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§ : l .  Introduction

We consider th e  C a u c h y  problem f o r  hyperbolic systems with multiple
characteristics o f c o n sta n t multiplicity. L e t  D be a  band  [0 , T ]X  R n i n  Rn+ 1 .
We consider th e  following equations in  D,

(1.1) q (x , D )0 (x ) --= f P(x) , p = - 1 ,  • • • ,  N ,
q=i

where x-=(x o , x l , , x.)-= (x o , x')E,S2 and a ( x ,  D) differential operators of order
of which coefficients are in the Gevrey class r 2 (f2)(s 1).
We use the notation as follows,

D = (D o , ••• , D .),

a = (a o , ••• , a .)

Da=DPD7 1 ..• Dqn ,

E=(C0 C , •-• , ea); dua l variables of x,

and r , (Q )  consists of all functions f  such that there exists positive constants C
and A satisfying fo r any a,

I D'.f(x)I CA''' la! ! s , xES2.

We correspond the polynomial ali'(x , e ) in  e  to  a  differential operator a (x ,  D).
We denote by e) th e  homegeneous part of degree m4) o f  ali(x, We de-
fine the  to ta l order ni o f  {a (x ,  D)} such that

m = m axE m f,,,,,
7r p=1

where it runs over all permutations of [1, , N ] .  Then it follows from Vole-
vich's lemma [1 6 ] that there exists a  p a ir  o f integes ftp , p = i ,  • - •  ,  N, such
that

( p ,  q)E[1, • •• , ,
(1.2)

in= E (t p —s p )
p=1
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where for convinience we define —co i f  al,)(x, D )= -0 . We denote by ti(x, e)
the  homogeneous p a rt o f  degree in of de t (a 7,)(x, e)). We calld(x, e) th e  charac-
teristic polynomial of the system al(x , D ). The pair of weights ftp , satisfing
th e  property (1.2) is not uniquely determined fo r  {mf}. B ut the  weights ftp,
is fixed from now o n .  We call the Leray-Volevich's system o f weights ftp,
a  system o f differential operators al(x, D) of which orders satisfies th e  property
(1.2).

W e assum e th at the intial plane {x 0 = 0 }  is not characteristic with respect
to a(x, e), that is, d(x, e)*0 for e=(1, 0 , ••• , 0) and x G Q .  F o r  t h e  equations
(1, 1) of the Leray-Volevich's system of weights ft p ,  s j ,  we can give tp numbers
of the  in tia l de ta  (cf. [51),

(1.3) ./AuPlx,=0=w1;(x'), h=0, 1, •-• , t p -1

If s p > O , th e  d e ta  {fP, 2,0, } m u s t  satisfy th e  following compatibility conditions,

(1.4) f P — E a ( x ,  D)wg=0(xP), p =1 ,•• •  ,N ,
q=1

where {wP} a re  th e  functions in  7' 8 (Q ) such that

(1.5) h-=0, 1, ••• , t p - 1 ,

p =1, ••• , N .

T h e  compatibility conditions (1.4) do not depend on the choice of {wP } satisfying
(1.5). We assume that th e  characteristic polynomial d(x, o f  la l(x , D )) is of
constant multiplicity, that is,

d
(1.6) d(x , e)= m(C.-2(0(x,

where m ( i )  a re  con stan t integers and

inf 12( 1 ) (x, e') - 2 ( j ) (x, * 0 .sixce, 1=1,

Then w e n o te  th at t h e  characteristic roots 2")(x, a re  in  r s (Qx Rn —0)
and in paticular analytic i n  e ' .  It follows from Matsuura's lemma [13] that we
can factorize

d(x, e)•=a1(x, e) 1 a2(x, e)" ••• ar(x, ,

where each a.,(x, e) a n d  th e  product a i (x , e)a2(x, e) ••• (ar(x, e ) )  a r e  strictly
hyperblic polynomials. To study the Cauchy problem (1.1) and (1.3) with the
compatibility conditions (1.4), we reduce a Leray-Valevich's system to a  system
w ith a diagonal principal part by a transform ation of unknown functions. To
d o  s o ,  we introduce t h e  cofactor operator o f  a  system {4 } .  We denote by
/24)(x, e) th e  homogeneous part o f degree tq —s p  o f  ae(x, e) that is,

cl (x, e), if mT=t,— sp,

0 if  71711 ‹t S  p .
14 (x , e)=
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D en o te  b y  G (x , e ) th e  cofactor o f  14 (x , e). T hen  the degree of G2Ax,
m—(t,—s p )  and

E hf(x, e)q(x, e)=5Ta(x, e).
r=1

Hence we have

ar.(x, D )G '(x, D )=4a(x, D )— b(x, D) ,

w here a(x, D )=a i (x, D)"••• ar(x, D)" -, each ai (x, e) and its products fi ai (x, e)i=1
are strictly hyperbolic polynomials, and

(1.7) order bAx,

W e call the above system of differential operators a Leray-Volevich's system with
diagonal principal part of constant multiplicity o f order in. In the equations
(1.1), w e put

nP(x)-= E D)vq(x), • • •  , N .

Then w e can see that it is sufficient to  solve (1.1) and (1.3) th a t w e  can  so lv e
the following Cauchy problem (c. f. [171)

a(x, D)vP(x)— D)vq(x)=fP(x), p = i ,  • • •  ,  N .
(1.8)

MvP I x 0 _0 = g -f,(x'), h=0, 1, • , m -1 .

Our aim is to construct a fundamental solution for the system (1.8). We factorize
the principal part d(x, e) of a(x, D) as follows

d (x ,)= •-

D eno te  by  0" ) a  p h a s e  function associated with 2( 1 ) , th a t is, A -- -- 2(1 ) (x, 0 11?),
01.» Let m r ) be  in tegers satisfy ing for each ( p ,  g, 1),

(1.9) e-i00")4(x, D)(e'PV' 1)f)-=0 (p 4 ( I ) ) , 0 0

That it follow s from  (1.7) th a t w e  have

(1.10)

We define the rational numbers g " ) as

q -=max E 1nP, ( 9 ) 1N-Fin" ) —m , 1=1, ••• , d
Ir 19=1

w here r  stands for a parmutation of [1, , N ] .  Then using again the Volvich's
lemma, we can find the rational num bers {n(,;) }  such that

inr ) ..m—ina)-kg(')±n (,11—nY, ) .
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Remark. In  the  case  of q" )=0(/=1, •••, d), we can solve th e  Cavchy prob-
lem (1.8) in  the  sense o f C- -class (c. f. [9 ]). When q" 1 # 0 ,  we can not solve
(1.8) in  Cw-class. Then we treat the Cauchy problem (1.8) in  th e  Gevrey class
rs(Q).

We return to (1.9) and expand it in  a  pow er o f p,
pci)Inq p ci)

(1.12) ett,,,,(i)w eipocof )= i() M q  -kbNi)(x,
k=0

where b rk
) (x , D ) is a  differential operator and denote by drii,) it's order and with-

out loss o f generality we may put

m 1>=7 7 ,—m c1 + q co+ n v)_ 74) .

Then (1.7) implies

(1.13) inr1)— k-I-drk) m -1-Esq— sp.

We define

d =-max E
7r p=1

in" ) —d (j,)
K " ) =  in f  

q (1)- k>0 q" ) —k

Then from (1.13) we have
dT<inu ) -1—q" ) +k

which implies
q")+1— k g

( I ) + 1

(1.14) x(/)>inf  >1.
k q —k g

( I )

Moreover we note that (1.18) and valevich's lemma imply

(1.15) c/UP_d(Pd-s(L)—s(lp)

< m (i) _ K ci)0(i)_..k )± s cv _ s cil

where s = s p — n .  T h e  number x" ) g iv en  b y  (1.14) i s  saine o n e  which is
introduced i n  [7], [10] an d  [3 ] in  the  case  o f N = 1 . We call th e  fundamental
solution of the Cauchy problem (1.8) a distribution satisfying

f a ( x  ,  D )K P(x , y )= E bT(x, D)Kg(x, y), p = 1 ,  • • •  ,  N,
(1.16)

1141-0) z o =yo =a(x' - r;/3 ')31-1 ,h =0, 1, ••• m - 1 .

