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§ 1. Introduction

Let 7r,(G) be the i-th homotopy group o f  a  topological group
G .  For i < 2 3  and  fo r G=SU(3), SU(4), Sp(2), the groups 7r,(G)
are computed and the results are  given by the following table :

1 = 3 4 5 6 7 8 9 10 11 12

7 r,(S U (3 ))--- - - -' Z 0 Z Zs 0 Z12 Z3 Z30 Z4 Z60

7 r i(SU (4))= - Z 0 Z 0 Z Z24 Z 2 Z20+ Z2 Z4 Z60

X 1(SP(
2

) )
=-
=`
=.

Z Zy Zy 0 Z 0 0 Z120 Z2 Zy + Z2

i = 13 14 15 16 17 18

r1 (S U (3 )) , Z6 Z84 + Z2 Z36 Z262 + Z6 Z30 + Z2 Z30 + Z6

Tr1(SU(4))-=- Z4 Z1680 "I-  Z2 Z72 +Z2
z+, 2  + z 2 + z 2 + Z2 Z+40z+ Z2 + Z2 7 _ L  7  _ L  74, 2520 1 ,-, 12 ■ ,--,y

7r t (S P ( 2 ) ) = ' Z4 +Z2 Z1680 Z2 Z2 + Z2 Z40 Z2620 + Z2

i = 19 20 21 22 23

7, z (S U (3 ))-7 - -= Z42 + Z6 Z60 + Z6 Z6 Z66 + Z2 Z12 +Z2

7  i ( S U( 4 ) )- - Zly + Z2 Z60 f Z2 Z46 + Z2 Z2640 + Z4 + Zy + Z2 Z24 + Z2 + Z2 + Z2 Z2

Z i ( SP( 2 ) ) = " Z2 + Zy Z2 + Zy + Z2 Z32 + Z2 Z5280 + Z2 + Z2 Z 2 + Z 2 + Z 2

These results a re  stated in  Theorems 4.1, 5.1, 6.1, in  which
generators o f th e  2-primary components a r e  given , T h e  com-
putations will be done by u se  o f th e  homotopy exact sequences
associated with the bundles SU(3)/SU(2)=S 3 , sp(2)isp(1)=s7 and
SU(4)/SU(2)=S 5 ><S7 a n d  th e  resu lts [7 ], [3 ] o n  th e  homotopy
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groups of spheres S .  I n  §2, we shall discuss on properties of the
composition and the secondary composition operators with respect
to the homotopy exact sequences for fibre spaces, in particular,
for S 3-bundles over S .  T h e  homotopy groups of S U(3), Sp(2) and
S U (4 ) will be computed in  § 4, § 5 and § 6, respectively, after
auxiliary computations on boundary homomorphisms in  § 3.

§ 2. H o m o to p y  exact sequences for fibre spaces

Let (x, p, B )  be a fibre space. Then we have the following
homotopy exact sequence (2. 1) associated with the fibre space :

i * P * A
(2. 1) • • • v i (F ) _1(F) —> • • • ,

where F  is the fibre P - 1 (x 0)  on a base point x ,  of B, the
inclusion map and  A  is  the boundary homomorphism defined by
the commutativity of the diagram

7ri (X , F)

v i(B ) - - > vi--i(F) •

Let Ei+1 be the unit ( i+1 )-cube  and S =  E 1  the unit i-sphere.
The composition a018--- ,8*(a), /E ASO, defines a  correspondence

71-1( Y )--> n-5 ( Y ) ,  Y =F , X , B , such that it commutes with the
homomorphisms i *  and p * o f  (2. 1), that is,

(2. 1)' i*(a 0 13) = (i * (x)0 (3 and p * (a0i3) (p * ce)00

For the boundary homomorphism A, we have the formula

(2. 2) A (ce.E,8) =  (A (a))00 , a  E 7C i i (B ),

where E :n- i (S)— .7e ; ,,(S i'l)  is a suspension homomorphism given by
the commutativity of the diagram

v i (S i)  7-ci,(Si+1)
,„, \  a h /

71. + 1 ( E i  1 -1 , S i )

(p ' pinches S i and preserves the orientations).
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Theorem 2. 1. A ssume that aE v i .,(B), g E  i (Si) and 7 E 7rk (Si)
satis f y  the  conditions (A a ).0 = 0  an d  gory — o . F o r a n  arbitrary
element 8  o f  {zIa , 0, 7} C n-k + ,(F ),  there exists an element 8 E n ; + ,(X )
such that

p*& a 0 E 0  a n d  i,1,8 = 90E7

P ro o f .  Let E r '  (resp. EL-1 ')  be the upper-(resp. lower-)hemi-
sphere of S .  A s  t h e  definition of the secondary composition
{Aa, 1, 7 }, 8  is represented by a  mapping H  :S k + '-.F  such that
H iE t -1-1 =A0e, AlSi=aob, ElS k =c, = a 0 B ,  B I S k = b o c  for map-
pings A : E.!,4 1  F ,  B :  E L + 1 -> Si, e Sk)-> (Ei4.4  S i )  and  re-
presentatives a (resp. b, c) of Aa (resp. 3 , 7 ) .  W e orient (E 1 , Si)
and (E l'', S i) coherently. By the definition of A, there exists an
extension a: S i ) - >  (X , F )  of a= alsi such that p o d  represents
a .  Let b : (E. 1- S i ) , (EL+', S i) be an extension of b. Then podob
represents a 0 E 0 . Define a mapping G X  by setting GIE1''
=ab  and G1.0, 1 -1 = A .  Then G represents an element & of 7r (X )
such that p* &=a0Ei9. Let E_c : S k ) - - - - >  (E l'', S i)  be an exten-
sion of c , then E 7  is  respresented by a  mapping E c  given by
Eel E 11+1 = E  an d  E c IE L "---E _ c . T h e  mapping B  g ives  a  null-
homotopy o f b o c . B y use of the homotopy, we see that boE is
homotopic to B  rel. S k . It follows that H  is  homotopic to  GoEc.
Therefore we have 48-60E7. q. e. d.

The following lemmas will be used in  later.

Lemma 2 .  2 .  L e t  G  be a c o m p ac t L ie  g ro u p , a E  r (G )  and
0,, 1

8
2  E 7-ti (St). I f  Eg,---- E4 2 ,  then

a 0R , =  a03 ,

P ro o f .  Let (E G , p, B ( ; ) be a  universal G-bundle. Then A G

i i(BG) - -.7r i (G ) is an isomorphism. Let f : S i 4 1  - - ->B G  be a representa-
tive of A 1 (a )  and  let (x, p, S'm = X/G) be a principal G-bundle
induced by f .  Then A(t i  , I ) = a  for A : , 1 (S 1 ' ' ) , 7r 1(G )  and for the
class c „ ,  of the identity of 5i I1  Then we have ao 3 1 = A (t,„,).3 ,

=A (tiii0 E R ,)= A (E R O . Similarly, ce.(3.,-  A(Ere 2 ). Thus aoR,= aoie,
if  ER,= ER2. q. e. d.

For a principal G-bundle (x, p, si'l= X IG) over 5 1 ' 1,  the class
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A(t i , i ) =  X (X )

will be ref ered as the  characteristic class o f th e  bundle. X(X )
determines the bundle up to equivalence [6].

Lemma 2. 3. L e t   a n d  l e t  Co b e  the class of  f inite abelian
groups without p-torsion (p  :  a prim e). A ssum e that qX(X)=q9C(X')
f o r integers q ,  q ' prim e t o  p . T hen 7r i (X )  an d  n X X ') are  C
isomorphic toto each other f o r all j. In  particular, if  the  order o f
X (X )  is  f in ite  an d  p rim e  t o  p ,  then  7z- 3(X )  is C o-isomorphic to

i (Si+ 1 ) EB 7r3 (G ).

P ro o f .  It is sufficient to prove the case q'=1. Let a= X(X),

then the bundle (X , p , s i n )  is induced by a mapping f  as in the
previous p r o o f .  Let g :  S 1+1 —>S1 "  b e  a  mapping o f  degree q.
Then the composition f o g  induces a  bundle (X ", p ,  s i n )  with
X (X ")=  A(qt i , i ) — q X (X )= X (X '). Thus X " is equivalent to X ' and

-t3 (X ')  for all j.  Consider the homomorphism between the
exact sequence (2. 1) and that o f (X ", p , Si+ 1 ) ,  induced by g. The
homomorphism is identical on 7ri (F )=7r i (G ) and C p -isomorphic on
7.3 (Si ")=7z- i (B ) by Serre's C-theory [5]. Then it is C p -isomorphic
between re 5 (X )  and 7 r i(X " ) 7 r  i ( X 7 )  by the five lemma.

If q is the order o f X (X ) and it is prime to p .  Then X(X')=
and hence X ' is equivalent to the trivial bundle Si ' 1 x G .  The
last assertion follows, q. e. d.

Now we consider the case G = S3 (= S p (1) = SU (2)). W e m ay
consider that the classifying space Bs3 is an infinite dimensional
quaternion projective space S4 u e8 ve 12 v ••• . Let i : S4 —> B s3 be  the
inclusion map. In the diagram

As'
7r„11(Bs3) - - * 7r.„(Y )

\  • F\ l *

the relation

s3 (i* (E a )) = a , aen- „(S 3)

holds for the case a= t3 • Then it follows from (2. 2) that the relation
holds for arbitrary element a o f 7t (S 3 ). D e fin e  a homomorphism
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E *  :  „ ,  i (S 4 ) en(S3)

E * A s30i *  .

Let h : S 7 - S 4 b e  Hopf's fibre m ap. h  is  the attaching map
of e 8 . T h u s  kn., ,,(S 7 )  is contained in the kernel of E * .  By con-
cerning the isomorphism

E +  h :  .„ (S 3 ) ED 7r (S7) 7r , (S 4 ) ,  w e  have
(2. 3) E * .E  =  the identity and h* -image = the kernel o f E * .

