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§1. Introduction

We consider the Cauchy problem for hyperbolic systems with multiple
characteristics of constant multiplicity. Let £ be a band [0, T]JX R™ in R™*.
We consider the following equations in £,

N
(L.1) 2 af(x, DuX(x)=f>x),  p=lL, -, N,

&=
where x=(xo, Xy, -**, Xxz)=(x,, x")E 82 and a?(x, D) differential operators of order
mg of which coefficients are in the Gevrey class 7°()(s=1).

We use the notation as follows,

D=(Do, -+, Dy), D=/ T2

axk’

a=(ay, **+, ay),  «ap integers,
De=DgoD41 .- Dgn, la|=Xa;,
E=(&,, &y, -+, &,); dual variables of x,

and 7,£2) consists of all functions f such that there exists positive constants C
and A satisfying for any a,

|Def(x)| =CA'™a|l®, x€L2.

We correspond the polynomial a?(x, §) in & to a differential operator af(x, D).
We denote by 42(x, &) the homegeneous part of degree m? of aP(x, §). We de-
fine the total order m of {a®(x, D)} such that

N
m=max 2 m?,’(m B
T p=1

where 7 runs over all permutations of [1, ---, N]. Then it follows from Vole-
vich’s lemma [16] that there exists a pair of integes {t,, s,}, p=1, ---, N, such
that

7715§tq""5p ’ (p’ q)e[l’ Tty N:l?.’
(1.2)

N
m= 2 (t,—sp),
D

=1
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where for convinience we define mf=—oo if a?(x, D)=0. We denote by d(x, &)
the homogeneous part of degree m of det (af(x, §)). We calld(x, ) the charac-
teristic polynomial of the system a?(x, D). The pair of weights {¢,, s,} satisfing
the property (1.2) is not uniquely determined for {m?}. But the weights {f,, s}
is fixed from now on. We call the Leray-Volevich’s system of weights {t,, sq},
a system of differential operators a?(x, D) of which orders satisfies the property
1.2).

We assume that the intial plane {x,=0} is not characteristic with respect
to a(x, &), that is, d(x, £§)#0 for £=(1, 0, ---, 0) and x£2. For the equations

(1, 1) of the Leray-Volevich’s system of weights {¢,, s;}, we can give ¢, numbers
of the intial deta (cf. [5]),

(L.3) Diu?| zco=wh(x"), h=0,1, -, t,—1.

If s,>0, the deta {f?, wf} must satisfy the following compatibility conditions,
N

(1.4) fr= 2 afx, Dw'=0(xip),  p=1, -, N,
&

where {w?P} are the functions in 7,(£2) such that
(1'5) Dﬁujpl.27|;|=0:u}lzl7 » h:()r ly Tty tp—l »
p=1, -, N.

The compatibility conditions (1.4) do not depend on the choice of {w?} satisfying
(1.5). We assume that the characteristic polynomial &(x, & of {a®(x, D)} is of
constant multiplicity, that is,

L6) a(x, &)= I16—2"(x, £,

where m‘® are constant integers and

inf |29(x, £)—Aa9(x, €)|#0.
Q18" 1=1}
l#j
Then we note that the characteristic roots 1©(x, &) are in 7,(2 X R*—0)
and in paticular analytic in &’. It follows from Matsuura’s lemma [13] that we
can factorize

a(x, &)=a(x, )ax(x, £)2 - alx, §)r,

where each a,(x, &) and the product a,(x, §)asx, &) - (ax, &) are strictly
hyperblic polynomials. To study the Cauchy problem (1.1) and (1.3) with the
compatibility conditions (1.4), we reduce a Leray-Valevich’s system to a system
with a diagonal principal part by a transformation of unknown functions. To
do so, we introduce the cofactor operator of a system {a?}. We denote by
h2(x, &) the homogeneous part of degree t,—s, of af(x, &) that is,

ar(x, &, if mi=t,—s,,
h:%’(x,@:{ 0" e

, if mE<tg—sp.
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Denote by G2(x, &) the cofactor of hP(x, &). Then the degree of Gi(x, 6)<
m—(t;—sp) and

2 hE(x, §)GYx, §)=0dPa(x, &).

r=

-

Hence we have

Z a,P(x, D)Gg(x; D)zaga(xr D)_b%(x’ D)’

r=

-

where a(x, D)=a,(x, D)** --- a(x, D)'r, each a;(x, &) and its products f[ ailx, &)
i=1

are strictly hyperbolic polynomials, and

1.7 order b2(x, D)Sm—1+s,—sp.

We call the above system of differential operators a Leray-Volevich’s system with
diagonal principal part of constant multiplicity of order m. In the equations
(1.1), we put

u”(x):qé G¥(x, Dx), p=1, -, N.

Then we can see that it is sufficient to solve (1.1) and (1.3) that we can solve
the following Cauchy problem (c.f. [17])

a(x, DwP(x)— 3 b2(x, Di(x)=f"(x),  p=1, -, N.
(1.8) { =

D’Olvpll‘o:O:gg(xl) ’ ’1:01 1» Tty m—1.
QOur aim is to construct a fundamental solution for the system (1.8). We factorize
the principal part d(x, &) of a(x, D) as follows

a 2 ’ (€3}
a(x, )= L E—2Cx, &N™.

Denote by ¢ a phase function associated with 2", that is, ¢©=2"(x, ¢¥),
¢P+0. Let mP™ be integers satisfying for each (p, g, 0),

l
(1.9) e iePWpp(x, DY D f)=0(p™ ),  p—oo.
That it follows from (1.7) that we have

(1.10) mPP<m—1+s,—s,.

We define the rational numbers ¢© as

N
(1.11) ¢‘®=max Zlm},’@)/N—i-m(”—m , =1, -,d,
T p=
where 7= stands for a parmutation of [1, .-, N]. Then using again the Volvich’s

lemma, we can find the rational numbers {n%’} such that

mEP=m—m®P+qP+nP—nP.
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Remark. In the case of ¢‘?=0(/=1, ---, d), we can solve the Cavchy prob-
lem (1.8) in the sense of C~—class (c.f. [9]). When ¢‘>+#0, we can not solve
(1.8) in C»-class. Then we treat the Cauchy problem (1.8) in the Gevrey class
7s(42).

We return to (1.9) and expand it in a power of p,

~

mP
(112) et Oppeins )= 3 ™ Hppi(x, D),

=0
where b2P(x, D) is a differential operator and denote by dZ¢} it’s order and with-
out loss of generality we may put
mEPP=m—mP+qO+nP—nd.
Then (1.7) implies
(1.13) mEP —k+d2P<m—1+4s,—sp,.
We define

N
di”=m3x ?‘__JXd%(p)‘i)/N,

b mP—dP
" q<‘§r—l£>o qgP—k
Then from (1.13) we have
d%’ém‘”—l—q“’-}—k R
which implies
(l)+l_k _ q(l)_l_l
q(”—k - qu)

(1.14) £V zint q >1.

