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1 .  Introduction.

To classify Riemann surfaces (simply, "surfaces") by Hardy classes

seems to have long been an open question. Recently Heins solved this

problem thoroughly in  his Springer lecture note [2 , pp. 34-51 1. The

objective of the present article is to show that surfaces R  o f class ( )H p

(0< p<  00) or of class O A B  or of class O L A  [2 , p. 351 are characterized

by a certain topological property o f analytic functions on R , where 0 Hp

denotes the totality of surfaces R  on which Hardy class Hp(R) contains

only constant members. The reader should know what is meant by

O A B , O A D  and 0 1 1 D  [1 , pp. 200 and 1981.

A  complex-valued harmonic function f  on a surface R  is said to

be open if w= f  (P) , PE  R , carries open subsets o f  R  to those of the

w -p lane. Given a surface R , we denote by LP(R), .Yep(R)(0<p<co),
./(R ) and g (R )  the classes of open harmonic functions f  on R  such

that log + If  I  h a s  a  harmonic majorant on R ,  f l P  has a  harmonic

majorant on R ,  f  is bounded on R  and f  has finite Dirichlet integral

on R , respectively. We denote by Ox(X-= d ,  - g )  the class of

surfaces R  on which X (R ) is empty. Then we have

(1) 01/3, = 0,r , fo r 0 <p < 00.

(2) O A B = O 'g i  a n d  O L A = 0 2 , •
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(3) OAH<O000AD)

where <  denotes the strict inclusion.

2 .  Proofs.

According to Y am aguchi [3, T heorem  [It, fo r  any open harmonic
function f =  u  i v  o n  R E  AB there exists a  single-valued conjugate u*
o f  u f  on R  such that Tm f  v= a u  du* -I- r ,  where a ,  iS) a n d  y
a re  real constan ts and  /3*  0 .  Thus we have

(4) f=  d g+  b u  +  c  o n  R E  AB)

where g =  u + iu * ,  b = 1 —  -F ia a n d  c ir.
We first prove (1). T he inclusion  O H ,  0,r ,  i s  tr iv ia l since non-

constant analytic function is a n  o p e n  m a p . A s s u m e  that there exists
f  = u + iv E <it° p(R) fo r  some R E OBF COAB. Then l u I P( If l P) admits
a  harmonic m ajorant on  R .  B y (4) combined with i3 * 0  a n d  b y the

well-known inequality [2, p . 101: (A+ B)P __2P(AP + B P) fo r  A , B >  0,
0 <p < co , w e  h a v e  g E Hp (R ) ,  so  th a t g  i s  a  complex constant on

R E O H .  T herefo re (4) show s that f  is not open ;  th is is a  contradic-
tion.

T h e  proof o f  (2 )  is analogous to that o f  (1). F o r  th e  proof of

O LA =O y  w e u s e  (4 )  a n d  th e  inequality :  log + (A + B )  log + A + log+ B

+ log 2  fo r  A , B  O.

To prove (3) w e recall Tôki's theorem that there is no inclusion

relation between OAH an d  OHD [1, p. 2 6 4 1 . Assume now that there ex-
ists f= - u + iv E  ( / ? )  fo r some R E OAB C OAD. T h en , in  (4), gE AD(R)
an d  hence g  m u st be a  constant ;  this contradicts openness of f .  Thus
w e have O A B C O n . A ssum e next that OAB = 0 0 . Then by OHD(00

we have OHD O A B ;  a contradiction to Tôki's theorem.
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