Denote by
7,-5(x : p )

the p-primary component of v i (X).
The elements v., E 7r7(S 1 )  and  v' E 7r6 (,S3 : 2 ) o f [ 7 ]  are  charac-

terized by the properties :

H(v 4 ) = 1 7 , H ( V ) =  = 1 -  a n d  2Ev, = 2 ,  =  E 2 V .

It is known that H ( { h } ) -  (for suitable choice of the orientation
of S7 ). Then {h} =v 4 + aEvi +bEa for some integers a, b  and an
element a of order 3. Here, we replace v, by v,+ aE V  and V by
(2a +1 )V . Then the above properties hold and hence the results in
[7 ]  still hold for the new choice of v, and V.

Lemma 2. 4. For the above choice o f  1, 4 and 1)1 ,  we have that h
represents v4 + E a  (a generates n-6 (S 3 : 3)-= 2'3)  and

v4°7-en-ri(S7 : 2) = Ker E * r \ z , (S 4 : 2 ) .

P ro o f .  Obviously {h} = v 4 + E(b a ). b 0 (mod 3) since mod 3
reduced power operation 6) 1  is not trivial in quaternion projective
plane S lu e ' M .  Then, replacing b a  b y  a ,  w e  h ave  th e  first
assertion and 3v4 = v 4 o3t7 = {h} 03t, Since S 7 is an fl-space, 3t 7 0 0 =  30

for all OE 7r  ,(S 7 ). It follows that 3c7 .7r,, F i (S 7 : 2) =7r,,, . 1 (S 7 : 2). Thus
we have

v,07-c „  ,(S 7 :  2) = v 4 03c7 07r„, i (S 7 : 2) = h4,7z-„,,(S7 : 2)

= i(S4 : 2)

= Ker E* n 7r,„ ,,(S 4 : 2) . q. e. cl.
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Consider a principal S 3-bundle (X , p, sn=x/s3) over S" and its
boundary homomorphism

A : 

Theorem 2.5. F o r  ceEz i + ,(S ") and OE 7 » _,(Si+i), we have

(a .0 ) = E * (E (A a) .0 ) .
In particular, A (a ) =  E*(E (A t.)0a ) .

P ro o f .  Let f  :S " , B s 3=S 4 U 6.8 • • •  be a mapping which induces
the bundle (X , p, Si'). S in c e  i < : n (5 4 ) n (B s 3) is equivalent to
E *  and it is  an epimorphism, there ex ists a  mapping f ' :S "— >S 4

homotopic to f  in B s 3. From the commutativity of the diagram

A
71-; „(S")  7/..(Si3)

f * / A s 3

p 1(S 4 ) * i(Bs)

it fo llow s A (a 0 0 )—  A sif * (a00) =  s 3( M O  =  s 3(i * fg ce ) 0 ,e). In
particular, A s 'i f ( a )  —  = E *E (A a )=  A s 3 i * E (A a)  by (2. 3). Thus
i* f l(a)=i* E (A c e )  and A (a(3/3 ) = A s 3(i* E (A a).0 )=E * (E (A a).0 ) .

q. e. d.
Theorem 2. 6. A ssume that a E z i (S"), ISE 7/..i (S i )  and yE 7 k (S )

satisf y  the conditions

E (A c) = E (A t n ) . a ,  E ( a ) o 0  =  0  a n d  laoy  = O.

For an  arbitrary  elem ent 8  o f  {E(A a), 13, 7}, there exists an element
o f  7- ci (X )  such that

p* (&) a0 1 3  a n d  i* (E *8 )= & .7

where p* :  ( x ) ,  71. 1(S ") and  i* : k (S 3 ) n - k (X )  are  the homonzor-
phism s in  (2. 1).

In order to prove the above theorem, we consider, in general,
a principal G- bundle (X , fi, B =X /G )  w hich is induced by a  map-
ping f : B , B ,  from  a universal G-bundle (EG , p, BG). Let Z ,=
B G V  f B x I  b e  a mapping cylinder o f f .  Let F :  X  E ,  b e  the
induced bundle map and ZF = EGV  FX X I a mapping cylinder of F.
Then the projections of the bundles define a  m a p p in g  : (Z r , X)
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(Z r , B ) .  E ,  and thus Z F  are contractible. It follows that

a: 7 t i i ,(Z  F , X) ----> n- i(X )

are isomorphisms for a ll i. Define a homomorphism

P : ,,(Z f , B)

by the formula p=13* .a - i. T h en  it is  verified  d irectly  th at the
following diagram is commutative :

i * P * A
 Te ) 7r i (B) _  (G) • • •

1P 1A G
i  , ( Z  f , B ) --> z i(B ) vi(BG) ---> • • • .

Since A G  are isomorphisms fo r  a l l  i ,  so  are P ,  b y  the five
lem m a. T hat is,

(2. 5) the two sequences in  (2. 4) are equivalent.

Proof  of  T heorem  2. 6. Consider a  mapping f '  : Sn S 4 in
the proof o f Theorem 2. 5 which represents E(6.6„), and let Z f ,
S ° \]/S "  x / be a mapping cylinder of f ' .  N atural m aps induce the
following homomorphism o f two exact sequences :

7r, „(S") 7 r Sn) 7r,(S") 7r,(S4)

Il l * j  * li2* a 0 \  f *
••• --> IM S3 ) 7(1 I 1(4 f  S n

) Vs (
0  n ) V1(Bs3) •

In the upper sequence, we apply a similar discussion as in the
proof of Theorem 2 .1 . Then we have that for an arbitrary element
a o f  { f (a ) ,  =  IE(A a), C  7 r k i 1(S 4) there exists an element
6 ' of 71-i , ,(Z /, S 'i)  such that

a e  a o 0  and j 6  =

where rj,  i s  the inverse image of y under a: 7r k 14 E 1" ,  Si) 7rk (Si).
Define & b y  the formula e = P - 1 (i2, P ) .  Then we have

7ri(G)
(2. 4) 1A G

••" --> i ,(B c)
j* a f*

p * 6 - =  p * P - 1 (i 2.6 / ) =  as/ = ac,

a n d  i*(E * 8 )  = i* (A s 3 i1 )  = P - 1 :1*(i1* 8 )= P - 1  i,*( j * 8 )  = P - 1  i2*(e °5'')

( P - 1 (i2 'e))°7  =  6 .7 ,
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b y  the commutativity o f (2. 4) and the above diagram, (2. 3) and
by the property P - L(a. ,7 )= (P - 1 a)07 of P. q. e. d.

§ 3. The boundary homomorphisms for the fiberings

S U (3 ) /S U (2 )  and S p (2 )IS p (1 )

We shall apply the theory o f th e  previous section to  the
bundles (SU(3), p, s5=SU(3)/SU(2)) and (Sp (2), p, s7 =sp (2)/sp (1) ) ,

where S U (2 )  Sp (1)

The boundary homomorphisms

A : 7r5(S 5 ) 4(S3) an d  A  : e 5(S 3 )

are epimorphisms, since z 4 (SU (3 ))=0  [6 ]  and 7r6 (SP (2)) 0  [ 1 ]  (see
also [ 2 ] ) .  Therefore, the characteristic classes of the above two

bundles are generators of 7r4(S3).-=-:-- Z, and 7-/-6 (S 3 )'=-- Z 1 2 respectively.
The elements 17, and o f  [ 7 ]  are generators o f  7-1-4 (S 3 : 2) = 7-1-4 (S 3)

and 7-1-5 (S 3 : 2) Z 4 respectively. Then we have

Lemma 3 .1 .  i). For the  homomorphisms A : z i (S 5) , 7ti _,(S 3 ),

we have A (E  ce) = h oc' f o r  a' E 7ci _i (S 4 )

and Act E*(2 7,0a) f o r  (YE 71' i ( S 5 ) .

nd(Da E E 1 (S 3 ) i f  and only i f  711.11(01)--- 0  and whence E(A ct)

=  /740 6f  •

ii). For the homomorphisms A : 7c1(S 7 ) —. n-i _1 (Si), we have
A(E a ') = ± V oce f o r  ce'E 71-1 _1(S 6 : 2)

a n d  A a  =  E * (  El/0a), E(Act) =  ±Ev'oce f o r  a E 7ri (S 7 : 2) .

P ro o f .  The first two assertions of i )  follow immediately from
(2. 2) and Theorem 2. 5, where At, - .  By the exactness of the
sequence

H
-1(S3 ) i(S4) 1(S7)

T h O C e  E  E rr i- i(S 3 ) if and only if H (h o c )= O. 1 1 (914°a)= H(E773° 6 )=
E(713X 9 ,)01I(a)= 971.H(a) by Proposition 2.2 o f [ 7 ] .  I f  774 .a = E A
then E(Aa)=E (E*ER )=E ie=17 4 .a  by (2. 3).
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In  i i ) ,  replacing ±  V  b y  A t „  the similar assertions are true.
Then it is sufficient to prove the relations

E(At 7 ) .a  =  ± E u 'o a  a n d  H ( E l lo a )  =  0  f o r  a G v 1(S 7 : 2) .

