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BIFURCATION IN SINGULAR SELFADJOINT
BOUNDARY VALUE PROBLEMS!

F. G. HAGIN

1. Introduction. In recent years considerable progress has been
made in the study of the bifurcation phenomenon associated with non-
linear perturbations of Sturm-Liouville problems. For example,

Ly = Ay + f(t.y)],
(1.1) ay(0) + By'(0) = 0,
yy(1) + 8y'(1) = 0,

where Ly = —(py')’ + qy and f is small in the appropriate sense
as y = 0. A typical result is: if A is an eigenvalue of the linearized
problem (i.e. f=0), there exist solutions to the nonlinear problem
(1.1) for small y# 0 and (A — As). The result is considered as
a branching or bifurcation from the point (A4, 0) relative to the sub-
space {(A,y) : y = 0}. For example, see [1] and [2].

More recently it has been shown that, although the bifurcation
phenomenon is usually considered to be a local result, it often is
global in the sense that the solution pair to (1.1), (A,y), can be ex-
tended indefinitely; i.e. |(\, y)|| = ®. Some results along this line have
been established using topological techniques by Crandall and Rabino-
witz [3] and Turner [4].

Our purpose here is to establish a local bifurcation property for a
generalization of (1.1) which will include singular problems on inter-
vals of the form [0, w) where w = ®. The right boundary condition of
(1.1) is replaced by: y € D, D a Banach space. This condition is
motivated by singular conditions like D = L*(0, w) or D = L0, w).
We consider

(1.2a) Loy = — (ay')" + boy = Ay + f(t,y)],
(1.2b) moy(0) — y'(0) = 0,
(1.2¢) y €D,
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where a, a’ and b, are continuous real-valued functions on [0, ),
a> 0, D is a Banach space of real-valued functions on (0, »), and f
is appropriately small as y — 0 in the D norm. We are interested in
real eigenvalues and eigenfunctions for (1.2). In what follows we
normally think of (1.2) as a singular problem (i.e. @ = ®, or a(w")
and/or by(w~) undefined, or a(w~) = 0); however, the regular Sturm-
Liouville problem is included if D is chosen to be the appropriate set
of functions satisfying yy(w~) + 8y'(w~) = 0.

If )y is an eigenvalue of the linearization of (1.2) (more specifically
an isolated point of the spectrum; see (H1) below) we establish con-
ditions on Ly and f which guarantee that, for some interval [—vy,y],
for each £ € [—v,y] there exists a unique A = A(§) such that the
corresponding solution to (1.2a) with (y(0),y’(0)) = (§ myé) lies in
D; hence is an eigenfunction for (1.2). So A(§), —y = €=, is a set
of eigenvalues for (1.2) with A(§)= ).

We will be making use of the approach and some of the results of
Hartman [5]. There fixed point methods are used to study nonlinear
perturbations of systems

(1.3) y'(t) = A(t)y(t)

for 0=t< w, o=, If (1.3) has a k-dimensional subset of D-
solutions (i.e. solutions to (1.3) which lie in a Banach space D) it is
shown that, under the proper assumptions, the nonlinear problem

y' = A(t)y + f(t,y)

has, near y = 0, a k-dimensional manifold of D-solutions. (The reader
can probably detect a logical connection between this behavior and
the bifurcation phenomenon we study.)

Our approach, like that of Hartman and others, is to use a linear
theory in order to construct a mapping from some convex set into
itself. The fixed point of the mapping turns out to solve the nonlinear
problem. For each § € [—y,y] we will construct a mapping T = T,
from a subset of R X D into itself as follows. For (n,x) € R X D we
show that the inhomogeneous linear initial-value problem

Loy = (Ao + )y + (Ao + m)f(t, x(2)) = Ay + g(¢),
(1(0), y'(0)) = (£ moé)
has a unique D-solution for some pu = w(§). This defines the map
T¢(m, x) = (p, y) which is shown to be a contraction on the appropriate

spheres in R X D. The resulting fixed point clearly is the desired
solution to our nonlinear problem for this §& The linear theory neces-
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sary for the construction of T} is developed in the next section.

2. The linear theory. The linearization of (1.2) gives

(2.1a) Loy = —(ay")" + boy = Ay,
(2.1b) moy(0) — y'(0) = 0,
(2.1c) yE€D.

Our first hypothesis regards the linear problem (2.1).

(H1) Let a> 0, a’ and b, be continuous and real-valued on [0, w),
o= . Let Ay be an eigenvalue of (2.1); moreover, let Ao be an
isolated point of the spectrum in the classical sense (see remark below ).
For some open interval, I, containing Ao let Loy = Ay have a one-
dimensional set of D-solutions for each A € I.

