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On the asymptotic behavior of the increments

of a Wiener process

By

Norio KôNO

§ 1. Introduction

For a W iener process {W (t); 0 t < + co} , Erdi5s-Rényi law [5] implies the
following strong limit theorem:

lim sup W (t + clog T) — W(t) I/log T = .\,/2c  a.s. (c > 0)
T—■ co O gtT — clo gT

After them varieties of such limit theorems are proved (for examples, see [3],
[4]). Furthermore, P . Révész [8] has investigated much sharper limit theorems
using the notion of upper class o r lower class.

Definition 1. Let f  a n d  g  be two real (not necessarily random functions)
defined o n  th e  p o s it iv e  h a lf  l in e , a n d  w e  assum e t h a t  g  is a m onotone
function. Then g  is called an upper-upper function of f  (briefly, g e UUC(f)) if and
only if there exists to >  0 such that for all t > t o , f (t) < g(t) holds, and g  is called an
upper-lower function of f  (briefly, g c ULC(f)) if and only if there exists an infinite
sequence t, < t 2 < ••• — ÷ + co such that f ( t„)> g (t)  holds for a ll n.

In  this paper, we will give an  integral test which determines whether a  given
determinstic function belongs to UUC o r  UL C of the folowing functionals of a
Wiener process with probability one :

X 0 (T) =  sup s u p  W(s +  t) — W(t)1/,/ aT  ,
O g sg aT

X 1 ( T )  = sup sup W(s + t) — W(t)1/.\ /a T  ,
C l .s g a T  ( 1 ) t .4 T — aT.

X 2 (T) =  sup sup (W(s + t) — W(t))/.\/ a T  ,
O g tg r— a T

X 3 (T) = sup I + aT) — WWI/ \ / a r
Oata — aT

X 4 (T) = sup (W(t + (Jr ) — W (t))/,/a T  ,

Received July 24, 1989



290 Norio Kôno

where a ,  is a  real function o f  T satisfying the following conditions;
(a-1) 0 < a, T,
(a-2) a ,  is a  non-decreasing function and
(a-3) T —  a ,  is also a  non-decreasing function.

We remark that the above assumption (a-3) is a  little bit weaker than that in
Révész's p a p e r  [8 ] . (H e assumed that a ,IT  is non-increasing instead of (a-3)).

The case of multi-dimensional Wiener process is also investigated.

Remark 1. We are concerning only with the behavor of functions near at the
infinity, so all statements in this paper about functions defined on the half line hold
only at some neighborhood of the infinity.

We use letters c, c 1 , c 2 ,... for non-essential positive absolute constants which
may be different from line to line. We also use notation a A b = min {a, b}, a y b
= max {a, b}, log (1 ) t = log t  and log oo t =  log (log(k _ i )  t).

Acknowledgment. I am  indebted to Professor P. Révész who kindly sent me K.
Grill's pre-print "On the increments of the Wiener process" (to be published in the
Annals o f  Probability) giving a  rep ly  to  m y  firs t d ra ft. A  p a r t  o f  his results
(Theorem 1 and 2) give exactly the same conclusion as mine, though regularity
conditions are somewhat different. The main difference between my first draft and
h is  is  tha t he  is  investiga ting  X 0 (T )  instead  o f  X  ,(T ). Of course  X 1 (T)

X o (T ) .  Therefore I  gave a new proof of the original Theorem 1 for X o (T). I
have given the complete proofs in the unifying manner which is standard technique
after Chung-Erd6s-Sirao [2] a n d  S ir a o  [9 ] .  Unfortunately th e  proof o f  his
Theorem 2 is omitted saying "there are no new ideas needed", but in  my feeling
this case is more delicate than the case of his Theorem 1. Taking account of these
and the difference of regularity conditions, I  believe that this manuscript is also
worth publishing.

§ 2 . Main results.

Set Tk =  ek , dk = aTk , b k = T,,—

= N /10 g (Tk/A )  loglog Tk a n d  b k =  dkAi •

Theorem 1. If

l )/b,, 1 - g 2 (Toi2 < co ,i u ( g )  i ( b k + 1  v  i ) ( d k + 1  —  d k  

k \ 6 k I  \ ok
v

then ge UUC(X,), i = 0, 1, 2, 3, 4.

Theorem 2. If

i L ( g ) ( b k ( 5 -1,  y  1 )  ( d k  6 dk - v 1 y k
- 1 e - g2 " ." 2  =  +  co
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then geUL C(X i), i = 0, 1, 2, 3, 4.

Corollary 1.

Case I. IfT
-a l .  log ( 2 ) T  <  +  co, then

T- ce
g e UUC(X i ) i = 0, 1, 2, 3 ,4  if  an d  only if

J

 + c° (1og(2)0112 e -g 2 (t)/2  dt < + 09 •
t

Example.

g(T )= .\/2log ( 2 ) T + 3log ( 3 ) T + 2log ( 4 ) T + ••• + (2 + Olog o o T

e UUC(X i) i = 0, 1, 2, 3, 4 if and only if & > 0.

aT  = T -  cT /(log ( 2 ) T)Œ, 1 a, 0 c.

ar  = T -  c(log T)P, 0 c ,  0  [I (this exam ple is not included i n  Grill's

Theorem 2.)