W hen we re g a rd  KP(x o , y o ) a s  a n  operator from r,(R 1,1,) to r 8(R , ) ,  we write
K(x o ; yo), that is,

(KP(x0; Y o)n)(x')= R K P(x , y )u(y ')dy ' ,

fo r  u  r s ( Rn).

Theorem 1 .1 . L e t  a ( x ,  D ) 4 ± 4 ( x ,  D )  b e  a L eray -V olev ich's system  w ith
diagonal principal part of  constant m ultiplicity  o f  o rd e r n i an d  th e  order of



(2.1)
1 -y•D u I  xo - y o =  (2707, ei<x h=0, 1, • • • , m -1 ,
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satisf ies (1.7) fo r  th e  w eight (s r , s o ). W e  assume th at the order d rk)  of the
operator b j  g iv e n  in (1.12) satisfies (1.15) and assume

(1.17) s'ii; — s ( q ( 1 )  , i f  q ( 1 )

f o r  an y  ( p ,  q ) .  T hen w e can construct the fundamental solution KP(xo; yo) of
(1.16) as follows,

(1.18) K P(xo; y 0)-=W P  ( 0 ; 0 ) + T ° W P
 ;  t)F P (t ;  y o )dt

00
where

d
W P ( X 0 ; y o )=  E  5eW l )  y ;  e' w P ( 1 ) (x , y o ; e')de'

and 0 ( 1 )  the phase function associated with Ac1 ) such  that 0 0)= 2(1)(x ,  o n ,  (pm =

<x '— y ', ei> at x o=y o ,  and FP(xo; yo) is a solution of the integral equation,

(1.19) FP(xo; yo)=— RP(xo; yo) —
 .

x 0 R P(x 0;t)FP(t; y o )d t,
Yo

here

R P (X 0 ; Y o)=a(x, D)W P(x0; Y 0) —  E  14(x, D)W g(xo, yo)q=1.

= Ed
 . ç e i 0 ( i ) rP ( 1 ) (x , y o ;e ')de ' ,1=1

and the amplitude functions wP“) (x , y o; e ') and rP ( 1 ) (x , y o; e ') are estimated by

(1.20) TY114, w 1  I exp {A2I x 0— y I e'11, x(1)}

(1.21) I D 'ID i9, rP ( "I exp {A21 x 0—  01 e' 11 " ) } -LAI-p+.01.(1)

X  lad - p  vp  pn(t)(8 - 1)+ )0

f o r  a=( a o , a l , ••• , a . ) ,  P=-(131, ••• , P,,) and 11=1 , 2, 3, ••• , and m ( 1
7

), =m ( 1 )—m.
—n ( 1,2+m ax  n (L).

§ 2 . Asymptotic solution of fundamental solution

W e note th a t the distribution 5(x '— y ') is represented by

(27r)n Rn

Then w e can obtain th e  asymptotic solutions of (1.16) b y  in teg ra tin g  in  E ' the
following solutions

a(x , D)uP(x , y ; e ')= 14(x, D)uq(x, y ; C '),p = 1 ,  • • • ,  N ,
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w h e re  ô  is  Kronener's d e lta .  W e seek fo r  uP(x, y , e ') a s  forms

uP(x, y; kiouf(x, y ;e , )

w h e r e  u  is  a solution such that

a(x,

(2.2) 1 <x, - 5
, ,

( 2 7 e i0 7 , h=0, 1, • • • ,

and for ur,  satisties
zsr

(2. 3)k
{ D

o ut9 1

a(x, D)ue-= E be(x, D)ug_ i ,

, , h=0, 1, ••• , m -1.

q=1

W e construct an  asymptotis solution of (2.2) a s  follows

d .
V(x, y  ; e')-= E E e i0(1) 1$' ,a(1)) .i (1)

1=1
(x , y ;

j=0 

y, is  the  phase function associated with 2 ( i )  such  tha t

0 (1 =-2 ( t ) (x, 0 (17)
(2.4)

OM  I x o  r o ■ < X ,  y l ,  e,›
W e note th a t 0 '(x ,  y , e ') is  a  homogenous function o f  degree one in For
a  differential operator P(x , D ) o f order m an d  fo r  a  function 0 we define the
defferential operators o-

p (P, 0) such that fo r  p>0

e- i POP(x, D)(eW f)- pi ° Pm -  k  p (P , O f •

T hen the principal part of ap (p, 0) is given by

(2.5) E 1 ( ) P(x, sb,x)D"
i ! i= p  a !  ae

w here  P(x, C) is  the principal part of P(x, D).

Lemma 2.1 (c. f. [2 1). L et P(x, D )  b e  a  defferential operator of  order m.
A ssum e that f or a phase function 0 ( t ) associated with 2")

a (P, 0" ) )=0 , fo r  /1=0 ,1 ,  • • •  r - 1 .
Then we have

i0 ( 1 ) )= j ; (x)H ( 1 ) (x , D)i
o

where

H( 1)(x , D)=D o — 2 ( x  0 (1 )D, , x
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N ow  w e return  to  (2.2). N oting that a(x , D ) is  a  product of strictly hyper-
bolic operators, we have

e - 1 0 ( 1 ) a(x , D )( own =  E  p m-mco-,, p + m ( i ) ( a ,  ( o ) f ,

1=0

p--- -- le'l and j ("•=0
1 )/  e ' .  In  particular, w e  have by Lemma 2.1,

m oo
(2.6) am(o(a, j( 1))=  E  aT (x )H ")(x , D )iJ=-0

(a;,?( 0 # 0 ) .

Hence inserting v (x , y ; in to  (2.2) we obtain

mi )a(x , D )v (x , y ,  e ')= i o-mco+p(a, s3" ) )p - P- jv ( ;) .1=1 J-1  p=0

Therefore w e have

i n -  m(1)
(2.7) E  a m u) + (a, j ( 1))vj-/),:=0,p=0 j =-0, 1, ••• ,

/=1, 2, ••• , d .
From the initial condition of (2.2) it follows

Dv1x0=y0=° i < x ' - '''' E' › Ea p(Dû, s3 ( 1 ) )v ( ;) ph - P- cia- m( 1 ) ) - J

' E (D  ,  j ( 1 ) )v.g_'7„,co_ p p h - ni - j

1 x, - y , , >31 -
1(27r)n

Hence

ap(D'ol, s3( 1 ) )* ).( o _ p ={(2.8)
otherwise.1-1 p=0 ,

N o tin g  th a t th e  p rinc ip a l p a rt o f cri ,(D/(1 , j ( t ) )  i s  ( h )(2" ))h- P D , we can solve

(2.8) as  th e  linear equations o f  {D'Jvg)
m /o-h, h=0,1, •, m ( 1)-1 ,1=1, , d• F or, the  deter-

minant of Van der M onde i (  h )(2" ) )4 - P}  (h-=0, 1, ••• , m -1, p-=0, 1, ••• , m ( t) —1,

1=1, ••• , d )  does no t van ish . T here fo re  w e  ob ta in  1 =0, 1, ••• , d ,  p=0, 1, ••• ,
m (z) - 1 ,

m-1 a m-1
(2.9) Di6ev.g.)7m()_p= E cl,( 1)» 1 + E  { E  Nfc,`", (t),p  - 1 - p

71,=0 1, =1 I v  =1

± N r " '1 4 1-F711,(0)-p,}  y

where f1 = 1  i f  h = m - 1  and  j=1 , f 'f = 0  if  otherwise, and /Vì;',V, a re  differential
operators o f  o rd e r  p '  w ith  respect to D o a n d  IcPTI is  the inverse m atrix of

where

h = 7 n - 1 ,  j = - 1

i(h ) (2 " ) ) - - 1.
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Thus w e can determ ine { v }  successively by (2.7) and (2.9). W e define ut)
by,

(2.10) uf,= E e i o( 1 ) E p - m+ m ( 1 )  ± n  P ,
1=1 j=0

where Ft (1,2= max fl -72j,

7».1)77,) 
1110) ) ) =

0 i< F2(1)  .

