JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 23, Number 3, Fall 2011

ON EXISTENCE AND UNIQUENESS OF THE MILD
SOLUTION FOR FRACTIONAL SEMILINEAR
INTEGRO-DIFFERENTIAL EQUATIONS

MOHAMMED MATAR

Communicated by William McLean

ABSTRACT. In this paper we consider the existence and
uniqueness of the mild solution for the fractional integro-
differential equation

d®xz(t)
dte

t
= Axz(t) + g(t, 2(t)) +/ f(t,s,2(s)) ds,
to
where 0 < a <1, g and f are given functions.

1. Introduction. Let d*/dt® denote the Caputo fractional deriva-
tive of order a, for 0 < a < 1. We consider the following integro-
differential equation

PO _ aw(t) + ot,2(0)
(1) +/f(t, s,2(s))ds ¢ >to >0,

m(to) =x9€ X

where A is a generator of a strongly continuous semigroup {7'(¢) : t > 0}
on the Banach space X, f: DXx X —- X and g : I, x X — X is
continuous in ¢, for

Ih::[to,to—f—h] and D::{(t,s):t0§s§t§t0+h}, h > 0.

Using a fixed point theorem, we prove the existence and uniqueness
of a mild solution for equation (1). The nonlinearities g(t,z(t)) and
f(t,s,2(s)) are assumed to satisfy some conditions, given later.
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The problem of existence and uniqueness of a solution for fractional
differential equations has been considered by many authors during the
past three decades (see [1-4, 6, 8]). For example, the case A = f =0
has been investigated by Delbosco and Rodino [1]. Kilbas, Bonilla
and Trujillo [4] consider the same problem (A = f = 0). They proved
existence and uniqueness theorems in terms of a Lipschitz function g on
the space of summable functions by using the successive approximation
method. Yu and Gao [8] developed more general conditions in terms
of a non-Lipschitz function g. Furati and Tatar [2] considered the
case A = 0 in which the nonlinearities involve power functions in
t, s and x. Momani, Jameel and Al-Azawi [6] obtained local and
global uniqueness theorems of the above fractional integro-differential
equation (A = 0) using Bihari’s inequality in the case of non-Lipschitz
functions. Recently, Jaradat, Al-Omeri and Momani [3] proved local
existence and uniqueness of a mild solution for a fractional semilinear
initial value problem for a locally Lipschitz function g in terms of some
kernel operators.

In this paper, the local existence and uniqueness of the mild solution
of the integro-differential equation (1) are proved, and the result is
extended in a global sense.

The paper is organized as follows. In Section 2, some definitions and
lemmas are recalled in order to be used for proving the main result.
Section 3 contains the main results and proofs.

2. Preliminaries. In this section, some definitions and lemmas are
presented to be used later in Section 3.

Definition 2.1. A real function f(z), z > 0, is said to be in
the space Cy, 1 € R, if there exists a real number p > p such that
f(z) = 2P fi(x), where f1 € C[0,00), and it is said to be in the space
Cr if and only if f(™ € Cy, n € N.

Definition 2.2. A function f € C,, p > —1, is said to be a
(Riemann-Liouville) fractional integrable of order o > 0 if

t

If(t) = ﬁ/(t —5)* ' f(s)ds < o0 fort > 0;
0

and if a = 0, then I°f(t) := f(t).



SOLUTION FOR INTEGRO-DIFFERENTIAL EQUATIONS 459

Next, we introduce the Caputo fractional derivative.

Definition 2.3. The fractional derivative in the Caputo sense is
defined as

() = g f - (1)
0

forn—1<a<n,neN,t>0and f € (C";.

The properties of the above operators and common symbols can be
found in [5, 7].

The proof of existence and uniqueness of equation (1) is based on the
following well-known “mild solution” (see [3, Definition 1.3]).

Definition 2.4. A continuous solution z(t) of the integral equation
(2)
ZL‘(t) = T(t — to)iL‘o

t
1

+ i [0 T = ) gts. oo+ / Ss.ra(r)) ar) s

to t

is called a mild solution of (1).