Since EV = 21), and 2 4 = 0 ,  we have H (EV oce)= E (1/ X V)° 1 1 (a)
= 4 4 0 H (a )=  O. There exists an odd integer t  such that 3t a=ce,
since the order of a  is  a power of 2. 3ta—(3tt, 7 )0a  since ,,S7 is
an H - s p a c e .  Then we have E(A1,7 )0a=E (A t 7 )0(3t 67 )0a=3tE (A t 7 )0a

= (± E V )0 a =  ± (E l lo a ) .  This completes the proof of the lemma.
We introduce necessary results on the h o m o to p y  groups of

spheres. According to [ 7 ] ,  we denote, for odd n,

v „ ( S " ) if i = n ,

7t i ( S "  :  2) if i •=-P n

Then the results on 7e7 for n=3, 5, 7 are listed in the following
table :

(3.1)

i= 1,2 3 4 5 6 7 8 9 10 11 12

7C 1----' 0 0 0 0 Z Z2 Z2 Z8 0 0 Z 2

generators €7 777 0 V7 4

71.7+1-- 0 0 z z, z, z8 z2 z2 z2 Z2 Z2

generators ts 715 72E u5 v5718 v o g l'i 0

77 f-7---°_ 0 Z Z2 Z2 Z4 Z2 Z2 0 0 Z2 Z2 I-  Z 2

generators e3 773 ni v v7/6 1/ 7g 53 /63 , 7735 4

i= 13 14 15 16

Z8 Z2+Z2+Z2 Z2+Z2-EZ2+Z2 Z8 +Z2

generators a' (1'7754, u7 ,6 7 a'27 , s 4 , /17,7 775 8 117010, 277118

7r., i -- -_,Z 2  +  Z 2 - I- Z2 Z8 + Z2 Z8+Z2+Z2 Z2 - I Z2 + Z 2

generators p g ,  ' 65 , 77 5 56 1)508,275 /16 C5 , 2 1 5 7 8 , l ' 5 6 8 14 , 2)5dee8 , 1' 08 5 9

7/1 === Z 4 + Z 2 Z 4 + Z2 I' Z2 Z2 + Z2 Z 2

generators e ' ,  773,0 4 127 5 31) 117 1 /  6 6 1,/ 4
0 6 7 V 7765 7 V776117
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17 18 19 20

Z8+ Zy 0 Z,, Zs . Z 4

generators ç7 , 1 7 71'15 V7° 10V17 0 ' 0 54, , c7

Zy+ 2'7 + Zy+ Zy Z2+ Zy

generators V 0 3  V 5 5 , 1 , e7754te 1
,
5CE VE.

0
81) 16 /1 50 14,

Z 2 7 2 Z.2 + Z.,+ Zy

generators 53 14 2 /230 12, 7236 4 e' it- 3, 773/140 13

i = 21 22 23

Z8 -I- Zy+ Zy+ Z2 Zy+ Zy+ Z2+ Z2 Z2 + Z2 - I- Z2+ Zy

generators p ",C '1) 4 , C'514, --i7 C'/254, EC ' , /1 70 10 ,  7 77E8 0 '7 714/11 5 , 147X10, /1 7 ,  7 77/180 17

7r7+1
= '

Z 4 + .Z 2 + Z 2 Zy+ Z2+ Z2 Z8+ Z2

generators vsics, T25 , 710 . 6 0 55 C5616, V56 8 , 7757i6
- .

C .V 5 / 186 17

70 -==-.. Z4 1 Z2+ Z2 4 + 4 Z2+ Z2

generators p'cri4 ,1 ) 5 5 , 723/t4 ;re, V,u6a15 1/7707616 ,  v716

Here, w e use the notations of [ 7 ] .  For the simplicity, we
omit the symbol " ."  of the composition operator. The results are
given in [ 7 ]  except the group ni s which is given in [3 ].

Proposition 3. 2. i ) .  For the homomorphism : 7r7+ ,---> 7e, we
have the follow ing table:

a = 775 77i l i , 1)5778 PoR 11 a e " es 24,- Its 776E6

ea— ihi 21/ 1/776 v'77R 0 0 0 773 54 0 773/14 2e'

a = 11508 775/16 C5 1)50 8 1,558 14 V5/18

tla — e3V15 + VE6 2,a' vg s mod 1/ 7 / 6 6 7 0 1/7/667 0 1/776/17

a-= V577859 )15°13V15 1)5378/19 V5C8 V5P81,16 Ply ce Pecria

4a- 0. c3vi1 0 0 0 o 773-E-4 573/14013

a = neee vetc8 iis 175/26016 C5016 l'568 220 6 C5 1)5/18017

4 a = 2+' VE6 773
-/24 2it'a 54 Vtt6015 0 277' v'7i6 mod R ig —  v' 77 6,tha is



a = o'77i4117'7/7714777

ooda = o o oC65 7 1) 7726'

117
77 7 4 V7 0 16 7h Ph C7

1/14 1/7/657 0 vn6u7 o

'7 5 14 P14 EC' #7 ,7 16

0 o 1/A6,715

a =

da—

a =

da =

1'7(770)77

o o

X7

f- e'

p "

o o

n7e8
o

0 ' 7714 dun

o
V7/C10

o
/17

v'Ti8 1/ 77 14 7(71

n 7 1 18 0 17
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ii). F o r  the h om om o rp h ism s A : 74, i + 6 ,  w e have the
following table:

Proof.
i). It follows directly from the formula A(Ea')=97 3 0 ce ' of

Lemma 3.1 , i), that the table is true for a = ,  s  /-65 P 5 a 1  4  71 5 •

The relation 27,1)4=1, 77, in (5. 9) of [ 7 ]  implies the formula

A(1)5 0E 0 ) =  u'n el3 f o r  OE n .

Then the cases a = 2)5 1.'58 8  V - 4 8 , 1"5/-68°-17 follow immediately.
The cases a= v s 9A, L) are obvious, since 7 4 = 7 4 0 = 0 ,  hence the cases
a = 4 , v 4i  follow.

We have also

zs, (1),Dg) = v97617 7 ---- I/14E n o  =  0 by (5.9) o f [7 ],

— 0 by (2. 2),A(2),PAL",6) A(v5P8)°v,, 

by Theorem 7. 9 of [7 ]= 1/97A- 7E t/ E 2 7T̀Ì 6  =  1/ 1, 6 0 7r7B

C 7 r o 7 r 8  =  0

A
 ( V 5/C8) V9761C7 1./ 6 by (10. 23) of [7 ],

A
 ( / )5 8 )  =  1/ 9 7 6 7  =  1)6cr9 6 by Lemma 12. 10 of [7 ]

G 74 0 0 - 9146 O.

o

The relations ?A = 2 v ', 77 S ,  = T A p s  = ?g ,  = 0 '  and 977is

=2Til are obtained in (5. 3), Lemma 6. 6, (7. 7), Lemma 12. 3 and
Lemma 12. 4 of [ 7 ]  respectively. Then the cases a = 97,67  n 5 1.6„,

17 , and To ,  follow.
We have also
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A0'5 9786 9 )  =  " 0 8  =  V ( 2 E 3 6') E 27e, =  0
and .6.0,597 a,) = =  1/(2E 3

1 il) E 27e 7  =  0,

by Theorems 7. 7 and 10. 3 o f [7].
The remaining cases : a = cri ", uscrs, 1 1) 5Cr ti 1) 15 Pl y , A(a)

are verified directly from i )  of the following Lemma 3.3, in virtue
of Lemma 3.1, i) and (2. 3).

ii). It fo llow s directly from  the formula A (E a ')= 'oc' of
Lemma 3 .1 , ii) th a t the table is  tru e  fo r a = n , ,  91,3, 67 / 7 '
Th i a 8 / 7 1 6 ,  Tz7 and 7/71(680 - 17•

Obviously IA, E 4  = 0 .  Thus we have

AO) 7 0 E (3) = v6. /3 0 f o r  OE rc? .

Then the cases a=  v7 , 4 , 4 , 7)70 - 10, u7crinvi7 and v7ic10 follow.
The relations v'r)6 =6 3v1 1 and i 667 = 6 9 1 6  are obtained in (7. 12)

and Lemma 12.10 o f  [7]. Then the cases a = i3 ,  1 7 ,
7 v 1 5

 and 977 - 8

follow.
Next we prove

(3. 2) Evioo-' = 2 E 6 ' =  97 ,2,66 .

By Lemma 5. 4, Lemma 5. 14 and (7. 10) o f [7 ], w e  have

E 2 (E  0 0 - ') = 41 ,
 60  =  E 2 (97166 )  = E 2 (2E6') .

By Lemma 3.1, ii), Ev'oe --E,6,(0 j )E En-L. It is seen in Theorem
7.3 of [7 ] that E 2  E 7 4 3  E 4 3 --)" 4 6  is a monomorphism. It follows
the relation (3. 2).

Applying the homomorphism E *  to (3. 2), w e have

A(cr') = E*E(6,0 - ')  =  E*(EV .0-')  E * E ( 2 6 ')  2 6 '  =

I f  20=0 , then A ((7'0E 2 0 ) =6 '0 2 E /8 =0 , and the cases a= ai ni4,
01 9774, 0 - '7)14, of  16,4, (

7 6 ( 7 7 / 1 4 / 6 1 5  follow immediately.
W e have E '  = o 1 4 5 in (12.4) o f  [ 7 ] .  Then the case a — E r

fo llow s. W e have 65(7,3 =  0  in Lemma 10. 7 o f [ 7 ] .  Then

A(0-'0-14 ) = = = 0 .

The remaining cases : = K7 ,  p "  fo llow  from  i i )  of the
following Lemma 3. 3 in virtue of Lemma 3. 1, ii) and (2. 3).
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Lemma 3. 3. i).

174 O =  0 ,

9)41)50-8 1 ) .  =  E ( e , v h )
n 4 p i v  _  ,

n 4 5  E 0 4 60  mod

74v50- s  =  E ( 6 3v1i + Vs6)

4.5 E (V / -6 6 ) m o d  E('7168 7)
174 5Œ16E ( 1 /  t h r r i 5 )

E (n 6 / 6 76  ri6) •

ii). 6= 0 , (E 1 / )K 7 =  E t- ' a n d  EV p" =O.

P ro o f .  i). The relation 9/40 --- 0  is already obtained in  (7 .4 )

o f  [ 7 ] .

W e have ] 41 ) 5O8 E v n 7 0 - 8
= 9714+  ±  6 7) b y  (7 .9 ) of [7 ]

=  E  ( a t i114 .1-  P 7 +  6 7) for A  of ii)
=  E ( 8 31)11 ± V 8 6) ,

and 7/41-'50-.1, 1 5  —  E (9 3 1 + V 9 6 ,4 ) E ( 6 31)7.1)

s in ce  61 ) 0  b y  (7 .1 4 ) of [ 7 ] .
Next, we have

4 5 E 7740{1)5, 868, E r l

C {7/ 41
,

5 ,  8 8 ,  E c r l ,

= {E 91„ 86 8 , E0- 1 1

and EV p,,, E  '10  {?1 „ 2 t 8 , E 'cr'"},

C {Et, ' 977 , 2t8 , 4E01 1

C  {E 1/9/ 7 , 8 t ,  E0-1,

It follows

b y  the definition of
b y  Proposition 1 .2  of [7 ]

by Lemma 6 .5  of [7 ]

by Lemma 5 .1 4  of [7 ]

b y  Proposition 1. 2 of [ 7 ] .