C ase II. If

( i ) h m  
+ co aT

log ( 2 ) T = +

(ii) lim  a T IT  =1  and
T-■ -4- co

liM bk + i ib k +  c c ,  then
k-, 00

geUUC(X i ) i = 0, 1, 2, 3 ,4  if  an d  only if

J +  

 (log(2)0312
h2(t)/2 d t < + co, where

h2 (T )= g 2 ( T ) -  2 log {(T - aT )laT }.

Example.

g(T )= \ /2log ( 2 ) T+ 5log ( 3 ) T+ 2log {(T- a T )/a T } + 2log ( 4 ) T + • •• + (2 + e) logo o T

e UUC(X i) i = 0, 1, 2, 3, 4, if  and only if  E > 0.

(Here we assume that g  is non-decrasing.)

In particular, al , T - cT I(log ( 2 ) T)", 0 < a <1 , 0 <  c, then

g(T )= \ /2log ( 2 ) T + (5 -2a)log ( 3 ) T + 2log ( 4 ) T + •-• + (2 + Olog o o T

e UUC(X i ) i = 0, 1, 2, 3, 4 if  and only if  e > O.
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Remark. Case I and II are not considered in Révész's paper [8], since aT IT can not
be non-increasing unless aT  = T.

C ase III. If

(i) Iliji a T IT < 1 and
T-■+co

(ii) 1 < J im  d k + ,/d, riTn dk + ,/d k < + oo, then
k-4+ co

g e UUC(X ,) i = 0, 1, 2, 3, 4, if  and only  if

r  1
-  e

- h 2 ( t ) I 2  d i  < oo ,  
where

h2 (T )= g 2 (T )- { 2log(T la T ) + 3 log(log( T/a T ) + log ( 2 ) T)}

Example.

g(T )= \./2 log (T la T ) + 3 log flog(T/a r ) + log( 2 ) T} + 2log ( 2 ) T + ••• + (2  +  log (k ) T

eUUC(X i) i = 0, 1, 2, 3, 4, if  and only  if  E >  0.

(Here w e assum e that g  is non-decreasing.)

In particular, a l . = ceT 0  < a<  1 , then

g(T )= ,/21og ( 2 ) T + 5log ( 3 ) T+ 2log (4 ) T+ ••• + (2 + e) logo o T

UUC(X i) i = 0, 1, 2, 3, 4 if  and only  if  e > O.

aT  = Te - ( 1 °g(2 )T ) ' , then f o r 0 < a 1

g(T)= ,/2(10g ( 2 ) T)" + 2log ( 2 ) T + 51og131 T + 21og( 4 ) T+ ••• + (2 + E)logu o T

e UUC(X i )  i = 0, 1, 2, 3, 4 if  and only  if  E >  0,

and for a 1

g(T )= .\/2(1og ( 2 )+  2 log( 2 ) T+ (2 + 3a) log(3 ) T + 2 log( 4 ) T + • • • + (2 + E)logo o T

E UUC(X i) i = 0, 1, 2, 3, 4 if  and only  if  e > O.

aT  = T/(log T ) ,  a > 0, then

g(T )= .\/(2a + 2) log ( 2 ) T + 5 logo) T + 2 log(41 T + ••• + (2 + E)logo o  T

eUUC(X i) i = 0, 1, 2, 3, 4 if  and only  if  e > O.

aT  = aTfl 0 < a 1, 0 < /3 < 1, then

g(T )= .\./2(1 - 13)log T + 5log ( 2 ) T+ ••• 21og( 3 ) T+ •-• + (2 + e)logo o T

e UUC(X i) i = 0, 1, 2, 3, 4 if  and only  if  e > 0.

C ase IV . if

( i ) lim  d k + =  1,
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(
log(Tk/c/k) _ i

this im plies that lirn  dk l T, = 0 a n d  lim
k-.. + co k-,+co k t

(ii) lim  k (d k +  —  d k)I dk = + co and
k+. + co

(iii) O G urn  (dk+ 1 — dk )/(dk dk -1) 11171 (dk + 1 d k ) / (d k d k  _  1 )  G  +  c c ,
k-■ + co k-■ + co

then g e UUC(X i) i = 0, 1, 2, 3, 4 if  and only  if

Tk 312 d k +  1 dk  e _g 2(Tko. < Go.y - k 312

dk dk

(  TExample. aT  = exp e(t)It dt), where e(t) is a continuous slowly varying function
1

such that e(t)4.O as  t + oo a n d  lirn  e(T) log T =  +  cc. T h e n  g e UUC(X i) i
T -. + co

—  0, 1, 2, 3, 4 i f  and only  if

'  (log 0 3 /2f

h2 (T )= g 2 (T) — {2 log(T/a r ) + 2 log s(T)}

g(T) = .\./2log(T/a T ) + 2log e(T) + 5log( 2 ) T + 2log ( 3 ) T +  • • • + (2 + e)logy o T

e UUC(X i )  i = 0, 1, 2, 3, 4 i f  and only  if  E > O.