Moreover we note that (1.18) and valevich’'s lemma imply
(1.15) dPP=dP+sP—sb
§m‘“—/c(l)(q(”—k)+s(é’—-s(§,’ s

where s@=s,—n. The number £ given by (l.14) is same one which is
introduced in [7], [10] and [3] in the case of N=1. We call the fundamental
solution of the Cauchy problem (1.8) a distribution satisfying
N
a(x, D)YK?(x, y)= 2 bf(x, D)K¥x, y), p=1, -, N,
(1.16) =t
DEK?| ey, =0(x"—y")0% 4, h=0, 1, -, m—1.

When we regard KP(x,, y,) as an operator from 7,(R7}.) to 7,(R%), we write
K(xq; vo), that is,

(K2Geo; o= K2, putydy’,
for uey(R™).

Theorem 1.1. Let a(x, D)o§+4-b2(x, D) be a Leray-Volevich's system with
diagonal principal part of constant multiplicity of order m and the order of b?
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satisfies (L.7) for the weight (sp, s)). We assume that the order dP< of the
operator PP given in (1.12) satisfies (1.15) and assume

(L17) SQosP=ZgD | if D £0

for any (p, ¢). Then we can construct the fundamental solution K®(x; yo) of
(1.16) as follows,

(1.18) K?(xo; yo)=W ?(xo; yo>+§j°w P(x s OFP(t; yo)dt
0

where

d
WP(xo; yo)= Egei‘“l"”‘f"w”“’(x, yo; §)dE7,

=1

and ¢ the phase function associated with 2V such that ¢R=21V(x, o), ¢P=
{x'—y', &> at xo=2y,, and FP(x,; yo) is a solution of the integral equation,

(119) F(x; yo)=—Ro(xa; 30— | R?eo; 0F2(t; 3ot
0
here
N
RP(xo; yo)=a(x, D)W P(x,; yo)—g‘ibé’(x, D)W %(x0, y0)

= :21 Sei(/y(l)’,p(l)(x’ yo: ENE
and the amplitude functions w?®(x, yo; &) and r*(x, y,; &) are estimated by
(120) | DEDEwP®| <C AP exp{A,;| xo— yo| |£7|1/5D} | |m B -1Br+ao/sDiarpits
(1.21) | D2DE 7P| SC A B+ exp (Ay| xo— yo| | |1/5D} | €7 m D) _1B1- g aqle>
X|la+BlFpu =D +rcys

for a:(a‘b Ay, 00, an)r ‘B:(ﬁl’ Tty ,Bn) and ,4‘:1y 2; 3, ttty, and 77’!(2:7’[’[(!)——77[
—n‘é,)—l-mg.lx ng.

§2. Asymptotic solution of fundamental solution

We note that the distribution d(x’—7y’) is represented by

8(x'— ") i< v e gt

e

Then we can obtain the asymptotic solutions of (1.16) by integrating in & the
following solutions

N
a(x, Dyu®(x, y; &)= ;}lbg‘(x, Du%x, y; &), p=1,--, N,
2.1)
DEuP| ey = 1 o<z -~y E>gh h=0,1, -, m—1,

2m)"
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where 6} is Kronener’s delta. We seek for u?(x, y, §') as forms

u(x, y; &)= Zuk(x, y; £
where u? is a solution such that
a(x, D)v=0,

(2.2) Diol, ., = 1 icor-yresgn h=0,1, -, m—1
" Zo=vo (27;)"’ m-1, ’ ’ ’ ’

and for k=1, uf satisties

alx, D)uf:é ba(x, D)uls,
(2.3) [

Doup| zg=y,=0, h=0,1, -, m—1.

We construct an asymptotis solution of (2.2) as follows
W, 31 E)= 3] BeWD g momiyhie g g)
i=1 j=o0 ’

¢ (x, y, &) is the phase function associated with 2 such that
Py=2x, $2)
{ PP gpmy=Cx'— ¥, .

We note that ¢(x, y, ') is a homogenous function of degree one in &’. For
a differential operator P(x, D) of order m and for a function ¢y we define the
defferential operators ¢ ,(P, ¢) such that for p>0

2.4)

e PP (x, DXe'"i )= 33 p™ o (P, 9)f .
Then the principal part of o,.(p, ¢) is given by

173\, .
@9 Zoa(ag) P g0,

where P(x, &) is the principal part of P(x, D).
Lemma 2.1 (c.f. [2]). Let P(x, D) be a defferential operator of order m.
Assume that for a phase function ¢V associated with A

Uﬂ(p’ ¢,(L)):(), for #:0’ 1, -, r—1.
Then we have

(P, $®)= i%a,-(x)H”’(x, D)/,
=
where

H®(x, D)=Dy— ]zl Ax, GIND; .
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Now we return to (2.2). Noting that a(x, D) is a product of strictly hyper-
bolic operators, we have

m-m -
e-ig,’;(l)a(x, D)(eig;(l)f): LE pm—m(l)-p0#+m(l>(a’ ¢(l))f’
=0
where p=|&’| and ¢P=¢/|¢’|. In particular, we have by Lemma 2.1,
m .
(2.6) o pax(a, §P)= 2 aPx)HV(x, DY,
f=
(aPu#0).
Hence inserting v(x, y; &’) into (2.2) we obtain
d il m (L) ~ .
a(x: D)v(x! y, S/):LE e“’” E 2 O'm(l)+#(a, gb”))p"‘"v(j) .
=1 j=1 p=o0
Therefore we have

m—m ) - )
@ 2 onweia, JOWL=0,  j=0,1, -,

=1,2,-,d.
From the initial condition of (2.2) it follows

o , ~ e Dy i
Dﬁv|10=yo—_—el<1‘ vy, € >EU#(D’(}, ¢(l))v(§)ph w=-(m-m(y~j

=¢'<¥ V> %, (DY, P maspp ™
—_ 1 ei<av'—u'.€‘>5:ln_1
2m)"
Hence
.. 5 1,  h=m-1, j=-1
(2.8) 3 2 ouDY, §PWmawr =
=1 p g i
i 0, otherwise.