Applying the integral operator I* to both sides of equation (1), and
using some basic properties in the fractional calculus, one can show the
following (see [6, Lemma 2.2]).

Lemma 2.5. The initial value problem (1) is equivalent to the
integral equation

(3)

t

2(t) = zo + ﬁ /(t ~ 6)* 1 Au(s) ds
G / (t—s)°1 [g<s,w<s>> " ( / f(sm(r))dr)] ds,

for any t € [to,to + h], to > 0.
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To proceed, we need the following assumptions.

(A1) T'(-) is a Cp-semigroup generated by the operator A on X which
satisfies M = max;¢y, ||T(t—to)|| B(x), where B(X) is the Banach space
of all bounded linear operators on X.

(A2) The functions f : D x X — X and g : I, x X — X are
continuous, and there exist a nondecreasing fractional integrable (of
order a + 1) function k; € C(D;R") and a fractional integrable (of
order o) function ks € C(I; R™), such that

1f(ts,2(s)) = £(E,5,9(s))l| < ka(t, 5) [lz(s) — y(s)]

and

lg(t,z(8)) — g(t, y())I| < ka(2) [|2(8) — y (D)

where 0 < o < 1. The function %, is nondecreasing in the first argument
holding the second argument fixed, i.e., k1 (t1, s) < k1(t2, s) for ¢; < to.

(A3) The functions f and g are as in assumption (A2) with &, (¢, s) =
k1 and k2(t) = k2. The constants k1 and ky depend upon C > 0 such
that ||z(¢)|| < C and ||y(¢)|| < C for any ¢ € I,. Moreover, we assume
that

¢
gréz%f/|f(t,s,0)| ds =b; < oo and rtrée}i(|g(t,0)\ = by < 0.
to

We need the following lemma later.

Lemma 2.6. Assume that a; > 0 fori=1,2,3, and that 0 < o < 1.
The function
f(z) = a1 — 2% (a2 + azx)

is nonincreasing for x > 0, and there is an interval [0,a), a > 0, such
that 0 < f < ay.

3. Main results. In this section we introduce the main theorems on
existence and uniqueness of the mild solution of the integro-differential
equation (1). The first of our main results is as follows.
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Theorem 3.1. Under assumptions (Al) and (A2), for xqg € X the
integral equation (1) has a unique mild solution x € C(I; X) provided
that T%[ko(t) + I'k1(t,t)] < gM~', 0 < g < 1.

Proof. Let g € X be fixed. Define an operator G : C(Iy; X) —
C(Ip; X) for t € I, by

(4)
(Gz)(t) = T(t — to)zo

o / (6= 97t = 9o, a(6)+ / Fs.ra(r))an) s

to

By the assumptions, the operator G is well defined on C(Ip; X). Now
we use the fixed point theorem (for contraction mapping) to prove the
existence of a solution z(t) € X. Let =, y € C(I; X), then, by using
assumptions (Al) and (A2), we get

b o / -9 / 15(6,ra(r) = £ ) s
< s / (t — 5)* Vha(s)(s) — (s)]| ds

M t s -
m//(t_s) k(s r)llz(r) — y(r)|| dr ds.

to to

We use the change in the order of the second integral to get

(RIOREAO]
M t a—1
< g [ =97 ) lale) ~u(o)] s

to
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+ e / (o) wto)1 / (1= )" o) ds ) dr

M a1
< ) / (t = )2 Uha(s) | (s) — u(s) | ds

to
t
M

Ty [ (s () — o) s

to

_ M t — 5)* Hky(s (= 9)ka(t;s) z(s) —y(s s
~ ria J = 9 et + D o)y )| a

to

< M (I%2(t) + 1Tk (8,1)) Iz — ylloo < dllz — oo

Therefore, G has a unique fixed point z = G(z) € C(Ij; X), which is a
solution of (2), and hence it is a mild solution of (1). O

We now prove the existence and uniqueness theorems for the case
that f and g satisfy Lipschitz conditions locally in z(t) and uniformly
in t on a compact interval.

