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This note is  conce rned  w ith  the problem  o f th e  realization of

homology classes m od 2 o f  a  Z2-homology manifold by Z2-homology
submanifolds.

F irst the Coe-case o f th is p rob lem  w as stud ied  by  R . Thom [10].
N ext the PL-case, TOP-case and the case of homology manifolds were
studied in  [I], [2], [3], [4].

The p re s e n t  s tu d y  is  b a s e d  o n  th e  Williamson's transversality
theorem [ I 1]. W e shall apply R. Thom's method [10] to Z2-homology
manifolds.

1. Statement o f th e  result.

W e shall obtain the following result :

T heorem  1. L e t  V "  b e  a  Z 2-hom ology  m anif o ld  of  dim ension
n  ( n _ 2 ) .  For all h o m o lo g y  c las s e s  o f  11,(V ", Z 2) can
b e  re aliz e d  b y  Z 2-hom ology  subm anifolds w h ic h  h av e  n o rm al PL-
microbundles.

T h eorem  2 . L e t  V "  b e  a Z 2-hom ology  m an if o ld  o f  d im ension
n (n?._2). T hen all hom ology  classes of  H , ( V " ,  Z 2 ) can be realiz ed
by  Z2-homology submanifolds which hav e norm al PL-microbundles.

These results are quite in parallel with those of the case of homol-
ogy manifolds in [4].



306 K ojun A be and M asahisa A dachi

2. Preliminaries.

A compact p o ly h ed ro n  M  is  ca lled  a  Z2-homology n-manifold,
i f  there exists a triangulation K  o f  M  su c h  th a t  fo r  a ll x e lK 1  and
fo r  all r 11,(L K (x , K ), Z 2 )  a re  iso m o rp h ic  to  11,(S "-', Z 2). H ere
LK (x, K ) denotes the boundary of the star St (x, K )  o f x  in K.

It can be seen that this definition is independent of the triangula-
tion  chosen . H om ology  n -m an ifo lds a re  Z2-homology n-manifolds.
Z2-homology manifolds were studied in Bore! [6], [7].

We have many examples of Z2-homology manifolds.

Proposition 1. L e t  X  b e  a  compact n-dim ensional generalized
m anifo ld  over Z 2  ( in  th e  sense  of Borel [7]). I f  th ere  ex is ts  a
triangulation K  of  X , then X  is a Z2-homology n-manifold.

P ro o f .  Let x  b e  a point of  K .  B y  the definition o f a n  n-
dimensional generalized manifold over Z 2 ,  for an open neighborhood
U  of x , there exist open neighborhoods W, V  of x  such that

i) W= U,
ii) for a n y  open neighborhood W ' o f x  in  W, the image of the

canonical homomorphism

Hic(W', Z2) Hic(V, Z2)

i s  0  for i n  a n d  Z 2  fo r  i =n  (w here H c  denotes the cohomology
g ro u p  w ith  compact support; see C hapter 1 in B o re l [7]). L e t  U
= int (St (x, K ) ) .  T h en , fo r  a  sufficiently large n u m b er k, int (St (x,
SdkK )) is contained in  W, where S dk K  is k -th  ba rycen tric  subdivision
o f K .  Let W'= int (St (x, S dk K )). Since i s  i s o m o r p h i c  and jii,vo

Hic(U, Z2) is  0  for i n and  Z 2  for i = n .  Thus w e have
obtained that 11,(Lk(x, K), Z2)=1-1,(Sn- ', Z2).

Proposition 2. L e t  M n  b e  a  closed C°°-m anifold of  dim ension
a n d  p  b e  a n  o d d  p rim e . L e t  9: Zpx Mn— 04" be an effective

C e-ac tion . Then the orbit space M nIZ p o f  y o  i s  a Z 2-hom ology  n-



Z2-homology manifolds 307

manifold.

P ro o f . F i r s t  b y  Y ang  [12 ] w e  c a n  tr ia n g u la te  t h e  orbit space

M " /Z .  B y  Proposition 4.8, in Chapter I  o f  B o re l [7 ] , M "  i s  an ori-
entable n-dimensional generalized m anifold  o v e r  Z2. N o te  tha t Z p

acts trivially o n  lq (M ", Z 2 )= Z 2 . T h e n , b y  T h e o re m  1  in Raymond

[9 ], M n/Z p  is an n-dim ensional generalized m anifold o v e r  Z 2 .  Ap-

ply ing  P roposition  1 , w e  o b ta in  th a t  M "/Z p  is a  Z 2 -hom ology  n-

manifold.

Proposition 3. L e t  M  b e  a Z 2-hom ology  m anif old o f  dimension
n. T hen M  satisf ies the Poincaré duality  w ith  coefficient Z 2 :

D: Hk(M, Z2)---'=.11"-k(M, Z2).