Noting that the principal part of o,(D%, J¥) is ( )(,2“))" #D# we can solve
(2.8) as the [inear equations of {Dtv{¥nw>-n}n=o,1, m-1,1=1,...a. For, the deter-
minant of Van der Monde {(Z)(Z‘“)”'”} (h=0,1, -+, m—1, p=0, 1, ---, m®P—1,

{=1, -+, d) does not vanish. Therefore we obtain /=0, 1, ---, d, =0, 1, -,
mw—1,

1

4 m-
2.9) Divin - = 2 caOfry 2 S NEG vy

p=1

m
D) 5,(1") ; 1
E([ )N# >vj+m(l')-p'}r j=m®,
p'=m

where f}=1 if h=m—1 and j=1, f}=0 if otherwise, and N are differential
operators 0of order g’ with respect to D, and {¢#}} is the inverse matrix of

(Y}
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by,

Thus we can determine {v{"} successively by (2.7) and (2.9)
b A
(2.10) =l§ e >

~mam WP -5 pay
j=o
where 7i‘9=maxn®—n?
q

, ]< ﬁ(l) .
Next we seek for uf the solution of (2.3), as
(2.11)

d oo
l — l
(x,7;8)=3 Zowtpmemden

(¢2]
p

+kq(l)—ju£§l) .
Then inserting uf-, into (2.3);, we have by virtue of (1.12)

N -
3 bp(x, Dyuf-y= e pm ¥

+reDu-ipp(x, Dyu
On the other hand we have

)
k=1,7«

(l) koD - 1
+kq 2 Juf.(‘)
Therefore we obtain

alx, D)up=e? o wyla, FP)p"r

(2.12),, ;

m-ml)

2
#=0

ph

N Mg
Onwspla, ¢ ul’,,-_#zqgl ,Eo b2 (x, Dyugly ;.
As the intial condition we have

Diul | zymyy=2e'<= v &pht73g (D, FPIuBB 4 ager4=0,
which irnplies that

d h
> 2 auDp
=1 p=0

¢‘”)uf‘mm+kq(z)+1 =0
Hence we have analogously to (2.9)
(2.13)4, ;

m-1
12
D{,‘u pd )(117)+kq(l)+j p Z= { E N'lu'(

P
Up m U g kgl '
RN vl m Dt kg +j-p

m-1

+ N"(” p(l ) W kgl 4 jm pr 3,
pt= =mcl) Y4

Thus we can seek for uf}’ by solving (2.12),,; and (2.13),, ;

to simple forms by a canonical transformation x’'=2'(z, &), xo=2,,

We reduce (2.12),, ;
—— #(202")=—2¢"(20, £', &) i”é;:l""(zo %, &)
dZo 0 3 0y » dZo x ’ ’
(2.14)
200, z')=2’

€0, 2)=¢".

We define u}
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Then we have for any function f(x)
(H'(x, D2)f)z=cag, 2 =D:o( f (20, x'(20, 2)) .
Hence it follows from (2.6) that
Tn(@, §) amirg 2= 2 A2 DDY=AL(z, €, D).

We put
URP@=ulP la-cpar

A(g')(z’ E’y Dz):a(a) ¢(l))| x=Cz¢9,2')
ng(”(z’ E,v Dz):bgj(l)(xy D)|.1:=(zc.z'} .
Then (1.12),,; is reduced to

(2.15);,4 ,(,f)a)(zy &, o)Uf.(;'l):Fﬁ(;'l)+Gf.(J'l) ’

where

m

FEP="5 Alw,, (o & DURY.,,

(€3]

N Tp
Gf,%l): E B ()(2 El D)U lj u
g=1 p=0
and
order A% (z, D)<j,
2.17)

order BP=dP+s¥P—s@
4 1
ém“)—x( )(q( )_,u)+s(zl1)_sup) .

As the initial conditions, we have by (2.12),,;

(2.18), ; D/‘Ul’(m(z>+kq(z)+, = 2 { E M Py UB R4 g aj- e

=1 r=1

m-1
+ 2 MER UK kg4 jopr}

pr=m)

where M{Q=N{L]._c, 3 is a differential operator of order . Then we have

Theorem 2.1. There exist positive constants C, A and 0 independendent of
k, j, @ and B such that for any j, k, a and B, |z,—y.| =0, |&§'1=1, z’€K, a com-
pact set in R™,

|D?D UP¥(z, v, &) < Citk1glaitifie- krCDgCh -5 (D

(lzo— yolA)

X3 Cla+ Bl +jeP—kePq®P+p—sP]|°,
u

where the summation in p is from [mP—aeds to [jmP+kePgP+[mP —aels;
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+s®], and [h] stands for the largest integer <h, and

[h], h>0
[h]+={

0 , h=0,

Ch], h>1
I:h:|+l:{

r, h=1.

Therefore, noting that uf%P(x, v,, &) is homogeneous of degree zero, we
obtain

Theorem 2.2. The solutions ulP(x, vo, &) of (2.12),,; and (2.13),,; satisfies
| DEDE upP(x, vo, &) éC{HzHAlia|+|ﬂ|+j-kx(l)qtb-sﬁg}e,; -1B1

— 12
X;(ixﬂ _):|Al> [Ia"l"B]‘I‘jlf(l)_k/i:(l)q(l)'{_#_s(pl)] !s

or | xo—yo| 6,8’ € R™\0, where p=[m®P —a,]ly, -, [jm®P+kePqP+InP —alu
‘U
+s®7], and C, and A, are independent of j, k, a and B.

§ 3. Successive estimates of asymptotic solution

We start with a lemma to be used often in our reasonning which proof
refers to [14] and [8].

Lemma 3.1. Let p, and p, be non negative integers, y>1 and s=1. For

any multi integer a=(ay, -+, &), we have

3.0) = (Cyredatapedari+p
=—TrUal+ptpl,

where <¢(j’>: (a,——le{;!a{! (an—cz:;;!a;! ’

Leibniz formula and Lemma 3.1 imply,

Lemma 3.2. Let P(x, D):lZ a.(x)D* be a differential operator in R™, p,

alsd

and p, non negative integers and y>1. Assume the coefficients of P(x, D) satisfy
(3.2) D% p(x)| SCo(r*A) 'l +p0 1,
3.3) [ D*u(x)| SCA™'(la|+p2)!*,

for x€K a compact set in R*. Then we have

|D*P(x, D)u(x)| SCCngA''(lal+p+pa)!°, x€K,
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where fig=(n?—1n—-1)"*Gr—1)""

Lemma 3.3. Let Xj(x, D)-——ig‘i a;i(x)D;+ajlx) be first order differential

operators (j=1, -+, N). Assume that the coefficients a;;(x) of X{x, D) and u(x)
satisfy (3.2) and (3.3) with p,=0 and p,=p respectively. Then we have

|D*X;, X, -+ Xju(x)| =C(Comt))' A (la|+ - +p) I
for xeK and for (jy, ---, j)C[1, 2, -+, N], where i,=(n+1)(7y—1)""7.

