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Denote by 7Z-N + k ( S N  p )  the P-prim ary component of the
(N+k)-th hom otopy g ro u p  N+ k(SN ) o f  N-sphere SN. In  this
paper, N  denotes always a sufficiently large integer, in particular
N > k + 1  fo r  th e  group 

7 Z - N + k ( S N )
 which does not depend on

N (>k +1 )  and is  the k-th  stable homotopy group n • k ( ) of the
sphere.

For k<2p2(p-1)-3, the stable groups 7t* N +  k (S N  ;  p ) are deter-
mined and stated as follows (p : an odd prime):

(A) 7r, ( p _ o _ i ( s N ; p ) = Z p 2  f o r  1 r 5 p - 2  and  =--Z p 2+Z p

f o r  r= p - 1 ;
(B) N -  F fr(S N  p ) = Z p  f or the following values of  k :

k = 2 t ( p - 1 ) - 1  w h ere  1 S t<p 2 a n d  t +0  (mod p),
=2 ( rp +s ) ( p - 1 ) - 2 ( r— s )  w h e re  0 s <r5 .p - 1 ,
= 2p2( p —1)-2p ,
=2 ( rp +s +1 ) ( p - 1 ) - 2 ( r— s ) - 1  w h e re  0 _ s < rp - 1

and r— s+p--1;
( C )  7rN+k(SN ; p ) = o  f or the  other values o f  k<2p2(p-1)-3 .

For example, zN+2pcp-i)-2(SN ; p) = z  p  a n d  N + 2 p C p - i ) - - 1 ( S N  p)
= Z p 2.

Methods emploied here are the same as in [4 ]  by determining
the .9'*-module structure of stable cohomology groups of Postnikov
complexes K , over the sphere. Several difficulties may occur, the
first one is related closely with the values of the above example,
and it is removed by the aid of the results in the preceeding paper
[ 6 ] .  The second difficulty occurs in the dimensions about
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k =-2p2(p —1) —2. we may show many possibilities, in these dimen-
sions, which depend on mod p  Hopf invariant H : Z ,  k
-=2Ap —1) —1, and some others, however, we do not know how to
determine the groups 7 r N + k ( S N )  for k .2 p (  p  -1 ) -3  ,  2p2(p —1) —2, •••.

The results and the notations in the preceeding sections [5 ]
and [ 6 ]  are refered such as Proposition 1. 5, Theorem 2. 9, etc.

§ Preliminaries and lemmas.

L et S N  be a n  N -sphere. According to § 4  o f [ 4 ] ,  take a
sequence of CW-complexes

K 1 K 2 -•• K k _, K k •  • • SN

such that 7r1(K k ) ,  0 for i N-4-k and the injection homomorphisms
i * : z i (SN)—>7r,(Kk )  are  isomorphisms for i < N + k .  The sequence
may be regarded a s  a  realization of Postnikov system over SN.

Let K k *  be a  complex obtained from K k  by shrinking K k ± , to
a  p o in t. Obviously, (co)homology groups of the pair (K k ,  K k „)
are isomorphic to those of K k *  under the homomorphisms induced
by the shrinking m ap . A s is easily seen, 7ri (K k ,  K k , )  vanishes
except f o r  n'N+k+ i( K k z N + k (S N ) .  Since Kk+ i  i s  (N - 1 ) -
connected and since (K ,„ K k , )  is (N +k)-connected, the shrinking
map induces isomorphisms z i (Kk , z i(K k*) for i S 2 N + k - 1
and onto-homomorphism for i = 2 N + k  [ 1 ] .  Thus 7r,(K k *)---- 0  for
z+ N + k + 1  and i S 2 N +k .

Imbedding K k *  in  an  Eilenberg-MacLane complex of the type
(7eN+k(SN ) ,  N + k + 1 ) ,  w e  s e e  t h a t  H-NE i(Kk , K k , Z )  a n d
HN +'(K T , Z )  a r e  naturally isom orp h ic  to  

(7rAri k ( S N ),

N +k +1 , Z p )  for i < N + k ,  and isomorphic to th e  stable group
A "  1 ( 7 rN  Fk(S N ), Z )  f o r  sufficiently la rge  N(> i —  k> i — 2(k +1)).
It follows from the cohomology sequence of (K k ,  K k , )  that the
following sequence is exact :

••• HNH(K k , H N ± i(K „„ Z )  8 : 2 4 i - k ( 7 r N + k ( S N ) ,  Z )
2 . 1% HN+i+1(K k , ,

where we identify H N - F i l l (K k ,  K k + „  Z )  with Ai -

 k ( 7 r N , k ( S N ) ,  Z )  by
the above isomorphism.

Since the Steenrod operations 9 g and the Bockstein operator
A  commute with the homomorphisms o f th e  above sequence, it
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follows that the homomorphisms are ,7*-homomor phisms.
By suspension methods a s  in  [ 4 ] ,  w e take stable groups

A i (Kk, Z ) ,  k ( )  and n" k ( ;  p )  given by

Ah(Kk ,  Zp) H N IK k  Zp) 0.S.i <N +k  ,

k( ) z N i - k ( S N )  , k( ;  P ) 71- N+ k(SN  ; p ) , N >  k  + 1  .

Then it follows the following exact sequence o f ,_V *-homomor-
phisms.

(3. 1). • Ai (K k , Z p ) A i(K k ,_„ Z p ) k(z k ( ;  p), zp )
zp ) .

Let/ p :  81 p '- k e rn e l  ((H i (X , Z ))  --> Hi - " (X , Z p ) I (8 I pr - '-
image) be the Bockstein homomorphism. Put

Ar =  ( -
1 )i alP r  ( A i =  A)

then A r  commutes with the suspension homomorphisms. Thus A r

may be defined in the stable group A *(K k , Z , ,)  and A*(7r, Z) .
A , commutes with the homomorphisms o f k3. 1).

From the exactness of the homotopy sequence of the pair
(K k ,  SN), it f o l l o w s  t h a t  7r,(K k , S N ) ,

-  0  f o r  i N + k  and
a:5 N)-,-7ri(SN) fo r  i N + k .  Since (K k , S N ) i s  (N +k )-
connected, there are Hurewicz isomorphisms v i (K k , Hi(Kk, SN)
for i N +k + 1. Obviously H ,(K , Hi(Kk) for id=0, N .  Thus

Nd-k(Sk) , i N +k  +1 ,
(3. 2). Hi(Kk) O,N < i < N + k + 1 ,

Z ,=  N

T h e  first isomorphism  is also given by the composition
IT THAT±k+ HN+k+1(Kk HN+k+i(7r N+k(S N ) N, N+ k ( S ) .