N ext w e seek fo r  uf the solution of (2.3) k  a s

(2.11)
d

ur,( x , y ; E  E  e io(0 0 -7-,, , n(i),h(p+k,( , )_Ju r ,
1 = i  J =0

Then inserting ur_ i  in to  (2.3)k, w e have by virtue of (1.12),

' C l ) ( I ) k  ( I) - 'E be(x , D)74_, -= E 0 b  pn P q  P- 1 ( x  ,
1=1

O n the o ther hand w e have

a ( x ,  D ) u f  Eeio ( I ) (17(0+,(a, j ( 1) )p q, ) +kg( 1 ) - p - iu r 1).

Therefore we obtain

n  - m C 1 ) N  771 " )
(2.12),, ; E  antco+p(a, j“ )1 1 - p = E  E  b rp ) (x , D )u ri ),.;

P= °1 =1 p=0

A s th e  intial condition w e  have

D u f  I x0 =v 0 = E e i < x .  - v 'e> P-  a p (D , ç -tr"))uPk
(1),, u) + ,,,(1) + ; =.0

which implies that

d h

E  E (D , çP 1 ) )141),(74 )+k e t)± ;_ ,,-- 0 .1=1 p=0

Hence we have analogously to (2.9)
7.-1

(2.13) k , ; k m kq CI)+j-p E E
1, =1 p' =1

E NVIL, tiPiu;„)(v)±k g cc)+ ; - , , I ,p,-.=moo ' P

Thus w e can seek fo r  u 3 1 by solving (2.12) k ,;  and (2.13) k , J. W e  re d u c e  (2.12 )k.
to  simple form s by a  canonical transformation x '= i '( z ,  e'), x 0 -=z 0 ,

d
 " .V(z o z / ) = 2 V ( z o ,  X", e ') =2T (zo,dz od z o

(2.14)
z ') =z ' .
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Then w e have for any function f(x)

(I -11(x , D.v)f).x=c 0 ,x , )=D 0(f(zo, x'(zo, z')).

Hence it follows from (2.6) that
mu)

o-
7m (1)(a, j" ) )I x=cz o , E ar ) (z)D-1,(--=-- A 1)(z , DO).p=0

W e put
14,7 ) (4= u r, (1) I x=cz 0 ,

A5 ) (z , e', D.,)=o(a, 0" ) )1

B r(z , e ', D z )-=b1g ) (x, D)1.=(,„., , ) •

Then (1.12) k , ;  is reduced to

A 1 ) (Z , e', Do)UVI ) F r (1) +Gra )

where
no-me)

F r i ) ,  E  Au ( i ) , (z, e', D)U ,(;)„,
p=1

m ip
Gr1 ) =- E  E  /34) (1,) (z, C ', D)US1, 1,), ,

q =1  p=o

and
o r d e r  A ( ;)(z, j ,

(2.17)
o r d e r  B 741) cr ) d-sT— s (L)

_ ni ( t)—K( ' ) (q( "— p)-E s — s  .

As the initial conditions, w e  have b y  (2.12) k , ;

d In - ,  m u) rip (1 ') (1 ,4 k g (C )+i_P 0  t n ti) (p " ( 1 ) + i -
=1

1.0  k,n1(2.18)k, j D U 1)+

m-1
+  E  M W , 1),, U 73,N (1 ')+ k q (1')4. j_ l e }

p , =m(1)

w here  M r /Y.= NIiiN  x _(  '1‘,) i s  a  differential operator o f order p .  Then w e have

Theorem 2 .1 . There exist positive constants C , A  and 5 independendent of
k , j, a  and p such that f o r any j, k , a and 13, z 0 - y 0 1 z 'EK , a com-
pact set in Rn,

ID"Di,Urp(z, ) 1  <y , , _C i+0 +1 A iai+If it+i-k K (1 )0 (1 )_ 4 1 )

(1z0-37.1A) xE CI a+Pld-jx ( `) — ke i ) q" ) -  p —  s ;P il s

where the summation in  p  is from Em( i ) —ao l i.  to  [jm ")+k e)q")±[m (`)— a 0]+1



556 Kunihiko Kajitani

+.q "], and [h] stands for the largest integer h ,  and

h> 0
[h] + = f  [ h i

10 , ,
[h ] , h>1

Chi+i=
1 1 ,

Therefore, noting that 4 3 )(x , y o ,  e ')  is homogeneous of degree zero, we
obtain

Theorem 2.2. The solutions 143 ) (x , y o , e ') o f (2.12) 1 ,5 and  (2.13) 1 ,5 satisfies

IDc,',134,1110(X, y o ,  , ) I < C : 71+k-FIA k2(1),1(1)_sVI]e,1

x  E(i x0 - 3/ AO" El a+,8 -EjK ( )̀ —kx ( i ) e ) -Fil— sT]!'
P !

f o r  x 0 — y 0 1 7 , 'w  R \ 0 ,  where f t=lin ( 1 ) —a01+, •-•, [ini( 1)+kK wq")+Im — aoi+ i
-i-sT ], and C, and A , are independent of j, k , a  and p.

§ 3. Successive estimates o f asymptotic solution

We start with a  lemma to be used often in our reasonning which proof
refers to [14] and [8].

Lemma 3.1. Let p , and p2 be non negativ e integers, 1>1 and s _ 1 .  For
any  m ulti integer a=(a„ , a„), w e have

(3.1) E a ) r - (  I a' +PO a"1--EN -ns
+ a

(  a 1 +pi+po ,r -1
al! a,,.!

where (
a

) =
a' (a,— ap!a! (a„—a;,) !a'„! •

Leibniz formula and Lemma 3.1 imply,

Lemma 3.2. Let P(x , D)= , E d a a (x)Da be  a  dif ferential operator in Rn, P,

and p2 non negative integers and r> 1 . Assume the coefficients of  P(x , D) satisfy

(3.2) D a a p ( x ) I  I  + P i )

(3•3) I Dau(x)I I al + P o ,
fo r  x K  a compact set in R n .  Then we have

I Da  P(x , D)u(x)I .. CCondi'l l a l (1 a I + Pi -  PO!' , x E  K ,
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where fi d -=(n d -1 )(n -1 ) - i(T -1 ) - 1.

Lemma 3.3. L e t X ; (x, a ii(x )D i+ a p (x ) be first order differential

operators (j=1, ••• , N). Assume that the coefficients a(x) of X ; (x, D) and u(x)
satisfy (3.2) and (3.3) with pi =0 and p2 =p  respectively. Then we have

D" X ,,X ;2 • • • X J u(x)I • C(C0771,1)`A ' ( l a  I • • •  + p ) ! '

for x EK and fo r  (j 1 , ••• , j 1) c [1 ,  2, ••• , N], where 71,=(n+1)(1-1) - 1 1.

Let 0= (0 1 (y), ••• , 0 7,(y )) be a mapping from Rm. t o  R .  N o tin g  th a t

D;(u(0(y)=(X71X2 ••• X;mu)(0(y)),

ao,  a a 
w here X ,=  E + , w e obtain by virtue of Lemma 3.3.