’

Let ¢=(u(y), -+, ¢n(y)) be a mapping from R™ to R". Noting that
D(u{p(y)=(X71X352 -« Xgmu)P(y)),

where X; i‘, —¢— 0 +—a—, we obtain by virtue of Lemma 3.3.
=1 a 3x, ayj

Lemma 3.4. Assume that ¢,(y) satisfy
[ID*p(p) =CoAp™ |l t®, =1, -+, m,

for yeK, a compact set in R™. Then for u(x) satisfying (3.3), if A> A, we
have

Di(ug(y)| =C2°Coin Ag+ 1) A (Jal +p)1°,

'IA

for yeK,, where rﬁl:(m-l—l)(Ai—l) a
0 0

We consider an ordinary differential equation in y, with parameters y’'=
Dy 5 Yo
m
p) aNDu(y)=f(), (aa(»)=1D),

(3.4)
Diulypme=un(y’),  h=0,1, -, m—1.

We assume that the coefficients satisfy
(3.5) [D*a(y)| =CoAs*' || ¥,

for yeK, a compact set in R™*!, and that f(y) and u.(y’) are estimated by
respectively,

@o Do) scare S (‘4‘:"') (laltmtptp)lt, yek,

3.7 | D%un(y)| SCA"“**(|a|+h+p)!*, y'eKn{y,=0}.
We denote by [h] the largest integer which does not exceed /1 and
Ch], h>0 [h1, A>1

Chls= =

0 h=0 1 n<i’
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Then we have

Proposition 3.5. Assume that f(y) and u,(y) satisfy (3.6) and (3.7) respec-
tively. Then if A>2°**C,A,, the solution u(y) of the equation (3.4) can be esti-
mated by

A mo+lm=-agl I3
38 | Duy)| sCCam g AL
=
A A ( A _ -2
for ye K, where C=m 0, A, \ 2IC AL 1) .

(lal+p+p)t,

Proof. We reduce (3.4) to the first order system as follows,

wi=D{u, =1, -, m,
Dywi=wiyy, =1, -, m—1,
(3.9)
Doywnpn=Dlu=— Z} a;Wiysr .
Denote
0 (1) ) w, 0
M= 0 1 , w= s F=| 0.
gy e, Wn f
Then we can rewrite (3.9),
Dyw=Mw+F.

Putting S=exp{SZOM(t, y’)dt}, we can represent

(3.10) w(»)=SoHw0, y)+("'S¢, y) 1P, y)di} .
Denote by af(y) the (p, ¢)-ellement of S(y)*'. Then by virtue of Lemma 3.3
with A=2A4, and 7=2,
[D*aZ(y)| S@2S**C, AF) ' | 1*,  yEK.
Therefore using again Lemma 3.2, we obtain from (3.6),
(3.11) |D*S™'F| :mztlxl D(aP () f (]

< 2L gmaia 2

Cr: (Alyol) 1s
1 ol (lal4+m+p+p)te,

where we have assumed that y,=A2**C,A)"*>1. We define

Tu(y>=v2'1‘g”°u<t, Yt .

[)
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Then we have
Diu=TDi*'u+Diu(0, y’), 1=0,1, -,

Hence we obtain
(3.12) u(y):Tm"D5""u+:§2?)—fD§u(0, ).
On the other hand the m-th component of w is given by (3.10) as follows,
wa=DP u(y)= 2 aP D0, 3)+Tal o ).
Hence we have from (3.4) and (3.12)
613 =T E a0+ TarON + 8 Py,
For a=(a,, B), ay=m—1,
D“u:T"‘“‘“OZ(ﬁ‘B,)Dﬁ’az"‘*’ {Dﬁ'ui_l—I—TDﬁ'(a}"“’f)}+:n2_2£0—Dﬁui.

Sao (1—a)!
Hence from (3.6), (3.11) and Lemma 3.2 we have

|D“u|§(—l-—T>m-l-ao{rmrl C(| Bl +p+m—1)1sA1Brem=1

oAI

+

L) (G r)ear e B s 4 p o

7’1'—1 \/

-2 |y0| 1B1+1 ; s
igomx‘l‘s (|19|+Z+P)!}

cEAa™ " 'y"A'

A

pa ———(la|+p+p)?,
where C‘zmr?(rl—l)‘zgmax(l, my(1—7r)7, 7%(rn—1)"%). Next let be a=(a,, a’),
a,=m and put f=(a,—m+1, a’). Then from (3.13) we have

(3.14)  D*u=D?{Za?®Pu; ,+Talf}

B gmHH DBy, . 4
)(DFarDRu 0+, 3 (

(B)prarwprraron,

s 4 5= ﬁ(ﬁ

po—o

By virtue of (3.11) we obtain

< C_ o on 38 'y“‘” VLT (|87 | —Lbmt k)1, i B0
ipFTareosf T 4
e k) 'y" oAl g1 pt 1o, if =0,
-

Hence we have from (3.14) and (3.7)
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Drul=C 3 (8o AyE B VAR B | =1+ p)
piE=p

Bo=0 B
+p0§0(£>(7_1’4)'ﬁ"|ﬁ B> P rTi_Cl I#;;?I CAETm( B | — 14 mAptp) 1
+ 02:0(5')(”1/‘)"3"'5"””:H TE ,+m|yoA| (1B —Lemt g 51
éCC‘A“”TéIl%’AI (lal+p+ple.

Thus we complete the proof of Proposition 3.5. We can prove the following
theorem analogously )

Proposition 3.6. We assume that the initial data u,=0, h=0,1, ---, m—1
in (3.4) and f(y) satisfied for any a and yeK

*ko |yoA|

p=Cko-m-agl+ [l Tl

| D*f(y)| =CA'=*™ =(lal+m+p—po)!*,
where m,, ko and p are non negative integers. Then the solution u(y) of (3.4) is
estimated by

mo+kotlm-agly; |yoA|

| D*u(y)| =CCA'™ (lal+p—pa)t, yEK,

#=Cko-aol

where C=myi(r;—1)7% r1i=AQ**CoAp)"'>1 and h!=0, if, h<O0.