Then by the duality, we have

(3. 3). A i(K , Z p ) = 0  fo r  0 < i < k + 1  and j * :  N (7r k ( ;  p), Z )
Z )  is an isomorphism. j* : A' (71" k( ;  1 3 ) ,  Z ) - > A k  2 (K k, Z,,)

is  an isomorphism into.

Th e last assertion follows from the fact that Z,,) is
spanned by Ar - im a ges and from the following lemma established
easily from (3. 2).
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Lemma 3. 1. T h e  num ber o f  th e  d ire c t f ac to rs  o f  n k(e ; P)
isomorphic to Z r  i s  the  rank  o f  ( th e  im ag e  o f )  r  : A r _1-kernel
( c

JAk-Fi ( K k  p ) ) , Ak+2( K k ,  Z p )1(Ar  1 - im a g e ).

I n  particular, if Ak'(K k ,  Z ) = 0  then 7rk (e  ; p)-=o, and it
follows that the homomorphisms i *  o f  (3. 1) are isomorphisms.
Thus,

Lemma 3.2. I f  k (K k ,  Z ) = 0  f o r  0 < i.S k + r (r> 0 ), then
z i (e  ; P )=0  f o r  k < j< k + r  an d  i* : A*(Kk , Z p ) —>A*(Ki , Z )  are
isomorphisms f o r k < j< k + r .

Lemma 3.3. A ssum e that Ak+ 1 (K k , Z ) =  { a}  and A a + 0 .  Let
Ice,a= 0, s ,  1, 2, • • •1 be a system of  relations in the submodule ,.7*a
o f  A*(Kk , Z )  g e n e rate d  b y  a .  L e t  {E 3.,,as= 0, t ,  1, 2, •••} be
a  system  of  relations in the submodule E  C_Z * Crs o f  .37* generated

by {a s }. Then there ex ist elem ents bs  o f  A*(Kk+i, Z p )  and  w, of
A*(K„, Z p ) such that

8*b, = a s (j* - 1 a )  a n d  E Rat), i*w, •

L et {a„,} an d  {r„= 0} be sy stem s o f  generators and relations
o f  A*(K„, Z p ), th e n  A*(K Z )  h a s  a  sy stem  {i*arn ,  bs } of
generators a n d  a  sy stem  li*r:=0 , i*a=  0, E s s t bs — i*w, = 01 of
relations.

Pro o f . B y  the exactness of the sequence (3. 1), j*(a s (j* - 'a))
,ce s a = 0  implies the existence of b, such that 8*bs  = a s ( j* - 1 a).
Similarly there exist w, such that E 3, 1b5 = i*w „  where it is to-
be remarked that 76,,(e ; p ) ,  z  p  and A*(7rk ( ; p), zp ).---,9'*(p-a)

The second part of the lemma is also proved by the
exactness of the sequence (3. 1) of ,_Y*-homomorphisms. q.e.d..

Similarly the following lemma is established.

Lemma 3. 4. The previous lemma 3 . 3  is  also  true  under the
follow ing replacem ent of  the assum ption, relations and notations:

Ak+1 (K k , Z ) =  lal and A a # 0  by Ak+1 (K k , Z p ) , {d} , Ak' 2 (Kk , Z )
{ a l  and Aa' , Aa"-=-0 (resp. by Ak'(K k , Z p ), {a , , Ak+2( Kk ,  p )

={Aa, a n  and Aa'=- a"=0),
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a sa by ces'as /  +ce s "a s " (resP. cesas+as'as'+as"as" =0),
.9 '* a by +‘.7*a" (resp . ,9°*a+,9 '*a' +,5"a"),
8*bs

,= a 5 (j* - 1 a)  by 8 * 6 , ,a ;( j * - 1 0 + ( e s "(j* - 1 a")
(resp. 8*b s = ce 3 ( j"a)+ ce5 / U* - 1 0+ce,"(3* - 1 a")) ,

E 13 ,,ta s  = 0  i n  ,_̀7* b y  E ce,") =  0  i n  „c"*/cr*LX
69c-/ * / s -,"*A

(resP. E 13 ,t(cfs, a " ) = 0  j .9-*63,._9,-*/,v*AEB ,,y17,9-*A),

and by  adding the relation i*a/ =i*a"-----0 in  the  last assertion.
A  remark in  the proof is that A*(7-ek ( ;

(resp. ,V *ED 9*/6°*A ED ...5"/5*A ), which follows
from (3. 3).

T he following lemma is established from §  3  o f  [ 7 ]  (cf.
Lemma 3. 3 of [4 ]) , by taking stable groups.

L em m a 3. 5. L e t  i ,  j *  and 8* be the homomorphisms o f  (3. 1).
i). Fo r a E k(7r ; p ) ,  Z  p ) and  bEA i(K k , Z p ), assum e that

rb = { i* a } .  T hen there is an  element ei E A 1 1(Kk+ 1 ,  Z p )  such that
8*d--_,Aa and Ar+,..1* b = lal

ii). For a E A rk ( ; p ) ,  Z p ), assum e th at j*a E
Then there are elements ed E A i n K k - f i  Z p )  and cEA i+2(K„,Z p )  such
that 8*6-1= A a ,  r { c }  a n d  r i a{ i * c }  ( r 2 ) .

iii). F o r  a e k(7r k( ; Z p ) an d  d k .1 (7 rk ( ;  p), z p),
assume that r(j*a) {i*d}. Then t h e r e are e le m e n ts

Z p )  and  JE A ' 1 2 (K k i i , Z p )  such that 8*e1=A a— pr - 'd,
84 = A d  a n d  r ei = {d} (r 1).

§C ohom ology  o f K 2 p ,  and K 4 4 .

The complex K ,  is  an  Eilenberg-MacLane space of the type
(Z , N ) . Thus

A *(K „ Z A *(Z,Zp)

Denote by

a„EA °(K „ Z p )

a  fundamental element. Then th e  ,V * -m od u le  A *(K „ Z  p ) is
generated by ao  a n d  has the relations generated by Aa 0 -=  O.
A *(K„ Z ) = { a 0 , A g ) 1 a 0 ,  , 2a 0 , • ••} , an d  thus A i(K „ Zp)
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vanishes for —3. It follows from Lemma 3. 2 and Lemma
3. 1 that

; P) = 0 f o r 1  < 2p — 3 ,
(3. 4). i* : A*(K„ A *(Ki, Z)  f o r  1 < i 3 ,

2 p - 3(  ;  p) -= z p .
For the convenience, we write the image i*a of an element

a E A N K k  , Z )  b y  t h e  sam e sym b o l a  E ANKk+1, Z p ). Then
A*(Kk ,  Z ) ,  for I k 2p— 3, is generated by a o  and  has a  system
{Aa o = 0} of relations.