P ro o f . W e  c a n  show  th is  proposition in  qu ite  a  parallel w ay as
t h e  p ro o f  o f  P o in ca ré  duality  f o r  hom ology manifolds (cf. Maunder

[8]).
O therwise, we can prove that Z2-hom ology m anifo lds are  genera-

lized cohomology manifolds over Z 2 .  However, we know that genera-
lized cohomology manifolds over Z 2  satisfy the  P o incaré  duality with
coefficient Z 2  (cf. Borel [6]).

Proposition 4. L e t  ( M ,  K )  b e  a Z 2 -h o m o lo g y  m an if o ld  o f
dim ension n, T h e n  f o r an y  x  e K , L k (x , K ) is a Z 2-hom ology
(n-1)-m anifold.

Pro o f . This proposition can  be  proved  in  quite  a  parallel way as
the proof fo r homology manifolds (cf. Alexandroff [5]).

L e t  M  b e  a Z2-homology m-manifolds, PL-embedded i n  a  Z2-

homology q-manifold Q .  T h e n  w e  s h a l l  s a y  M  is  a  Z2-homology
subm anifold of Q.

L e t V " b e  a Z2-hom ology n-m anifold and W I' b e  a Z2-homology
submanifold of dimension p  o f  V " .  The inclusion map

WP->V" induces the homomorphism
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Hp(WP, Z2) Hp(V", Z2).

Let z  E Hp(V", Z 2 )  b e  t h e  im ag e  b y  i *  o f  t h e  fundam ental class w
o f  the Z2-homology p-manifold W P. T h e n  w e  sa y  th a t th e  homology
class z  is realiz ed by the Z2-homology submanifold WP.

H ere th e  following question is  considered : L e t  a  homology class
z  m od 2 of a Z2-hom ology n-m anifold V " be  g iven . Is  it rea lizab le
by a Z2-homology submanifold?

3. Williamson's transversality theorem.

I n  th is  section we shall recall Williamson's transversality theorem
(cf. Williamson [11]).

Let be  a PL-microbundle:

B( ) E(0 B () ,

X  b e  a  com plex , and  suppose  E( ) is  c o n ta in e d  i n  X  s o  th a t  B ()
is a  closed PL-subspace o f  X .  T h e n  w e  sa y  X  c o n tain s  the  PL -
microbundle I f  E( ) i s  a  neighborhood o f  B( ), then  w e say
is a  norm al PL-m icrobunclle for B( ) i n  X.

Difinition. L e t  S  a n d  T  be  loca lly  fin ite  s im plic ia l complexes
and b e  a norm al PL -m icrobundle f o r  B =B ()  i n  T. Let f: S—+T
be  a  P L -m a p . I f  A  =f - '(B ) has a normal PL-microbundle I/ in  S  such
th a t  1/ is is o m o rp h ic  to  (P A ) * ,  th e n  w e  sh a ll sa y  f  is transverse
regular for (ti, o r  briefly, f  is t-regular.

R . Williamson Jr. obtained the following theorem.

Theorem 3. L e t  S  a n d  T  be  locally  f in ite  sim plic ial complexes
an d  le t  f : S - -T  b e  a PL -m ap . S uppose  that T  con tains a  FL-micro-
bundle T h e n  t h e r e  i s  a PL -hom otopy  H , o f  f  s u c h  th a t  H ,  i s
t-regular f o r (I,

4. A  lemma on Z2-homology manifolds.

In  th is section we shall prove a  lemma on Z2-homology manifolds
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which will be used in  the  next section.

Lemma. Suppose V  i s  a  Z2-homology 01+0-m anif o ld  and M  is
a  PL -subspace of  V  w hich has a  norm al PL -m icrobundle of dimension
g  in  V(n, q.  I). T h e n  M  i s  a  Z2-homology n-manifold.

P ro o f  G iven  any  X E  M  th e re  is  a n  o p e n  neighborhood U  o f x
in  M  a n d  a  neighborhood W o f  x  in  V , a lso  open , su c h  th a t  U x
is PL-homeomorphic to W, by the definition of normal PL-microbundles.
S o  it su ff ice s  to  p ro v e  th e  lemma f o r  th e  special case M = U, V= W,
and W  itself is U x R".

I f  t h e  le m m a  is  t r u e  fo r  q =  1 , i t  f o llo w s  th a t  U x is a
Z2-homology (n + q — 1)-manifold, therefore by induction t h a t  U  is a
Z2-homology n-manifold. S o  it  su ff ic e s  to  c o n sid e r  y  =  1 . W e  a lso
need only to show th a t U  is a Z2-homology manifold.

W e triangulate  U x  R  b y  th e  convex product cells o f  U  a n d  a
sim plicial subdivision of R , and w e  suppose  x  is  a  v e r te x  o f  U  and

0  i s  a  v e r te x  o f  R .  T h e  link  o f  x  re la tiv e  t o  U x  R ,  th a t  i s  the
unique cell complex L k (x , W ) such  tha t th e  closed s ta r  S t(x , W) is the
jo in  L k (x , W )*x , is th e  s a m e , up  to  P L -hom eom orphism , f o r  any
tw o convex cell subdivision of U x R .  I n  th e  product cell triangula-
tion o f  U x R,

St ((x, 0), W)= St (x, U)x  St (0, R),

Lk((x, 0), W)= Lk(x, (1)x St (0, R) U St (x, U)x Lk(0, R).

