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§  1 .  Introduction

There are many results concerning on codimension one foliations

without holonomy o n  closed m anifolds. Am ong them  the results of

Novikov, Sacksteder and Tischler are remarkable (see Theorems N , N ',
S . S ' and T  o f §  2 ).  In  [3 ] th e  author developed a  method by which

we obtain a  comprehensive understanding of the theorem of Sacksteder.

In  this note w e apply the same method to the problems of codimension

one foliation without holonomy on manifolds with boundary and we

assume the reader the fam iliarity w ith [3].

A  cod im ension  one fo liation  on  a com pact m anifo ld  is  alm o st
w ith o u t  h o lo n o m y  if the holonom y groups o f non-compact leaves are

trivial. T h e  R e e b  fo l ia t io n  o n  S 3  and  the foliations constructed by

Lawson and Tamura on  S 21±1 are almost without holonomy and these

foliations have only proper leaves. Another type of example is obtained

as fo l lo w s . Let 1"---=-1r/Zn be a  to ru s , g  a codimansion one foliation

on defined by co =--- ai E R , then  the foliations obtained

from  g ,„ by surgery along closed curves transverse to  9 V ,. are almost
w ithout holonom y. In  this example there exists locally dense leaves

if and only i f  there exists a i  and d i  w hich  a re  linearly independent
over Q.

To describe the structure of almost without holonomy foliations,

it is convenient to consider the fo llow ing tw o types o f m od e ls . W e

say that a pair ( A I ,  F )  i s  a  m o d e l o f  t y p e  i  i f  g  is  a codimension

one foliation on a compact manifold M  and if the fo llow ing condition
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is satisfied.
Type 1. M = V x  [0, 1 ] ,  w here  V  i s  a  c lo sed  m an if o ld , and g
is  the produc t f o liation .
Type 2 .  g  i s  tangent t o  M  and th e  le av e s  in  the in te rio r of
M  are non-compact w ith  tr iv ia l holonom y  group.

W e rem ark  th a t i f  (111, g )  i s  a  m odel, then g  is transversally  o rien t-
able.

T h e  fo llo w in g  th eo rem  (see  [1 ] ) is  an  easy  co n seq u en ce  of the
Reeb stability theorem .

T h e o re m . H . L e t  111 b e  a  com pact m an ifo ld  and  g  b e  a
codim ension one f o l l ia t io n  on  M  w hich  is  alm ost w ithou t ho lonom y .
T h e n  th e re  e x is ts  a f o l ia te d  m an if o ld  ( M ' ,g ')  w h ic h  is  a disjoint
co u n tab le  union of m o d e ls  and a foliation p re se rv in g  im m e ris io n  p

o f  1 1 1 ' o n to  M  s u c h  th a t  p in t  M ' i s  a n  im b e d d in g  o f  int /11 ' and
p16.211' i s  a  tw o  f o ld  c o v e rin g  o n to  M—p(Int M ') .

B y  th is  th e o re m , to  c o n s id e r  t h e  s tru c tu re  o f  alm ost w ithout
holonomy fo liations, it is sufficient to  consider th e  structu re  o f models
o f typ e  2. From  now  o n  w e assu m e th at (M , 9 ')  is  a  m odel of type
2. L e t  X  b e  a  v ec to r f ie ld  o n  M  tran sv e rse  t o  g  a n d  p (x , t) ,
— ax <t<b „, w h ere  o r o r  h ,  may be infinite, be the (m axim al) solution
o f  X  passing  th rough  x E M .  W e can  assum e th a t X  h as  a  periodic
solution p(x o , t) fo r some x0EInt M .  W e  u se  th e  following notations.
21>i =Int /1/, g lLa.. an d  X--=--±1/11f. C o n tra ry  to  th e  other authors
(fo r exam ple [6 ] )  w e consider the structure of a t f irs t an d  then we
o b ta in  imformations o f g  near O M  from  the structu re  o f  g° . So w e
a re  ind ifferen t to  th e  differentiablity o f g  a t  0111 an d  w e  s a y  th a t  g
is  c la s s  C " i f  g °  is  c la s s  C r .  F o r  s im p lic ity  w e  a lw ay s  assum e that
r>2 .

§  2 .  Theorems.

T h e o r e m  I .  L e t  yo=p(xo, t ) ,  x o ,  y o E M , t h e n  t h e re  e x i s t s  a
con tinuous f unc tion  f . r o , t  o n  1 ,0  s u c h  t h a t  f ,  ( x 0 )  = I  and the  m ap
O ro .,  d e f in e d  b y  0 ,( x )  p ( x ,f „0 ,,( x ) ) ,  x E L ,0 ,  d e f in e s  a  di ffeomor-
p h ism  f ro m  L re  t o  L5e.
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T h e o r e m  N .  L e t  (M , g , X .) b e  th e  u n iv ersal co v er o f  (1 1%1,
X ) .  T h e n  M =  L xR , w h e re  I; i s  th e  u n iv ersal co v erin g  o f  a  le af
o f ,  i s  t h e  p r o d u c t  f o l i a t i o n  a n d  x R ( -E E L )  i s  t h e  trajec tory
o f  p a s s i n g  t h ro u g h

T h e o r e m  S. T h e re  e x is t s  a  f o l ia t io n  p reserv in g  to p o lo g ical
f lo w  p ' on M  su c h  th at p ' (x , t)=x  f o r an y  xE8.211 an d  tER , p ' ( , t)
se n d s  e ac h  le af  o f  4- &ffeomorphically o n to  a  l e a f  o f  j '  a n d  the
o rb its  o f  p ' a re  sam e  a s  t h e  o rb i t s  o f  X  in  M .