N o w  w e  ap p ly  L em m a 3. 3 for t h e  c a s e  k = 2p — 3.
A 2P- 2 (K 2 p , ,  Z ,,)= { 'a0 } a n d  A,g' 1(10 + 0 .  B y  t h e  isomorphism
ANK, p _„ , V * ( , _ i a o )  corresponds to the image of
(„q")* : ,V*—..99 */,.99 *A, the kernel of which is ,V*R,
by Proposition 1 .6  [5 ] .  Consider a relation a,R, +a 2 .94 - 1 = 0 in
,9°*R1 + * g ) P- 1 . B y  Proposition 1. 6, a 2

1 0 mod ,V *R,
implies a, = $2,9” for some /3k , ,82 E ‘9° * . Since ' 9 ' = 0
and A,_q'P- 1 = , it follows (a,— f-3,, P - 2 ) R, = O . Then, by
Proposition 1. 5, a, + 04

1A for some 193
, /34 E V *

such that /3 4 = 0 i f  p > 3 .  Consequently it is proved that the
re lations in  ,V *R, +.9' 9 P '  a r e  generated  by th e  following
relations :

R ,R ,= 0, (A .q"A R , = 0 if  p  3) , + = 0
and -= 0 .

By Lemma 3. 3 there exist elements

a, e A4P - 4(K 2 p _ „  Z )  a n d  b ,  E A 2P( P- " - 1 (K 2 p _2 ,

such that
8*a, = R,(j* - 'a o ) and 8*b i

,  g P - 1 (j* - la0 ),

an d  there  a re  re la tio n s R 2 a2 =i*w „ (A g"A a 2 =i*w 4 i f  P = 3),
Ab 1 + , P - 2 a2 -= i * w ,  and f o r  so m e w „ w2, w3, w4
E A*(K, p _„ Z ).

Theorem 3 . 6 .  A*(K2 p 2 ,  Z )  i s  an ,V *-m odule generated by
a o ,  a ,  a n d  b ,  h av ing  a  system
Ab 1

, ,9Pa 0 — g " - 2 C/2 (ad d in g  A, IAcc, = 0 i f  p = 3 )}  of relations.

Pro o f . By Lemma 3. 3, it is sufficient to prove that
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i*w 2 =  i*w, =  i*w, =  0  a n d  i*w,
w 2  G  A 2 (p 4 3 )(p - i )-3 ( re-2 p _ 7  

9 ) n3 )  4 , V ,  and thus i*w 2 = O . uY, E A6Cp-1).1

(K2 9 _3 , Z 9 )=_ •tA g "a o l .  Since A,9 3c4 =9 2 A (9 ' i a0), i*w 3 E i*A6(P- 1)+1
(K 2 p _ „  Z p ) = 0 and thus i*w3 = O . A lso it follows from  A 6 ( P- ')+2

(K2 9 _3 , Z9 )= 0  (p= 3 ) th a t i* w ,  O. Since w, E A 2Pc P-
1 ) (K 2 p , ,  Z 9 )

and since ._ Pa„ does not vanish in  K 2 9 _2 , w e  have to
determine the coefficient x  in the equation

i* w ,= x .P a o .

Consider theorem 2. 9 of the case r =0 , where is  a fibre
space over an  Eilenberg-MacLane space "Wo

N  o f  the type  (Z , N )
such that n 1(W )  vanishes for i+ 0 , N+2p — 3 and 7 T N-2p - 3( W N1 )
= Z p  7 1 - 1,7( W i

N )=  Z .  Let X  be a mapping-cylinder of the fibering :
As in seen in  § 4 of [4 ], we may take K 2 9 _2 and K 2 i,_3

such that 4 ? - 2  =1CP 3 =S N . Let f : N  be a representative
of a generator of 7rN( W , ) .  Since n-

i ( W,N) vanishes for i N-4-2p-2,
the mapping f  is extendable over the whole o f  K 2 9 _2  an d  th e
result is denoted by f 1 : K 2 9 _2 --->W N . Also f , : is
extended over f 2 : K 2 9 _3 --> X such that f , = f 2 1K 2 9 _2 .

It is easy to  see that f ,  and f ,  induces mod p  isomorphisms
of the homotopy groups and thus isomorphisms of the cohomology
groups in the following diagram.

•• • Z,,) 111(W  , Z,,) W  Z ,,)

If2* if2*
••• Zp) H i ( K 2 p - 2 ,  Zp) H i'(K 2 1,_3 K 2 , ,  - 2 Z p) - >  •  • •

Choose the element u of Theorem 2. 9 such that f ,* u =a „ then
it is verified easily that the element b, of Theorem 2. 9 is mapped
b y  f , *  to our elem ent b,. It follows from Theorem 2. 9 that
Ab1 - 9 a0 i s  in 9 9 *a 2 . T h e re fo re  w e  h a v e  Ab, — g ? Pa,
- = - 9 - 2 a2 ,  x = 1  and thus i*w, q.e.d.

Added in  p ro o f. I n  Theorem 2 . 1 0  [6 ], re ad  A b ,=g P u
— 9 - 2 a  in  p lace  o f  A b ,=.9 'Pu+,P - 2 a. H *(W N , Z 9 )  is naturally
isomorphic to A *(K 2 9 _2 , Z 9 ).

By Lemma 3. 1 and Lemma 3. 2, it follows from A NK 2 p _„ Z 9 )
={ a„ a 2 , Aa 3 , •••} that
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x ( ;  p )  = O f o r  2p -2  Si<4p--5 ,
(3. 5). i* : A*(K3 p _3 , A *(Ki, Z )  f o r 2 P - 2 <i  .5 4 p - 5  ,

7r4p_5( ;  p) = z p  .

Then Theorem 3. 6 is also true for K4p-5.

Theorem 3. 7. i). L e t  p > 3 .  T h e re  e x is t s  a n  element
a3 EA"P - "(K 4 p _4 , Z ) such  that * (13---R 2 (j* - 1 a2 ). T h e  ,7 * _ m o du le

A*(K, p _ „ Z )  h as  a  system {ao , b„ a 3 } o f  generators and  a system
lA a 0 = . 9 'a 0 -=.9 1 b,.= R 3a3 = 0, Ab,= g P a o l  o f  relations.

ii). (L e t  p = 3.) T here ex ist elem ents a, E A "(K ,, Z 3 ) and
a3 'E A "(K ,, Z 3 ) s u c h  th a t  S * a ,= R2( .i* - 'a3) = 8*a3'

i A (j *
-

l a,) and A._ 1a3 = g " a 3
1 . T he „7*-m odule A *(K ,, Z 3 )

h as  a  system  { a o , b„ a3, a 3 '} o f  g e n e rato rs  a n d  a  system {A a,
Aa 3 , A a 3 ' .0 ,  A b i - =, Pa„ A .gua 3 = of

relations.