7/4 Evi 16 7 mod EV?7 7 0E7r15 + 7 4 0 E 2 a i  .

776 07.7 5 is generated  by 97 9 7.60 j . 14 , .976V7 
a n d  

n68 7 • 9760 - ' 11 (41, 0/7,4 0  by
(7.4) o f  [7]. 7/n617,7= 1/ 4 =  A (4 ) = 0  b y  ( 7 . 3 )  o f  [ 7 ] .
74.(20r9)=24oc7-9- 0  by Lem m a 5 .1 4  o f [ 7 ] .  Thus we
E7/977.E94 5 +740E 20" is generated by E ( V n 6 e 7 ) ,  and

-  E ( 1 1 6 ) mod E ( 1/9768 7)•

It follows from the relation e 70-,5 = 0  in  Lemma 10 .7  of [7 ]

4 5 16 E ( 0 /  /-660 " 15) •

4 .E 2G-' =

have that
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B y  (10. 12) o f  [7], 7710 1/(r )=  ig7 .4 .9= 0 . It fo llow s from
Lemma 3.1, i) n 4 opivE  E 9 .  E

2( n 4 o p i v ‘  n 6) 0  by
(10. 15) o f [ 7 ] .  It is seen  in Theorem 12. 6 o f  [ 7 ]  th a t E 2

is  a monomorphism. Thus we have

n4 o  p IV 0

For w e have, similarly to

2 7 4 5 E  7 140 g .5 • 
8 1 16 • 2 0 - 1611

C  { 1 7 4 5 ,  8 1
16 20-

16} 1 { E V i t 6 7  X E P '7 7 7 8 8 , 8116 , 2o 1 6 } 11

C  {E/ p 7 , 811 6 , 2 1 xi - FL' 97 8 2cri6, ,788, _ --G-16, 1 / x 0  or 1

E v7 -1,E E V 0 E1/1 3 , 21 1 2 , 8 v0 - 12 ., 1  - E {Fr, , 2 1 16, 8 o - 16} 1

C {EV P „  811 6 , 20-16}

Ev'6 7,(6i5E E ' 7 ° { 1 5 , 2116 , 8o 16}11

C { E v 6 7v15, 21, 5 ,  80-,6}1 = {E1/7776 8, 21,6, 80-16}1 •

Thus --= E v i-6 7 -E x E 1 /6 7 1 „  mod G ,

where G = E V 7 .E7THH-Evn,& 8°E 7 -g+ .17 .20 - ,7 is  g en e ra ted  b y  the
following elements : EV,E6716, E V p 7 , 6 ,  EV9776 81)16, E1/208&16, 47.26 - 17
c  24 4 =  0  (c f .  Theorem 7.1 o f  [ 7 ]  a n d  P l .  /4 52'14 E E 24 5  =  0  by
Theorem 7. 6 o f [ 7 ] .  Then

167L) 16 E 2 P 5  ° E 2 { 1)14 1 p 1 1 7 ,  V 18}

=  E 2
{ 16 5 , 1 ) 141 7717} " 21

C  E 2VT9 ° 1)2 1  ( 4 7 d 1 ° 21

C 47rL 0

by Lemma 6. 2 o f [7 ]

b y  Proposition 1. 4 of [7 ]

by Theorem 10. 3 o f [7 ]

by Theorem 12. 7 of [7 ] .

B y use of the anti-commutativity of the composition operator and
the relation 17'16 4-  8 16 7116 (7 -17  in Lemma 6. 4 o f [7 ],

6 7/615 — P76 16 1 7971.cr17 + i-671)16 — 717P8 1717 •

W e  have a lso  77.78 88 16 7/7882)16  717V8Cr111)T8 0  b y L em m a 12. 10 and
(5. 9) o f [ 7 ] .  Consequently, we have obtained the relation

27,C5---- - -- E(P i l-t6) mod E ( 1/n467
1 7

16)

ii). We have
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v T 6 E 1/0 {ii
6 , 86 9 , E 2 0 -1 by the definition of

=  —  { 1 / ,  1 , „  869 }0 E V by Proposition 1.4 o f  [ 7 ]

C 7do o.E3 0- ' 0.

It follows vT 6 = 0.
The relation = Ev' 0K, is given in Lemma 12 . 3  o f [ 7 ] .
Next we have

El/ 0 p" E {0' , 8614 , 20 - 14}1 by the definition o f P"
C {EV 0 0- ' , 8t 14 , 2o 1 4 } 11

=  { 1 7 i 8 6  8 1 .1 4 , 26.14 } 1 by (3. 2)

, 86 6, 20 - 1411 = 0, 2 0 - 14}, 0 .

Thus E V  p" E 9710E7r3 1 4 5 020-
1 5 . From table (3. 1) and Proposition

3 .2 ,  i ) ,  we have that n loE n i i  is generated by es/ha*" and 97 ,76-67 =
2 4 E '= 0. W e  s e e  in Theorem 7 . 3  o f [ 7 ]  that 274

5
 is generated

by 2E/il=n1166 . It follows that

p" = x (nitiv r15) f o r  x  =  0  or 1 .

Now, consider the composition 97 B . p' E A , .  W e  have H ( n s op')

--7/f5 .80-
1 7 =O. It follows that 778 . pi E E v 7

2 3 . By Lemma 10.9 of [7 ] ,
E 5(978.P')=9713.E(2P13)=2973op14= O. The kernel of E 6 : n g  is
generated by 0-  ' ,a,„ , E '  and n

 -
8 ,  since Theorem 12. 6 and Theorem

12. 10 of [ 7 ] .  It follows that ngop'= 7g(ns op ') is a linear combina-
tion of the following three elements :

4E rrI
P I S n6(417'7)/615 by (7 . 4 ) of [7 ]  ,

7/2E 2 r  =  74.E(T'Il 15491 , = 0 by (12 . 4 ) o f [7 ]  ,
491869=  4 1 , 6 , 0 by (5 . 7 ) o f [7 ]  .

Therefore, we have obtained

P' 0

We have E 3 (E  p " )=  E 'v ' E (2 p ')=  E  4 (2V). E p' = E( op') = 0  by
(5 . 5 ) and the page 10 7  o f [7 ]. It follows that

4x(70 - ,6) =  -0(x k6(7 , ) by (7 . 14) o f [ 7 ]
E 3 (E  p " )
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This implies x = 0 and
Ev iop" = 0

since the elem ent - 70 - 18 is  of order 8  by Theorem 12. 8 of En.
Consequently the proof of Lemma 3. 3 and hence Proposition

3. 2 is established.

§4. T h e  homotopy g r o u p s  /r,(S U (3)) f o r  i < 23

In th is section, we shall prove the following

T h e o re m  4 . 1 .  The homotopy groups 7r i (SU (3)) f o r i <23  an d
generators o f  their 2— primary components are  listed in  the  follow-
ing table:

i = 1,2 3 4 5 6 7 8 9

ir 1 ( S U ( 3 ) ) - 0 Z 0 Z Z2 + Z3 0 Z4 + Z3 Z3

gen. o f  2-comp. i*c3 [21 ] i*V [2 5 ]o 5

i = 10 11 12 13 14

7r1 (SU (3)) —̂ Z 2 jr Z15 Z4 Z4 + Z13 Z2 + Z3 Z 4+ Z 2+ Z 21

gen. o f  2-comp. [ v A ] E v n [ e ] 4 E ' D 4 3 '1 )1 1 ,4 1 1 '

i = 15 16 17

r,(SU(3))= ---- Z4 4-Z9 Z 4 + Z 2 + Z 6 3 + Z 3 Z 2+ Z 2 + Z 15

gen. o f  2-comp. Pe&  v 5 a 8 [2 e 5 ]° C 5 ,[5 P 8 ] M .vii , [v57185 9]

i= 18 19 20

7 r1 ( S U ( 3 ) ) - ' Z2 I Z 2 + Z i 5  I Z3 Z4 -I Z 2 1 Z 3 I Z3 Z4 + Z 2 1-- Z15 + Z3

gen. o f  2-comp.

i—

7r,(SU(3))

i*E3,[v5778119] ra'"i'aiz, Fv5V811'v16 1:Pr9, i*-6-'

21

Z2 Z 3

22

Z2+Z2 1 Z 33

23

Z4 4 Z2 + Z3

gen. o f  2-comp. ilat'a14 i*-,-12', [21,]0v5tc8 [2(5]°C50•16, Cv5i87

Here, w e denote by  [ce] an element of 7r i (SU(3)) such that p * [a ]=
E  rei (S 5 )  an d  [c ] E  7ri (S U(3): 2 ) f o r  i > 5 .  The following relations

hold:
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(4. 1) 2 [4 ] =  j8 3 , 2 [0 - " i] =  i * 143 , 
2

( [ ] ° v , ) 4 63vii

2 ([0 -' 1 0 0 -12) i*/-63°-12, 2[IV ]4 7 ; mod .

Since X(SU(3))= At 5 = n, is an element of order 2, we have, by
Lemma 2. 3, isomorphisms

i (SU (3) : p) 7r 1(S 5 x  S 3 : p) 7r1 (S 3  : p) e 77. i (S 5 : p)

for odd prime p  and all i. Then the above results on the odd
components follow immediately from the following table :

(4. 2)

i= 1, 2, 3, 4, 5 6 7 8 9 10 11 12 13 14

odd comp. o f  xi(S 3 )---=" 0 Z3 0 0 Z 3 Z„ 0 0 Z3 Z21

odd comP. of  ir,(S 5 )-'=---2 0 0 0 Z3 0 0 0 Z16 0 0

i = 15 16 17 18 19 20 21 22 23

odd comb. of 7, (S 3 )=== 0 Z3 Z.16 Z16 Z3 Z3 Z3 Z33 0

odd comp. o f  7r, (S5 ) = - - Zg Z63 0 Z3 Z3 Z15 0 0 Z3

The table is given by Chapter XIII of [7 ] and [3].
Consider the exact sequence (2. 1) for the bundle (S U (3), p, S5

=SU(3)1S 3 ). Then it induces an exact sequence

(4.3)
i* P*0—> Coker CA : 7 e, —> 7 e ) - - >7 ri( S U ( 3 ) : 2) -- K e r  (A  :  7e — >7e,)— >0 ,

fo r  i > 5 .  We see also the exactness of (4. 3) holds for i < 5  if we
replace 7r1(S U (3 ): 2) by 73- i ( S U ( 3 ) ) .  Then we easily have the results
in Theorem 4. 1 for i < 3.