1=1 ay; ax ia y ;

Lemma 3 .4 . Assume that 0 1 (y) satisfy

IDVI(Y)I-5_CoAV"la I !s 1=1, , w ,

for yEK , a  com pact set in  Rm. Then for u(x) satisfying (3.3), if A >  A 0 , we
have

Dcgu0(y)I ._- .C(2sCorT1 +P) !8,

for y  E l( i , where rTii-=(m+1)(4  — 1 )  A
A •

W e consider an ordinary differential equation in y o w ith  param eters y'=-
(yi, , y.),

c i(Y)DÔu(Y)= f (Y) , (a m(Y)= 1 )
.7 = 0

(3.4)
D u u o -o=uh(Y') , h=0, 1, • • , M - 1.

W e assume th a t the coefficients satisfy

(3.5) I Da c o(y)1 al ,

fo r  y E K , a compact set in R 4 +1,  and tha t f (y ) and u k (y ') are estimated by
respectively,

ino yoDP 
(3 .6 ) ID . f (y ) I CAm+Ial p! (la I+m -H u+P)!s, y e K ,

(3.7) Daith(Y) --CA'a l + h (l a  ± h ± P )r  , Y 'E lfrl{y0=0}.

W e denote by [h ]  the largest integer w hich does not exceed h and

11h], h > 0 { [h ]  ,  h > 1
Chi+1=

0 1 /1.__1
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Then we have

Proposition 3 .5 .  Assume that f (y ) and u h (y ) satisf y  (3.6) an d  (3 .7 ) respec-
tively. T h e n  i f  A> 23+2 Co Ao ,  the solution u(y ) of the equation (3.4) can be esti-
mated by

ovi +1 .0 4 1  Y o DP 
(3.8) D''u(37)1 --CC'A ''' (la I +p - FP) r

p=-0 I"  •

fo r  y E K , w here  e=in
A ( A  - 2

2s+ 2 C0110 28 + 2 C0A0

(3.9)

P ro o f .  We reduce (3.4) to the  first order system a s  follows,

iv 1 =D6 - 1 u , i =1, ••• , in

Dowc=w1+1, ••• , ni-1,

771
-

1
D o w n i = D ru = - -  E a i w i ,i=0

Denote
0 1

0 1

— C 1 0  • "

Then we can rew rite  (3.9),

Do w =M w +F.

Putting S=exp
o

M (t, y ')d t} , we can represent0

(3.10) w (y )= S (y )w (0 , y 9 d T :S ( t, y ') - 1 F(t, y ')d t} .

Denote by a < ( y )  th e  ( p ,  q)-ellement o f S ( y ) '.  Then by virtue of Lemma 3.3
with A =2A 0 a n d  r=2,

ID 77 cq(y )1_(2 8 + 2 C0A ) I ' l a r y E K .

Therefore using again Lemma 3.2, we obtain from (3.6),

(3.11) =max I D '(a  l '' ) (y )f

cn  A m - H a l  i
° (A I Y01)11+ m ± p ± p ) ! ,

=  n - 1 p=0 p!

where we have assumed that r 1 =A (2 8 +2C0 A 0 ) - i> 1. We define

T u (y )=- \/ -1 " u(t, y ')d t.
0

A l=
o

0 1 11):= , O

f
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Then we have

1-4 u =T D 1 u+Dôu(0, y ') , i=0, 1, ••• .

Hence we obtain
m - 2  A li

(3.12) u(Y )=-T ni-lar— lu+ Dôu(0, 31.i=o i!

On the other hand the m-th component of w is given by (3.10) as  follows,

w „,= D r- lu ( y ) =  
1
 a71 (+)(y)1D1; - 1 u(0 , y 9+T a7" - ) f}

i =

Hence we have from (3.4) and (3.12)

(3.13) u (y )= T '2 { i  a lin c + ) (3 0 (  -1 (3 )+T  ar ( - ) f)}  - FM
1
2

For a=(a o, p),

I )  a r ( +) { D Pui_i+T D P(ar(-)f )}
y 0

" DPu ijS i=a0

Hence from (3.6), (3.11) and Lemma 3.2 we have

i (  1 — -T) m - 1 - a °  i n nD a ul —  --1
cc p l ± p ± ,,n _ i ) p A +m,

n ) 2(  1 T)CA 'Pl + m
ma  IY°A11'( ip l-F p + m + p )r_p - 0 te.

+ : 71- 20 y ado )   A1p1+1(1 131 +i+p) 31

<COA l a i M 4D - a

p = 0 p !
HioAlli a a l + p + p ) r ,

where d=m71(71-1) 2__max (1, mria—ro - i, 71(rm-1) - 2). Next let be a -=(a o, a'),
a o m  and put 43=- (a o — m +1 , a') . Then from (3.13) w e have

(3.14) D au =as {Ea r ( +)u i _i + T  c r )

=  E  ' 3 ) {DP a r + ) D P u i_ i( y ') + E ein(+)D P(T ar-)f ).
19 "+,/3 "-- /9p

19 0= 0

By virtue of (3.11) we obtain

Cri . m° I YoAIP 

i A "Tar ( - ) f  I{
p=o [II

D
:   7C—il

l   A l i ' I-1+1m  Em.+11 yo'A l' (  ̀ I PH  1 — 1 ± m ± d a + P )  Is ' i f  1(3g °AIP±m- 1  E  , C p "I— l+ m + ,u + p )r  , if  g(---0.
— 11- 1 1 . 2 = 1 p i

Hence we have from (3.14) and (3.7)
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I/3°7415C E )(rVAYA"1,3/1 rAo" - - i(113"1+m—l+p)r
t $  A

= °o
13'

E ,)(rTiP1)' ' I le' I

13 \E 0 ,)(rT 111)1P"liail
4=0 p

A n'fly0A1P<CL,A'al , + p+P)! s •p=o

T h u s w e  co m p le te  t h e  proof of Proposition 3.5. W e can prove the  following
theorem analogously

Proposition 3.6. W e assume th at  the initial data u 7,= 0 , h=0,1, •-• , m-1
in (3.4) and f(y) satisfied fo r  any  a and yEK

mo-Fko y 0 Ai I'
D"f(y)1 . CA' a 1 + 7 4 E    Cal +777+11— P0)!'p

where mo , k o and p are non negative integers. T hen the solution u(y) of (3.4) is
estimated by

ao1+1 yo Alp ,
ID a u(Y )I-CCA ' 6 1 7 " + k ° + " -

p----cko-a03+ p!  a  +p—P0)1.9

where c= in1I(r1-1)-2, r1=A(22 -i- sc0A0) - °> 1  and h !=0, if, h<0.

yEK ,

Now we shall prove Theorem 2.1 and Theorem 2 .2 . W e return  to  th e  equa-
tions (2.15)k, ,. W e estim ate tif,,(2(z, Y0, e') successively  by use of Proposition
3.5 and Proposition 3.6. W e m ay assume th a t the coefficients of 11 (z, e', D,)
and  I3Vp (z, e', D z )  satisfy (3.5), if w e replace the variables (z 0 — y0, z ', b y  y
and K=K,x,Sg, - - 1  w h e re  K . is  a com pact re t in R 4 + 1  and sg,- ,  i s  a  unite sphere
in R .  H e r e  w e  note th a t  U t »  and  the  coefficients of A ;"  and  BV,, a re  homo-
geneous degree zero in Then we can prove that there a re  positive constants
C and  A  such that

(3.1 6)k, ; IDatIfyi_C(Coe);+k+1A1,,I+;- k,c)o(1)-8;,"

yx E D al e t )  — k x.(1)qCO + 4 1 ) ]  ! s

p !

w h e re  t h e  sum m ation in  p  is from  [h e )q ( 1 ) + 4 — a 01+ t o  [jm ( t )d -k e )q ("±
[m ( 1 ) —a014.1±s (p'1.