Pro o f . i). Consider Lemma 3.3. A 4 P - 4 ( K 4 p  _ 5  Z ) =  {a2 } and
Aa2 + 0 .  By Theorem 3. 6, the relations in .9'*a 2 is generated by
R 2 a2 = 0 .  By Proposition 1. 5, the relations in 5"*R 2 is generated
by R 3 .1?2 =  O. Then it follows from Lemma 3. 3 that the theorem
is t r u e  f o r  p > 3 , b y co n cern in g  th e  r e la t io n  R 3a3 =i*w
E i*A8cP- ' ) + '(K 4 p _5 , Z ) = f i * A g 4a2 1 =0.

ii). A 8 (K „ Z 3 )=,  {(2'2 }  and Aa 2 + 0 .  By Theorem 3. 6, the rela-
tions in  .9'*a 2 is generated  by A g 'a, = 0 and 9 " a 3 = O. - By
Proposition 1. 5, the relations in A 9 l ...9'*+11,9 1 A._7* is generated
b y  A(A.9' 1 )=--- 0, A(Ag l A).-=  0  a n d  .1,9 1 (A 1 ) —.9 1 ( i.X) = O.
B y L em m a 3. 3, th e re  e x is t  e le m e n ts  a 3 E AL2 (K 8 , Z 3 ) and
a3 ' E A "(K s , Z 3 )  such  that S*.a3 = A ,g)1 (j* - 1a3 ) an d  8*a3 ' =
(.i*- 3 a2) and there are relations Ad3 =  i*w„ and A, 11/,
— 9 1a3' =i*w 3 . S in c e  iv, E 24.17 (K 7 , {Ag34a0, A-q 2a2} and
i*a2 =--- 0, i*w3 =- xA g ' 4a, for some coefficient x .  Since i*A "(K7 , Z 3 )
--=i*A 14 (K 7 , i*w,--=i*w,..= O. Put a3 =ii 3 —x 3a0 ,  then it is
verified easily that 8*a3 =  .1 1 (.1*- 1 a2 ), Aa, --= 0 and .6, ,q ' 1a3

,

Now the theorem, for p  3, is established by Lemma 3.3.  q.e.d.

§ Some adding relations from Steenrod algebra.

By Theorem 1. 7, the kernel of the homomorphism (g")*
+..ce,* ') is +5°*.g'2+,9'*c(2,g5P41—g)Pg'
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+ * c ( , q " " - "). By (1. 7) and (1. 8), c(2,g) P

By Lemma 1.3 and by (1. 9), ,9 (p2 )
and i) e -E-9'*,9 ' f o r  1 < i_p  — 1. Thu s ( P )*
, ( p ( p - 1 ) - i ,  0 = 0  for B y  (1. 3)', i)
E ,7* 2 f o r — 1. B y  (1.3), ,_9 ( p ( p - 1 ) - ( p - 1 ) ,  p - 1 )

( - 1 ) 1 i , ( p ( p - 1 ) - i ,  0 and thus ,9 (p (p -1 )-1 ,1 )
E ,9'*,.9 2• It follows from ,9 ( p ( p  - 1 ) ) 0 , g ' .7 *  that c(9 ) (p (p -1 )))

,7 *,93 2 .  Therefore CC_9" —") —  Xs_9PCP— " E ,9 * .9-2 for some x  0
(mod p ) .  This shows ,54 '*,_ 2 +,9°- *c(,_9 " - ")= -9 '*„q 2 +-V*,_ " - ') .
W e have proved

(3. 6). The kernel of (g iP )*:._7*--. 4-._V * . _ ' )  i s  ._:V*A
+ + ,V*(2,9P,9 I  — ,9 ,V*._PCP— " •

Now consider the submodule ._7 *b , of A*(K, p _„  Z p )  generated
by b1 . Let ab, = 0 be a relation, a E ,9° *. Then, by Theorem 3.7,
a = g 1 + 'yz f o r  s o m e  13, 7 E ,V* such that Pao= 0 , i.e.,
( P)*7 =O . B y  (3 .6 )  a n d  b y  the relations AA = 0  and

1
- it fo llow s that a ------ 3 q ) 1 +7 ,-‘ E,S°*,g' 1 +2

,V*(2 9P. 1 —,9P+ 1) A +5 f7 * 1 ) A .  Conversely
— 9P ')A b , -=-- O. Therefore the following lemma is
established.

L em m a 3. 8. ,9'*b 1 h a s  a  system { . 11)1 = W i b,-- , - -- . - 7 " - 1 ) -lb,
-=0} of relations, where

Denote that

W k  (k+1),_9 P .. 1A — k .P + 1 A + (k -1 )A .9 P ',
c( Wk ) -= kA._9P._9 1 —(k+1) P4.1 — (k —1),9 P,9 1-1

B y  u se  o f (1. 3), th e  following relations m od ,9 19 ' *  are
verified.

W ( k ) g "  0, in fact, W(k).9 1 = .9 'W p , ,
(k+s)A .9""+ 1), s+'— (k-1),Pcf -H),g's+1.1

(k + t +1) P(t+1)+1. s ,
WO), (k + s)A,9P"± 1 ) ._ s+',A—(k +t 4-1)
W(k)A,.9 Pt. s —(k + t + 1 ) g - ,  P"



200 Hirosi Toda

W(k)A,g`Pf-",_qs-1 kAgsper-1-1)+1 , 9 s A  ( k + s )

-W(k)A, Pt s A — ( k  t  1) ,

W(k)A — (k s)A , g pct ,

W(k),A, Pt+1A , 9 '  = pct+0-1,1, s6.

— 0,
. / / (P t - 2) , 9 5 p r - 1 =_—_ g y p (2 p -2 ) p—i( g s p 2 U -2)gpper— i))

pgsxpt+i)+16. , 9ps+IA = A , 9p-1-1A ,951A (
g p 2 r , ps)

It follows from these relations that the kernel of the homo-
morphism

W(k)*: I

is 0 7 1,9 7 * 4. W.(2),9, 7 * 4_ , .2pcp— * if k  = 1,
W(k + 1).9'* if 1< k < p - 2 ,
W (p-1)5 *+,1P+i.1. 1.1.5̀ ..* if k
W(2),9'*-).-. - 1 ) ,5/7 P - 1 ,V *  

if p =  3 and k 1 )  ,
Wow , *  {A,g)pt-r1A,95s z ps l

-

p2t-Fi psA ••.} if k  = p - i ,
g >19 2

*  W ( 1 ) , 7 *  4- P(Pt —1) , Pr  •  •  • ,_% "( Pt  —1) , Pr

if k  = 0 ,

where we rem ark that q '''' ' ' ' ) g ) PrA ••• gspcpt— mod
.q " ,7 *  if  r=0 .