By concerning the table (3. 1) and Proposition 3. 2, the follow-
ing lemma is directly verified.

Lemma 4. 2. i ) .  The homomorphisms A : 74 + 1 —> are epimor-
phisms for i = 4, 5, 7, 8, 9, 10, 15, 16, 17, 23. For the other values of

3 < i < 2 4 ,  w e have the f o llow ing  table of the c o k e rn e l o f  A :

i= 6 11 12 13 14 18 19 20 21 22

Coker 4 -̂z_ Z2 Z2 Z2 Zy Z2 - I Z2 Zy Zy Z2 + Zy Z 2 Z2

repr. of  gene. V 53 A93 5 ' /9',6 . 31
 )11 53 ■6136 12 5 , Tty te'17i4 ite
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ii). The homomorphisms A : 70, 7 e ,  are monomorphisms for
1=4, 6, 7, 9, 13, 21. For the other values of i, 3 < 1< 2 4 , w e have
the follow ing table of the kernel o f A :

i= 5 8 10 11 12 14 15 16 17

Ker. 4 -n=_ Z Z4 Z2 Zy Z2 Zy Z4 Z4+ Z2 Z2+ Z2

generators 2c5 2v5 vo l vR a" 14 2v5a5 2C5 , v5V5 l i t ,  v5 775 e5

i= 18 19 20 22 23

Ker. tl•---- Zy Z2+ Z2 Z2 Z2 Z4+ Z2

generators 1,5778119 IJ5C8 y  1151:18V16 p IV 21)5/C8 2C 5016, V568

Now we compute z i (SU(3) : 2) by dividing into three cases
o f i.

Case 1: i = 4, 6, 7, 9, 13, 21. For these values of i,  it follows
from the exactness of (4. 3) and ii) of Lemma 4.2 that v 1(SU(3): 2)
is isomorphic to the cokernel of A : 7e± ,—, ..74  under the injection
homomorphism i * . Thus Theorem 4. 1 is established fo r  these
values of i, by i) o f Lemma 4. 2.

Case 2: i = 5, 8, 10, 15, 16, 17, 23. For these values of i, it
follows from the exactness of (4 . 3 ) and i) of Lemma 4. 2 that
v i (SU(3): 2) (71.5(SU(3)) if i= 5) is isomorphic to the the kernel of
A : 7/1—>74_

1
 under the projection homomorphism p* . Thus The-

orem 4. 1 is established for these values of i, by ii) o f Lemma 4. 2,
the naturality (2. 1)' and by the following relations :

(4. 4) 26502)5 = 2, , 265 .1,50-8 = 2v 50-
8 , 2c 5 q"5

a n d  2t,0, 5 ,716 =  4 - 56 16 •

In general, E(2 50a)=2Ece= E (a ) for (YE v i (S5). For i = 8 and
I =15, the homomorphisms E :  7ri (S 5 )--.n + 1 (S 6 )  are monomorphisms
[7 ] .  It follows the first two relations of (4. 4). For i =16, the
kernel o f  E  is generated by v,P,+2 ,

58, (by (7. 7) o f  [7 ] ) .  Thus
2t5 0"5 =2 5 + x(v5 1.38 + v56,) for x = 0  o r  1 . B y the exactness of (2. 1)
and by i) of Proposition 3. 2,

A( P*([ 2 ta q - )) '

— +  * 5 176 + v56 8))



H om otop y  groups of S U (3 ), S U (4 ) and S p (2 ) 235

It follows that x = 0  and hence 2 5 =2&5 o 5 . W e  have also 215 t°,50-16
(25)0-16 2 '. 56 . 16 •

Case 3 :  i = 11, 12, 14, 18, 19, 20, 22. In this case, we have to
determine the extension (4. 3).

First consider the case i =11. By Lemma 4. 2, w e have an
exact sequence :

i* P*0 77.,,(SU (3 ): 2) Z , --*  0 .

The first Z y  is generated by 6 ,  and the second by 4 .  By (6. 1)
o f [7 ],

E 2till C {775 , 14, 2 e5+ 9/50Eni2+27-e,3(S 5) .

2n-4,55) = 0  s in c e  7r13(S5)----  Z 2 . n 5 0 E 4 2  is generated by E(n4°(r i ").

6 ,974°(/"= 0  by (7.4) o f  [ 7 ] .  Thus {775 , vg, 2 12 } 1 consists of a single
element 6 , =  E 6 4 . Then 94 E 6 4 , v g , 21,111 since E : 7r4S 4 ) - > v13(S 5 )  is
a  monomorphism. By Theorem  2. 6 , there exists an  element

E  v 1 1 (S U (3 ) )  such that p*(a)= =4 and  46 3 = i * E*s 4 = a o2 t 11 - 2 c e .
c e = [ 4 ]  or a  [ 4 ] + v 3 = 3 [ 4 ] .  Therefore we have proved

7r11(SU(3) 2 )  =  E v n l  Z 4  an d  2 [4 ] =  V 3  •

Consider the case i =  1 2 . Similarly as above, it is sufficient
to prove

i*P5 = i* E* {77 4 , a '',  2121 .
We have E 2 {974 , 2612}C  {n6, E 2 0 " ,  26,411

14, 12E0', 26 1. by Lemma 5.15 of [7 ]

= {916, 2 6 , 0 E 0 ' ,  2t,4}, •

By use of relation y 
5
P6 = o f  [7  ; (7 . 3 )] and Lemma 6.5 o f  [7 ],

we have
P6 E  { 6 ,  2 t7, E 2° . '"} 1 6 6 , 2 t 7 ,

C 6 6 , 2t7 oEcr", 2t1411 •

The secondary composition { n „  2 t 7 .E 0 -", 21, 4 } 1  is  a coset o f 776°E744

+27r,,(S 6) =7/6 °E7ri 4 which is generated by 6 7 ===E 2  and 7/66 7
E 2 (?7,8 5). Since E 2 : 7r, 3(S 4 )--> 71-,,(S6 ) is  a  monomorphism, w e have
E* {n,, " ,  26,2} PR+ { 73

6
4} b y  (2.3) a n d  Lemma 2.4. 4(973 6 4) =

i* (A 6 3 ) — O. T h u s  i * E*{77 4 , ( 7 ' " ,  2 6 12} =4/03, and w e  have proved
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v12(SU(3) 2) —  { [ ° " ' " ] ) -2 Z ,  and 2[0']= i*,c63.
For the case 1 = 1 4 , we have an exact sequence :

P *
0 Z2G3Z2 7r14(SU(3) : 2)Z 2 O,

where Z 2 EBZ2 is generated by i* ,a' and i * (6 311) and Z , by 4 .  The
first relation of (4 . 1) implies the third one :  2 (P g i " i i )— (2 [4 ] ) ° v i i

— i* ( 6 3).v11=i*(6 3 11). Then we have the result 7r14(SU (3 ) : 2 )=

=-----' ZIEDZ2 •
Consider the case i = 1 8 .  W e have to prove that the sequence

P*
0 v18(SU(3) : 2 ) {v5978 }0

splits. By Lem m a 6. 5 and of [7 ],

L'597,46. E  v578o {779 2t 10 , 8 0 1 0 }5

C {LA ,  2t 1 0 ,

The last secondary composition is  a  cose t of
{L'5 F38 10, 8(4 0 - 11)} = {440'11} =O . Thus {2.)57A , 2610 , 80- 1O} 5 consists of

1)5978169, Since 2[ 1)54 ]  =  0 ,  th e  secondary composition {[v54], 2610,
8 0 -

10} 5  is defined and

P * {[V 5 9 7 8 ],  2 6 1 0  8 Œ 1 0 }5  C  { P * [ )594 ]
,  2 6 1o, 8(3-10}5 V5978P9 •

Then we may choose [L, 0 8/.69 ]  as an element of {[ A ] ,  2610 , 80-. }5 .

We have
2[1)57/81 .69 ] E  { [ v o ] ,  2 b „ ,  8 ° - 210} 5°_ti 8

C  [vo ]  0E 80-9, 2 6 161

C  [1 )5 9 7 ]°{2 t10, 80-10 , 2617}1

a n d  0=80 -) 410 ° 7,17 E  ‘ 21, 10 8 0
- 10 2 t ] 7 } 1  by Corollary 3 . 7  o f  [ 7 ] .  It

follows that 2[1 )m A]E -----  0  mod [v 5 l]o7r 18(S 10).2t 18 .

Since 7c18(S 1°).2/,18 = 27r„(S'°)= 0, it follows that 2[58/-69]= 0 and
therefore the above sequence splits.

For the case i =19, we have an exact sequence :

P*0 Z 27 r i 9 ( S  U ( 3 )  :  2) 0 ,

where Z ,  is generated by i* (is,cri,) and  Z,EDZ, is generated by
5 8 and 1-'5 8,6 The relation 2, X 9 =2a -"0-

13 =E(cri"0 - ,2 ) in  (10 . 7 ) of1) v •

[ 7 ]  implies that 1., 5 8
.--..a -n r 1 2 mod 

v 5 1 ) 8 1 '1 6 ,
 since the kernel of E : 7d,

v59A°E 5743 + 7r71080-11
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RI is generated by So, we may replace 1-,X 8 b y  0- ' 6 12.
Then it is sufficient to prove the relations :

P*(Pr"lai2) Gr"'cri2, 2 (Ec i n 1Œ12) i*(i630-12),
p * (Lv5 17,8]v i ,) = 1) 81., 1 6 a n d  2([ 5 1.)8 ] ov

1 6
) = 0 .