T h e o r e m  S ' .  T h e re  e x is t s  a  n o n -s in g u lar c lo se d  one f o rm  (0
on M  an d  a homeomorphism h  o f  M  su c h  th at (0=0 def ines a  m odel
(M,9- 0) o f  ty p e  2 , h  se n d s  e ac h  le af  o f  9. diffeomorphically onto  a
le af  o f  g,„, h  is isotopic to  the iden tity  o f  M  an d  hlam i s  th e  identity .
M o reo v er h  c an  b e  choosen a rb i t ra ri ly  n e a r to  th e  id e n t i ty  o f  M .

T h e o r e m  N ' .  L e t  L  b e  a  l e a f  o f t h e n  t h e  f o llow ing
sequence is ex act.

(L) (M )

w h ere  j(a) = f „(0 f o r  C tE M (M ) a n d  (0 i s  the  f o rm  o f  T h e o re m  S'.
A ll le av e s  o f  j -  are  p ro p e r i f  th e  ran k  o f  Im j=1. a n d  i f  t h e  rank
o f  Im  j> l,  all  le av e s  o f  a r e  ev ery w h ere  d e n s e  in  M .

T h e o r e m  T .  / f /  is  a  lo c ally  triv ial fibration ov er S' an d  leav es
o f  j '  a re  c o v e rin g  sp ac e s  o f  the  f ib re  o f  th e  fibration.

C o r o l l a r y  1 .  L e t  L  b e  a  le a f  o f t h e n  7-r1(L) r i (M )  f o r
i>1.

T h e o r e m  l ' .  L e t  V  b e  a  com ponent o f  O M  a n d  y  b e  a p o in t
o f  V . S uppose  t h a t  X  is  an  in w ard  n o rm al a t  y .  T h e n  th e  holonomy
0 ,(1 ),  w h e re  1 i s  a  re p re s e n tat iv e  o f  a n  e le m e n t  o f  , ( V ,  y ) ,  i s
d e f in e d  o n  (0, b y )  a n d  t h e re  e x i s t s  a n  in je c t iv e  honzomorphism
(p: R—>Homeo ( (0, h g ) )  s u c h  th at  th e  f o llo w in g  d iag ram  com m utes.
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w h e re  j  is  the hom om orphism  def ined in  T heorem  N '.

C o ro lla ry  2 .  T he holonom y  group o f  V  is  ab e lian  and A rche-
medean.

R e m a r k s  (i) T h e  invariants defined in  [ 6 ]  coincide with the
cohomology classes {co} and j" co} , w h e re  i  is  the inclusion of a  com-
ponent o f 8 M  into M  and co is  the form defined in  Theorem S'.

(ii) Theorems I ,  N  and Corollary 2  are valid fo r  C ' case.
(iii) T h e  b a h a v io u r  o f a  fo lia t io n  n ea r a  com pact leaf w ith

abelian holonom y group is studied in  [ 7 ]  and [2].

§  3 .  In d ica tion  o f P roo f.

T h e  proofs of Theorems in  §  2  are almost the saine as the proofs

o f corresponding theorems o f  [ 3 ] .  O n ly  the Theorems S ',  T  and I '
will require some explanations.

To prove Theorem  S ' it is  su ffic ien t to  show  that by changing

th e  differentiable structure of M , the foliation b e c o m e s  a foliation

defined by a  closed on e  fo rm . A s  in  th e  proof of Proposition 5 .1 . of

[ 3 ]  le t  U2 be a  distingished neighborhood o f  (M, f l .  I f  L/2 (-) OM = 0
w e define n -th  coordinate function .TA" as in  [ 3 ] .  I f  U1 f l i l l * 0  and