Now we shall prove Theorem 2.1 and Theorem 2.2, We return to the equa-
tions (2.15);,;. We estimate UP{(z, y,, &) successively by use of Proposition
3.5 and Proposition 3.6. We may assume that the coefficients of A{"(z, &, D.,)
and B{i(z, &, D,) satisfy (3.5), if we replace the variables (zo—7y,, 2, &) by ¥
and K=K, XS}' where K, is a compact ret in R**! and SZ! is a unite sphere
in R*. Here we note that U and the coefficients of A§” and B{", are homo-
geneous degree zero in £’. Then we can prove that there are positive constants
C and A such that

(3.16)s.; |DeUPD| < C(C,Cyitr+1 frmi+i- IPIQPEN
lyoAl* Fe (D W, [(OREE
x%T[IaH-JK —kePq P+ p—siP]l,

where the summation in g is from [ke‘P¢P+sP —ay], to [jmP+EePg+
Em(l)'—aojﬂ‘l‘sg)l
We shall prove (3.16),,; by induction on %k and j. At first we estimate U?{

by induction on j. We recall the definition of U?%’, that is,
VR0 a2y, JZAY
UPP=ulP | pees 0y=
0,7 0,7 lxz=C(zg.2")
0 , ]<n”’



Leray-Volevich’s systems and Gevrey class 561

where A’ =max n{® —nP and v® is the solution of (2.7) and (2.9). Put
q

(1) — (D) ~
Vj )—vj |x=(zo..r'(z,£')) .

Then we shall prove

Jm D +Im D - aglyy ]yoAl

@17); DAV SCCLCY A (lal+j+m?

#=0

from which it follows that U2 satisfies (3.16),,; if we choose sy’=nf’ for
each p and /. From (2.7) we have

(3.18) ADw(y, DYVP=F® |

where Fj”’— 2 A‘ w+n(y, D)VPu(»), and we replaced (zo—y,, 2/, &) to 3.

We note that A‘£,{<z>+,, is a differential operator of order m” 4+ and in paticular

ALy, D)= E aP(y)Dg, (a4 #0) .

We may assume that the coefficients of A‘m(z)— s 2 aR(y)De satisfy (3.5).
p¥m

At first we shall estimate V{® which is a solutlon,
A” z)(y, o)Vél):O,
and as the initial condition we have from (2.9)
DaVEP |y =0=0, p=m®—2
Dy VD |y g=CREOTHO

where we may assume that Cm¢)-1® satisfies (3.7) with p=0, if we choose C
and A suitably. Hence by virtue of Proposition 3.5 with p=0, f=0, m,=0 and
m=m®, we can obtain (3.17),. Next we assume that (3.17);, /=0, ---, j—1 are
valid. Then in-(3.18) we have

m-m )

F(l)_ E 2 a )(y)D/SV(l) ,

=1 (BismD+i

Hence the hypothesis of induction and (3.5) imply

(3.19) lDaF(t) l <2( )lDa' t)l ID'g+a'Vj_i|

SCELHCLyamen S 'y" Lot g e j— 1,

where
Ci=m(n™—Dron—1)""o—D7", To=A/A>1.

As the initial condition we have from (2.9)
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W "Nty fn & S ra van
Dj Vj—,u—hzl Ci¢ )fj—m<l>+p'1'l2x El MR Vi imd cm
= =1 opi=

d m
+ 3 2 MOV nahonw, (3=0),
1'=1 pr=m(l)
where M4, =NEY |22y 2. 1f we assume that m®P=2m® = -« 2m®, we have
15 oy fh & T e pan
Vi ygmo= %)Ch fj—m(l)+llzl #,Z_:IM"'#' Vi ema=m@ | yg=0+

Hence by the assumption of induction we obtain
| D" aV | e e S CCCNCLY A (|| +) 12

where we note that f?=1, (j=—1, h=m—1) and f?=0 (otherwise), and the co-
efficients of M#‘Y satisfy (3.5) and C4® is estimated by

| D" CLO | =CA™ ] 1*.
By induction of p we obtain.
| DV 52| 44=aSCCCHCLY Ao | ar| 4 j+-) 1
for ¢=0, 1, -+, m®—1. Moreover by induction on / we have
| DAV | 40=0SCCCACLY A 1 ||+ j+ )1,

for ¢=0, 1, -+, m®»—1 and /=1, 2, -+, d. Therefore by virute of Proposition
3.5 we obtain (3.17);, if we choose ¢ and A such that C‘gClm)’?/(Tl—l)z, 7=
A28 A1 > 1.

Next we shall prove (3.16),; #=1 by induction in 2 and j. We assume
(B.17) k-1, j, j=0,1,... We shall at first prove (3.16)s,,. From (2.15);,, we have

AZwURY=GEY ,

where
1
W s e LAY W naPP-trram
Gl‘a’.O = 2‘ Bg,o Uk—l,lJ: qu R Bé’,o,tDoq o Uk—l,oo
0= e

Noting that dPP=m®—g®PgP4sP—sP and that the coefficients of BZY’
satisfy (3.5), we have

p)

|DeGe 1 <3 2) 1 D7 Byst, | DI DU |
<C2(a)c (C é)kAla'l‘all |sA|a'I+dg_(q”—t-(k—l)x(l)q(l)-sél) lyoAl*
= ') 0 : Py
X[la” | +d2P—t—(k—DePqP 4 p—sPJ1e,

écz_cﬂ(coé)kAmum(t)_kx<l>q<l>_sé’>-¢ | ¥o 1'4 | #
¢ TO_]- p!

X[a|+mP—kgPg®—t4+p—sH]1*,
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where the summation in p is from [(F—1)kPgP+sP—(dBP —t+ae)ls to
[(k—DePgP+[mP —ag—d2P 41141+ sP], ro=A/A>1 and h!=0, if A<0. It
follows from the assumption (1.17) and (1.14)

(3.20) SP—EPGOLIMD —ag—dEP +1]s1—t
SsP—a=sP,  if mO—ae—dEP+1>0

A

sP—gWgP41—t<sP, if mP—a—d2P+1=0.
Hence replacing g to p-+t, we obtain

Ayk grai+mh - keDgh s 124

| D= Gl"”|<CCo

W5 12eAl 5ol

2 Tl m = kg0 — s>t ]

b

A (
SCCCHCoC)r Arar+m - hecDah-5g

klc(l) q(l) +s§}) | |

—kli(l)(](l)"‘SéD"l‘ﬁ] !S,

n=Lkx

W g WDy

where C,=7,Nm(1+6™)/7,—1. As the initial condition of UP{ it follows from
(2.18)k_0 that
DhOUlg(Ol)ly(FO:Or h:O, 1, . mv—1.

Therefore we can apply Proposition 3.6 to UL, putting k,=FkePqgP+sP, m=
m®, me=0 and p,=kePqP+s. Thus we obtain (3.16);,, if we choose ¢ and
A such that

Czm®rin—17C,,

1=AC"CA)>1,
To=A/A>1.