But these relations follow from (2.1)', 2[0 - " ]= 4 / k 3 and 2[v 5 P-8]= 0 .

Consider the case i  = 2 0 .  By Lemma 4. 2, we have an exact
sequence

o ,z 2 e z 2 -7 ,2 0 ( s U (3 )  : 2) Z, -> 0 .

For the results 7r20(SU(3) 2 ) = { [ r ] ,  48'} ,  it is sufficient to prove
the last relation n p i v ] = -- - -- i * . p ,  mod 4 6 '  of (4. 1).

By the definition o f rt„

= E - {,a 8 o 2 } ( <,a, 2t, 80-> .

By (3. 9) o f [7],

<,a, 2t, 80- > + <80-  , 2t>±<2t, 80-, IL)

-_ 21, 80- > ± 40- 0<2t, ,a, 2t>+<,a, 80- , 2t> 0

mod poG 2 +80- 0G1 0 +2G„ . 2 G „= 0 since G ,  z zez 2Els, z 2ez 2. 80-0G10
2 t>  2 (G „ : 2) = 0 since G 10 Z 6 . 1a0G 8 is generated by

ttE= 2 p = a c r ,  by Theorem 14. 1 o f [ 7 ] .  Thus we have

<,a, 2t, 80-> = <,u„ 80- , 2 t>  mod lhatr

Similarly, we have

,a G <97, 2t, 80-> = <97, 8cr, 2 t>.
By (3. 7) o f [7],

/76 E <97, <8cr, 26, 80->, 20-1-<7, 80-, <2t, 8cr , 2t>>

By (3. 10) o f [7],

<26, 8cr, 2 t>  80-0G, ±2G 8 =  0 .

By the definition o f ply ,

E - prv E E l a " , 2 t, 2 , 80- ,2 1 C <8OE, 2, 80-> .

Thus we have that <97, E -  ply, 2t> consists o f Tt and A+ who-.
It follows from the relation E 0 0 64, E0101v , 2t>

n r { 7 / 4 , p l y
, 2 1 7 }4  m od {1]4p5.- 141+K er (E -  :  7r̀211 -> G17) •
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In Theorem 12.7 and Theorem 12.17 of [7 ] we see that Ker (E -  :71- 1̀1.1.
G1 7 )  is generated by 2)40- 'cr14 and K 6 '.  It follows that

nlonE* {274, p i v  2 t 1 2 } p . 3  m o d  {97 4640 ,
and E*{ n4, r, 2t12 } p 3 m o d  In3P4cri3, + 2 7 r 20 (S 3 ) .

Apply Theorem 2. 6, then we have that there exists an  element
p iv  such that

2[piv] i * Tt, mod

where i* /),,u,,,cr,, = O.
For the case i = 22, we have an exact sequence :

0 --> Z2 7 r2 2 (S U (4 ):  2) Z2 —> 0 .

By Lemma 2. 2,

2([2t 5 ]0 1 .' 5 Kg )  =  [ 265] .2 () 5 K8 )  =  [ 265 ] 0 0  =  O,

since E(2 5 K8 ) =21),K „=0 by Theorem 12. 7 of [ 7 ] .  Thus the above
sequence splits.

§ 5. T h e  hom otopy groups ir 1( S p ( 2 ) )  fo r  i < 2 3

In this section we compute the groups 7ri (S p(2)) and the results
are stated in the following

Theorem 5 . 1 .  The hom otopy  groups 7ri (S p (2 )) f o r  i < 2 3  and
generators o f their 2-primary components are listed in the following
table:

i= 1,2 3 4 5 6 7 8,9 10 11

n i ( S p ( 2 ) ) . .2 0 Z Z2 Z2 O Z 0 Z8 +Z15ZI5 Z2

gen. o f  2-comp. i*t3 4 773 i*n i [12t71 [7,7] 4 , 3

i = 12 13 14 15 16

r i (S p (2 ) ) --, --2_ Z2 + Z2 Z4 + Z2 Z16 + ZiO5 Z2 Z2 + Z2

gen. o f  2-comp. 4/1 3 , 4713E4 [v 7]'v 1o , 4 773,a4 [ 2 a l [a '1 4 ] P 6 2141 7715, E v71. 240

j = 17 18 19

x i (S p (2 )) -_-_ 4  - I-  Zs Zg + Z2 + Z315 Z2 + Z2

gen. o f  2-comp. DA° crio [C7], i* 1 3 i*,u3a12, i*7l3E.4
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i= 20 21

z i (Sp(2));—_, --. Z2 r Z2 - r Z2 Z32 - r Z2

gen. o f  2-comp. L117_106501117, 47731246,3 Lc' 614i, 4770214

i = 22 23

77i (SK2))—̂=_

gem  of  2 - romp.

Z32 + Z2 + Z2 - r- Zi6; Z2)--Z2+Z2

Lo''J, l_ci'Pt4i, 1.0'5,4_1 LO'fil4:1, EEC/J, D/74]

W e denote  by  [a] an  elem ent o f  7r1(Sp (2)) su c h  th at p * [ a ] - =

E  7e1(S 7 )  and, f or i  I7 ,  [ a ]  E  (SP(2) : 2).
The f ollow ing relations hold:

(5. 1) 2[ , 7] ov,, 4[201 8[o-'o-„] = ±i*teœ ,4

and 8 [ p " ] =

Since X(Sp(2))= A t, i s  an element of order 12, we have from
Lemma 2. 3 isomorphisms

7ri (Sp(2) : 1(S7 x S3 : p), 7 r 1(s7:p) ED :  p)

for odd prime p > 5  and a ll I.
For 3-primary components, we quote from [ 8 ]  the following

isomorphisms :
7r1 (Sp(2) : 3) v 1(B (3) : 3) for a ll i

Then the results in  Theorem 5 . 1  on the odd components follow
immediately from the following table :

(5. 2)

i = 1, 2, 3, 4, 5, 6, 7, 8, 9 10 11, 12,13 14 15,16 17 18

E p-comp. of  7r,(S 3 ), p> 5 0 2.5 0 Z7 0 Z5 Z,
_

E f i-com p. of 7r 1( s 7 ), p> 5 0 0 0 Z , 0 0 Z7

3-comp. of 7v (B (3 )) 0 Z3 0 Z3 0 0 Z9

19, 20, 21 22 23

0 .Z51 0

0 Z5 0

0 Z3 0
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The table is given by Chapter XIII of [ 7 ] ,  [ 3 ]  and Theorem
3  of [8].

The exact sequence (2. 1) associated with the bundle (sp(2), p,
s7=sp(2)/S3) induces the following exact sequence :

(5. 3) 0 —> Coker (A : --> 7e) Tri (sp  (2) : 2) —› Ker (A :
—> 7e_ 1) —> 0 , for i > 7 .

By concerning the table (3. 1) and i i)  of Proposition 3. 2, we
have

L e m m a  5 . 2 . i ) .  The homomorphisms A : 7-/- 7± , - -> 7 e  are epimor-
phism s f o r  i = 7, 8, 9, 10, 15, 16, 17 and 2 3 .  For the other values
o f i ,  6 < i< 2 3 , we have the follow ing table:

i= 11 12 13 14

Z4

18 19

Z2 Z 2+ Z 2Coker. d Z2 Z 2 + Z 2 Z 2+ Z 2

rep . o f  gene. E3 1131 37354 5', 773114 I f 53 ,U3012, 7735 4

2 = 20 21 22

Coker. d Z 2+ Z 2 Z4-I Z2 Z4

rep. of gene. ;0 3  ,  77311 40 13 /2/0,4, 773,724 Ti'

ii). The hom om orphism s A : - - > n ,  are monomorphisms for
1= 8, 9, 11, 12 and 1 9 .  For the other values of i ,  7 < i< 2 3 , we have
the follow ing table:

1= 10 13 14 15 16 17 18

Ker. d Z 2 Z2 Z4 Z2 Z 2+ Z 2 Z8 Z8

generators 117 4 2a' 0'7114 ° V 4 ,  0 117010 C7

2 = 20 21

Z8

22 23

Z2 Z 8+ Z 2  I-  Z2 Z 2+ Z 2+ Z 2Ker. d

generators v70101)17 0'0j4 P " , a'vi4, 0 ' 5 14 eV it4  , EC'  I 71768

We consider z 5(Sp(2) :2) by dividing into three cases.

Case 1: 1 = 8, 9, 11, 12 and 1 9 .  For these values of i, it follows
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from the exactness of (5. 3) and ii) of Lemma 5. 2 that 7ri (Sp (2) : 2)
is isomorphic to the cokernel of A : -> a l  under the injection
homomorphisms i * . Then Theorem 5. 1 is  o b ta in ed  b y  i) of
Lemma 5.2.

Case 2 :  1 =10, 15, 16, 17 and 23. For these values of i ,  it
follows from the exactness of (5. 3) and i) of Lemma 5. 2 that
z i (Sp(2) : 2) is isomorphic to the kernel o f A : 7-4  >  ,  under the
projection homomorphisms p * . So, Theorem 5. 1 is established for
these values of i ,  by ii) o f Lemma 5. 2 and (2. 1)'.

Case 3 :  1 =13, 14, 18, 20, 21 and 22. W e have to determine
the extension (5. 3). W e remark that, by Lemma 2. 3, we may
consider that the sequence (5. 3) is induced from the homotopy
exact sequence associated with an S 3-bundle over S 7 having the
characteristic class At7 = V.

First consider the case 1 = 13. By Lemma 5. 2, w e have an
exact sequence

0 Z 2 El) Z2 --> e 1 3 (S P (2) : 2) Z ,->  0 .

For the result 7-r13(SP(2): 2 ) -  {Evd °vie, 4973114}, it is sufficient to
prove the first relation of (5. 1) : 2[)) 7] ovi o = E { 2/ ,  2 1'6 ,  1, 91 by
the definition o f 6 '. Then it follows from Theorem 2. 1

2Ev7] ov1, [2v7].v 1, =

For the case 1 = 1 4 . We have an exact sequence

P0 Z4 Z14(SP (2) L)Z 4  ->  0 ,

where the first Z. is  generated  by i * ,a ' and the second b y  2G-'.
We have p * (2[201)= 4u'=12a 1 =P*([12c 7]o u '). It follows

2[20-'] [1217]oo-' mod i g„t6' and 4[20 -1 [12t7]oEcr" m o d  2 i '.