Let Tm Mk) * be the image of W(k)* . Then the above results
show the exactness of the sequence

0 Tm W (k +1) * ...V* I ,9"._9°* 1 m  W (k ) * -÷ 0

for some lower dimensions. Consider the exact sequence of H°
associated with this sequence. Since H°(..V*I ,_ ',..V * ) = 0  by
Proposition 1. 2, we have the following isomorphisms.

Hi±"P + 1 " - ') (Im W(1)*) 1 -P(Irn W(2)*)
f o r  i <  2(2p2 — p -1 )(p -1 )-1 , p >  3 ,

1-li+2 P " ( P- 1 )(Im Hi(Im W(k+1) * )
for all i  and 1 < k < p - 2  ,
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+2(P- "cP- "arn m p-2) * ) I I  W(Im ( p - 1 ))1)* )
f o r  i <  2(p 4-2)(p —1) A- 2 ,

Hi+"+"(P - "(Im m p -1 ) * ) Hi(Im W(0)*)
f o r  i <  2(p +1)(p-1)+1 ,

Hi+2<p+i)(p-1vm  w o w  Hi(Im yv(1)*)

f o r  i <  2(p2 —p)(p —1) .

Since Hi(Im W(k) * )=-- 0  for i <O, it follows that
W(k) * ) --,--- 0  i <  2(p2 —(k —1)(p + i ))( p - 1 ) + 2  , o  s_k<p

By operating the following lemma is obtained,
Lemma 3. 9. Wk =  w (p— k).9 '. T he kernel o f  th e  homo-

morphism W k * : .5" —>,..V*1.5/*gi, 1 k :<p —2, is generated by
and W k + i  adding ,g‘P - 1 c.q) 2 P( P- ')  i f  k----=1 and adding ,N, PrE l A,_ I A
i f  k = p — 2 . T he k ernel of  W,* corresponds w ith the relations of
.9'*b i f o r dimensions less then 0 2 (p -1 )+ 1 . Hi (Im Wk* ) vanishes
f o r i <2(p2 —(k —1)(P +1))(P --1) +2, 0.k<P-
(3.7). T h e  k e rn e l o f  ( 1 A)* 
contains ,9- '*,1 +,5"*. ' and thus f or 0< i< 2p(p —1) and it does
not contain

T his follows from th e  following relations mod , 1..9 ' *  by
operating c.

0 , W (1 )..9 " - 2 ,
Ag5pcp-1) , p A , 9pcp-1)+1 ,9)p-i o T v a w *

§ .9'* structure  o f  A*(K k , Z ) .

If an element a e A*(Kk ,  Z)  is defined, then we denote by

a  in  K 1 o r sim ply  by  a (l k)
the image of a under the injection homomorphism i* : A*(Kk , Z )

Z ).
Consider the following notations and relations.

a t  E Ad "d(Kk , Z ) ,k h ( a t ) ,  2 t  < P 2

3 8
E Ad ( a ;2)) (Kk , Zp ), < P ,( . ). b;» E Ad c 48 ) ) (Kk , , k h (b 3 )) , 0 5 _ s< r  < p ,

c;! ) E Ad ( r n (K k , , k h ( c ; » ) ,  0 < s < r < p ,
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where

d(a t ) 2t(p-1), d ( a ) 2rP( p —1) +1 ,
d(b) =--2(rp + s)( p —1) —2(r — s) + 1, d(c;.")-=- 2(rp +s + u p -1 )  — 2(r s),
h(a1 ) 2(t - 1 ) (p - 1 ) ,h ( c 4 , )  - - =  2 ( rp  — 1 ) ( t  — 1 )  ,

2 (p -1 ), i f  r = s + 1 = 1 ,
li(b ) = 2(sp + s — 1)(p — 1)—  1 , i f  r = s + 1 > 1 ,

2((r — 1) p + s +1)(p-1)-2(r-1— s) , i f  r > s +1
h(c) 2(rp + s)( p — 1) — 2(r —  s) +1 .

In the following relations (3. 9), a)-c), 8* and j *  are the homo-
morphisms o f  (3. 1) fo r th e  case  k = h(a) — 1, w here a  i s  the
element in  8*(

(3. 9), a ) :  8*(a2 ) =  R 1 i* - 1 (.9 1a0) ,
8*(ai ) R, _,( j* -  'a , ,)  , t j   1  (mod p) and 2 < t < .P2 ,
8*(a',.„) ,) 1 < r < p ,
8*(arp+ i ) =  . 9 1( rp) — I ( , 1 < P

(3. 9), b) : 8 *(br) li*-1(91a 0) ,
8*(ks ) ) = ,
8*(b(sg_i)  = Ws( f " b r i ) ) i < s+ i< p .

(3. 9), c ) :  8 * (cn  g l (i* - 1 k g ) ) , o s _ s< r < p .
(3. 10), a) :  R ea t  =  0 , 2s_t<p2,

Aa r p  A a " .„ = 0 , i s r < p ,
=  0 ,

(3. 10), b) : = =  0 , i s s + i < r < p ,
,q 1b(s+1 = P —  s)c 1 ) i < s + i< p ,
W , b r  0,
Ws-i-ib(s+1 1) Vs+,a,p+s-i 1 < s+ 1 < p  ,
g ) " - "A b r =  0,

Ucr + Vap  + V'ap ' ,
P '-1 .1g ) 1 Ab?-- 12 ) = U0c;11- 23 )  + V ca p(p-,)-3+ 17 05 cl p- 1)-3

where W s ±i W s= Us + ,._ 1 and  .9 =
A W p - 2  Uo ‘g " ,  an d  if  p> 3  th en  V =V ' V,' =O.

(3. 10), c): " - lc;!) =-- 0,O S s < r < P .



p-primary components o f  homotopy groups III. 203

(3. 11) a = 0 in K 1, f o r each element a o f  (3.8) sucn that d(a) k.

Denote by
B<(k)

the ._V*-submodule of A*(Kk  , Z 1,) generated by the elements a
of (3. 8) such that h (aK k<d (a ) and that the relations (3. 9) and
(3. 10) are satisfied.

The purpose of this § is to prove the following theorem.

Theorem 3. 10. L e t  4p-4.<k. T here ex ists th e  elem ents a
(in K k )  of  (3. 8) satisfy ing (3. 9) and (3. 10). The relations in B*(k)
are  generated by  the  corresponding relations o f  (3. 10) and (3. 11).
The module A*(Kk , Z p )1B*(k) has the following form.