ReMagrk. Since a(0) > 0 we can, without loss of generality, assume
a(0) = 1. By “spectrum” we mean that as defined in the classical
limit point-limit circle analysis for the problem (2.1a), (2.1b). (For
example, see [6] or [7].) The situation in this analysis is, briefly,
as follows. In the limit circle case (the unusual case) by definition all
solutions to Loy = Ay are in L0, w) for all A. In this case the spec-
trum consists entirely of isolated points (called eigenvalues). In the
more important limit point case (in which Loy = Ay has, for each A,
at most one independent L%(0, w) solution) the spectrum may be more
complicated, containing continuous and/or point spectrum. In this
case a value A, in the point spectrum generates an L0, w) solution
to (2.1a), (2.1b) (called an eigenfunction). It follows that in all (both)
cases if A is an eigenvalue for (2.1) as assumed in (H1) that the corre-
sponding eigenfunction is in L0, w) as well as in D. This fact will
be used extensively in §4 below. Finally, we remark that the assump-
tion of the last sentence of (H1) frequently is satisfied a priori (e.g.
in the limit point case when D = L0, w)).

From the remark above it would perhaps seem that the natural
selection for D is L%0, w). While this is true for the linear analysis,
frequently L2 is not a convenient choice for the nonlinear problems
associated with (2.1) (see the example and discussion early in §3).
Often in nonlinear applications D = L*(0, ) (hence one seeks
bounded solutions as t = w) or D = L, *(0, w) (giving solutions which
— 0 as t— w). It is helpful to think of the D-solutions to (2.1a) as the
“small” solutions (even though “small” is not necessarily meaningful
in the limit circle case).

Since we will be centering our attention on A near Ao, it is con-
venient to define w =\ — Ay, L= Ly — Ay, and b = by — Ay. Then
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(2.1) becomes

(2.2a) Ly= —(ay')’ + by = uy,
(2.2b) moy(0) — y'(0) = 0,
(2.2¢) y €D.

We are interested in solutions to (2.2) for small values of u. We will
also be considering the inhomogeneous equation

(2.3) (L=—wy=g

and will seek D-solutions to (2.3) for g € B, B a second (possibly)
Banach space. A key concept is that of the admissibility of the pair
(B, D); we say the pair (B, D) is admissible relative to (2.3) iff for
every g € B there exists at least one D-solution to (2.3). The major
hypothesis regarding the relationship between (2.3) and the spaces B
and D is

(H2) Let B be L”(0, w), or a subspace, for 1 =p = % and let D
be a subset of B with |ly|lo = |ly|lz = |y|» for y € D (where |y, =
(Jo" lyln)ir). Let the D-solutions, v(t, w), to (L — p)y =0 be in
L0, ), l/p+ llg=1. Let the following pairs be admissible
relative to (2.3): (B, D), (L9, L9), (L2, L?).

ReMark. For regular two-point problems the admissibility require-
ments are normally trivially satisfied. In singular problems it turns
out that admissibility depends upon the relative sizes, as t - o, of
the D-solutions and the “large” solutions to (L — m)y = 0; and, of
course, the spaces B and D. This will be seen explicitly later. The
reader can verify that, for the problem Ly = —y" + y = uy with
—y(0) — y'(0) = 0, the pairs (Ls, L*) are admissible for all 1 = s = .

Let Y, denote the subspace of R? corresponding to the initial values
of the D-solution to (L — p)y = 0. By (H1) it follows that Y, is one-
dimensional and further that, for u 75 0 and small,

(2.4) Y, #Yo= {(r,mgr): —° <7< o}

The following is simply a version of Lemma 6.3 of Hartman [5]
which is given for the system y' = A(t)y. The proof is rather long so it
is not repeated here.

LemMa 2.1. Let (B, D) be admissible for Ly = g and let (yo, moyo)
€ Y,. Then for g € B, Ly = g has a unique D-solution such that
P(y(0), y'(0)) = (yo, moyo), where P is a projection of R> onto Y.
Moreover, for a fixed P, there exist constants Cy and K,, independent
of g, such that the unique D-solution satisfies
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(2.5) lyll = llyllo = Colyol + Kollg|l,-
Remark. Note that we are henceforth denoting the D-norm simply
by || - |l Frequently the first part of the lemma will also be applied

to (L — w)y = g where u # 0. However, the inequality (2.5) is only
valid, so will only be used, when u = 0 as stated.

We apply Lemma 2.1 to (L — )y = g where u # 0, yo = 0 and
P = Q, is the projection of R? onto Y, along Y, Recall that (HI1)
guarantees Yo # Y, for u# 0 and small. We are guaranteed a
unique D-solution to (L — p)y = g with initial values on Y,. This
solution is the key to our approach and we now obtain a Green’s
operator representation of it.

Let P, = I — Q, be the projection of R? onto Y, along Y,. We put
(L— p)y = g in the form of a system by letting y = (%) and g =
(J2). Let U(t,u) denote the fundamental matrix solution to
(L — p)y =0 with U(0, u) = I. Then any solution to (2.3), and in
particular that solution with initial values on Y,, can be expressed as
follows.

y(0) = Ut [y0) + [ U w0 ds

=U(t, u

~

[yor+ [ Qu-tgds+ [ RU-zas |

r ©
= Ut w[y0) + [} BU g
+ J':) Q,‘U"lzgds—f:, P#U‘lgds],

O =Utw [y + |7 BUgds]

(2.6)
+ |7 aws waas,
where
Ul(t, U-1(s, ), 0=s=1¢
R e
— U(t, w)P,U~ (s, w), 0=t<s.