Next we assume that (3.16)4,: are valid for =0, 1, ---, j—1. Then we shall
estimate FP$ and GPY in (2.15),;, We have by (2.61) and (2.17)
m-m )

DFRPI= 3 TS 1D A, 5| | DA+ URP, |

Yar=a i=1 |ﬂ|5m(l>+i

[€2]

04 B ANi_d ” oy D
< Zﬂ(a/>CoA$“ Ha!| BC(C,Cy-t+k+1 giB+ariti-p-keDeD-sp
",

ley"AI#[Ia”-l-,Bl—l- u)( —)—k Wah gy 71
#——_ﬂ! LA R’ £q SprTpd:

[92]

§C(C0C3)(Coé)j+k/1'a'+m(l)+i' kxChgthy -5

[yoAl

XE I:Ial_l_nl(l)_.‘_],c(l) x(l)q(l)_s;)l)_|_#]!8
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where the sommation in g is from [ksPgP+sP —mP—aqg] to [jm®+kePq®

+s¥] and Cs=((n+1)™—1rom/n(y,—1). Next we shall estimate GE£¥. From
(2.16) and (2.17) we have

¥ y mP®
GrP =3 BRPUID 4 E E BEOULY ;.
\ =
BrPW — E Bp(l)ﬁ(y)Dﬁ
1B15ap P
where
(3.21) A2 Sm® —gO(g® — )4 sH—sP

and in partcular we note that BZ{’ are differential operators only in y,. Hence

[24 ' D .
IDUBEPUIR DI < 33 (5)1D% BRQ | Dot D URD, |
ostsa PP

<3(5)Codie || BOC,C)rer A chbrtha s

|y014|

X B lal |+ g e (e~ eV =+ 1

where the summation in g is from [(k—1)k®Pg®P+s{P—t—af]ls to
CimO4(k—1rPgP 4P+ [mP —t—afde] .
Taking account of (3.20) and (3.21), we have analogously to G2,
| DHBRLUIY )| SCCLCHC,CY*H* ArarmDai-keDaD-sp)

xEly" “Llal4m® e — krg®—sP 411,

where pu=[ke®Pq®P+sP—mP—ayly, -, [imP+kePgP+sP7,
and C,=m(14+0™)r,/rs—1. Next for /=1, we have

IDa(Bg,(il)Ug(l) i)l < 2( )lDa'BP(l)I |Dﬁ+a Uz(ll) i

<SC, AN a’ | !SC(Coé)j—i+kA|ﬁ+a'l+j—i—(k—l)r(l)ql)

XE'yoAI

Clg+a” | +eP(—i)— (k=g —sP+plle,

where the summation in g is from [(k—1)x®PgP 45 —Bo—ai]s to
LG—DmP+(k—1)PgP+sP+[mP—Bo—aile].

Noting that [(F—1)kP g4 s —Be—aoli =[kePgP+sP —ay], and

[G—im®+(k—1)ePg® + s +[m® — By—af Ton]
<[jmO+hePgO 4597,
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we obtain
N mg<h
|D“Gé’,(,~” I < §1(|D“(B£(0”Ugiﬂ),j)] + i@; ]D“(Bg,&”U‘““ - P

1)

§C(C0C5)(Coé)“"A‘“"'"‘")”‘ kx(l)q(l)-sz(,

|yoA]

Xz [|a|_|_m(l)+]x(l) kx(l)q(l)__s;l)_*_‘u]!s

where #:[kx(l)q(l)+s;l)__7n(l)__a°]+’ e [j?n(“+kli(l)q(l)+sg)] and
Cs=1:Nm(1+0™)(n™—1)(n—1)"(r,—1)"". As the intial condition we have by
(2.18)4, 5

|D*URYP | yy=0=0,  h=0,1, -, m®P—1.

Thus we can apply Proposition 3.6 to UP and we obtain (3.16),,;, if we choose
C and A such that é:2mr%(71—1)'21r§1‘as>§ Ci, 1n=A2*"C A,)"*>1and yr,=AA;*>1.

§4. Construction of Fundamental solution

In the previous sections we have sought for the asymptotic solutions for
(2.1). In the present section we shall construct the fundamental solution by use
of the solutions of (2.2) and (2.3),. In the expression (2.11) we denote in brief

) l
|&|mp +4 D=y ® by wPP(x, yo, &) which is homogeneous degree m$ +kq®—j
in &, where mP=—m—+m®+nag’. Hence we have from Theorem 2.2,

(4.1 | DEDEwEP (x, v, €]
éCC{CQkA}‘” | xo_yol[k/c(l)q(l)—aO:H, | a+,8] 18

) l P . 1 l cl 1
r|m +kqCl) - -1B1q1xC ds+m (b (s-1 -x(DgCh)
XlE l P a J ]! ¢ )k! * a >

where C,=C,C A, and C,= A5 (C, C)'. Hence it follows from Boutet de Monvel
and Kree [1] that we can find wP®(x, y,, &) for each k such that

(4.2 | DEDB(wp—"5 wp®)|

— —x(DgH DHgehy -
§CC2kk! (g lxo—yo][’” q ao]+]a+‘@|!8
XA'“+’5'+M|E | m;,l)d-kq(l)—IBI—MM!A‘(l)s+m(l)(s—1)

where M=1, 2, 3, --- and the constant A is dependent only of C, and A,. We
define

wP®(x, yo, &)= Ii)owf”)(x, Yo, ),
which converges uniformly by (4.1), and put

) . N o
r?O(x, y,, E)=e ¥V q(x, D)e“"’”)w"“’—Ee'“””’bg’(x, D)ei# b yachy |
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It is then clear that w?® and r?“ satisfy (1.20) and (1.21) respectively, accord-
ing to (4.1) and (4.2). Here our aim is to prove the existence of the solution
for the integral equation (1.19).

