on both Lip(a) and lip(a). We shall also characterize those functions 
which induce compact composition operators on both Lip(a) and lip(a). 
Both characterizations will follow from the estimates proved in Theo­
rems 1 and 2. 

2. Main Theorems. THEOREM 1. Suppose 0 < a ^ 1, <p and fn(n — 1, 
2, 3, • • •) are functions in Lip(a), H^H^ = 1, and there exist finite posi­
tive numbers Kv K2, M, and r (with r < 1), such that the following 
conditions are satisfied: 

(a) \<p(z)\ = r implies \<p'(z)\ = M 
(b) \\fn\\a S K, and ILfJL S K2, for n = 1, 2, 3, • • • 

(c) \z\ ̂  r implies \fn'(z)\ ^ M«. 

Then, far K = 2^ + \\<p\\„ 

llfn>||a<K2 + KM«. 

PROOF. Let a, cp, [fn], Kv K2, M, and r be as in the statement of the 
theorem. 

Let \z\ — \w\ = 1, z ¥= w; and let L be the line segment joining z and 
w. If \<p(z)\ = r, let zx — z; similarly, if \q)(w)\ = r, let wt = w. Other­
wise, let zt (respectively, u;1) be the point of L closest to z (resp., w) 
such that \<p{z^)\ = r (resp., ^(u^)! = r). Such values zx and wt can be 
uniquely determined by minimizing the continuous function dz(Ç) — 
\z - f| (resp., dJX) = \w - f|) on the compact set L H cp" 1 ^ |f| ^ r}. 
We can assume, with no loss of generality, that zt ¥= z and wt ¥* w. 

By our choice of zt and «;l5 we see that 

\z - w\~a ^ min{|z - z j -* , \zr - u^"«, \w1 - w\~a}. 

Consequently, 

MM) - />(">))! < l/M*)) - /X*i))i 
\z - w|" |z - Zjl« 

lf>(*l)) ~/„(<PK))I [fX^l))-/„(«PM)l 
1*1 - «>ila I»! - w|a 

We shall estimate each term separately. 
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l/M*)) - /n(y(*i))l 
\z - z,\a 

lf>(*)) - /X*i))l <p(z) - qpfo) 

\<p(z) - tp(zj\a I z - z t 

s^li^iX; MM«}* 

We have used the fact that if f = Azt + (1 - X)z, 0 ̂  X ^ 1, then 
|<p(f)| ë r, so |<p'(?)| S M (by (a)). 

Similarly, 

^ KtM
a. 

Finally, 

[fn(<PK))-/n(<PH)l 

1̂ 1 ~~ W\a 

l/»(y(*i)) - /»(?K))I 
l*i - ">il" 

= lfn(y(*i)) - /» (<PK))I I<P(*I) - < P K ) I 

l<p(*i) - <PK) I I*I - ^ i l a 

^ IMUrt*i) - -PK)!"1 XI7 ' ^'(f)l * 
^ IMI«M«. 

We have used the fact that (cp^)! = r and ^(u^)! = r implies that for 
f = Xq>(zx) + (1 - A)ç>(u?!), 0 ^ A ̂  1, we have |f| ^ r; so that 
\fn'(S)\ ^ M« (by (c)). 

Combining these estimates, we see that 

lf>(*)) - / „ (<PH)I (2K, + \\<p\\a)M*. 

Consequently, if K = 2KX + ||qo||a, then 

llf» ° Vila ^ *2 + KM". 

THEOREM 2. Suppose 0 < a ^ 1 and cp is in Lip(a), \\fpWu = 1. Sup­
pose {fcn} w a sequence of positive numbers and there exists a sequence 
\zn) of points in U such that \<p(zn) - f | < 1/n /or some f u;itfi |£| = 1 
and \<p'(zn)\ > kn for n = 1, 2, 3, • • •. TTien, there exists a sequence of 

file:////fpWu
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functions {fn} in Lip(a) and a constant K < oo such that 
(a) {||/w||a} is bounded in n 
(b) fn(z) —* 0 uniformly on U" 
(c) \\fn ° <p\\a >K(kny for n =1,2, 3, •••. 

In addition, for 0 < a < 1, we can choose the functions fn, n = 1, 2, 3, 
' , to be in lip(a). 

PROOF. Without loss of generality, we may assume that f = 1. For 
n = 1, 2, 3, • ••, let 

fn(z) = n-«(z + 1 - <p(zn))\ 

(a) Fix n and let a = 1 — <p(zn). If |z| = |w| = 1, z ¥= w, then 

!/.(*) - /.Ml = |(* + < - .(«> + a)"! 
\z - w\a na\z - w\a 

(1) 
( \(z + af - (w + a)n \ « . „ . 

)' 

We will estimate each factor separately. First, 

|(s + g)n -(w + gf\ ^J_ n"x I z + a \k 

n\z — w\ ~ n k=o \ w + a \ 

(2) 

^1 v ( "+i y 
n fc=o \ n — 1 / 

We will make two estimates on the second factor, both of which will 
make use of the fact that \z 4- a\ = 1 4- (1/n) and |u; + a| ë 1 + (1/n). 