(Here w e assume that g  is non - decreasing.)

In particular, aT  = explfi(log T)Œ}, 0  <  a < 1, 0 < fi, then

g(T )= .\/2log  T —  2fi(log + (3 + 2a)1og ( 2 ) T+ 2log ( 3 ) T + • • • + (2 + e)logo o T

eUUC(X i) i = 0, 1, 2, 3, 4 i f  and only  if  e > O.

C ase  V . If

(i) lim  d k + 11 dk = 1 and
+ co

(ii) rii—n k (d k + , — dk)Idk < + cc, then
k -++ co

geUUC(X i) i = 0, 1, 2, 3 ,4  i f  and only  if

f+ ' ' ' ' )  

(b t ) '2

 e _ h 2 ) 1 2  di < + co, where

h2 (T )= g 2 (T) — 21og(T/a T ).

Example.

g(T )= ,/21og(T/a T ) + 3 log ( 2 )  T + 2log ( 3 ) T + • • • + (2 + s) log a o  T

 e  " 2 “) 1 2  di < + cc, where
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E UUC(Xi) i = 0, 1, 2, 3, 4 i f  and only  if  e > 0.

(Here w e assume that g  is non-decreasing.)

aT = c(log T r 0 a, 0 < c , then

g(T )= .\ /2 log T + (3 — 2a) log( 2 )  T + 2 log ( 3 )  T  + ••• + (2 + e)log o o  T

E UUC(X i)  i = 0, 1, 2, 3, 4 i f  and only  if  e > O.

Corollary 2  (K . Grill's Theorem  1 and 2.).

(i) I f  lim sup aT IT  <1  and d r  = co  e x p  (1  ti(y)/y dy),

where ti(y) is slowly varying as y  co, then

g(T)e UUC(X i) i = 0, 1, 2, 3, 4 if  and only  if

K(g) = (1 + n(t)y2(t))Y (t) 
e - g 2 ( t ) / 2  

d t < + co ,
1 a,

where y(t)= (log(tla t ) + log( 2 ) 0 1/2 .

(ii) I f  lim  aT IT  =1 and a T  = T(1 —  h T ), where b T  is decreasing to 0  and slowly
co

varying as T -+ co, then

g(T )eUUC(X ,) i = 0, 1, 2, 3 ,4  if  an d  only  if

K(g) = (1 + b,log(2)t) 
( l o g ( 2 ) t ) 1 1 2  

e - g 
2

( t ) / 2  dt < + oo.

Remark 2. Corollary 2, (i) corresponds to  Case III-V of Corollary 1 and
Corollary 2, (ii) corresponds to  Case I-II of Corollary 1.

Remark 3. W hen ti(t) o r  b , in  Corollary 2  is continuous slowly varying
function, then our conditions (a-2) and (a-3) are not required.

L et Wd b e  a  d-dimensional Wiener process. Set

X 5 (T) =  sup s u p  11Wd(s + t) —  W (t) / \ / a ,
06.saT O stsT— s

X 6 (T) =  sup
O stsT— aT

11W d (t + aT) —  W d (t)IIIN/aT,

where 11 11 denotes the d - dimensional Euclidean metric.

Theorem 3. If

c° b= k+1 v  1 ) ( d k - I - 1 dk V
k 6k

1 r 2 e - g2 (Tk1/2 < co,
k (5 
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then gE UUC(Xi), j  =  5, 6.

Theorem 4. I f

i d( g ) (bk6-k, v  1 ) (d k  — dk -i
bk

then g e UL C(X ,), i = 5, 6.

y  1  A— 2 e -g2(To2 = + oo,

§ 3 .  Preliminary lemmas.

In order to prove our theorems, we will list several well known lemmas, which are
modified for our purpose.

Lemma 1 (c f  [2], lem m a 1). It  is enough to prove Theorem  1 and  2 f o r
which satisfies

Vkl2  g ( T ) 3 y ,

k—■ co ) (

dk 4 _ 1
y ) y k-1 e - 92(7-0 2  _(ii)

(
b k - 1lim y  1 0  when I L (g) =  +  a).

P ro o f . (i) First w e assume tha t / { g }  <  +  o o . W e w ill show that there
exists /c c, such that for 'lc >1( 0 , g(T ) yk /2  h o ld s . Assume the contrary, i.e. 3 2

k , < k2  < , • •• +  co such that g ( T )  <  ykn /2. Then,

i u ( g ) E
k "  (bk +  

n= 1 k6
1)yk- 1 exp 1 — g2(70/21>cyzi

exp{ — g 2 (T)/2} ( b k: 1 y  1 )
n=  I Uk

c e x p  —  g2 (T,3121{ TknIck„) y  k} 1 2

c exp { — log (Tkn /d k„) + log k„)/411(7;14) y kn 1/2

+ co a s  k„ +  co, which yields a contradiction.