By the definition of and by (7. 14) of [7],

± E 2 p ' =  2 5 E 2{v„ 8t,„ .

We have also

E 2 {17, 4c4 , cr"} C 121,„ 4c,, 2E01 1 (2{ 5 ,  8 ,  Eo-'
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It fo llows ± E 2 ' =--- E 2 {v', 416 , o - " }  mod {v,&,, v,D.J .  Since { 4
8
, v517 8}

is complementary to the image of E 2 : 7z.14(S 3 ) —>7r16(S 5 )  and since
the kernel o f E 2 is generated by 8 ,v„ and v 2 ,  we have

tc' 416, 0- " }  mod { 311,f 1 / 6 61 •

Applying Theorem 2. 1, we have

4[201 [1212]0E0 - "  i ' mod 2i * fil .

This proves 7r14(sp(2) : 2)— {Pal }a n d  4[20 ] =  ±
For the case i = 1 8 , we have an exact sequence :

—> Z 2 —> 7r„(Sp(2): 2) —> 0 .

where Z, is generated by i* 6, and Z , by By Theorem 2. 1, we
have

8[ -2] = E  4 1 1 / , 8t 7} ,

W e have, by (7 . 4 ) and (5. 5) o f [7 ],

ins 8 1 1 7 1 1  =  1
975 f  2 1

1 7 1 1  =  ins •  4 P 8  •  2 1 1711

{97 , 1a ,  21 17}i {4 5 ,  1.
6
8 , 2 1

17} 1

=  {2 v „  2 8 , 2117}1 = {2v 2 , 0, 2 117}1

9 0.

Note that the equality holds, since these secondary compositions
have the same indeterminacy 27/.1 8(S 5 )--- , , Z 2 . Then it follows that
8[ -

2]=  0 ,  and the above sequence splits.
Consider the case i =20 . W e have an exact sequence :

P*
0 —> Z2EBZ, —> 7r 2 0 (SP(2): 2) Z2—> 0 ,

where Z E I)Z , is generated by i * 7-1,2 and 4973/140-
12 and Z , by v7cr16v17•

Obviously, b  (F*.L_I-Yrio_.° V17) V7(710V17 •  E (2 œ 1 0 7 " 1 7 )  2 C F 1 1 V 1 8  0  by (7.20) of
[7 ]. Then it follows from Lemma 2. 2

2 ([ 70- ,0 ] . , )  =  [1 ., 7 ].(20 - ,0 v1 7 )  =  [ 7].0  =  0  .

This shows that the above sequence splits.
Consider the case i =  2 1 . W e have an exact sequence :

P*
0 7-(21(SP(2): 2) Z, ---> 0,
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where z 4 ez2 is generated by i * ,a/cF„ and 49737z4 and Z 8 is generated
b y  0- '0- 14 • In the proof of the case i = 1 4  w e have an element [20- 1

such that P * [20 - ' ] = 2 0 - ' and i* p'=±4[20 - 1 .  Thus

P * ([2 0 - 100 - 14
)  =  2c/cr1

4 =  P * ( 2 Lcri cri4i)

a n d  ± i*fs'OE14 =4[2 0 1 ° 0 - 14 •

It follows that

8 [0 - 'c14] ± i * ik / 0 - 14 mod 4 4 7 1 ,  4 4 7 1  =  O.

Therefore we have 8 [0 - '0- 14 ]=  ± i*itilœ i4 , and

14 , 4 , Z 3 2  
0 3 Z 2 •zzi(SP (2) : 2) {LT  0- _0 3

-i-,

Consider th e  case  i = 2 2 .  W e  h ave an  exact sequence, by
Lemma 5. 2,

0 —> n" 22(SP (2 ) : 2)z e z 2 e z 2 - - >  O,

where Z 4  is generated by i * rt,' and z8ez2ez2 by P", Cri f
i 14 and 0- / 6 14.

First we prove that the relation

2 [0 .',D14]  =  2[Œ'6 14]  =  0

holds fo r  suitab le choice o f [0-'1744]  and [0 - / (9 1
4] .  P*([OE'9744]0 0 E15)=-

OE/97140- 15=OE/ 14+cr'st4 by Lem m a 6.4  o f  [ 7 ] .  Thus we may choose
[OE/ 1;14] such that if  [0-' 914]  is given then

=  [OE/ 6 14] +[OE / Th4]oOE15 •

Since 2 [o - '9714 ], = 0 ,  w e have 2[0-'1714] = 2 [ 0 - '&44] .  Let a  be an element
of the secondary composition {[OE'vid 2t15, 14514. W e have

0-'6 1 4  c {97 4 ,  2t15, vT511

c  l c / n u ,  2t15, 84 5 1 ] . )P * { [Œ 'n 1 4 ] ,  2 t 1 5 ,  , q 5 li •

26 15 , 7 4 5 1 , is  a  c o s e t  of 0- '9714 0 E 7 rli+ .7. 760246 which is generated
b y  0- ' , 7140- 15— 0-'&14 6T?/ 41.1 6 - 0 , / -671) 16  E  7490 V ig  -  0 , 1 4  L .4 (1 1)7 .151'1 6

= 0  and n L7
6

 ESV 6  7  1 5 1 j O. T h u s

P*6  =  T ' 6 14 X ( C r i 0 14 C r 1 8 1 4 ) x  =  0  or 1.

1Set [ 0 - '& ii]= a + x (L O E ' 4_ ° Œ 15n ) then p*[cr'814]-0-'&1 4 • We have
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2 [ 0 '1514] E TOE' 7/14], 2 1 15, 14511° 2 1 22

=  — EOE'n141 0 E { 2 t1  P T 4  2 1 20} by Proposition 1. 4 o f [7 ]

V 9714]"714 14 5

E  — V 971,1 0 E { 2 1
14, v?4, 2t20} by Corollary 3. 7 o f [ 7 ]

Thus 2[0-'61 4 ]-7=- 0  mod G , where G = P - in14 ].E 7r 2 1 (S 1 4 ).2t 2 2 = 2 E0 '97141
0E7r2 1 (S 14) = O. W e  have proved the required relation :

4 (7% 4 ] =  2 [o-'&1 4 ]  =  O.

Next, by the definition o f p",

p * I[20-1, 161
1 4 >  1

3.
1 4 1 1  C  

f p * [ 2 0 - 1 ,  16/54, 1.(T14, 1
1147 ° - 14, 1= {20- ', 16 1

210- ', 8114, 20-1411D 2p" = 2 P*EP1

Thus { [20-1, 16
1 1 4 >  

Cr
1 4 }  1  -

2 [ p " ]  mod G , where G  is generated by
i*Td, E2crl°1;14, [ 2 a 1 . 6 1 4  and  CŒ'211411.0-15. It is easy to see that
4G= O. T h en  w e  have

8 [e ] =  4 {[2 0 -1, 161 1f  1714, 1 •

By the definition o f Te,

4p' E 4 1 1 4 , 4Œ1 4 } 1(F 14, 1

C  i i * t e )  4 114, 4 (1 . 1411

=  ± { 4 [ 2 0-1 ,  411 4 , 4Œ1 4 } 11

-14, 1C {[20-'], 161 5 4 , 40  1
D ± { [20-1, 16 1 1 4 >  C r 1 4 } 1 0 4 6 2 2

= 8[1)"] .

Thus 8[p"]=-- ---  i * P '  mod [2OE1.7.121+7r,(SP(2)).40-15• 7r1 5(SP(2))040-„
—47r1 5 (S P(2 ) : 2 ).0 -„=0 . [2e] o r11' is generated by [20-/ 

o  V 1 4  
and

[2010E 1 4 ,  which are in i * 4 2  an d  o f order at most 2. Then we
have

8[101 i*T/' m od 2i * A 2 , i.e., 8 [9 1 = ±i*Tij •

By these relations and the exactness of the last sequence, we have

7r2 2 (SP(2): 2) ---- {E e l  [ cr'r,5 4 ], [0- '&,4 ]1 Z 8 2 €1)Z2 (1)Z2 .
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§ 6. T h e  hom otopy groups v i (S U (4 ) )  f o r  i < 2 3

We shall prove the following theorem mainly by use of the
known results given in the previous sections.

From the fibering SU (4)/ SU (2)— SU (4)/ S 3 S 5 x  S 7 , we have the
following exact sequence :

(6 .1 ) 1(S3)--*--i 7.ri(S U (4 )) -T r i ( S 5 )  ED 7ri(s7 ) 7r1-1(Sc) — > •" •

W e denote by [a EBIR] an element o f  7r1(S U (4 ) )  such that
PAceEDR]=aeleG 7ri (S 5 )EDz i (S 7 )  and if i > 7  and <MG 7r E 3 7 r 7, then
[ a l e i & ] E  i (SU  (4 ): 2).