Clearly only the second of the above steps requires justification and
that is valid iff [P, U~ (s, w)g&(s) ds exists. This follows easily from
the fact that v € L9 and g € L», 1/p + 1/g = 1, and an application
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of the Holder inequality (see (2.10) below). In order to proceed, how-
ever, it is necessary to make one further assumption regarding B and
Dand (L — p)y = g.

(H3) For each g € B let the first component of the vector function
Jo'G(t, s, w)g&(s) ds be in D.

RemMark. This hypothesis is closely related to (H2). In fact, in some
cases (H3) is superfluous (e.g. if D = L*, (H3) is necessary and suf-
ficient for the admissibility of (B, D); see Hartman [5, Theorem 7.1
and Corollary 7.1]). As mentioned earlier these admissibility require-
ments are met when, for a given pair (B, D), the relative size of the
“small” solution and the “large” solution to (L — u)y = 0 is acceptable.
This can be checked using (2.12) and (2.13) below.

Using (H3) we can simplify somewhat our expression, (2 6), for the
D-solution to (L — m)y =g with initial values in Y. Smce
Jo G(t, s, w)g(s) ds is in D, it is the vector solution to (L — p)y =
we are looking for because

[ G5 wits) ds = = [ BU~ 5, w(s) ds, € Yo,

By Lemma 2.1 this D-solution is unique, hence

27) y()= [ Glt,s, wils) ds

28) w0 = — |7 BU-s wils) ds

The fact expressed in (2.8) will be of great use to us below so we
put it in a more readable form. For each u we denote by v(t, u) the
D-solution to (L — u)y = 0 satisfying

(2.9) 0(0, u) = cosa(p),  v'(0, w) = sina(p),
where m = m(u) = tan af ) is the slope of Y,. The solutions satisfy-
ing

w(0, w) = — sina(w),  w'(0, ) = cos au)

are clearly independent of v(t, u), hence w(t, u) represent the “large”
solutions (i.e. w QE D). A simple calculation shows

_ 1 m -1
P“_m—m [mm —m]'
0 0 0
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Remark. We will show later, Lemma 4.1, that a(u) is C! for small
. Since tan a(0) = my # ®, it follows that, for small p, cos a(u) 7# 0.
Expressing U and U~ in terms of v and w one can compute

PU~(s, )
(210 L Cosaw) oo  —uw)
m — my myv ,(87 ”‘) —mOD(S> l“‘) '

Note that P, annilhilates the w terms in U~!. Using this in (2.8) and
selecting the first component gives

y(0) = 1) [ ols, wgls) ds,
() = [cos alw)(m(y) — mo)] 1.

Similarly expressing U(t, ) in terms of v and w one can obtain

(2.11)

yi)= [ Glt.s, wils) ds

w { [T 2ol

—mgyv
0w [} o) [ e B}

In examining the behavior of y as ¢ — w it is clear that the dominant
terms in the two integrals above are of the form v(t) fjw(s)g(s) ds
and w(t) f,“ v(s)g(s) ds. Applying L'Hospital’s rule gives

(2.12) lim o(t) | | wgds = lim (= w )0,
(2.13) lim w(®)[* ogds = lim ‘:’02” )t

Clearly, if the asymptotic behavior, as t — w, of the solutions v and
w is known (2.12) and (2.13) provide a convenient way of checking
the admissibility requirements in (H2) and (H3). For example, if
(v2wlv') and (w?v/w') remain bounded as t — w, then the D-solution
to (L — m)y = g behaves like g (or is smaller) at .
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3. Solving the nonlinear problem. We now turn to the nonlinear
equation

Loy = Ay + f(t. y)].

As before we let w = A — Ay and, for small u, we seek solutions to

(3.1a) (L= py = (o + Wit y),
(3.1b) moy(0) — y'(0) = 0,
(3.1¢) y € D.

Solutions to (3.1) will be called eigenfunctions, the values of u eigen-
values, and we denote the solution pair by (g, y). The assumptions on
fare

(H4) For small p >0, x,x5 €D, and |x;] = p assume: f con-
tinuous and df/dx exists for ¢t=0, g(¢t)= f(t x(¢)) and
(8f10x)(t, xo(t))x,(t) are in B. The following are o(||x,||) as x; = 0:
IFC 2Dl IfC 20+ x0) = O x)]lp [[(3f10x)( -, 20 + 7x1)2f

where |r| = 1. Finally, assume

hmk*%ﬂ-mf+mn—f<u@nm=|[§§(-aam

e—=0

p "

As an example, let D= B= L*(0, w) and f(t,x) = g(¢)x* where
lg(t)] = M. 1t is easily verified that f satisfies (H4) iff «> 1. For
B and D in L"(0, ®) for p < %, the situation is more complex since
x € L? does not imply x* &€ L” for a> 1. If one is interested in,
say, L? solutions (as in the classical linear problem) this difficulty can
frequently be resolved by letting B = L2 and D = W22, the Sobolev
space with the norm

1/2

Ielba= [ [T (x0F + 1@ + W@ de ]

Under this norm it is easily seen (e.g. see Kato [8]) that |x|,2 = p
implies |x(t)] = Kp for all t; consequently, it follows that x € W22
implies x*is in L2, for & > 1, and indeed x* = o(||x|22) asx — 0.