(3) \(z 4- a)n - (w + fl)n| ^ |* 4- a|n + l1^ + a\n = 2 ( 1+ — ) "• 

n - l 

|(* 4- a)n - (w + af\ =%\z- w\ 2 I* 4- a\k\w 4- < " * 
fc=0 

(4) 
^ ne|z — u>|. 

Also, for |z| ^ 1, 

(5) \fn(z)\ ^ «n-« ^ e. 

2e 
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If we combine estimates (2) and (3) with (1) and (5), we see that 

ILfX ^ e + 21-«e«+\ for n = 1, 2, 3, • • •, 

so (ll/JL) is bounded. Furthermore, if we combine estimates (2) and (4) 
with (1), we see that if 0 < a < 1, then each fn is in lip(a). 

(b) The inequality (5) shows that / n(z)-»0 uniformly on U". 
(c) We know that both <p and <p' are continuous on U. Therefore, for 

each n = 1, 2, 3, • • -, there exists a 8n > 0 such that \zn\ + $n < 1 and 
\z - zn\ < 8n implies that 

(i) W(*)\ > K 

(ii) \<p(z) - <p(zn)| < - I 
n 

Fix n, and suppose \z — zn\ < 8n. Then 

M«*)) ~ f»(<P(*J)\ 

(6) "* " Zn]a 

= | \fM^zfMzn))\ }V>(Z))-/>(,J)|-
From [4], there exists a f, |f — zn| = |z — zn\ < 8n, such that 

fM*)) - /»(*»» = (* - Zrùfn'MW«)-
Consequently, 

(7) = {n1-^ - (<p(zn) - ç f i ) ) r V 8 ) | } ' 

I l I (n-l)a 
1 - — 

Similarly, 

(8) \fJvW) - fnMü)?-
= n^-DRl - <p(zn) + <p(z))» - II1-« 

^ ««<«-!> |(1 - | 1 - b(z„) - <p(̂ )| |"| 1-« 

i _ ( i _ _ L ) 

\ n / | 

è n^-« ( 1 - — Y~" . 

file:///fJvW
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Let K = e~a(l - l/e)1"" and use the estimates from (7) and (8) in (6) 
to get 

[f,(^))-/,y^))l > K{Kr for n = !, a, 3, • • •. 

Hence, by Theorem 2.2 of [5], 

\\fn°<p\\a>K(kn)«, for n = 1,2, 3, •••. 

3. Applications. Observe that since the identity function is in Lip(a), 
if (p : U —• U is to induce a composition operator on Lip(a), then (p must 
be in Lip(a). For a = 1, this necessary condition is sufficient, as we 
shall see; but, for 0 < a < 1, it is not sufficient. For example, consider 
a = 1/2. Define functions (p and / by 

<p(z) = [(1 - z)/2)™ - 1 

f(z) = (1 + zf*. 

A simple calculation shows that <p and / are in Lip(l/2) and that 
IMIoo = 1. However, (f ° <p)'(z) — c(l — z)~3/4, for some constant c. 
Consequently, (f ° <p)'(z) # 0((1 — |^|)~1/2), so / ° cp is not in Lip(l/2) 
(see [1], Theorem 5.1). 

DEFINITION. A function <p : U —* U is called a U-primary function if 
there exist numbers M < oo and r < 1 such that |(pr(z)| ^ M whenever 
|<p(z)| è r. 

REMARK. Without loss of generality, we could require r = 1 — 1/M. 

COROLLARY 1. Let 0 < a ^ 1. A function <p in Lip(a) (resp., lip(a)) 
induces a composition operator on Lip(a) (resp., lip(a)) if and only if <p 
is a IJ-primary function. 

PROOF. Let <p be in Lip(a) (resp., lip(a)), 0 < a = 1, and suppose <p 
induces a composition operator on Lip(a) (resp., lip(a)). If (p is not a U-
primary function, then for every M = 1, 2, 3, • • • there exists a point 
zM in U such that |<p(%)| = 1 — 1/M and |<p'(%)| > M. 

By choosing a subsequence, if necessary, we may assume that 

l<P(%) - f I < !/M for some f w i th If I = L Let fcM = M> M = !> 2> 3 » 
• •. By Theorem 2, there exists a uniformly bounded sequence [fM} in 

lip(a) Ç Lip(a) and a constant K such that 

l | C v O a > KM-, 

contradicting the continuity of C^ (see Proposition 3 of [3]). 
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Conversely, suppose <p is a U-primary function in Lip(a) and / is in 
Lip(a). For n = 1, 2, 3, • -, let fn = f By Theorem 1. 

Ilf° VIL<oo, 

so f° <p is inXip(a). A simple continuity argument shows that if <p and 
/ are in lip(a), 0 < a < 1, then / ° <p is actually in lip(a). 