Theorem 6 . 1 .  The homotopy groups n- i (S U (4 ))  f o r i < 2 3  and
generators o f  th3 ir 2-prim ary  com ponents are listed in the follow-
ing table.

i= 1,2 3 4 5 6 7 8 9

7r1 (S U (4 )) -_-• 0 Z 0 Z 0 Z Z8 + Z3 Z2

gen. o f  2-comp. i*e3 [2(s] [71REB677] Cv5e7271 [v50777]07;8

i= 10 11 12 13 14

7r,(SU( 4 ) ) - - - -- 4 + Z2+ 45 Z4 Z4+45 Z4 Z56 + Z2 + Z .05

gen. o f  2-comP. [v7 ], rvoai [4] [e ] Cv71.1, 10 [7256603al,EvElov11

i= 15 16

z,(SU(4))f- ----' Z8-HZ2+Z9 Z8+Z2-1-Z2+Z2d-Z2H-Z63

gen. of 2-comp. [v 5 e777 ]0a8, [a ' 7714] [C5 a t 7 ] ,  [ v 5 P 8 ] ,  [ 0 ' 7714]° 7/15, DA° v io , [V5ED7i7] °  6 8

ti= 17 18

7r,(SU(4))= ---.'- .Z8+Z2-F-Z2-F-Z2 Z5 Z8+4+Z2+Z313+Z3

gen. of 2-comp. [v 7 ] 0 01 0  , [vE]. v .T, 7 D., 5718691 Eva 717 i° /re [C7], [V 5 T 1717] °  0 8 Vi5 y [ V 0 0 19]

i = 19 20 21

7 7 (S U (4 ))_, - Z 4 + Z 2 + Z 3 Z4 + Z2 + Z15 Z.6 + Z2

gen. o f  2-comp. Co"]oCj
2 , [V51.78]° V16 [P i n  [ 117] °  co V17 [0'014 ] ,  [7756e2K7]
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i = 22 23

7ri (S U(4)).----z Zi6.-EZ44-Z2i-Z24-Z165 4 -1-  Z2 - I-  Z2 + Z2 f Z2 + Z3

gen. o f  2-comp. [p "], [v 5 K8 0) -i 7 ] ,  [a '1714 ] ,  [ 0 , '5 34 ] Fr IC,EBe r] oci6, [ )568], [a' ], EEC'],

W e have the follow ing relations:

(6. 2) 2E141 = i* 8  3 , 2 P - ' 1  =  4 1 - 63 , 2 [ 1.'7]° =

81:106  ED ( 7 1 i*/2 f 2E1'5 ED 1121 ° Cr8 V15 Z 93,

2[0-" ] 00-12 = 2[148] = i*P3( 7 12 2[P i v ] i*T43,
8[0- '0-14] = i*I2 0 - 14 and  8 [p "] i * Te

Consider the bundle SU(4)/Sp(2)=S 5. Since the order of its
characteristic class 1 t 5 = i 3 i s  2, w e have, by Lem m a 2. 3, iso-
morphisms

71- i (S U (4) : p ) 1(S 5 x SP(2): p ) 1(S' : p )ep  n i (SP (2) : p )

fo r  odd prime p .  Then the results fo r  odd components follow
immediately from the tables (4. 2) and (5. 2).

From (6. 1) w e have the exactness, for i > 7 ,  of the following
sequence :

(6. 3) 0 —> Coker (A : 7r4i 7r7 4- 1 7r,)
* P*

i (SU (4) : 2) Ker (A : 7-t7 7/.7 74_0 0 .

Obviously, the above A  i s  the sum  of the A 's o f (4. 3) and
(5. 3). Then the following lemma follows from Proposition 3. 2.

Lem m a 6 . 2 . i). For the case i=8, 9, 10, 15, 16, 17 and 23, the
homomorphisms A : ,Err) n-7 7 q  are epimorphisms. For the other
values of i, 7 < i< 2 3 ,  we have the follow ing table of the cokernel
and representatives of  their generators.

1= 11 12 13 14 18 19 20 21 22

Coker. 4-_̂.z Z2 Z2 Z2 Z2 Z2 Z2 Z2 Z2 Z2

rep. of  gene. E3 /23 e At' 53 113512 ;6 3 u'014 "ii'

ii). The k ernels of the homomorphisms A : 7,7 -->
7 < i< 2 3 ,  and their generators are listed in the following table:
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i --- 8 9 10 11 12 13 14

Ker. 4----7-'.. Z8 Z2 Z2 + Z8 Z2 Z2 Z2 Z8 + Z2

generators va n , (2) 5 e)71 7 )<478 v 5 ng , 1) 7 vN 0,,, 14 7556 0 ', ,4

i= 15 16

Ker. LI-f:=_.! Z8 + Z2 Z8+Z2+.Z2+Z2+Z2

generators (v 5ED 77)°08, 0 '7714 C 5ati7  , 1 , 5v 8 , a'77i4 ,  0 7  , ( v 5 e 717)°68

i = 17 18

Ker. 4.-_- .43+Z2+Z2+2.2 Z 8 +Z 2 +Z 2

generators 1,7c10, v ,  v 5 7785 9, (v 5E9 777)°,tt8 C7 , V 5 8 # 9 ,  (V5a8E0 17'7)`" V15

i = 19 20 21

Ker. 4-_-_--! Z2 + Z2 Z2 + Z2 Za + Z2

generators v 5C s, V5V8V16 p I V ,  p  a I)7-10-17 C'014, 72626E13257

i = 22 23

Ker. ilL=-_-' Z8+Z4-HZ2+Z2 Z8+Z2+Z2-1-Z2+Z2

generators p " ,  V s l c 8 e 6 7 ,  0 ' 1,14, 0 ' 5 14 (225e / 4 )  0  ai6 ,
 V 5 1 8 ,  6 ' ,1 14 P  EC' , 7774 .

T he resu lts fo r i < 7  in  Theorem 6 . 1  are  verified without
difficulties from the exactness of (6 . 1), so we omit the proof.

We shall compute the 2-primary components. We see that
the above lemma, the exactness o f (6 . 3 ) and the relations (6. 2)
imply the results for the 2-primary components in  Theorem 6. 1.
So, it is sufficient to prove the relation (6. 2).

The first, second, sixth and seventh relations in (6 . 1 ) follow
immediately from the corresponding relations in (4. 1). The third,
eighth and ninth relations in (6. 1) follow from (5. 1). From the
second relation of (5 . 1), we have

4[20 -1 --= i*/.6' ( in  7 r 1 4 ( S U (
4

) ) )

Since p*C20- 1=P*(2[975e6g0-1 ) , we have 2[9/58 6e 0 -1 - --=[20-1  mod i*P'•
It follows the fourth relation 8[975563 cri =

It remains to prove fifth  relation
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2[v, ED n j o r r , v „ .

W e have

2 [1 .15 CD 977] ° O E 81)15 [1'5 3]71°2cr8v15  —  EV 5  e ii71 0  v8o-n.
and CL, 5 977] 02, 8 [2.) ]  m o d  2 [ ] ,

since P*(cp5  n 7 1 ° 6 ) =  ey7v8 = It follows

2E1)5 GI) =

By Theorem 2. 6, w e have

Evg]°Œ n E i * E
* 1774, 14, 0 - 1,1 •

B y Proposition 1 .2  a rd  (7 .1 9 ) o f [ 7 ] ,  w e have

1g, Œill C 24, 0- 1211D Ins, v90- 121.i 1'6 2 7 51)1611

and {n 5 , c  n16,2 f- , 5 7 2L' 5 , cr9L, i6 li {6.75, 266, 2)6'7 97)16}1 •

The indeterm inacy is 9750E7r9+7ti 3.0- , ±  ° O 9 L)16 . 7 1 5 0 E 7 e . 9  21 5° 2 7 40

=  21 5° 2 6  6° 74 0  = 1  5 ° 740 =  0 ,  by Theorem 10. 3 o f [ 7 ] .  71- i3 .0 - 13=  {
6 5a.13}

= 0  by Theorem 7 .1  and Lemma 10. 7 o f  M .  4  ° 0 -92.,16 = {1, 08Œ91, 16}

{v5(E 0 - '7)15 4- 11) 8 +  8 8) )16} 0  b y  (7 . 4 ), (5 . 9 ), (7 .17 ) and (7 .1 8 ) of [ 7 ]•
It follows that

E 4 , v2, (Yu} { 775, 2 16, v6(7 61-'16}1

and this consists of a single elem ent. W e have

v50-a vi 5  =---= 114, 2t 1i ,  24.11.1 m o d  P08/-69

since H(50 - 8v15)=1/{wL 2111, 1 } 1  = $  and the kernel of E  is generated
b y  vo,/.6, (cf. Theorem 7.7  o f [ 7 ] ) .  Then

V60r5V16 E  { 14 7 21 12, 6 42 }

since E (v 5 3 6 [69 ) = 0 .  B y Proposition 1 .5  o f [7 ] ,

{n5, 21 , 6, E  { , 75, 216,2 1 1 2 , 14 .2 } } )

E 266, 141, 211 3 , 1431+ {?/5, {26 6 , 14, 2 1 12}, 143} •

Here we have th at {9.1„  2 t 6 , 24} consists of the element 65 b y  (6 .1 )

and Theorem 7 . 1  o f  [ 7 ] .  B y C oro llary  3 . 7  o f  [ 7 ] ,  w e  have
0= 77 6 4 E  { 2 1 6, L '2, 2 0  and hence {266, 2112}-2 7 -c12 (S 6). So, w e  have

In5 7 2 1 6, V 0 ' 92'161'1 G {6 5, 2113 , 2 4 3 1 +  in 5 , 2 a , Pis} •
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By the definition of (75 , 6 5 E {& „ 2t„,14 31. We have also 0 E 6 5 , a, 01
{975 , 2a, 143}. It follows

{7/5, 216, 5, 60-9v161 m od G

where G = n5° z20(S6 ) ° 244 = 7/5 0 7r.6to = O. B y concern ing th e  be-
havior of E  in Theorem 10. 5 of [7 ] ,  we have

= E*1714 , 215 , v50- 81)151 •

Therefore we have proved that

=  * E* {th, 2t„ 1)5(7'81'151 = i43  •

This completes the proof of Theorem 6.1.

§  7 . Problems

In the previous computations it seems that the following two
problems are true.

Problem 7. 1. I s  the follow ing diagram  commutative?

E 2

7.1(S 5) 7-ti,2(S7)

n-i _ i (S 3 ) 11-1+1(S3)
\ E 2  / H

This is surely true for threi + ls(uS 2pension elements in  z i (S 5 ).

Problem 7. 2. Let an elem ent a of 7t i (S 5 )  satisf y  the relations

2 a  =  0  a n d  Aa = 0 ,

w here A  i s  the boundary  homomorphism fo r th e  bundle SU(3)/S 3

=S 5 . Does there ex ist an element [ a ]  o f z 1(SU (3 )) and an element
,3 o f 7r1(S 3 )  such that

P * E a i  a • i * re  =  2 [ a ]  a n d  H(0) = a?

Kyoto University
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