To make this section somewhat more readable some of the more
technical results are put in §4 as lemmas.

We now proceed to construct the mappings, T'= T,, and their
domains in such a way that the resulting fixed points solve (3.1). The
domains are spheres in R X D of the form S,(p) = {(n, x): |, x)||, = p}
where ||, x)||, = || + o|x| foro = 1.
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It will be shown that for some p > 0, there exists a y > 0 and a
function o = o(§) with the property that for each £€& [—y,vy]
the mapping T = T, is a contraction of the sphere S (p) into itself.
The idea of the mapping is as follows. Let £ & [—vy,y] and
(m, x) € S,(p). Define g(t)= (Ao +m) f(t,x(t)) and consider the

family (with parameter u) of initial value problems
(3.2a) (L= wy = g(t),
(3.2b) ((0), y'(0)) = (£ mo$).

We will show that for each € there exists a unique pu € [ —p/2, p/2]
such that the solution to the linear nonhomogeneous problem (3.2) is
in D. The resulting point (u, y) is shown to be in S,(p) and this defines
T, x) = (p, y). Clearly a fixed point of T; solves (3.1) with y(0) = &
This gives the mapping of the interval [—v,y] onto a bifurcation
curve {(pg y) : —y = €é=y}in R X D.

é

The main tool for the construction of T, is (2.11), which we must
study in detail. Recall that the unique D-solution to (3.2a) with initial
values on Y, is given by (2.7) and y(0) is given by (2.11). Our goal
is therefore to show that, for some —p/2 = u = p/2, y(0) = £ Since
it will be convenient to think of y(0) as a function of u we make the
definition

(3.3a) $() = r(w) [ ols, wigls) ds,

(3.3b) () = [cos a(p)(m(p) — mo)] =
and seek to solve ¢(u) = & for —p/2 = u = p/2. Roughly speaking,
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the reason it has a solution on [—p/2,p/2] is as follows. A cursory
examination of (3.3b) suggests that r(u) > = as u — 0~ and
r(p) > F© as u— 0+ Hence, if [ v(s, p)gds — [§ v(s,0)g ds #
0, it would follow that ¢ likewise approaches both + o and —o. If,
in addition, |¢p(£p/2)|= ¢ and ¢ is continuous it would follow
d(pn) = € for at least one u € [—p/2, p/2]. It would then remain to
show that ¢(um) = £ has only one solution to guarantee a unique
p = w(§) and the proper definition of T,, Much of what follows is
the establishing of these facts.

In what follows p > 0 will be considered “small”. Our initial re-
striction is p < 1 and such that |u| = p and ||x|| = p implies

(3.4a) A = Ao + wisin the interval, I, of (H1),
(3.4b) 0< 1/(1 — Kylp|) = 2, Ky as in Lemma 2.1,

[£C -, x)||, = kx|, where k is sufficiently

(34c) small that kKy\o + p| =5 .

TuEOREM 3.1. There exists a p > 0 and a vy > 0 such that for each
nonzero € € [—vy,y] and o = (&) = p/(8Cylé|), Co the constant
in Lemma 2.1, the mapping T, defined above maps S,(p) into itself.

Proor. For the moment we think of p > 0 as small but fixed and
find y = y(p). Suppose M| =p and |x| =e€=p and consider
lp(£p/2)|. Applying the Holder inequality we get

(£ pl2)| =

) [ * (o + Mols, £ pI2)f(s, () ds |

(= pi2) (Mol + )l - > £p2)|all £ -, )]l
= max {If(wl(ol + p)oC - w0,

w==p/2

KAC 0

Since f = o(||x||) we can pick € > 0 sufficiently small that K, f( -, x)|,
= ||x||/8Cy for all ||x|| = e. We therefore define y = €/8C, and claim
that for € € [—v,y] and o = p/(8Cy|é|) the mapping T, maps
S,(p) into itself.

First we show that for each (n, x) € S,(p), (i, y) = T¢(n, x), if defined,
is in S,(p). By construction of T, we have a u value, |u| = p/2, such
that the solution to

Ly = py + (Ao + m)f(t, x(t)) = h(t),
(y(0), y'(0)) = (& myé),

lIA

(3.5)
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lies in D. Again applying Lemma 2.1 to Ly = h and using (H2) and
(3.4) we get
lyll = Colé] + Kollny + (Ao + m)f(t, x())]l,
= Colél + Kolwl lyll, + Kolho + 2l (-, 2,
= Colél + Koluel [lyll + Koo + I £+, 2)lls
= Golél + Kolul llyll + [lxlis.
Hence, again using (3.4)

lyll(1 = Kolpl) = Col€] + ||x[|/8 = pl8a + plSa = pldo,

1 P P _ P
= = =
= e 0= 240 ~ 20

It follows that ol|ly| = p/2, hence |(m 9|, = |u|+ olly]| =pl2 +
pl2 = p and (u, y) € S,(p).