Theorem 3.2. Under assumptions (Al) and (A3) for xg € X, the
integral equation (1) has a unique mild solution x € C([to,t1]; X), for
some t; < tg+ h.

Proof. We define a closed subset B given by

B={zecC(;X): for ||z(t)|| < L =2M ||xol|, for to <t <t}
of C([to,tl]; X) g C([to,to + h], X), where tl = to + 6,

o Bk2 + b2+ b1 Bk < |lzo]
U Tla+1) Ttz = *b

and the above constants, as in assumptions (Al) and (A3), depend
only on A > 0 and ¢y > 0. It is clear that B is a closed subset of the
Banach space C([to,t1]; X). Moreover, it is a nonempty subset, since
r=0Mzxo € Band 0 < (< 2.
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Now we prove that the operator G defined by (4) maps the set B into
itself. Let = € B, then by assumption (A1) we get

1(Ga) (1)
M / a1

< Meol| + o / (t— )2 [lg(s, 2(s))]] ds

+% / (- 5)°1 / 1 (5,7, 2(r))]| dr ds

=M g+ e [ (6= 9" gts.2(9) = (5,0 + g(.0)| s

to to

M t s -
+@//(t‘s> 1£(s,m,@(r)) = f(s,7,0) + £(s,7,0)|| drds

< Mjzol| + % / (t— ) flg(s, 2(s)) — g(s,0)]] ds

M t s -
s [ [6= 9 U5t - s 0 drds

to to
t

M a—1
+ / (t—5)*"" llg(s,0)]| ds

s s [ / 170l dr ) s

to

< Meol| + 225 [ (6= )" Ja()] ds

% /t/s(t_s)al [z (r)|| drds

to to

+
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t
a1 Jg(e o)+ w1 ( [ 16,0) ds).

By assumption (A3) and the properties of the subset B, one can get

M Lks

I(Ga) (Ol < M ol + gy 35 (= t0)°
,
+ MI <t0/||f(t,s,0)|| ds)
< Milaoll + o (t—to)”
+ %(t—to)a“

Lko + by + by Lk,
t—t
T(a+1) + I‘(a+2)( °)>

= M ||zo|| +M(t—t0)"‘<

In view of the definition of ¢; and Lemma 2.6, there exists a positive
number ¢ such that equation (3) holds, where we put

a1 = ||zol|, a2 = (Lka +ba+b1)/TD(a+1), as=Lki/T(a+2).

Hence, we have
[(Gz) (£)]| < 2M [|zo] -

As in Theorem 3.1, the operator G has a unique fixed point = € B such
that z(t) is the solution of equation (1). o

We close this article with the following result.

Theorem 3.3. Let D = {(t,s) : to < s <t < oo}. Under
assumptions (A1) and (A3), the integro-differential equation (1) has
a unique mild solution x(t) such that t € [0,T) for some T < +o0.
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Proof. By Theorem 3.2, there is a unique mild solution z4(¢) on
the interval [0,¢;]. Again, applying Theorem 3.2 with initial condition
x1(t1), there is a solution z2(t) on the interval [¢1,2¢1]. Continuing in
this manner, one can get a solution x(t) = zx(t) for ¢t € [(k — 1)1, kt1],
k > 1, which is unique, since otherwise there are solutions z(t) and y(t)
on the interval [(k — 1)ty, kt1], for some k, contradicting the uniqueness
part of Theorem 3.2. Hence, the above solution is unique.

We now prove that the interval on which this solution exists can
be globally extended. Let [0,7) be the maximal existence interval of
the solution z(t) of equation (1) such that T' < oo, and let (¢,) be a
sequence that converges to T'. If lim, . ||z(t,)]| exists, then ||z(¢,)]|
is bounded for all n. Hence, by using Theorem 3.2 for £ > 0, one can
extend the solution z(t) on [0, t,+¢], where t,+¢ > T and n is sufficient
large. This contradicts the maximality of 7. Hence, lim;_,7 ||z(t)|| does
not exist, which implies the result. ]

Remark 1. By Lemma 2.5, the above results are also satisfied by
replacing the integral equation (3) instead of equation (1).
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