W e shall prove (3.16)k,, b y  induction on h and j. A t first we estimate U ri )

b y  induction on j. W e recall the  definition o f  Ur1 ) , th a t  is,

v (12T,i) x=<=0,
U0,7 ) = u r i )

0 j <?1,"

mo riC  11-10Alf̀
p! A " ' - ' 771 (1 /3" I p +

r ic 
A

A 77t1,9#1-1+ 1 Y0 ( _14-771+ p+p)rr, P I I-
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where -7 =max 741 ) - 1 4 "  and  v) 1) i s  the solution of (2.7) and  (2.9). Put

V j 1 ) -=- VY) 1.-c o .:i. , cz,e , » •

Then we shall prove

(3.17); DaVY)I
y o  ( a l± j± p ) l s

p= 0t e  •

from which it follows that UV1 ) satisfies (3.l6) ° , i f  we choose .4 »  for
each p  and l. From (2.7) we have

(3.18) A(,), (1)(y, W V  Jo=

m,(1)
where F P =  E  A (1)+p(3), D)V P,(y ), a n d  we replaced (z 0 —y 0 , z ', to y.

p=i
We note that A ( i ) + ,, is a  differential operator of order m ( ' ) +1.1 an d  in  paticular

m

(1)
A m" )(1 )(y , D0)=.- E  a 1 ) (y)Di; , (a 77,91 ) 0).

11=0

We may assume that the coefficients of A c t)=- . E a (y )D'' satisfy (3.5).
i.i p+ne(I) •

A t first we shall estimate vp) which is a solution,

.11X ( 1)(y, D 0 )V (V) =. 0

and as the initial condition we have from (2.9)

DilV 1 ) !, 0 =0 =0

( 1 ) - 1 VV )
 y o ...0= C e ) - 1 ( )̀O l 

w here w e m ay assume that Ce? - 1 ( 1 )  satisfies (3.7) with p = 0 ,  if  we choose C
and A  suitably. Hence by virtue of Proposition 3.5 with p=0, f=0, m 0 =0 and
m=m ( 1 ) , we can obtain (3.17) o. Next we assume that (3.17),, i=0, ••• , j - 1  are
v a lid . Then in  (3.18) we have

F P =  E aV (y)DPV Pi,
i i

Hence the  hypothesis of induction and (3.5) imply

(3.19) ID'F5 1 ) 1 „E (:,)1D a'aW  !D 'V,i-il

jam I YotIP
- C(CoCi)(C0C- P A ' ' ' '

CO +  

E , ( al d-m( 1 ) -Fj—p)!s,
p=0

where
Ci=m(nm — 1)70(n-1) - 10'0—W1 , ro=— AIA 0 >1.

As the initial condition we have from (2.9)
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m-1 d m-1
•ÇI p(1) 1 -7 (1' )DP E CVi). 0,,(1) + F + E + m (e ) -  m a )

h=1 I, =1 p , =1

d

+  E
A lp (1 )  V W )

= 1  p ,
Y  1 -ie+ M (e )-1 1 1 (1 ) y (y0 =0),

where /UM  = x=(o, x• ). If we assume that ni(1) n> >m(d), we have

d m-1
VP =  z  c  f1 =0 g ( i ) z z 111°P) vw)

h, 1, = 1  iv  =1
.1- p , + n t ( e ) - m , ( i )  I y o=0 •

Hence by the  assumption of induction we obtain

D V y o =, . C(CoCi)(C0CPA'''+'( I al +i)r
where we note that f ;= 1 ,  ( j= - 1 ,  h=m -1 )  a n d  f i = 0  (otherwise), and  the  co-
efficients of M »  satisfy (3.5) and C;̀ , ( 1 ) is estimated by

D'Cr, ( 1 )P
By induction of p  we obtain.

l Do VP)  l y0=0- 0(C0C1)(C00).124 1 + j + p (  I + i± p .)  !
s

fo r p=0, 1, ••• , m( 1 )- 1 .  Moreover by induction on I we have

l MI/ 0 0 =0 C(C0C1)(C0e) -1 A l ' I + i - "( I a l +1+p)P,
fo r p=0, 1, ••• , m ( 1 )  — 1 a n d  l=1, 2, ••• , d. Therefore by virute of Proposition
3.5  we obtain (3.17),, if  we choose 0  an d  A  such that 0 .C 1 17/71/(ri -1 ) 2 , ri=
A(2g+8240)- ' > 1.

Next we shall prove (3.16)kd, k by induction in k  and  j. We assume
(3.17)k-1, 3, j=0,1,.... We shall at first prove (3.l6),. From (2.15) k , o we have

An,")(,)ure.=—Gron ,
where

an )
G NE B 12 V V) ) U ) E  E  B P " ' ,, Dgrt ) — `

0 = 1 , 0-= 0 = 1  7 = 0 q ,  0

Noting that d e l )  < m" ) — q ( I ) +  —  4 ) a n d  that the  coeffic ien ts  o f B n )

satisfy (3.5), we have

Da RN> < E ( : , ) i  Da,D e a )  -t r , a0
U  -q !

cE( a ,y0(c .00) k A - '' l Ai a•i+ eV ' -t- (k-i)K( 1)q ( 1)-s ( 1 ) I 3 7  Al P
a pi

X [ I a" l d(f,V) —t—(k —1)K" ) q" ) ±  ,u-4 11 1!'

<CE  C 0
10 (C0C)k Alal+m( 1)- kK(l) q (1)-4') _1 1 Yo AI P

r o — i p l

XEI al - km“ ) .—  k q") p— 4 1 ) 1!' ,
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w h e re  the sum m ation in  t i  i s  f r o m  [(k-1)x< i )q (
7

) + 4 1 —(d 11,,T—t±cr o )1+ t o
[(k - 1 )K" ) q" ) +Cm" ) — ao— dVol ) d- tJ+14- 4` ) 1, 70=A /A 0>1 and h!-=0, i f  h < O . I t
follows from the assumption (1.17) and (1.14)

(3.20) s41 ) —x ( 1 ) q" ) +1m" ) —ao—da-Ft1 + 1—t

<4"— cr 0 s.;,i) , if m") — a o — d ia d - t>0

<s c(j i) — x (i)q")+1--t_.qi' , if m") — cy, - 4,V )
- Ft 0 .

Hence replacing ft to  p + t, we obtain

IDaGU ) I C C ,  ro  (
c 0

c ) kA ial+.(1)-kKc1)a(t)-40

To— 1

YoAlPI Yoit
 CI a l ± m " ) — k K " ) q ( ' ) — s ,

(
2 1 )

- 1 - p ] ! 'x E
q,p,t ( [1 + 0 !

< C C 0 C 2 (C 0 6 )k  A 1al+m(1)- k,(1)q(0_ 41)

k x (1) g (1)
Yo A1P D, al -1-m( 1)— k e ')q ")-4 )+ 1 ,1 ]! 0 ,

p=[kx(1) q (1) +qv -m( 1)-.0 +

where C2=r0Arm(1±6')/70-1. As the initial condition of Uf,,V) it follow s from
(2.18) k ,, that

D'(')Uf,(01,0=o=0, h=0, 1, ••• , m " )-1 .

Therefore w e can apply Proposition 3.6 to  LIV)" ,  putting  k0 =kK" ) e ) ± 4 ) , m=-

771( 1 ), m0= 0  and p0 =kx ( i) q" ) +s;,/ ) . Thus we obtain (3.16) k ,, if we choose C and
A  such that

0„_..772(orT(ri-1)-2c2,

r1 , A (2 'C 0 A 0 ) '> 1 ,

70=A/A0>1.