We now show that for each (n,x) € S,(p), T:m, x)= (p, y) is
uniquely defined. Note that by our parameter selection above
plo = €. Referring to (3.5), for (9, x) € § (p),

(36)  WEpRI= KA 1)y = o SC el = EF €

Since ¢(*p/2) = |€|, if we can show that ¢ approaches both + o
and —o as u — 0 and is continuous on [—p/2,0) U (0, p/2], it will
follow that ¢(u) = & for some —pl2=E=p/2. In seeking the
solution to ¢p(u) = € there are two possible cases to consider.

Case 1. [5 v(s, 0)g ds # 0, where g(s) = (Ao + 1)f(s, x(s)). By Lemma
4.2, |lo( *, p)|lq is continuous in p; it follows immediately from the
Holder inequality that

hmj su)gds—>f (s, 0)g ds # 0.

u—0

According to Lemma 4.6 r(u) = [¢ + 0o(1)]/n as p — 0 where ¢ # 0.
Henceas u — 0

B(w) = () [ (s, wg ds
(3.7)

—f v(s,0)g ds[c + o(1)].

Lemma 4.1 gives the continuity of a(u) and the continuity of r(u) for
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p 7# 0 follows immediately. This fact together with (3.6) and (3.7)
shows that for —p/2 = u = p/2, ¢ takes on all values in (—o, —§] U
[€ ) and in particular ¢(ug) = € for some py. It remains to show
that there is only one §-value for ¢. In Lemma 4.7 we have that if
d(po) = £ then sgn(d'(po)) = sgn(—&uo). A simple geometric argu-
ment now shows that there is exactly one ug such that ¢(ug) = &
This now guarantees that T,(n, x) is uniquely defined for (n,x) €
S.(p) if [o v(s, 0)g # 0.

Case 2. [; v(s,0)gds = 0. In this case we can define p= 0 and
let y be the resulting solution to

(3.8a) Ly=g
(3.8b) y(0), y'(0)) = (& mof).

We first must verify that such a y is indeed in D. Once again Lemma
2.1 is applied where P is chosen as the projection along Y,. onto
Y, (¥, * the orthogonal complement of Y,). We can use the Green’s
function as was done in §2 to construct the unique D-solution to
(3.8a) with initial values on Yo . In particular at ¢t = 0 we get

y(0) = — L‘: PU- (s, 0)(s) ds

_ cos~la0) (e 1 /0

T mo + my! «[o v(s,Oi)g(s) ( —1/m, >_ < 0 )
That is, this D-solution has zero initial values. It follows that all
D-solutions to (3.8a) have initial values in Y, and conversely that for
(a,b) €Y, there exists a D-solution with initial values (a, b). In
particular, the solution to (3.8a), (3.8b) is in D.

Finally, we must show that if Jo v(s, 0)g = 0 then there are no
values u € [—p/2,0) U (0,p/2] such that ¢(u) = €& It will follow
then that T, is well defined for Case 2. We apply L'Hospital’s rule
to the limit of ¢, the derivatives being justified by Lemmas 4.5 and
46.

lim () = lim r(ys) [ (s, w)g ds

u—0 u—0
. Jo(dvlop)g ds
= lim ) ;
weo T A ()
Again referring to Lemma 4.6, —r=2(u)r'(pn) = (1 + o(1))lc as u — 0

for ¢ # 0. Lemma 4.4 shows that dv/du is in D and also continuous
in the L9 norm. Hence, again referring to (H2),




SINGULAR SELFADJOINT BOUNDARY VALUE PROBLEMS 553

= || ety

v
ap

IJ‘O ap.gdsl =

,)\0 + 7| ”f x)”p'

Since ||f( -, x)|, = o(x) as x =0 it follows that, for p sufficiently
small and 0 = 1 (recall that £ = + p/8Cy0o),

C"&v/ap.”q o + m| "f( " x)”n < [él.

Hence, for small p, lim,_olp(p)| < |€]. As discussed earlier, ¢ can
have at most one &-value on (0,p/2] and [—p/2,0). Therefore in
this case there are no &-values on these intervals and so u = 0 is the
unique value.

This completes the proof that T is well defined for all (n, §) € S,(p)
and takes S (p) into S,(p).

The following theorem guarantees the contraction property of T,
and hence our desired fixed point.