Notice that if <p' is in H00, the set of bounded analytic functions on U, 
and if ||<p|loo = 1, then <p is a U-primary function. But 

Lip(l) ={h\h' is in H00} 

(see Theorem 5.1 of [1]). Consequently, every Lip(l) function which 
maps U into itself induces a composition operator on Lip(l). 

An operator L on a Banach space 38 is said to be compact if every 
bounded sequence {xn} in 38 contains a subsequence {xn } such that 
{Lxn } converges to a point of SS. 

LEMMA. Let 0 < a = 1. The operator C^ : Lip(a) —•*• Lip(a) is compact 
if and only if for each bounded sequence {fn} in Lip(a) which con­
verges to zero uniformly on U~, we have ||C,pfw||a —* 0 as n —• oo. 

PROOF. Suppose that for each bounded sequence {fn} in Lip(a) 
which converges to zero uniformly U~ we have HC^/JI^—* 0 as n ^ oo; 
and suppose {fn} is a bounded sequence in Lip(a). From the work of P. 
Düren, B. Romberg, and A. Shields ([2], Theorem 2), we know that 
Lip(a) is equivalent to the dual of an Hp-space with 1/2 ^ p < 1 
(p = (1 + a)""1). By the Banach-Alaoglu Theorem ([6], Theorem 3.15), 
there exists a function / in Lip(a) and a subsequence [fn } of {/n} such 
that fnk—*f in the weak * topology on Lip(a). With no loss of general­
ity, we may assume that / = 0 and fn^>0 (weak *). Using Theorem 1 
of [2] and the fact that h£z) = (1 - Cz)'1 is in Hp for 0 < p < 1 and 
|f | = 1, one can show that evaluation at a point of U~ is a weak * con­
tinuous linear functional on Lip(a). Therefore, fn{z) —• 0 for each z in 
U". But the sequence {/n} is a normal family; hence, equicontinuous. 
By Ascolfs theorem, fn —• 0 uniformly on U~. Our hypothesis then 
shows that HC^/J^—+0; hence, C^ is compact. 

The proof of the converse is easy and we omit it. 

COROLLARY 2. Let 0 < a ^ 1. The composition operator C^ is com­
pact on Lip(a) (resp.y lip(a)) if and only if for each c > 0 there exists an 
r < 1 such that |<P'(Ä)| = c whenever \q>(z)\ = r. 

PROOF. Suppose 0 < a ^ 1 and C^ is compact on Lip(a) (resp., 
lip(a)). Suppose there is an e > 0 such that for each n = 1, 2, 3, • • • 
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there exists a point zn in U with \<p(zn)\ > 1 — 1/n and |<p'(zn)| > c. 
With no loss of generality, we can assume that \q>(zn) — f| < 1/n for 
some f with |f| = 1. By Theorem 2 (with kn = c), there exists a uni­
formly bounded sequence {/n} in lip(a) ÇLip(a) which converges to 
zero uniformly on U~ such that 

llfn ° VIL > Xc« > 0 for n = 1, 2, 2, •-. 

Thus {\\fn ° <p||a} is bounded away from zero, contrary to the com­
pactness of C^. 

Conversely, suppose c > 0 and r < 1 is such that \<p'(z)\ = c whenever 
\(p(z)\ i^ r. Suppose the sequence {/n} is bounded in Lip(a) and con­
verges to zero uniformly on U~. Then fn' —» 0 uniformly on compact 
subsets of U. In particular, there exists a number N so that n ^ N im­
plies 

llfJI» ^ «" and suplfn'(*)| < £- (|z|=ir). 

By Theorem 1, there exists a constant K (which is independent of n) 
such that 

||C„(fJ||a ë Kf. 

Therefore, HC^fJI^—* 0 and C^ is compact on Lip(a). Finally, lip(a) is 
a closed subspace of Lip(a), so C^ is also compact on lip(a), provided <p 
is in lip(a). 

REMARK 1. Although we did not use the full strength of either of 
Theorems 1 or 2 to prove Corollary 1, we did use the full strength of 
both to prove Corollary 2. 

REMARK 2. One can easily verify the following lemma. 

LEMMA. The composition operator C^ is compact on Lip(l) if and 
only if for each sequence {fn} in H°° which is bounded and converges 
to zero uniformly on compact subsets of U we have 
limn_|lfn(<p)<p'L - 0. 

Using this lemma, we obtain the following alternate proof of Corol­
lary 2 for the special case a = 1. 

A simple estimate proves that if <p is in Lip(l), IM^ = 1, and for 
each c > 0 there exists an r < 1 such that \q>'(z)\ < c whenever 
\<p(z)\ > r, then C^ is compact on Lip(l). To prove the converse, sup­
pose for n = 1, 2, 3, • • •, there exists a point zn in U such that 
\<p'(zn)\ ^ c and |1 - <p(zn)\ < 1/n. Let fn(z) = [z + 1 - tfsj]»; then 
the sequence {/n} is bounded in H°° and converges to zero uniformly 
on compact subsets of U. However, 
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WfnivML = If .fofcMOl §= C n = 1, 2, 3, • • • 

so C^ is not compact on Lip(l). 
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