N ext w e assume th a t (3.16) k ,i are valid for i=0, 1, ••• , j - 1 .  Then we shall
estimate Fr» and Gf,7 ) in  (2.15) k , J. W e  have b y  (2.61) and (2.17)

, p
m(1)

D P " V iT i l
a'-1-a= i=1

(

° ,)c "  a'I a '  P C (C 0 C ) i - i +  k  +  A IP k ' ( 1 ) g ( 1 )
a' p a

I yoA  I Px E ,  Cla"--E131+K ( `) (j— i)—ke"q " ) - 4 ) + [11
t t i

' C(C 0C 3)(C 0
0 k A la l+m ( 1)+j- lz ( 1)q( 1) -o

13, 0A1P
x E CI al -Fm ( 1 ) -Ejet ) —kic(i)q ( 1 ) -4 " -F p ] !s
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w here the som m ation in p  is from  [le K")q ( " + —ni ( 1 ) — ao ]  to  Ej»z ( " -  k  e" q ( 1 )

-1-4 ,"] and C3 = ((n + 1 )'-1 )1 0mhz(r 0 - 1 ) .  N ext w e  sha ll e stim ate  G ri ) •
(2.16) and (2.17) w e have

N
G  =  E Be, (0̀) U J +  E  E

4=1 4 = 1  1 -1

B fz,
( i )

=  E  B l a p(y)DP ,
padv)

where

(3.21) —

and  in  partcular w e note th a t  B M  are  differential operators only in  yo•

I Da (B4):0( )  U7,_91), .01 E  ( a )I D11 ' BV012  D go - t Da 7 1 1:-T
a' + a  a

o ‘ t a l3 )

_ E ( a
a  ,)ColUce  I a' I !sC(C0e)p-k 4111•1i-j-(k-i),..(/)q(1)4 1)+dia ) -

From

Hence

x  1 3 , o/ 1"El a , + d r on _ t + i,(/)—(k —1) q 11)
P

w here th e  summation in  p  is from  [(k —1)K( 1)q ( ')± 4 1)—t—a2 + to

[ jm ( 1 ) +(k —1)K ( 1 ) q ( 1 ) ± 4 I ) +Dn" ) —t—a2 + 11 .

Taking account o f  (3.20) and  (3.21), w e have analogously to

D'(B la ;) I C (C 0 C4 )(C0 e) ) +k A 1ai+m ( -  kK( `) g( 1 ) - 4 1 )

x E I Y ° A, lf1 Clal - E- m - Fjx ( " —  k x" ) q" ) — +p]p!

w here p = D x (1 ) q( ' ) + 4 ) —m" ) —ao] + , ••• , Cjin ( i ) d- k e l ) q ( 1 ) ±  4 ) 1
and C4=m (1+5m )10lr0-1. N ext fo r i 1, w e have

I Da ( B a  U r i ),; ) I-i - . E ( t t
a  )1 Da ' B1',111) II DP + a l - l r i ) l

' I a' I PC(C00)J_1+k p+a , i+ J-i- (k -1)Kco q i)

Iyo Al'x E I j3-Fa" I +K( 1) ( j— i)— (k -1 )x " )q m — sV d -p ]  ,
pp !

w here th e  summation in  p  is from  [ (k -1 )x (1 )q (1 )± 4') —130 —a2 +  to

[( j —i)m" ) +(k —1)K" ) am + --F[m ( t )  — 130— a2+1] •

N oting that [(k-1)K m q" ) ± 4 ) — P0— ao]+ Cke ) 4( t ) - -F- 4 " — ceol+ and

[(j— i)n i" )+ (k  —1)K( i )q" ) + 4 1) ±Dn" ) — 13,— a2+ ,1

y5r [ jm ( 1 ) + k K( ' ) q - HIP] y



Leray-Volevich's sy stem s and Gevrey class 565

we obtain
4)(1)

I Ge,7)
N

(  Da( B O )  L 7? 11), j)1 + D'(BV1)14,12 , i)1)
0=1 i=1

:. C(C0C5)(C0d)i÷k AI al+nt ( 1 ) +.1-  kk( 1 )0( 1 )-s»

y o  
X E -FD a l  m,

p

where ft-=[kx ( i ) q" ) ± 4 ) —inm—ao] + , ••• , [jm ( 1 ) -F k e ) q + 4 ) ]  and
C5=roNm(1±5n)(e" - 1)(n — 1) - 1 (To —1) - 1 . A s  t h e  intial condition w e  have  by
(2.18),e,

DftUr»Pl 1o=0=0 , h=0, 1, • •• ,

Thus we can apply Proposition 3.6 to UrY ) a n d  we obtain (3.16) k ,i , if  we choose
and A  such that 6=2m71(11-1) - 2  max Ci, r1=A(2 + 2 C0A0) - 1 > 1 and r o =AAV> 1.

15{56

§  4 .  Construction of Fundamental solution

I n  t h e  previous sections w e  have sought fo r the  asymptotic solutions for
(2.1). In  th e  present section we shall construct th e  fundamental solution by use
of the solutions of (2.2) and  (2.3) k . In the expression (2.11) we denote in  brief
e'l 7q + k g ( 1 ) - i urii )  b y  w rj ) (x, y o , e') which is homogeneous degree rrOP-1-kq ( 1 ) —j

in where 74 ) =—m-l-m ( " + 4 " .  Hence we have from Theorem 2.2,

(4.1) wf,(1)(x, y o , e')i

^CCJCkA1aI x 0—  Y [k(0)q() -a0 . a4-
1
5

 !
s

x  e, + q ( 1 ) - j - I K ( l ) s + m ( l ) ( s - i ) k k(1)q(1)

where C1=C0 0.41 and C2 =A1 ( 1 ) (Coe ) ' .  Hence it follows from Boutet de  Monvel
and Kree [1] that we can find w ri ) (x, y o , e ') fo r each k such that

(4.2) I DV3t(wf" ) —
m - i

 E 24: ( 1 ) ) I

<CC -
2
- k k ! ' 0 ) q ( 1 ) 1 x0 —y0 E k ' ( 1 ) g ( 1 ) - a

0
3 +  I a+ ja

X Ala+ 131 +111I m ' ; ) 1 )  + " ( 1 ) - 1 '8 1 - M  M i K ( 1 ) 8 + M ( 1 )
 "  - 1 )

where M=1, 2, 3, ••• and the constant A  is dependent only o f  C1 a n d  Ai . W e
define

yo, A wl),(1)(x, yo, e')
which converges uniformly by (4.1), and put

rP("(x, y,, e ')=e - '0 (1)a(x, D)e ")wP")— E c i o (1 )14(x, D)eio("wq") .
q=1
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It is  th en  c lea r tha t wP ( 1 ) and rP ( 1 )  sa tisfy  (1.20) and (1.21) respectively, accord-
in g  t o  (4.1) and (4.2). H ere  our a im  is to  prove the existence of the solution
for the integral equation (1.19).