By simple calculus we have

i y  =  ( b k + 1 .  v  i )(dk  +1 dk y  l )
1 exp( — 9q/2) < + CO.

k
6 k 6k

Therefore choosing a  m o n o to n e  continuous function g' g  su c h  th a t  g'(Tk)
= g(73,) A  (3yk), w e  h a v e  / ( g ')  / u (g) + / y <  +  o o , a n d  yk l2 g ' ( T k) 3 .
Obviously i f  g' e U U C , th e n  g  e  U U C . I t  show s th a t it  is  e n o u g h  to  p ro v e
Theorem 1 under the condition (i).

Next we assume that IL (8) =  + c o .  Choose a monotone function g ' such that
g'(Tk) = g(T ) y  (yk /2) and g' g .  If g(Tk) > y k l2  holds for all k , then nothing is to
be proved. Otherwise there exists a  sequence k 1 <  k 2 ••• +  o o  such that g'(Tk„)
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= y k ,,12. Then we have

1,(g') (
b k

.,
1 V  1 ) ( d k d k - 1  V  l ) 1 exp{ — g'(Tk )/2}

k (5k

Cy Z, 1 eXP YZ„I8) ( b k, -  1 1 )
k=1

cyk
-„1 exP( q„/8){(Tk„/dk„) y  kn}

+  co a s  k„—■ + co.

Let gy  b e  a monotone continuous function satisfying gy ('Tk ) = 3yk • Easily we can
check I L (g' A  g y ) = + cc. S in c e  g y eU U C  by Theorem  1  (Theorem 1  m ust be
proved before Theorem 2), if g' A  g y eUL C, then g'E ULC.

-(ii) S ince  u rn  ( b k ,-  V  1 ) (d
k d k 1  

V exP 9 yZ/2 ) = 0  a n d  /L(Y) <
k- ■ co Ok (5k

+  0 0 , where y(TO = 3'y k , we can replace g(Tk ) by a  smaller function (say g") which
satisfies (i), ( i i )  a n d  I L (g")= + co. Clearly g" e U L C  im plies g e U L C . This
completes the proof of Lemma 1.

Lemma 2. Let {A ,,}  be a  sequence of  events.

(i) P(A n) = +
n=1

(ii) f o r each n there ex ists a finite subsequence n  n 1 < n 2  < ••• <n 1 ( f l ) such that
i(n)

(ii-a) E P(A„ n A n k ) c i P(A„),
k=1

(ii-b) P ( A n n A i) c 2 P(A 1) holds if  i n k  and n  <

then P(iFnA ,,) 11c2 .

Lemma 3  ([2] lemma 3, 4). Let (X , Y ) be a two dimensional random variable
with the Gaussian distribution such that E[X ] = E[Y ] = 0, E[X 2 ] = E[Y 2 ] = 1 and
E [X Y ] = r. Set 45(x) = P ( X  x), x > O. Then,
( i  )  c i (x  + 1) - l exp( — x2 /2) 0(x) x) c 2 x - l exp( — x 2 /2),
( ii) P ( X  x ,  Y  y) c ,4 (x )0 (y )  f o r any  —  1 <r < el(x y ) and x , y >  0 , where

lim  cc = 1.
cio
(iii) P ( X Y c  exp { — (1 — r)y2 /4} 4)(x) f or any  y  x  0  and r O.

The idea of the  following lemma has been used in  th e  proof of Theorem 1 in
[9]. After him many people modified it.

Lemma 4  ([1 ], [7 ])  L et { X (t); t eS }  b e  a  centered separable Gaussian
p ro c e ss  w ith  th e  pseudo-m etric clx (s, t) (E[(X(s) — X(t)) 2 W 1 2 s at is f y in g  the
following conditions;

( i)  (S , d x )  is a com pact space,
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(ii) 0  < [E(X2(t)])112 a- < + oo  f o r v t e S.

Then for 0 < N /2, 0 < j = 0 , 1, 2, ... and 0 < x ,

P(sup X(t) c-r(x  +  E 6,A„ (Nx(S, ag o ) + 3 E N x (S, ae i )e -  Â ;12)0(x),
(ES: 1 = 0 i = 1

where 1■1,(S, e) is the minimal number of balls B(t, { seS; clx (s, t) e l  w h o s e
union covers S.

§ 4 .  Proofs of Theorems.

First, we shall prove two lemmas to prove Theorem 1.