Tueorem 3.2. For p sufficiently small and y as given in Theorem
3.1, the mapping T, is a contraction en S/p) for each nonzero

§E€E [—y.7].
Proor. Let p,y,§ 0 be chosen as in Theorem 3.1. Let N;=
(mi> x;) for i = 1, 2 be two points in S,(p). We show that

TNy — TeNol, = 2 |Ny — Naf,

where |Ni|, = fmi| + o|x;]|. Since S,(p) is a convex set the “line
segment” connecting N, and N, lies in S,(p); namely {N(r) = N, +
(N — N)):0=7=1}.

We now think of ¢ as a function of the two variables r and u in writing
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B9 dn )= rw) [ vl who + m0)fls, x(s,7) ds
where

n(r)=m + 7my — M),

(3.10)
(s, 7) = xy(s) + 7(xa(s) — x4(5)).

It follows from Theorem 3.1 that for each 0 =7 =1 there is a
unique p = u(r) such that ¢(r, u(r)) = € for £ € [—y,y]. If the
implicit function theorem is applicable at each point (7o, u(7o)) then
we would have, letting o = (7o),

ad’ To> [.L())/&T
0(7o, o)ldp

and showing this value to be small would prove |u(1) — wu(0)| =
[o — wy|is small which is our immediate goal.

For simplicity we first assume that w(r) # 0 for 0=7 =1, and
proceed to use the implicit function theorem. Using (3.9) and (3.10)
we can compute (the differentiation of f by 7 is justified by (H4))

' tro)| = |

o=t " o w [ = mfts.n

0

+ 0 1) 2L (5.0 = x)s) | ds
P [7 s, mho + ne)f(s, ) ds

+ () [ 22

(Ao +
o 3/»‘« ot (7 )f(sx

Recall that 7(u) = [1 + o(1)]c/p for ¢ # 0. Hence, in the first half
of the expression for d¢/d7

) [* o = myof ds |
(3.11) = r(wmz = mil o€ 5 wall£C %),
= L1 Dl
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where K= 2¢|v( -, w)|lq for || = p/2. Turning to the right half of
our d¢/dr expression

w )
|1 [ tn+ roo 2L [y = x) &
(3.12) = [r(w)] i+ Aol "U( s I-L)qu” (x2 — xl)aﬂax”p
= K |(xs = x,)aflox]|,.
7
Combining (3.11) and (3.12) we have, letting K, = max[K, K],

(3.13) —"’ 2 A Dllptm = ml + e = x)affoxl,

It follows from Lemma 4.7 if p is sufficiently small and £ = p/(8C0)
that @(7o, u(7o)) = € implies (7o, u(7o))/dp = — & po. This fact

coupled with the fact that |f( -, )], = o(|x])), [(x2 — x1)aflox],
= o(||xy = x,]|) in (3.13) gives us, for smallp and K, = max[K, 1]
ad
' ()] = o |2 g el + = =)
(3.14)

= 4120 ”Nl - N2"0§ z%”Nl - N2”a'

From (3.14) it follows that if u # 0 for 0=7=1 that |u, — p,| =
[n(1) = w(0)| = 1||N; — Ny, If w = 0 for some values of 7 this result
can be extended to those points by a simple continuity argument
which will not be given.

It remains to show that oy, — yof = §||N; — Na|,. To this end
consider

Ly; = piy; + (Ao + m)f(t, x:(t)), i=12
Subtracting and regrouping the right side gives

Lly; — y1] = molys — y1) + (ke — m)yy
+ (o + M) [f(t, x5) — f(t, x1)] + (e — M) f(t, x1)
= h(t).

Once again applying Lemma 2.1 to L[y, — y,] = h(t) and using the
fact that (g5 — y,)(0) = £ — & = 0and Jy] = [yl
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lye = yill = KollRl,
= Kollmal ly2 — ol + 12 — pal [yl
+ Mo+ el [ (-, x2) = fU-, 2],
+ e — | ”f( ’ 7xl)”p]

Making use of |ly\| = pl20, [f( . x2) — f( -, x)]p = o(f|x2 — 1)
and ||f( -, x))|l, = o(||x:]]) as ||x:]| = plo — 0 it follows that

(I = |p2lKo)|ly2 — yil

1
SK[ 2 V= Nk + e b= nl+ = milgge o]

ly= = 91l

1
= 2K [ £ 5% INa = Nilb + g e = il + s = ml g 2 ]

= %”N2 - Nl”a"’ % [ ”x2 - xl” + e ""'hlP/U]

1 3
= o INo= N+ N = NiL = o [Ne = N

Hence
[|TeNe — TNy ||, = [e — wal] + olly: — v
=1INe = N, +3IN2 = Nyfl, = § N2 — Nufls

and the mappings T, are contractions of S,(p) into S,(p). This
proves the theorem.

The original goal is now an immediate corollary to Theorem 3.2.

THEOREM 3.3. There is a y > 0 such that for each £ € [—y,y]
there exists a unique A = \(§) for which the solution to

(B15) Ly =A&[y + fit.y)l,  (40),y'(0)) = (& med),
lies in D.

Proor. Apply the contraction mapping theorem to Tj; the resulting
fixed point (for each £ # 0) solves

Ly = w(éy + (Ao + w(8)f(t, y),
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(4(0),y'(0)) = (£, mo).