Lemma 4.1 (c. f .  [5 ] ) .  There exists a positive constant C such that f o r any
positive number p

inf  3.1p + 2  e l - P
i E N  p  —

N oting that -V p+2 . 2e ,912 ,  w e have from  the above lemma

inf fr EM I' ( "s+ ,. ( 1 ) (s - 1 ) <Ce — i ( Ai)
M E N

Hence by (1.21) w e have the estimate

(4.3) D'IDI,rP(i)

1 le' I )('`'s-Fnico(8-1»-11
e x p  I x0 - 3/01 

A 2  C' " " 1 ) —  —

2

X la ± p le,17.1,1)-01+.0K(t)

We define

RP" ) (xo, Yo)u(x')=-- e  0 ) ( x •Y. 6 ' ) rP ( 1 ) (x , Yo, e')u(Y')de'dy'

w hich is an operator from  ï 1 ( R )  t o  r s (R n ) , w here  0 " )  i s  a phase function.
M oreover we can see more precisely,

Proposition 4.2. A ssume that u r 5 (R 11)  satisfies

I u( 0 1 I al !s f o r x '  R n

When s < x ,  there exist positive constants e , and A such that

RP ( `Tx 0, Y  oin(f) 5eC(el."(xo-vo1A)1a1 Ial

f o r x ' c R n ,  x o — y o I and A > A . When s= K "), there exist, C , A  a n d  such
that

yo u (x i)l c-(elxo-voirA)al al

f o r x 'e  Rn, Ix o —y o l 'il-'11'1)} and A>A.

P ro o f. The phase function 0 " ) can be decomposed as

0 " )(x , y, e')--=<0" ) (S , y o , e'>
w here 0( ' ) -=:(Of`), ••• , O n satisfies

(4.4) I D;7,Di, 01°1 I xo Yo a+1 l e/1-1131
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Then we can write

RP ( " [x o , y o]u(x ')=-- 5e - '<2 '• ">rP" ) (x, yo, e')14(0` 1 ) + y ') d y 'd .

Hence
D , (RP ( 1 Cx0, yolti(xT

=  E  1 e - t<Y ''e'>(:,)Dcl:rP D ( u ( 0 ( 1 ) + x '± y 1))dy de ',

Noting that

DV(u(O ( ')-Fx/d-y'))=(.7Cf1••• X u)(60 - i- x / d- Y /),

n a a a awhere Xi = E 01) + + , we have
.J=1 ax ia y ; ax i a y i

(4.5) In ,R P"[x 0 , y o]u(x ')

r P ( 1 ) (X i; ••• X ii)(Y )dY 'de'

F o r .2c' E  R n  fixed, there exist, a  com pact set K  in  R n  such that fo r  y ' ,EEK

OV )=-0(`)-Fx'— y/ 0.

Hence we can find a  first a  first order differential operator L(t)(x, y , DO
such that

(4.6) L(1)(6,1:0(0),(1+1 f_ y ,12)1/2e io(1) , fo r  yEEK,

that is,
n a( +  x y 2)1 / 2 { 0 1)) 0 11)

a 
= aJ 1 ) (s, y , ei)

J=1

Then the coefficients a L " )  satisfy

(4.7) ,

if  we choose C1 a n d  A , su itab lly . L e t  r y ' )  be a  function of 1i(1?')(:s=k" ) i f
s = e 1)  an d  s<.§'<x ( / ) , i f  s<K ")) such that r = 1  o n  K , supp T.  compact and

(4.8) /4 ,rY ') I .C A 1 al la! I ;

f o r  y 'E R n .  Then we decompose (4.5)

D ,R P ( 1 ) [x0, yo]u(x ')

-.=-E (:,) . ei 0 ( 1 ) D :rP")( 1— gf)(X ri ••• X u)(y ')dy 'de

+E(:Neish ( i ) DVrP“) ¶( X ; • • •  X e n u ) ( y ') d  y '



568 Kunihiko Kajitani

W e  a t f irs t  e s tim a te  I . B y  (4.6) have

/1 = wx1+

X(1,a ) *)n+VD:r 1) " ) (Xr; X",..24(y')dyd' .

W e can write

( L (
1 )*)n -1-1. rP (1)( x 0 , .. • Xfnu)(y)

E
I

a i s „ , 9 . ( x ,  y o ,  ')/3'4: D r7 )(')D PE"(Xi'i.•• X n u )(y i)P'+/3. 1-5n+1

w here  a p• p.(x Yo,s a t i s f i e s  ( 4 .7 ) ,  if  we choose A 1 a n d  C  s u ita b lly . Moreover
w e  have

Dr(Xf"; Xu)(y)=--(Y iY 2 • • Y1 ..in)(Y)

where

3a a a  
Y i =  D IP  0 0v) + +

k=1 a x i ( ; ) a y  k a X i( j ) U Y i( j)

w here i ( j )s  [1, ••• , n ]  and  43( J ) =(13V ) , ••• P O ), Ip ( i ) l n + 1 .  N oting that the co-
efficients o f  Y i  s a t i s f y  (4.4), w e obtain by virtue o f  th e  lemma A .1 (It's proof
w ill be given in  th e  appendix.), fo r  y's supp (1— T. ),

(4.9) D•Y ••• 1e1n)(Y')1 _CC 2( e
ixo-yoirA)IelAialo a  +  l a ,

_CC,(elso - YolTA).'1A1a1(1+ rE e i(1 + 1
,  Y e ' I al Is I e l

fo r an y  e> 0 , w here w e used the  inequality

G I)al+ I a " 15 ...(1+ 6 ) 1a1( 1 + 1 -) a.1 l ai !I a "  ! ,> O.

W e choose later o n  s.--=rolxo — Y o i.  W e put

(y ') ) ( I  •••  1 7 1. , 10 ( y ') ( 1 +  If —  y' .

T hen  w e have

 e'>D((1— ¶)(1 1 • • 1.-10(Y')(1 - 1-  X '— y' I 2 )- " 2- 1 )d y'

Hence from (4.8) and  (4.9)

I --C C 3 (e ,x 0 -2 0 i1 (1 + 6 )sA ) . ',  la" I Is(  (1+e)sAyai l a
\ Es )

fo r any  a .  Therefore from Lemma 4.1 it follows that
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I I I
(4.10)I  Fa, (e') I CC4(etx0 - y0ira+ E)sAy a'l a "1 e x p   t

(1+ e)s A l

Ixo—yolro1 1 . 3 . 1I pA)1,11 a P1 exp ( 1 + )A 118

where we put s=701xo—Y0 I and f=r+Tos. We choose To such that

I xo—yo I Ad e I 110(1) 
X 0 — Y o  ro 

(1+1 x YotTo)A i l s ( le'l — co) .

When s<K ( i ) ,  the above is valid. When s=e 1 ) , f o r  x 0—y 0 I . 1/2, we
may put 1 0=2,4 1 1 2 . Then we can estimate from (4.3) and (4.11)

a
I ill E lappl EID`;'; rP ( "  I Fcela i

f o r  x 0 -3 , 01 ô ,  (1x13—yom i n  (3, (2.,42A ' ) ,  if  s = K ) .  For 12, we put

=Ga . e <°''e'>(TX14-•• X;(nu)(y 1 )dy' .

Then noting that supp qf is compact, we can prove analogously that G .  satisfies
(4.10) and therefore I ,  also satisfies (4.4).

Now we shall construct a solution FP[xo, yo1 of the integral equation (1.19).
We define inductively

d
F f ix ° , oi= R P [xo, Y oi= 1E1 R P "Tx

Fy[xo, Yoi-= .Yv:RP[xo,t]F11t, y o ldt , j=1 , 2 , •  .

Then we have

Proposition 4 .3 . L et v(x ') be in ï 5 (R )  and satisfies

(4.11) I v(f)1 A''' l al is , x ' R n

Then w hen s<inf x" ) , there ex ists positive constants e, co, f  and A  independent

of  j  and a  such that

(Col x o — y o  ( e r lx 0 - 1 /0 1 A ) I a lD"FilExo, Yolv(x') CC

f o r l x o —yo l and A > A .  W hen s=inf K( )̀ -=k, m oreover there ex ists 8>0 such
that FY[xo, yo] satisf ies (4.1)i f o r  x0- 3101:- inf (5, $A - 4 )  and  A > .