Lemma 5. For yk /3 x k 3  y k ,

P (  sup sup I W(s + t) — WWI d k (x k + 36x  1
r  2 ( l 0 g  ( i  0 ) 1 / 2 ) )

O<sdk O S t S T k + , - s j 1

<  (b k  +  ( d k +  —  dkv  v o o c k ) .

k

P ro o f . Set a k = 1 — 11Y, st, =-• bk E oc; = dka'k' (n = 0, 1, 2, ...), S = {(s, t)
i=n+ 1

; 0  G S 0  t Tk±i —  s} , A n = { (s, t); s n+ , s s „ ,  0 t Tk_ —  S I  and
X n (s, t) = ( W (s + —  W (t))1,14, (s, t)e A n . Then we have o- =  ,./s n  + 1 / d k  ( E [ X !
(s, t)]) 1 1 2  N/s./dk =  a and E[X „(s, —  X  „(s', 0) 2 ] 4 (ls — + t — ak.
Now we can apply Lemma 4 by setting s i  = (6 k /s n + 1 )1/2 ( j  + 1) - 2 , = 6(log( j
+ 1)) h/2 an d  x -= N /d k /s n x k . Then we have

ã(x + 8;  Aj+i) = xk 6  NA6ksn)/(dksn+i)) jj 2 (log (j + 1)) 1/2

=1

(by using sn /s n=  1 /Œk = (1 — 1/y) 12 )

x k + 12 j -  2 (10g(l 1))1/2/yk
j=  1

Xk ± 36
j =

S„ — 5 n+11 = koek' k,

N x (A„, o.ei ) = Nx(A ,„( 6 kIdk) 112 +  0 - 2 ) c (T k  + 1 / 6 0 ( j  + 1) 8

c((bk+1/6k) y  1)(((4+1 —  dk)/6k) y 1)(j +  1) 8 ,

N x (A,„ o-vo ) + 3 N x(An, N e x P ( —  2 )
j=  1

c( ( bk +  / 6 k) y  1 )1(1dk + — dk1/ 6 k ) y  1 ) ( j 1 )- 10

2 (log (j + 1)) 112 /x k ,

j= 1
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dkE 4)(,./disxk ) c x k- 1 E exp — —

2 s .  

4  =  o c k- 1 E exp(— ock
- n 4/2)

n = 0 n=0 n=0

CO

= cxk
-  exp ( — 4/2)(1 + E exp { — (A '  — 1)4/2})

n=1

(by using 4 (a k
- n — 1) = 4(cck

- 1  — 1 )(ack- n + 1  + + = ock- l (xkhk)2 (crk- n + 1  +
1) cn) i xk

-  1  exp(— 4/2)(1 + E exp(— c2 n)).
n= 1

Combining all these estimations, we have

P( sup 1W(s + t) — W(t)I (xk + 3 6 x ' ( j  + 0) 1 1 2 ))
(s,t)ES j= 1

E P ( sup I W(s + t) — W(t) I dk(xk + 36 j  2  (log ( j  + 1))" 2 ))
n = 0

(s,t)ej = 1

((bk+ 1 / 6 k) y  1 )(((dk  + 1 —  dk )/ 6 k )  V  1 ) 1 eX p ( —  / 2 ) ( 1 ex1:4 — cznn-
n = 1

This completes the proof of Lemma 5.

Lemma 6. For yk /3 x k 3 y k ,

k  =  P (  sup sup sup + — W(t) W a r  x k +  18Ox '  j 2
.clk<scor OstsT  —  s j= 1

(log ( j 1))1 /2 5 cgbk+1/ 6 0 y  1 /4(cik+1 — clk)/(50 y  1 )4 0 0 .

P ro o f .  (i) The case of dk + 1 3 T k + 1 /4. Set S = {(s, t); dk s  d k +  1 , 0 t

Tk+ 1 + dk} X (s, =  (W (s  +  t )  —  W (t ) )/ J . Then we have E [X 2 (s, t)] = 1 and
E[(X(s, t) — X(s', t')) 2 ]  4 ( I s  —  +  It — el)Idk . Now we can apply Lemma 4 by
setting si  = ( j  + 1) - 2 /xk ,  Ai  =  6(log(j + 1)) 1 /2  a n d  x = x k . Since we have

u(x + si  /1.i + 1 ,) Xk + 6 Xk 1 ci  j  2 (10g ( j 1))1/2,
i=oj = 1

N ( 1  ( r e )  c((1Tk+i — dk)4Idk) Wdk+ — dk)xiddk) y  1)0  + 1) 8

c((bk+116k) y  1 )1(14+1 —  dk)16 k) y  1 )(j +1 ) 8 ,

N x (T, o-co ) +  3 N x (T, a-ci )exp( — 412)
j= 1

c((bk+1/6k) y  1) (((dk+, —dk)/(5k)v 1) u +  0 - ' 0 .
= 1

This yields the desired inequality.

(ii) The case of dk + ,

First under our conditions we recall the following;

dk 3 T k—  7;, = (3e/4 —  1) T,„

dk Tk ( Tk + 1 d k  + 1 )  (by (a - 3 )),

Tk — = (1 — e/4)Tk and
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log k 2 log k.

=  T k  +  id k /log k,

Tk , ik +  =  T k  + 1  an d  dk ,i =

where A , = — T k  and ik =  [log k]. Then we have

dk j + 1  — dk ,iT k , i +  —  T k , i Ak /log k c d,,/log k cbk .

Set A i = {(s, t); d,, < s dk ,i , 0 t T„,i - then it follows that
i k 00

Pk E P( sup I W(s + t) — W(t)11.1dk ,i V S  x k + 180 x 1 E j - 2

j= 1
(lo g  ( i))112).