N ow  L k(0 , R ) is  ju st tw o  points, s a y  1  and —  1, w hile  i n  Lk((x, 0),
W),

St((x, 1), Lk((x, 0), W))= St (x, U)x I.

It follows that

Lk((x, 1), Lk((x, 0), W ))=L k(x , U)x  I.

However, Lk((x, 0 ) , W ) is  a Z2-homology n-manifolds (Proposition 3).
Therefore, L k (x , U) has the  same homology group mod 2 a s  th e  (n-1)-
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sphere. Thus w e have obtained the lemma.

5. Fundamental theorem.

Definition. W e  s a y  t h a t  a  c o h o m o lo g y  c la s s  u E Hk(A, Z2) of
a  space A  i f  PLk-realizable, i f  the re  ex ists  a  m apping f: A—>MPL,
su c h  th a t  u  i s  the  im age , f o r  the homomorphism f *  induced by f,
o f  th e  fundamental class U , o f th e  T h o m  complex M P L , o f  th e  uni-
versal PL-microbundle Y(PLk) of dimension k.

Then we have the following fundamental theorem.

Theorem 4. L e t  V "  b e  a  Z2-homology m anif o ld  o f  dimension
n (n >2). T h e n ,  in  o rd e r th a t  a  h o m o lo g y  c lass  z e H„_k(V", Z2),
k > 0 , can  be  realiz ed  by  a  Z2-homology submanifold W"-k o f  dimen-
sion (n— k) w hich has a  norm al PL-microbundle in  V ", it is necessary
and suf f icient that the cohomology class u e Hk(V", Z 2 ) , corresponding
to  z  by  the  Poincaré duality , is PLk-realizable.

P ro o f . i) N ecessity . Z2-homology manifolds satisfy the Poincaré
duality  w ith  coeffic ient Z 2  (Proposition 1). Therefore, t h e  p r o o f  of
the necessity is the same as  that of PL-case in [I].

ii) S uf f iciency . Let

Y(PL,): BPL, E P L ,  B P L ,

b e  th e  universal PL-microbundle of dim ension k. Suppose that there
exists a  mapping f  o f  V "  in to  M P L , such that /*(Uk)= u. Then the
T hom  complex MPLk, deprived th e  p o in t  *  at infinity, is considered
a s  a  locally finite simplicial com plex, and PL-subspace B PL , h a s  the
norm al PL-m icrobundle Y (P L , )  in MPLk —  *. B y  t h e  Williamson's
transversality theorem, we have a mapping f1 : V"-+MPLk — *, homotopic
to  f ,  t-regular f o r  (y, Y (PL ,)), where y  is a normal PL-microbundle
o f  (f,)- t(BPLk) i n  V " .  H ow ever, by th e  lem m a in  § 4 ,  (f,)-1(BPLk)
is  a Z2-hom ology subm anifold W "-k of dim ension (n— k). Moreover,
b y  th e  definition o f t-regu la rity , the  induced PL-microbundle (f,)*Y
(PLk) is iso m o rp h ic  to  y. W e know  (f,)*(U k )= f*(U k )=  u . Then, as
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in  th e  proof o f  Theorem  i n  [I] , w e  c a n  se e  th a t  t h e  Z2-homology sub-
m a n ifo ld  W " - k  rea lized  t h e  h o m o lo g y  c la ss  z ,  c o r re sp o n d in g  to  u
b y  th e  Poincaré d u a lity . T h u s  w e  h ave  obtained th e  theorem.

6. Proof o f  Theorem 1 and Theorem 2.

I n  [2], § 2 ,  w e  h av e  obtained th e  following proposition.

Proposition 5. Let 2. T h e n  th e re  e x is ts  a  m a p p in g  g  o f

th e  2 n -ske le to n  o f FIK(Z2, n+ni) t o  M P L „  s u c h  th a t  11og a n d  goh„

( re s tr ic te d  to  th e  2n-skelton o f  M PL„) a re  homotopic t o  th e  identities.

(h„) i s  a  m apping  o f  M P L „  in to  11K(Z2, n + ni) defined by B row der-

Liulevicius-Peterson ; f o r  precise see [2], § 2).
M o reo ver, w e  k n o w  th a t M P L ,  h a s  t h e  homotopy t y p e  o f  K(Z2,

)  (c f . [2], § 2).
A s  in  § 3 o f  [2 ], Theorem  1 follows easily th e  fundamental theorem

and  P roposition  5. Theorem  2  fo llow s a lso  the  fundam enta l theorem
a n d  th e  fact stated above.
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