P ro o f .  We shall prove (4.12), by induction. F o r  j= 0  it follows from Pro-
position 4.2 that (4.12)0 i s  valid. A ssu m e that (4.12) ; _i is valid . Then again
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applying Proposition 4.2 to u=-Fil_i[t, y o lv ,  we obtain

R P [xo, Y 01'1)1 5_Cc 
( 6  °( to ) ) i

, erj —1) I - ')e r"-v °)A )'-ia l

which we integrate in  t ,  we have (4.12) ) .
We define

—F P[x o, y0 =  F [x o , yo]

which is evidently a solution of (1.19) and  satisfies

Dv F P [x o, y o]v (x ')1_6 cecoixo- y oi (e 7 iso- y  A ) I. ,  a  I s .

Thus we have prove that th e  fundamental solution KP[x o , yo ] is given by
(1.18) and  satisfies

(Da FP[x 0, yo]v(f)1 5_CC(erls0- ?I A )al ce!!' .

f o r  I x 0 — y 0a n d  A > Â  (I x 0— y (a , A ')  if s=k )  where y satisfies (4.11).

Appendix

Here we shall prove th e  estimate (4.9), which is sharper o n e  than Lemma
a a a .

3.3. Let Xi = i i i a ( x )  ,...),, + i _
d ay ,  ' a x , 0 = 1 , 2, • - , n) be first order differential

operators. We assume that

(A.1) D'Idii(x )1 <e0AVAI x  K , i-=j-=1, •••

where K  is a  com pact se t in  R n a n d  that u (y )  satisfies

(A.2) m ,u (y ) I I a  V , yEK..

Then we have

Lemma A .1 .  A ssume that A > A 0 . Then there exist positive constants Ô  and
I  such that

ID ;X J ,X ; ,••• X Ja(Y )1 C6((1+TE0)A ) k A l a'(la I +k) V ,

f o r p=i, 2, ••• , and x K , y E K 1 , where (j i , ••• , j k )C [1, ••• , nu.

Pro o f . We assume that

I D Y 4X .i i ••• j)!.,

k -j
C , j =  E  1 0 A 11131+ T  PI +i) ! 0 d j k ) , (241> A0)i=0

where b;',1 and  de) are  positive constants. We shall prove that there exists a
positive constant r  such that fo r any positive integer k
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b5 (1+7'
k!

60)1 .t ! j !

i=0, 1, ••• , k — j ,

j =1, ••• , k  ,
(A .3) k

k !  cljk) _.< j=1 , • • • ,  k .

We shall at first derive th e  recursive relation of C l i d . We have

I(D ID ;X i i )(X J ,••• X j k li)1

a
+  a  ±   a   ) x i , • • •  x i k ua y i  

5.E( P I D.1' co,J1 D.1174 X, X,
k uay i 2  

a DI1D X 2 X ,
k uay i ,  J - I  

a
D a x J4 • • • x  u

dx k

k-1cE(13)n,0A,v,11,0/1 al +1+j)
18 ,

k -1+ c  C■P-15A' + 1 + J (1 a  +1+1)!8

s=1
k -1

+C al +1) ri=1

= C f n e
k 2 ( E ( 13I P ' !SCI a  + . ) ! '0 .p ,  1 3 ) A ° I P  I • CI , ) - 1 ) .7

+  C V J - I A ( 1  a I +i)
j=2

k -1
+ iital+.1( I a I + j ) 1 1 .

j=1

Hence we obtain fo r  k>_2

(A.4) C11,1-=C■Y1+1,1

(A.5) C;kp),,J=C;kpVLH-CikiiT!)-id-neo ( , ) A P '  13' ! s C k
137•11,)i -

j-=2, ••• , k - 1 ,

(A.6) C11, n  E C  )A V ' .

From (A.4) we have
k -1 k
E I +1)! 1 - f d l k ) =  E  b lkT nA l ,°1+i -"(1 131 + 1 + i) ! 1 + d lk - 1 )J=0 i=0

k -1
=



572 KU 12 ih ik o Kajitani

Hence we obtain for k

 

bfk,)0•=0

1, Cie) — 11,  ( k - 1 )
0 - 1 , 1 , 0 -1  Y i=1, • • • , k —1 ,

For k = 1  noting that

d Ve 1=  d  k -

 

a a , i i (x) a y  D u (y ) DUY'y  a y , , u(),)1
nEoCAVI !s A I ' H -1 (1a1+1)P , (i PH-1=0)

< I C(ns0+1).14' 1 +1 (1a1+1)1 8 , (1P1=0)

_ C(nsoAlg t I /31 18 +1)( al + 1 )1 8 ,( A 1 >  A 0 )
w e have

Too
(A.7),

d11)=1.

where r-=nil l /(A,—A o ). H en ce  w e  have

bP:1=0,i = 0, ••• k —2,

b,n_1=1,

di k ) = 1 .

For j_ 2, w e have from (A.5)

k - 1 - j
E d e l  +1+i) ,8+ d"

i 0

+  E  b.M 1)1A1P '± i (1 '9 1+0 !s - d5ti l)

i= 0

k - 1 -  j+ 1

- H e °  E  ( 13 )AV'' 1)3'1 !s{ E  b A1/3"1+i(IP1+1)!s+dyfil}
137

k - j
E  " A ' ' ( I p I +i) Is + d jk - 1 )

i= 0

k - j
+  E PI +  )1 sd -d , 1)

i= 0

k - j
+rso E bYfi'iAIPH-i(lP I + 0  Isi=0

i1sodY2- 1 ) A1 1 IPI IS ,

where we used Lemma 3.1 and r=nA i/(A l — A 0). Hence we obtain
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14r0=7' od Y!--11 ) - V -1! )0(7 " 60+1)

(A.8) b5Y14-65 1=Vi(rEo+1) ••• k —  j ,

d JO =  d  k - + j=2, ••• , k —1 .

From (A.6) we have

CI , k 0+1) + SOd P-1 1) ) A1 191 IPi r - Fd

from which it follows
tql:to--=Wi.! )0(1' 60+1)+7' sodf,Y )

(Ad)
dP ) =c/Lk_V) =d1 1) =1

We shall prove by induction on k that the b.;!q and clj' ) given by (A.7) and (A.8)
satisfy (A.3)k. It is evident from (A.7)1 that (A.3) 1 is valid . A ssum e that (A.7 )2,

(p=1, ••• , k —1) a re  v a lid . Then by virtue o f (A.8) w e have for —1.

d5
(k -1)! (k -1)! k!  j + 1 k!

" -=
j ! ( j - 1 ) ! j ! k j !

(k —1) r 5.re o± ( 1 - E r s 0 P -  ,
— 1 )1 ., gE o-i-i)

U - 1) U •

k r  (  r E o l  
+j \ (1 d -re o)ik k

--(1 - FrE0) -1 k ( k  )

k
,

jr

where we used the  inequality re°,  and

b.;!1 .(1+7, (k -1)!E0)./  ;!(i-1)! + ( 1 +7- ) (j-1) !i!

=( 1 +r)   k  .!   i+ j  < ( 1 + r e  ) j   k !  
j!z! k ° j ! i !

It is evident from (A.9) that de) satisfies (A.3) k  and

bitô=(1+Tso) k  — 1 (1±7 .60) k

Thus we have proved (A.3) k . H ence w e have

D',Y,X •••• Xik ubt)1 C . 1± 1Q M I ' l+- i (1 a I +j)!'

k k  -  j k k(1+2-E o )  Ali Is+ j iA " - j(1 a I -I- j )5-1

h

E  
k

)(14-reo)JAral+i( la I +j) E j(k A f ( k  —  j  —  i ) ! i  ,
j=1 i
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which and Lemma 3.1 imply our lemma, if  we choose C  su itab ly  a n d  A , such
th a t A> Ai> Ao.

U N IV E R SITY  o f TSUKUBA
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