Set z11,1 = {(s, t); d,, 1 < s +1, 0 t T,,, + 1  -  s} and

A. ,2 {(S, t ) ;  dk < s t  +  s T„, i + 1 }.

Obviously we have A i +, — A i c .4 1,1 u A
Step 1.

P (  s u p  W(s +  —  W (01/1s x k + 180 x, - 1  E f  2 (log (j + 1)) 1/2 )
(s,t)e A i , ' j= 1

C((bk + 1 /6 0  V  1 )0(x0.
P ro o f .  Set X (s, t) = (W(s + t)— W(t))1f s ,  then we have E[X 2 (s, t)] = 1 and

EUX(s, t) — X(s', 0) 2 ] s —  I + t  — Now we can apply Lemma 4 by
setting ci  = (j +  l )  2 /x,,, = 6(log(j + 1)) 1/2 , a  = 6 = 1, and x = x k ,

Since we have

d(x + E ei 2i +  1 ) = x k + 6 x, 1 E j ' ( l o g  (j + 1)) 1 1 2 ,
i= oi = 1

N x (T, cgrk,i+, —  d k ,i))dld k ) y 1)(j + 1) 8

5 c((Tk ,i — dk ,i)16k) v 1)(j + 1) 8

c((bk + ,16k ) y  1)(j + 1)8 , and
0 0

N x (T, ac,) + 3  E N .(7 (ire .)  exp ( — /V/2) 5 c((bk+1/6 0
j=1 (j + 1)—  10

j= 1

Step 2.

P (  s u p  1W (s + — xk + l80xj -  2 (log (j + 1))1/2 )
(s,t)e , 2 j=  1

c 4)(xk ).

P ro o f .  Set /W,1 = 1(s, t); s n +  <  s  s , „ s + t T„,i +  I I, where s„= (d k ,i

— n(dk + , — d,,)/y,) y  dk . Then

P (  s u p  1W(s + t) — W(t)11N/d k ,1x k + 180 j-2(log (j + 1)) 1/2 )
(s,t)Eni,2j = 1

i = 0 (s,OE + — A i



5  E P (  sup  I
n = 0 (s,t)e

Set X(s, t)
d = \ / s „/ d .

6(log (j + 0) 1/2 ,

W(s + t) — W(t)I/ dk Xk + 180 j "(log  ( j  + 1)) 1/2 ).
=

= (W(s + t) — W(t))1\ ld k ,i . Then c2- =  .14+ -5 (E[X 2 (s, t)]) 1 / 2

Now apply Lemma 4  by setting 6 i-0114+0 1 / 2  +  1 ) - 2 ,  A i

X = XkN/dk,i/Sn we have
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ã(x +  E e i  2i , i) = xk + 6  0 6 ksn)/(dk,is„ + i) E 2 (log (j + 1)) 1/2 ,
= 0i = 1

CO

5 x k + 6O y '  E 2(l0g (j + 1)) 1 /2 , (SniSn + 10)
j=  1

xk + 180 x, 1j '  (log (j + 1)) 1/2 ,
= 1

sn + i  — s„ (4+1 —  dk)111- cbk,

N x (A N, qv ) = N x (AN, (6 kIdk ,i)1 1 2 (i + 1) - 2 ) c ( j  + 1 ) 8 ,

N x (A n, o -vo ) + 3 E N x (A171, cei )exp ( — ).‘D  c E ( j  + 1) - 10.
j = 1j =  1

Finaly we have

E  P (  sup I W(s +  t) — W(t)II N/d k ,ix k + 180 x 1 E 2 (log (j + 1) 1/2 )
n = 0 (s, t)e j = 1

oz,

C  E ( j  +
 1 ) b 0 E  c x ,, ,/d k ,i/ s „)

j = 1n  =  0

xk
-  E  exp( — dk x1/(24))

n = 0

CO

c x ,  exp( — 4/2)(1 + E  exp( — {(dk,, — s ) / ( 2 s ) } ) . 4 )
n = 0

CO

ci0(xk)(1 + E exp( — c2n)).
n = 0

S tep 3, Combining setp 1 and step 2, we have

Pk C(lOg k)((bk+ 1 / 6 k )  y  1)0(xk) 5 c((bk+1/ 6 k) y  1 )(((dk +1 — dk)/(50  y  1 101xJ-

Proof  o f Theorem 1. There exists /co such  that  g 2 ( T )  2B for all

where B = 180 j  2 (log (j + 1)) 2 .  Set xk =  g(Tk) — Blg(Tk). Then xk + 180)4- 1

ci ° - 2 ( l 0 g  +  0 ) 1/2 < g( T o  a n d  (t)(x,) 5  c(j)(g(Tk)) . cy," 1 exp( — g2 (T ) /2 )  (by

Lemma 1). Applying Lemma 5 and 6, we have

P (  sup sup W(s + t) —  W(t)I/ N/ a T  g ( 7 ) )
T k g T 5 7 - k + 1  OsssaTO T—s
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c((bk + 1 /6k ) y  1)(((dk + , dk )15,,) y  1))), 1 exp ( — g2 (Tk )12).