A*(Kk , Z p )1B*(k)
= la o ,  g " ' 2a0 , .9P 2 +Pa„,•••1

f o r  4 p -4  k S2p(p-1)— 2 ,

Ia„, d , .g 4 ' 2a0 , ,9"2'Pao,
f o r  2p(p-1)-1 k_S_2(p2-p)(p-1)-1,

= {a o , bi„ Ab p , d, g"Abp,
. P2 - Pao ,•-•1 f or 2(p2-p)(p-1) <= k  2(p2-1)(p- 1) — 2 ,

where d E A 2 P 2 ( P - 1 ) -  j( K 2 p ( p - o - i  Z,,) and b,, E A 2 ( P 2 - 1 ) C P - 1 ) - 1 ( K 2 ( p 2 -  p )C p -1 )-1 ,
i) A ( 1,* - 1 +  i •  a n d  *(b )10 ) 8 p - - = q " (. .i- l c;,°21).Z,,) are  given by 8*(d)-_-= Pcp-

Pro o f . i )  The case 4p— zisk<2p(p-1)- 2.

T h e  .9'*-module ANK4 1,_4 , Z p ) is already determined in
Theorem 3. 7, and this shows that the following proposition (3. 12)
is true for k= 4p — 4.

(3. 12). A*(K k , Z p ) h as  th e  follow ing sy stem  o f  generators and
relations respectively (b,-=br).

{a0 , a„ b,} and  lAa o =  g ' 1a0 =--- . 1b, = R i at = 0 , (adding A._ 1Aap ,
= 0  w h e n  t= p - 1), f o r 2 ( t -1 ) (p -1 )_ k <2 t(P -1 )
and 2 < t< p ;

b„ a p , a p '} and lAa 0 =-- ,_ iac,=,_ ,==Aa p =Aa p ' =-0, Ab,
=,9Pa o , LS, ,_ l a p = g 'a p '} f o r 2(P-1) 2 sk _<2p(p- 1)— 2.

The proof is done by the induction on k, using Lemma 3. 2,
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Lemma 3. 3 and Proposition 1. 5, and it is quite similar to one of
Theorem 3. 7 and omitted.

It follows from (3. 12) and from Lemma 3 . 8  that Theorem
3. 10 is true for 0 - 4 k 2 p ( p - 1 ) - 2 .

ii) The case k = 2 p (p - l) - 1 .

From th e  resu lt fo r k =2p(p-1)---2, A 2 P C P - 1 ) - 1 (K2p(p- 0 - 2  Zp)
={1, 1} , Ab1 d=0 and {g "b 1 =W 1 b i=.9 "" - 1 ) A b,=0}  is  a system of
relations in .9'*b 1 . By Proposition 1. 6, Lemma 3. 9 and by (3. 7),
it is  seen  th a t .5°* '+ ,5"*W 1 + ,V * ,9 ) P( P- 1 ) L.1 h as a  system of
re la tio n s 19 )  P - 1  .9 "  0, 9 "W 1 W 2 W 1 = -  U2.q',

p--16.,g y zp (p -1 ) u g s A.g,p(p—I)Ls,

+V "W „ces. " - ') A -=--- Vs', '+V s"W ,1 fo r some U 2  U , V, •••
such that the dimensions of a s a re  not less than 2(p4-1)(p-1).

Then by Lemma 3 . 3 , there are elements c r,  b T  and d  such
that 8 *(0 ) )=- ,q 1(3" - l bi), 8 *(W ) )=W 1(P - l b i)  and 8*(d)=- P(P- 1 ) , 6,

(i* - 1 1)1), and A N K 2 p ( p — i ) - 1 )  Z )  is obtained from A N K 2 p c p _ o _ 2 ,  Z p )
by add ing th e  generators c r, N i) , d  and the relations bl = 0,
._q P - 1 cP) =- i* w „ , 11V) =W (P-1)cr +i*u7 2 , W 2 bP =U ,cr+i*tv „
,_. P- 1 c._9 2 " - 1 ) N 1 ) =-Ucr +i*w4, Ad = V cr + i*w„ . q " d  V ' c r
+ + i*u ,„  and ces ci=V s 'cr + V  s "bS1 ) + i* w s '

From the fact that the i*-im ages vainish for the corresponding
dimensions to  i*w , an d  i*w „ it fo llow s i*wc=i*w 2 -=-0. From
i * A " P + 2 " - 1 ) ( K 2 p (p — i)-2 )  p ) =  {„g ' 2P+2a p , g "P± ig la p l ,  it follows that
/*ay,  Va p  f o r  som e V2 , S im ilarly  w e have th a t i*w ,= Va p

V 'a '  for some V, V' such that V= V'==O if p > 3 !)
Consequently Theorem 3. 10 is proved for k =2 p (p -1 ) -1 .

iii) The case 2 p (p -1 )S k s2 (p 2 -p )(p -1 )-1 .

The proof is done by the induction on k. The following four
cases are considered.

Ak+1(Kk , Z) { a,} , f o r  k  d ( a ) - 1 ,
= {1).8 } , f o r k d(b;.")-1,
= , f o r k  = d (c `.') -1 ,
=  0 otherwise.

For the first case Lemma 3 . 3  ( t * 0 )  and Lemma 3. 4 0)
are applied, for the next two cases Lemma 3. 3, and for the last
one Lemma 3. 2 is applied. Then it is sufficient to prove that

1 )  If p=3, the last relation of (3 .1 0 ) , b) has to be added.
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(3. 13) f or each steps from K,, to K k + i  we may take new generators
ce o f  h (a)=k +1  an d  new relations given by (3. 8), (3. 9), (3. 10)
and (3.11).

The case Ak+ J (K k , Z p )-=0 is trivial.
Consider the case A k + 1 (K k , Z ) =  latl. B y  Proposition 1.5,

Lemma 3.3, Lemma 3.4 and by (3.10), a) , new generators are
a1 ± 1 and dr y  ( i f  rp =t+1 )  and new relations are the followings:

R t ± ,at + , = i*w , (t+1   1   0), A . 1,6, a r p _i = i* w 2 ( t + 1 = rp - 1 ) ,
Aar p  =  i*w„ i* w „ A 9 ) 'ar p —g' i d = i* w 5 ( t+1 =rp )

i*w , and i*w , belong to i*A 2 C t + 2 ) C P - (T C
1 )± 1 \ --2 t (p -1 )-1 , Z p )  which is

generated by some b;.8 )  and c;." such that 2 t ( p - 1 ) S d ( k " K 2 ( t  +2)
(p —1)+1, 2t(p — 1) <d(c.;.") .<2(t +2)(p —1) + 1 and
--(2 p -3 ) 2 t ( p - 1 ) .  Then the possibility o f i*tv1+0  or i*w5 + 0  is
the followings.