Lemma 4.1 (c.f. [5]). There exists a positive constant C such that for any
positive number p

1 SR
inf Lo <CvpT2ete.
jEN 0

Noting that +/p+2 =<2, we have from the above lemma

1

, s 1 -
inf (ABIIS/ | )_MM|x(l)s+m(l)(s_l)Sce_%(lil_l)/c( IS+mb(s-1)
MeN - ’

Hence by (1.21) we have the estimate

4.3) | DaDE, 7D |

(A~(l)s+m(l)(s—1))-l}

<A exp{Ixo—yol Arl &[0~ 2 (151
1

€y

Xla+pB| 17§ |™p

—1B1+ag/x(D

We define

R?M (x4, yo)u(X’)=SSe"¢"’<" VP (x g, ENu(y’)dEd y’

which is an operator from 7(R") to 7,(R"), where ¢“ is a phase function.
Moreover we can see more precisely,
Proposition 4.2. Assume that usy,(R™) satisfies
| D& u(x’)| SCA"™ |l !® for x’eR™,
When s<g®, there exist positive constants C, 7 and A such that

| D2 RPOLxs, yoJu(x)| SCCENomvo Ayt 1

for x'€R™, |xo—y0| <0 and A>A. When s=x®, there exist, C, A and # such
that
| D2 R?®Lxo, yoJu(x')| SClelo-vr Ayl o 17,

for x’e R™, |xo—yo|<min {8, §A-1*} and A>A.
Proof. The phase function ¢ can be decomposed as

PP (x, 3, EN=OD(s, yo, ENVFx'—y’, &,

where V=P, ---, ) satisfies

(4.4 [D$. D, 6P| <71l x0— ol A1+ [at B 15]€7] 1P,



Leray-Volevich’s systems and Gevrey class 567
Then we can write
R?®[x,, yo]u(x’)=SSe"'<”"5'>r”‘“(x, Yo, §Nu(6*y")dy'd§ .

Hence
D, (R*®[xy, yolu(x”))

:a:§.=asse—i<y’ -5’>(;:,)Dg:rp(l)Dg:’(u(a(l)_‘_x/+y/))dyd$/ )
Noting that
D‘;,'(u(ﬁ(”—}-x’-{—y’)):()(f'l Xﬁ;tu)(ﬁ(”-l-x’-l—y’) ,

3 0@ 0 D
where Xi—j§1 ox: 0] 0y; + 0x; + dy;

(4.5) D% RPP[x,, yolu(x’)

, we have

—__;(;}i)ggei‘ﬁ(l)Dg:T’p(l)(Xf; Xg; er Xg;zu)(y’)dy/de-/ .
For x’€R™ fixed, there exist, a compact set K in R™ such that for y’&K
PP =0P+x"—y'#0.

Hence we can find a first a first order differential operator L (x, &', v, Dg)
such that

(4.6) LD )=+ x'—y'|H)"%e¥P,  for y&K,
that is,
n n 0
oy — 1 a1 2)\1/2 ey -1 (l')___
LO=( =y 193 687 ™ B8 55
=3 a(s, y -2,
=6
Then the coefficients a? of L satisfy
“.7 |D%.afP| =CAl*al ¥, ye&K,

if we choose C, and A, suitablly. Let ¥(y’) be a function of 73;(R™)(§=#£®" if
s=x® and s<§<k®, if s<k®) such that ¥=1 on K, supp ¥ compact and

4.8) | D5, W(y")| SCAL | 1¥
for y’e R*. Then we decompose (4.5)
D% RP®(x,, yo]u(x/)

=2 (&)[[eDg o —w)xs - Xenu)y)dy'de

+2(;¥/>Ssei¢<l>Dgrrpw (X1 Xgnu)(y')dy'dé’
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:Il+]2 .

We at first estimate I;. By (4.6) have
Ii= 2(§/>Ssei¢(L)(l— llf)(1+ | x/_y/ | 2)—-"—';'-l

XL DG rPO(Xi e Xnu(y)dyde'
We can write

(LY DErPO(x, yo, §XXT - Xgnu)(y)

= ag. g(x, Yo, E')D@iDgir”“’D@,'(X{’I o Xenu)(y’)

—Iﬂ'+ﬂ"2|§n+l

where ag g(x. yo, §') satisfies (4.7), if we choose A; and C suitablly. Moreover
we have

Dg (X1 Xsau)(3)=(Y 1Y - ¥ i nu)(9)

where

n B b 0 0
Y'Z D'B,(J) y_ 7 - -
’ ?:"1 ¥ o 0xip ¢ 0ye | 0xin | 0yip

where i(j)e [1, -+, n] and BP=(B{, --- B¥), |9 |<n+1. Noting that the co-
efficients of Y; satisfy (4.4), we obtain by virtue of the lemma A.l (It’s proof
will be given in the appendix.), for y’e supp (1—¥),

(4.9 [Dg.Y 1+ Yigqu)(y) | SCCole' o~ Vo7 A) e Al (|| + |’ ) 1*
1 \slan
éccz(elzo—uoer)la'iAlal(l_l_e)sxa'l(l_l_ ?> |al !sla//I !s ,
for any ¢>0, where we used the inequality
1 \tan
(al+la DS+ (1+2) " laltla”|l, >0,
We choose later on e=p,|xo—y,|. We put
Ful@)=e < (1= UGNV s Vi) 0N 1=y 7y
Then we have
E"’Fa'(é’)ZSe’K”"5'>D‘;'((1— YY1 Y amu)(" (14| x’—y’lz)_n‘;_l)dy’
Hence from (4.8) and (4.9)

(& SCC =1+ ey Aye a1 TETAY g i

for any a«. Therefore from Lemma 4.1 it follows that
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o it it 1§
(4.10) | Fol €N SCCy(e'F0 Vo (14-¢) A) e |a” | | exp{ (1+€) A }

=CCemvoray a1t exp{— L elTe g7}

where we put e=7,|xo—yo| and 7=7+7,s. We choose 7, such that

5ol A O e €10 (18—,

When s<k®, the above is valid. When s=x®, for |x,—y,|A,AY*<1/2, we
may put 7,=2AY%. Then we can estimate from (4.3) and (4.11)

IL=2(E) 2 lapl IDEDE || Forldg’

1B’ +8%isn+1

SCCy(e'=omvomA)«ial I,
1
for |xo—yo| 6, (| xo— yo| <min (8, (24,A%), if s=£®P). For I,, we put
Ga.=5e-f<v"f'>< UX§r - Xinu)(y)dy'

Then noting that supp ¥ is compact, we can prove analogously that G,. satisfies
(4.10) and therefore I, also satisfies (4.4).

Now we shall construct a solution F?[x,, y,] of the integral equation (1.19).
We define inductively

d
FI[xo, yol=R?[x,, yo]l= Ei R?®[xq, 3o],

F2xe, yol= S RP[xo, tIF2L, yddt,  j=1,2, .

Then we have

Proposition 4.3. Let v(x’) be in 7,(R™) and satisfies
4.11) | D*v(x")| =CA'"* || 1*, x'eR",

Then when s<i1£1f £®, there exists positive constants C, Co, 7 and A independent
of j and « such that

(Col xo—

- yﬂl)j (erlxo-yolA)lalla,| !s,
7.

(4.12); | D*F?[x, yoJu(x")| =CC
for |xo—y¢| =0 and A>A. When s=inf £V=g, moreover there exists 6>0 such
that FP[xo, yo] satisfies (4.1); for |xo—y.| <inf (g, 5A-YYY and A>7.