Then (3.15) follows by replacing Ao + w(€) by A(§) and L by Ly + A
where L is the original differential operator. Of course when & = 0,

y=0.

4. Some technical results. Following are the lemmas referred to
in §3.

LemMa 4.1. Let o ) be defined by the relation
(4.1) v(0, p) = cosa(p),  v'(0, p) = sin ofp),

where v is the D-solution to (L — p)y = 0 with normalized initial
values. Then a is a differentiable function of p (for small ) and

(4.2) o () = [jo o¥(s, ,L)ds] .

Proor. This result follows from the classical limit point-limit circle
analysis (e.g. see [6] or [7]) in the following manner (recall that in
(H1) it was assumed that the eigenvalues of (2.1) correspond with the
isolated spectrum of the classical analysis). We wish to show that
(4.2) holds at an arbitrary uo. In the classical analysis one seeks the
eigenfunctions in the form (in our case X € D)

(4.3) X(t; p, B) = y,(t; p, B) + 1, B)ya(t; p. B),
where y; and y, solve (L — u)y = 0 with

(4.4a) y,1(0) = — sinp, y,'(0) = cos B,
(4.4b) y2(0) = cos B, Yo' (0) = sin B.

The parameter B is normally considered as fixed and the left
boundary condition is X(0)sinB — X'(0)cosB =10 (so that y,
satisfied this). It turns out that, for fixed B, the function m is a
meromorphic function of p with simple poles on the real axis. More-
over the poles of 7 correspond to the eigenvalues (this last fact is
easily seen from (4.3) and (4.4); at least for the limit point case where
only one L2 solution exists).
Hille [7] shows that the poles of 72 have residues

(45) elwo)= =1 [ [ g2l <0.

(Actually Hille shows this for the case Lu = —u” + qu and w = ©,
but the extension to our more general operator is straightforward.)
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He also indicates the usefulness of considering B as a parameter and
writing

X(t; ""B) = yl(t; 2] B) + ﬁl(p,, B)y2(t; L, B)>

X(t; py) = yi(t; py) + 1, ¥)yo(t; py)-

Noting that X(¢; u, 8) and X(¢; m,7y) are linearly dependent (so
Wron [X(¢; w,B), X(t; w,y)] = 0) it is easy to compute

tan(y — 8) = ((u,y) — U B + Up,y) 1. B)),

where | = 1/iii (hence we inspect the zeros of | which correspond to
the poles of 11). We now let B = a(py) and y = a(p) and note that
l(, o)) = O (see (4.3) and (4.4)). Hence

tan[a(p) — a(po)] = — 1w, a(po)).

Dividing both sides by (u — po) and letting u — po we get

lim s epo) _ —a, = lim tan [o(p) — opo)]
popg M Mo R [ ]
= iy 2B~ elpo) _ o (o).
wouy BT Mo
That is, a’(pmg) = —a, where q, is the first Taylor’s series coefficient of

l atits zero ug. Since a; = (¢(pg))~! we have

o (o) = —ar= ol = [ "yl = [ "lots, mo)l
which proves the lemma.
LemMma 4.2. |lo( -, w)|q is continuous in u for small .
Proor. Let p, be fixed; we show that |u — po| — 0 implies
lo€ -, m) — o( -, po)|lg = 0. Denote v(t, po) by v and consider
L(v = vg) = po — pove = p(v — vg) + (1 — po)vo = h(2).

We can apply Lemma 2.1 to L(v — vo) = h since we have assumed
that (L9, L9) are admissible for Ly = h. For some constants C and K
we have

o = volla = Clo = ©0l(0) + K[|l [lv = vollg + I = wol [|vofla] -
Hence for w small (so that 1 —K|u| > 0)
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(48) [l —vollq —“"Tl—'[clv vol(0) + Klpw — pol [|volla] s

v(0, w) = cos a(u) — cos apg) = v(0, pgy) as w — pg since Lemma 4.1
gives continuity of a. It follows that the right side of (4.6) — 0 as

B = po.
LemMma 4.3. ais continuously differentiable in u for small p.

Proor. It remains to show that

a'(p) = [ vxs, w) ds

is continuous. This is certainly true if v( -, w) is continuous in the
L? norm and this fact is given by Lemma 4.2 if we replace g by 2
(recall that (L2, L?) is also admissible for Ly = h).

LemMaA 4.4. dv(t, w)ldp is in D and L9 and is a continuous func-
tion of u in the L9 norm.

Proor. We know that
(L — wolt,w) =0,  (0(0, w),v'(0, p)) = (cos a(p), sin o p)).

Formally differentiating the differential equation and initial values
gives
v

(4.7a) (L= pw)— Y

(47b) ( (0, ), 2 < w) ) = (—sina(we’ (1), cos a(pe (1),

This can be justified using standard theorems (e.g. see [6] ).