X  is inward on U1 n0 111 then we replace :TAn b y  exp X :  for points of

UAn s , if X is  outward on  LI1n8.211 then  w e replace b y  exp(— .V )
for points of UA n Si and on UA n 111 we define n-th coordiante function

to  b e  zero . Then , since f o r for points o f  U.1 fel U n i ,  it  is
easy to  see that this coordinate system defines a  differentiable structure

on M  and is defined by co = ctx-: on  Ul n T h e  rest of the proof

is  the same as the proof o f Theorem  1.2 . o f  [3].
To prove Theorem  T ,  we can assume that is defined by a  non-

singular one form co on  M .  I f  th e  rank of H' (M , R )  is  one then by

Theorem  N ' a ll lea ves  of a re  p ro p o r  and c2F. is induced from  a
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fibration over S'. S o  w e  assume that the rank of FP R )  is greater

than o n e .  L e t  ri) 2 , •  •  •  be closed one form s w h ich  form  a  basis

o f  111(M, R )  then the norm o f  wi defined by a  riemannian metric on

M  is  bounded. O n  the other hand, the norm o f w at a point xE 21%/

tends to infinity when x  tends to  a  poin t o f M .  I t  i s  e a s y  t o  s e e

that, for sufficiently small ai, the form  w' = w a i w i  is non-singular

one form  on  11°1 and  the fo lia tion  defined  by w' = 0 defines a  model

(M, ¶F,) o f type  2. Then, since k>2 , we can choose small a i  i=1, 2,
so that the image of j ' ,  where j ' ( a )  = f  w ' fo r  a  E r i (M ) ,  has

the rank o n e .  By Theorem  N ',  M  is  a fibtation over S', moreover we

can choose ai i=1, 2, •••, k  so  th a t the final assertion  of Theorem T
holds by the method o f  [5].

T o  p rove  T h eorem  I '  w e  u se  th e  n o tion  o f characteristic map
defined in  [ 3 ] .  Let x o  be a point of /I*/ such that the solution p (xo, R )
o f  X  is  p eriod ic  o f p eriod  o n e .  T h ere  ex is ts  t o  such that p ( y ,  to)
belongs to Lxo and w e  fix  a  lea f cu rve 10 from  p(y, to) t o  xo. We
define a  diffeomorphism : (0 ,1 ,0 — > R  b y  0 ( t)  = 6 (4 ) ( t—  4 ) .  L e t  I
b e  a  closed curve i n  V  which represent a n  element a  o f  7r, ( V, y)
then it is easy to see that 0 ( 6 ( 0 ( 4 ) )  belongs to Gxo and is independent
of the choice of 1. W e have the follow ing commutative diagram.

0,

where p (a ) =0(&(i) ( t o ) )  fo r  lE  a E7r,(V, y )  and 0 g  = 0 0 ,-1  fo r  g E
Diff((0, 1 ,0 ) .  O n  th e  other hand it is easy to construct a n  injective
homomorphism 0' : R — >SCP (R) by using a  linearlization map o f  z(G,o)
such that the following diagram commutes.

Gzo X Diff P (R )cS C P  (R)

16 17-
xe) R

771 ( V, Y)

p

G2.0

Diff ( (0, b0))

10*

Diff (R)

F inally  from  th e  difinitions of and p th e  following diagram corn-
mutes.
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n i( V  ,  y )

ii*

g (ItY o)

where i,,, is defined by the curve l ' from  x , to  y  w hich  is  the com-
position o f  4-1 and p(y, [0, to ])-'. Combining these diagrams we obtain

the theorem.

§ 4. Reeb foliations.

W e say that a  model (M , F)  of type 2  is a  Reeb f o liat io n  if the
leaves o f  j -  are homeomorphic to  IC .  Then  from  Theorem  N ' and
C orollary 1 w e  have the following result.

Theorem I " .  L e t  (M ,  g )  b e  a  Reeb folian then
(i) M  i s  homotopy e q u iv ale n t to  V , 1<k<72 +1.
(ii) 11* (811/1 : Z) H* ( r x S ' :  Z )
(iii) T h e  le av e s  o f a re  p ro p e r  i f  k = 1  a n d  o th e rw ise  all

leav es  are  d e n s e  in  M .

W e rem ark  th a t o n  r  X w here 1 7 ' 1 '  i s  a  contractible

m an ifo ld , there exists a  R eeb  foliation if k > 2  and n + 1  — k > 5 . This

follows from  the following lemmas.

Lemma 1. L e t  M  b e  a  c lo se d  m an if o ld  w h ic h  is  a p rin c ip al
.51-bundle a n d  F  a  codimension one f o l ia t io n  o n  M  w h ic h  is  tran s -
v e rse  to  f ib re s  S ' a n d  is  in v arian t  u n d e r th e  ac t io n  o f  S ' .  L e t  N
b e  a  c o m p ac t  m an if o ld  w ith  b o u n d ary . T hen . th e re  e x is ts  a  m odel
(M x N , g ' )  o f  ty pe 2 s u c h  th a t  th e  le av e s  o f  a re  Lx .ST w here

L  i s  a  l e a f  o f  F .

Lemma 2 .  L e t  V "  b e  a  c o n trac tib le  m an if o ld  th e n  V". x R  is
diffeomorphic t o  R " '  i f  n > 5 .

F o r a  proof o f Lem m a 2  see [8]. W h en  k = n + 1 ,  then  M  is
diffeomorphic t o  T '+ ' fo r  n ± 4  (s e e  [ 5 ] ) .  T h e  case k = 1  w ill be

treated in  [4].
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