Rsa(s,i)p+s i * t 1 < s  <  p  —2 ,
i*w5 = .x,6, ,9"A b„

Rp_2a(p_op-2= i * wi= xbp-i •

In the first case w e replace (43 + 1 4 + 3 b y  a(, + „p + s —(x/s)AbW I ,
and in the second case we replace a p  b y  ap +xA b i . Then we see
that i*w, =i*w 5 = 0 .  In the last case, it follows from q ' l A R p - 2

= 0  and A9"Ab p _1=1=0 that x= 0  and thus i*w, =- O.
Similarly it is verified that the possibility o f i*w 2 +0, i*w 3 +0

or i*w 4---P0 is the followings.

A ,9 1Aacp-i)p-1 X A b p -i y

A,- 1A (7 (1, -2 )p - i*W 2 XCp- 2  )

Ad( p _,,p  =  iw 4 = xc p _„
Aa'cp _o p  = i*w, xg'Ab p _, .

In  th e  first case, it fo llow s from andand
Ag' 1Abp _i + 0  that x = 0  and Also in  the other three
cases, it follows from A(A 0, Ac 1,_2 =1=0 and A..9”Abp _1

+0 that x=0  and i*w2 =i*w 4 =0 .
Consequently, by a suitable chice of a „ the relations (3.10), a)

a r e  satisfied and thus (3.13) is estab lished  for the case
A k ± i (Kk, Z )= { a t} •
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Next consider the case A k + 1 (Kk, Z ) =  Icn . B y (3 . 10 ), the
module ,V *c`." has a  system {,9 P - ic } of relations for r>s+1.
Th is is also true fo r  r= s+ 1 , because 8* maps ,V*6',?,. isomor-
phically onto 5* 1(J* - 1 bV4) 1)--=-9 a */ , 9 '* , 9 ' " .  Then, by Proposi-
tion 1. 6 and Lemma 3. 3, new generator and relation are b;.8. 1 and

=-- i*w. T h e  on ly  possib ility  of i*w = 1 = 0  is
x  P  "A a ( -2 )p  1 - •  In  th e  c a s e ,  w e  ra p la ce  b p _, b y  b p  _ 1

+ x,_PAa ( p _z ) p ,  „  then i*w=0. Therefore (3.13) is established
for the case A k l i (Kk, Z )  {en

Similarly, we have new generator c̀,." and new relation ._6 1 ' - '1c.;."
=i* w  for the case A k"(K k , Z p ) ,  Ibn  a n d  r > s + 1 .  There is
no possibility of i*w+0, in  this case, and (3. 13) is established.

Finally c o n s id e r  th e  c a s e  A k"(K k , Z p)= I Y 1 1  where
1 _ s < P - 2 .  L e t  1 < s < P -2 , then ,7*bV,) 1 has a system {.9 11P(3 1

Ws-1-4bV_1 =0} of relations. By Lemma 3. 9 and Lemma 3. 3,
new generators are c i  and b(

2
8
++2

1 ) and new relations are

,g ) P - 1 6'.4) 1=  i * w „ ,9''b (
s g++21 ) =  i*w2, 12bn i) U4.+204 ) 1±i*w3,

A.9 P + 1 A.g" ,64 1L- 12 ) U 041!:2
3 ) +i*w 4 .

There is no possibility o f  i*w i + 0  o r  i*w2 + -- O. T h e r e  are
possibilities of i*w 3 .=. V s,asp+s-i and i*w 4 =  V  oa p(p- 1 ) - 3  ÷  Vo i a;(n- 1 ) - 3  •

In the case s = 1, there is an adding relation
= 0 ,  and there is a  corresponding new generator, however, the
dimension of which is so hight that it may be neglected in
Theorem 3.10. (3. 13) is established for the case A k"(K k ,

Ib(4+11-

iv) T he case 2 (p 2 -  p ) (p  -1 )S k  2 (p 2  -1 ) (p  -  1)-2.

In  th e  c a s e  k =2 (p 2 — p)(p-1), Ak- "(K„, cpu)--)11
and Lemma 3. 4 may be applied. Then new generators are
and bp  and new relations are R 1a( p _1 ) p + 1 =i*w 1 an d  ,9 b p =i*w 2 .
It is easy to see that i*w, = 0 and i*w2 = x d  for some integer x.
Then Theorem 3.10 is established for k =2 (p 2 — p)(p -1 ). The
proof of the other caces is similar to the above iii) and rather
easy. q.e.d.

§ Stable groups.

Proposition 3. 11. The g ro u t Afr"(Kk , Z )  h a s  the follow ing basis:
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{a1}, A u t d---0, f o r  k t 0 mod p  and  2 t < i i ,
{ "a0 },  L l ao 4- 0, f o r  k  =  2p— 3 ,
fb;.1, Ab;." 0 , f o r k  =2 (rP +s ) (p -1 ) -2 (r— s )

a n d  0 S s < r_ < p - 1 o r  r= p - = s + p ,
{c }, LS, c;.8) --I- 0, f o r  k 2(rp+ s +1)(p-1)-2(r — s)-1 ,

a n d  0 s < r < p - 1 ,
{or p } , A a r p = 0 , f o r k  - = 2 rp ( p - 1 ) - 1  a n d  1 .< r< p - 1 ,
{a(p_ o p, a C p -  p 0, Ac p _, =I= 0 ,  f o r k -=--  2(p 2 — P)(P - 1) - 1,
{ }  (empty), otherwise for 0 < k < 2 p 2 ( p - 1 ) - 3  .

For k 2(p 2 - 1 ) ( p - 1 ) - 2 ,  this proposition follows directly from
Theorem 3. 6 a n d  Theorem 3.10. F o r  2 ( p 2 - 1 ) ( p - 1 ) - 2 < k
< 2p2( p - 1) - 3, it is proved easily.

By Lemma 3. 1, for the first four cases of the above proposi-
tion, 71-•k ( ;  P)=-Z p and, for the last case, n ( ;  I n  order
to determine the groups z k (e  ; p )  of the other two cases, we shall
verify the Bockstein operator A y  in A *(Kk ,

Let H,,(A *) be the cohomology group of an ,7*-module A*
with respect to the homomorphism A* : A* —> A* . Then we may
regard that A2 is essentially a homomorphism of 1/4 (A *) in itself.