Proof. We shall prove (4.12); by induction. For j=0 it follows from Pro-
position 4.2 that (4.12), is valid. Assume that (4.12);_, is valid. Then again
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applying Proposition 4.2 to u=FZ.,[t, y,]Jv, we obtain

(Colt—yo))!
G-

which we integrate in ¢, we have (4.12);.
We define

| RP[x,, tJF2(t, yoJv| <CC

(er(zo—t)er(t—yo)A)lal | a] 1s

FP[xo, yo]= jf: F2[x0, ¥o]

which is evidently a solution of (1.19) and satisfies
| Do FPLxo, yoJu(x’)| SCCelo=ovoi(en1o-vo A) et g | 1

Thus we have prove that the fundamental solution K?[x,, y,] is given by
(1.18) and satisfies

| DEF?[x,, yoJu(x”)| SCClem=o-voi A) ! | 15,
for |xo—ye| <6 and A>A (|xo— 0| <inf (5, 6AY*) if s=#) where v satisfies (4.11).

Appendix

Here we shall prove the estimate (4.9), which is sharper one than Lemma

9, 8

n 0 .
3.3. Let X;= 21 a,-j(x)—avy + 3y + PP (j=1, 2, -+, n) be first order differential
i= i i i

operators. We assume that

(A1) |D%aj(x)]| SegAi™|al!®, xekK, i=j=1, - ,n,
where K is a compact set in R™ and that u(y) satisfies

(A.2) [ Dsu(y)| <CA"™'a|!®, yekK;.

Then we have

Lemma A.l. Assume that A> A, Then there exist positive constants C and
v such that

| D5 X5, X5, - Xju(3)| SCC((A+7e)A): A (|al + k) 1,

for p=1,2, -+, and x€K, yeK,, where (jy, -+, j)C[L, -+, n].

Proof. We assume that

3 ) .
|D§D§le e Xy u(y)l gc; @AY (lal )10,

Cl(’fi)l,f

Il

k=d .
ZORAPTBIHD 5P, (A> A,

where b§*; and d{® are positive constants. We shall prove that there exists a
positive constant 7 such that for any positive integer k
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i=0v ly Tty k—])

b =(1+7ree) —- 'J' , =1, k,
(A.3)
aw< kL =1, k
=g T .

We shall at first derive the recursive relation of C{§, ;, We have

|(DEDGX;,)( X, -+ Xj10)]

0 0
ay“ +5; . )sz - Xju
, 0
<3(5)1D8 a4l | DEDg 5 X, - Xy
DED: 0 X X 8 0 DeX X
Yoy, Jo Tt Ayl 1'5; vy AgU

ﬁ , k-1 X .
éCE(ﬂ/)"eoAéﬁ 191 SR Aol + L) 1

+C FCHBA | al + 14 )

k-
+C.§11C|(7§_I}|')1>1Alm+j(l o I _I_J) !s

=cfne, B (3 ()4 181 vCtgR ) A lal + 1

k
+ 2 ClE A (al+ )L

j=
k-1 . .
+ S ClR A (al+5) vl

Hence we obtain for 2=2

(A4) CB.1=Cl¥i

(A.5) ClBL=Clhu s Cllilrtney 3 (‘B)A'ﬂ B BCD,
=2, e, k=1,

(A.6) CHp=Clh-1+ne > ( )A'ﬁ Chilyin .

From (A.4) we have

S OIAE| Bl A0 3 DD AP B 1) I d D

b
|
-

= bk !

|ﬁ|+1(|ﬁ|+z)|s+d(k n

.»
|
i—v
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Hence we obtain for 2=2,

d{P=d{*-b,
For k=1 noting that

¥y

0 0
o BNa
e Dyu(y)‘-i—lD Dg§—— 3y, u(y)

<{ neCAP! Bl A (|a|+1)15, (1] #0)
| Clae+D ANl +1) 1, (IB1=0)

ZCne AP Bl P+ D)(la |+, (Ai> A,
we have

bih=reo
(A7),
dm=1.
where y=nA/(A,—A,). Hence we have
bl({‘)L:O, Z.:(): Tty k_z)
(AT, b#-1=1,
diP=1.

For j=2, we have from (A.D)

C )I ,é i b(k I)A“g”“'l(lﬂ]-{-l—{-l)'S-I—d(k 1)
k-1-j+ . .
+ i;: bj(lz—ll)lAlﬂlﬂ(lﬁl+Z)!s+d;ii—;1)
B 8111 Az s LR S 1B I+if| A" L7\ 1S (k-1)
tneo, B () AP IBIEC Z BERAL B0 M)
< ST A Bl - dft D
+ Eb(k ‘)A'ﬁ'+'(|‘31+l)'s—l—d(k 1)

k-
760 3 bEAIP (| B+

+750d(k 1)A|/9||‘8| !s’

where we used Lemma 3.1 and r=nA,/(4:—A4,). Hence we obtain
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bify=reodEP+bE N (reo+1)
(A.8) bih=bf i+ b (et ), =1, k=7,
diP=df*-P+dP, =2, k-1,
From (A.6) we have
CH =0T eot D+red f0) AP Bl P+ diE0,,

from which it follows

k)— (k l) r€o+l)+7€0d(l )
(A.D

diP=dFP=dP=1.
We shall prove by induction on % that the b{* and d{* given by (A.7) and (A.8)

satisfy (A.3),. It is evident from (A.7); that (A.3),is valid. Assume that (A.7),
(p=1, -+, k—1) are valid. Then by virtue of (A.8) we have for j=<k—1,

g < =DV (e=D! _ k! j+1 k!
J

= < —>
B R (o 1 R TR R T
(k=1)!* (k=1
b(k) ——750 ( 1)]3 +(1+r 0)] 1( 1)‘3 (150+1)
k1° 7e0J J
<(1+7e0) (—~—(l ot )
j+1
=(1+7e ( b )
<(1+?’so)’ ,s,
where we used the inequality 7e0j<(1+47e0)’, and
(k=D J(k=1)!
P =(147e0) G=D)] +(1+7’50)Z’“‘1)T
k!
=+ e = ’+J _(1+reo)f

It is evident from (A.9) that d{* satisfies (A.3), and
b =(1+7re0)* —1=(147e0)*.

Thus we have proved (A.3),. Hence we have

k
I DX, - Xj,u(p)] écj;l CHA(lal+5)1

=cE{Eatrey Ll vt B avial+ e
— == 0 jl! v J! s

j=1

. k-jfk—7 .
<c & (Byarreyassial+nr E(F7) ate—j-oiv,
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which and Lemma 3.1 imply our lemma, if we choose C suitably and A, such
that A> A:> A,.
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