We now show dv/dp is in D by the technique of §2; namely by
using the Green’s function. Note the initial values for dv/dp are on
Y,*, the orthogonal complement of Y,. According to Lemma 2.1
there exists a unique D-solution to (L — )y = v with initial condi-
tions on Y,1. Referring again to (2.8) these initial conditions are
given by

y0 = = [ P, () ) ds

where P is the projection of R% onto Y,* along Y,. Expanding out
PU-! and taking the first component of y(O)
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_(eosalw) (o _
YO = )+ (T Jo TR

-1
~ tan ic(zs)c-:(-ugt)na(m(—a'(#» = —sina(u)a’(u)

which agrees with (4.7b). It follows that dv/du is that D-solution
promised by Lemma 2.1.

To prove that dv/dp is also in L9 exactly the same argument is
repeated together with the fact that the pair (L9, L9) is admissible
for (L — p)y = h.

Finally we must show that dv( -, w)/du is continuous in u in the
L9 norm. Again we apply Lemma 2.1, this time with B= D = L4
(in fact we will assume the constants C, and K, were chosen large
enough to handle both cases (B,D) and (L9, L%). Denoting
dv(t, w)/du by v, and dv(t, po)/d u by vy, we have

L(v, — vg,) = pv, — potg, + © — vg

= (1 = mo)vo, + (U, — v, )p + v — 0o
So, by Lemma 2.1,

. = vaulla = Colt,(0) = v4,(0)]

+ Kollw = pol [looulls + 11l flow = voully + o = volla]-

Hence

\ 8)llq. = oo S 7 [Cola0) = v0,0)
+ Kolu = sol [loaufla + Koflo = wolla] -

Since a, &', and |Jv( -, u)|, are continuous it follows that the right
side of (4.8) — 0 as w — pg and this established the lemma.

LemMa 4.5. For g € L” and F(p) = [g v(s, m)g(s) ds, F is con-
tinuously differentiable and
= [ B
(49) Pl = [ Sreds
Proor. Let py be an arbitrary value; we show (4.9) for u = u, by

showing that the integral in (4.9) is uniformly convergent for u near
wo. Letv, = dv( +, w)/dpandvg, = dv( *, po)ldpn. For0<a<b< w
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|[Z e |

[ o f ]|

[RENE Y
(o) (1) "
(o) ()"

= ([0 )" o= vade + oo

A

(4.10)

I

Since dv( *, w)/dp is continuous in p in the L9 norm (by Lemma
4.4) then for |u — po| =€, v, — vl = 1. It is now clear that the
right side of (4.10) goes to zero as a — w uniformly for |u — po| <e.
This justifies (4.9) for w = wo. The uniform convergence also guaran-
tees the continuity of F'.

Lemma 4.6. The function r(p) = [cos a(u)(m(pw) — m(0))] ~! has
the following behavior as u — 0

rw)=S[1+0Q)], r'(w=--"5[1+0o1)], c#O0.
M r

Proor. This is a simple computation using the facts: m(u) =
tan a(p) and @’ () = [3 v¥(s, w) ds # 0.
LemMma 4.7, Let (n, x) € S,(p) and

(411) B(w) = r(w) [ vls, i + Ro)f(s, () ds.

Let puo# 0 be in [—pl2,p/2] such that ¢(pe) = &= pl(8Cyo).
Then, if p > 0 is sufficiently small and o = 1,

@' (o) = —é€lpo-
In particular, the sign of &' (o) is sgn(— & po).
Proor. Differentiating (4.11) gives

&' () = ) [ (s, W) + ho)fls,3) s

) [T ol i + Ao)fts, ) ds
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And at py we have

(412) 6w = (o) [7 5o (0 + dolf(s, ) ds + 10

By Lemma 4.6, &r'(mo)r(pmo) = — &y for small w, We show that
the integral in (4.12) is small compared to —&/puo. Again using the
Holder inequality and Lemma 4.6,

| o) [ 55 0+ dafts v ds |

av
= (o F Dol || 50 o 12
K
= o 1
Since ||f( -,x)|, = o(||x|]|) and &€= p/(8Cyo) it follows that for p
sufficiently small and [x]| = plo that the quantity K||f( -, x), < €&

for 0 < € << 1 and the result follows.

5. Conclusion. In this paper the nonlinear perturbation term,
Af(t,y), does not depend upon y’'. The case f= f(t,y,y') offers
very little complication over the case treated; the major difference
being the necessity to think of B and D as spaces of vector-valued
functions. The restriction was made only to somewhat simplify the
presentation.

An interesting question is whether this local bifurcation result can
be extended to a global one in the spirit of Crandall and Rabinowitz
[3]. The situation for the singular problems is complicated by the
fact that the operator &, Gh = [5° G(t, s)h(s) ds, is not, in general,
compact. Some singular problems of the type treated here will lead
to compact operators; in which case the general theory would apply
and provide some global behavior. It appears unlikely that global
results will be forthcoming for the problem treated here. On the
other hand, it is reasonable to expect the “bifurcation curve”,
{(€, M(§)) : |€] =y}, to be smooth (probably C!) and future investiga-
tion will likely establish this.
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