The first Borel-Centelli lemma implies that there exists lc, with probability one
such that

sup sup W(s + t) — W(t)11.\ / a T  <g (T k )
TkTTk+1 osaTostzr - s

holds for a ll k l c , .  Then it follows fo r Tk T  T k + l  th a t

sup 1W (s + t) — W(t)11.,/aT s u p sup
o sg a T o .tr -s rk4rzrk*, OsssaTOVST–s

IW (s + t)—  W (t)I/ \ /a T  < g(T),

which implies geUUC(X 0 ).

Proof  of  T heorem  2. Set i,, =[[d k — dk _ i )I(S k M )] y  1, where M  1  chosen
later b ig  enough a n d  [x ] m eans the  integral p a r t  o f  x. Then there exists a
sequence ek - 1  =  Tk _, Tk,i •  •  •  T k , i k  T k  =  e k  s u c h  t h a t  dk ,i a T k . , = dk -i
+ (i - 1 )6 0 4 , =  2 , ik.
For 2  le t  t k =  max {p 0 ;  'Tk _, — dk _  > 2(Ti, — dp )}, = —1 i f  { }  =  d) and
t i ,, 4,1 Tck dçk if Tk tk ,1  =  0 if Tic =  —  1  (k 2). Easily we can check
that

(4.1)T , , _ 11 — dk – 1 dk _1)/2tk,1 (Tk- — (k  = 1, 2, ...) and

(4.2) 4,1 tie,1 if k k'.

Set j k = [(7,,_, —  dk -1 — tk,1)/(6 0 /1)] y 1, t i  =  t,,1 ±  (j —  1)6 0 4 , j = 1, 2 ,...,

- kik ,  B i k  =  { W ( t k , j M t k ,  >  d k , i >  x k l, w h e r e  x k =  g(Tk ) a n d  B

U U  B i ,j ,k . Then in  order to  show g e ULC(X 4 ), it is enough to prove

that for any e > 0 , there exists M  >  0  such that

(4.3) P(B k o ) 1 — e.

Now we start proving (4.3) appling Lemma 2.

Step 1 .  F or any  e > 0  there ex ist k , a n d  M  = M , such that

(4.4) P(Bk) (1 — P(B i j ,k)

c((bk - 1)(((d,, — d,,_ )/,,) y  1)yi-, e x P (  —  4 ) .

holds for all k  k , .

Proof.
(4.5) P(Bk) E P(B i, i  k) — E P(B i d ,k n

S et X = (W (tk ,j W(tk,i))/N/dk,i a n d  r E [X i j ,k X i ,, ] I / n / I /i,j,k - ,k,,
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N/ d k ,i dk ,r ,  w here k i d , = It ; tk j  t  t k j  + d k ,11  a n d  II m eans the length of an
interval I.

Case 1. If I ' i ,j ,k n I =  0, then

(4.6) P(Bi,j,k n 131% ; ,,k ) = P(13 i ,j ,k )P(B i v ,k ).

Case 2. If tk , i t k J  an d  I I i,j,k n I i',j' >  0, then

(4.7) 0  j ' — [d,/(5, M )] + 1, and

1 — r = ((tkJ + dk,i — tk ,f ) V 0) A  dkj,)/N/dk,idk,i'

=  ((tk ,j' t k,j d k,i d k , i d k , i  A -\/ d k, i d k,
i' (Jd k, d kI'

d
k,P))/ d

k,i d k,i'

1 A {(th tk dk ,i (dk ,i d k ) / ( \ / d k  +  /  d k,i')) dk,i')AN/ d k,i

Therefore

(4.8) 1 — r 1 A  {(V —  (i — r)) V (i — i')}6k M/(2dk).

Case 3. If tk , i
, G  t k  and 11,,i n > 0, then

(4.9) 0  j —  j' it ,  and

1 — r = ((tkJ, + d k j
, — tk ,i )  V 0) A  dkj)W dk,idk ,i'

(4.10) 1 A  {(ti — f )  — (i' — y  (i' — 0} 6kM /Pdk).

If follows from Lemma 1, Lemma 3, (iii), and (4.6)-(4.10) th a t for fixed (i, j, k)

P(Bij, k r1B i
, ,y ,k ) = + I  + I I ,

(i,D*0',T) ,ki ›

I P(Bi,f,k)ikik4)(xk)

• P(B 1,j ,k ) ( b
m

k -
6 :  v  1) (

d k
A 4,5

4 1 y  1) 0(x0

• eP(B1j,k)12  for k k ,  (independent of M  1  by Lemma 1, (ii)) and
k

IIc P ( B i j ,k ) exp f — {1 A ((j' —  i') y  i')(5k M1(8dk )}
=o  = -k

• cP(B w ,k) exp — ((j' —  i') y  i')M/32}
j ' = 0 i' = -

00

• c p (B , k ) 4ne - "m l3 2  E P ( B " ,) 1 2
n=1

(here we have chosen a  sufficently large M  =  M , such  tha t the last inequality
holds). Taking account of Lemma 1, (4.1) and (4.5) we have obtained (4.4).
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S te p  2 . If  t k " . - 7k , then obviously 1I i j ,k n = 0  and

(4.11) P(Bk n Bo = P(B k )P(B,).