Let C*(k) be a submodule of B*(k) generated by a„ arp ,
c;! ) and k ;')  such that r' > s ' + 1 .  Then

(3. 14). II,(C*(k))---- c g - t A a t }  o r{ c ,P ia r p ,cg i-Pia',.2,1.

Pro o f . By (3. 10), C*(k) is a direct sum o f some -9 g * at, ,Y * arp
,V*c,c! ) and ,7 * k t , ') .  By Proposition 1. 6 and by (3. 10),

H,,(.9'*cV ) ) 1-14W *1._9° *,g'P ' ) ------- 114(..56 '* ,g ') ,  0  an d  114(._V * b r)
r.----,H ,,(9 * I ,V * ,9 1)-'z---- 114 (.9 '* , P- 1 ).  0. Thus H.,(C*(k)) is isomor-
phic to 1/4 (g ' a t ) , t O mod P, 1-14(5"*arp-i,Y *a',.„) or 0.

Let t 0, 1. Then, by Proposition 1. 5 and (3. 10), a), H4(-9'at)
{Ac P i

-
t + 1 , A c P i

-
t + 1 A}. AS

is seen in the proof of Proposition 1. 1, RP_I(c P i - 1 )=- c g ) P i - t R t - i

c(R (t- 1)g Pi - t) =-- c((1— t),q'P1 - t+1A)--= (1— t)A c.qPi - w  an d  also
tAc, Pi - t± iA . Then (3.14) is proved for this case

 1 .  T h e  other cases are proved similarly. q.e.d.
By (3. 10), b), B*(k)IC*(k) is generated by the class o f b 1 and

it is  is o m o rp h ic  to  0 , ,7 */ (.9 '* ,9-)' +<_9"W ,),
W, + 5,4 < g,,p(p-1) ,1 ) , s/*/ (99* g-)1 ._9,* W2  4 . s / * ,9 p - i c  2 p (p -1 ))±
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o r  .99 */(,99 *q ” + Wp , + ,9 °*A g 4 + A .9 "A ). A s  is  s e e n  in
Lemma 3. 9, the last four modules are isomorphic to the image
o f Ws *  for dimensions less than 2 (2 p2  + p )(p -1 ). By the last con-
clusion of Lemma 3. 9,

HL(B*(k)IC*(k))=-- 0 f o r  i <2(1. 2 +2p —1)(p —1) +1 ,
and thus

I -1(C*(k)) H (B * (k ) )  f o r  i <2 (p 2 +2p-1 )(p -1 ).

Since ANKk , Zp)IB * (k) =- 0 fo r  i < 2p2(p

(3.15). 11(C*(k))r-----, H (A N K k , Z p )) f o r  i <2p 2(p —1)— 4 .

Now we shall prove the following important lemma.

Lemma 3.12. A 2 : H4(A 2 i P ( P - 1 (K k, Z ) » 114(A21" - "+ 1 (K k, Z ) )
fo r  2p —2_k<2.1p(p —1) and j< p .

P r o o f .  First consider the case k -=—_2p — 2. Apply Lemma 3. 5,
i) to  the sequence (3. 1) of k-=-- 2p-3. (See the proof of Theorem
3. 6). S in c e  Ac. P 1 a0 =-- - c g 1A,9"a 0 --=-- j* (c .9 ""A (j* - ',9 'a 0 )), it
follows that, in  K 2 p _2 , A 2c,g) P1a0 i s  th e  class o f  a n  element

such that 8*(i i A c , 9 ) P i - iA(j* -

2 . Here we remark that (3.14)  an d  (3. 15) are
true fo r K2 p _2 . From Abi ----.9Pa o - 2a2 ,  w e have At-,9 P " b i

ic .9P a, + c " ' 1 - 2 a2 . S in ce  AA = 0,
we have A2 (ic. P 1 Aa0 ) -= Az c,9) P 1 - 2 a2 . Therefore

A2(c-9" 1 - 2 a2)d=0 for
and this is a  class o f  xc,9`P1 - 2 ,6,a2 f o r  some x ± 0  mod p , since

c, P1 - 2 Aa2 is  a  generator of 1-/(A 2 1 P ( P - " ± 1 (K2p_2, Z) ),
Now the lemma will be proved by the induction on k .  If the

lemma is true for some k-1- —1 mod 2 ( p -1 ) ,  then it is also true for
k+1 by the naturality of A2 • I f  th e  lemma is true for 2t(p -1 )
— 1 ,  we apply iii) of Lemma 3. 5 to (3. 1) of k - - - 2 4 p - 1 ) - 1 .  Since
a , (and air ,  if  t = rp) are j*-images, the non-triviality of A, in K k

implies th e  non-triviality o f  A2 i n  K k 4 . 1 .  Then th e  lemma is
proved. q.e.d.

From  th e  above lemma, A 2ar p + 0  fo r l_ r < p .  Thus, by
Lemma 3. 1, 71-2 r  p (p -  1 )  -1 (S  ;  p )  has a direct factor isomorphic to Z p 2 .



p-primary components o f  homotopy groups III. 209

Consequently the following theorem is established.

Theorem 3.13.

(A) p) = z 1,2 f or 1 r < p - 1 ,
=  Z  p 2 p f o r  r  p -1 ,

( B ) 2t(p - 1) - ; Zp f or 1 s t<p 2  an d  t I  0 modp,
71'2 ( r  p + s ) ( p - 1 ) - 2 ( r - s ) ( &.- ;  p)=-- p f or 0 S s < r S p - 1 ,
71-2 (r p + s + 1 ) (p -1 ) -2 ( r — s ) - 1(  ;  p)-= Z p f o r  0 s < r p - 1
and  r— s+  p -1 ,
7r 2 ; ( 1 , - 1 ) - 2 p ( ; Z p ,

( C )k ( ; p)=-- 0  otherw ise for k<2p2(p-1)- 3 .

To compute the group r b )  one has to be deter-
mine the coefficient x of

p = xd i n  I f g ,,p ) .

It is verified easily that
(3. 16). 7r2p2(p_ 1 )__R  ;  p ) =z p  i f  .9"b p =  0  a n d  2 1 , 2 (  p  0 _ 3 p)
= 0 i f .

The second undetermined factor i s  A d . I t  is  a  reasonable
conjecture that

A d =  , P 2a0m o d  B*(k) .

This i s  the case that the conclusion of Theorem 2. 9 is true
for r= 1 ,1, and this implies the tiriviality of mod p  Hopf invariant
H p:7rN +2p 2 (p_ i)_1 (S N ) - . Z p .  Under this conjecture it will be com-
puted that

(3. 17). 7r2p2(1,--1)-2( ;  p) Z,, i f  ,_.°71b  =  0 and 7r2p2 (p_o_2(e ;P) = 0
i f  .9'b p +0.
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