S te p  3 . If  t„„ < T,„ k' — 3 and k  + 4log k k ' ,  then there exists c, such that

(4.12) P(Bk n B e )  C,(1 — v) - 2 P(B k )P(B k ,) holds, where lim c, = 1.
El 0

P ro o f . Set r' = E [X " k X,•,y ,k ,]. Then we have

(4.13) k' 1/N/dk,i dk',i' N/d1c/Cik' - 1 •

By definition, tk ,k ' —  3 implies that

Tri e +1 — 4 - 1 ) / 2  and

(4.14) dk,_, — 2Tk ,_ 2  = (1 —

By Lemma 1, (4.13) and (4.14), we have

r'x k xk , yi?, ce _ " _ " 2  log kl

( f (x )= e ' l o g  x  is decreasing at the neighborhood of +  co)

<  c log k 0  as k + co.

This means that by Lemma 3, (ii) and (4.4) there exists k , such that for all k„
< Tk, k — 3  and k' k  +  4 log k , we have.

P(B, n Bo = E E P(Bi j ,k

E E
c,(1 — v) - 2 P(B k )P(B k •).

Step 4. I f  t k "  < T k , k' — 3  and k  + 5 k  + 4log k , then

(4.15) E p(Bk n Bk ,) cp(B k ).
k '

P ro o f . By (4.13) and (4.14)

     

(4.15) 1 —  r' 1 — , / d k /d k
, _ 1 — N/Tkni-2 ( 1 — e - 1 ) - 1 1 2  =  1 —  e - 1 (1

— e - 1 ) -  1 1 2  >  c > 0.

(4.16) ,he C(Tk' - clog k  and

(4 .17) ik , cy,?, clog k.

It follows from Lemma 3(iii), (4.4) and (4.15)-(4.17) that
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(4.18) E p(B k n Bk ,) < E E P(Bi j ,k n
k' i,j

(1 — e) - 1 P(Bk )E (log k)2 e -

c l o g k

Lç (1 — e) l (log k)3e-
c l 0 g k  p ( B o .

Step 5. I f <T,„ =  k' — 2( by definition Tk , k ' —  2) and k  + 4log k k ' ,
then there ex ists c, such that

(4.19) P(Bk n B k ,) c,(1 — E) - 2 P(Bk )P(B k .) holds, where liNc e = 1.

P ro o f .  By the assumption, tk ,,, _ 2 — _  2  Tk means

(4.20) (1 — e  1)Tk - 2  <  dk-2 dk—i •

From Lemma 1, (4.13) and (4.20), we have

r'x k xk , 9.\ /Tk /dk , _ ce -  
k( ' —k)12 lo g K C (log k)lk  - +0 a s  k + (X).

Therefore by just the same way as Step 3, we can obtain (4.19).

Step 6. I f  t k  1
<T,„ =  k' 2 and k  + 4 k' + 2 log k, then

(4.21) E n CP(Bk).
k'

P ro o f . By (4.13) and (4.20)

(4.22) 1 — r' 1 — /dk /dk ' — s T k  2  ( 1  _

=  1 —  e - 1 (1 — e - ') - 1 1 2  >  c > 0.

(4.23) ik ' c(Tk— < c log k  and

(4.24) Ch2e clog k.

It follows from Lemma 3(iii), (4.4) and (4.22)—(4.24) that

(4.25) E n Bk , )  E E P(B i j ,k n B iv d e )
k' i,j i',j',k',

(1 — e) - 1 P (B )E  (log k) 2
c l o g k

(1 — 1 (10g 103  e  e l " k  M O '

Now we have arrived at the final step for the proof of Theorem 2.

Step 7 .  A ssume that I L (g )= + co. Then one of

CO

IL(91T5k+ip f o r i =0 , 1, 2, 3, 4
k= 1
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is divergent. Taking account of  all steps from 1 to 6 and appling Lemma 2 for the
divergent sub-sequence, we can obtain (4.3).

The proofs of Theorem 3 and 4 are just the same line as those of Theorem 1 and 2
using lemmas corresponding to Lemma 3 and 4. Lemma 3 for d-dimensional case
is well known ([6] Lemma 2.8-2.10), so we only mension the following lemma
corresponding to Lemma 4.

Let Z  = (X , Y ) be a two dimensional centered Gaussian random variable with
E[X 2 ] = E[Y 2 ] = 1 a n d  E [X Y ] =  r .  Set e2 = E[(X — Y)2 ] =  2 —  2r. Xd

= ( X 1 , . . . ,  X  d), 9 3d =  ( Y1 , Yd), w here (X i , Yi) a r e  independent copies of
Z. Denote by 11 the usual d-dimensinal Euclidean n o rm . Set d)d (x) = P(I1Xdll

x) and /(x, y ; e ) =  P  X + eY, X).

L em m a 7 . There exist positive absolute constants A , and B d only depending on
d  such that

1(x, y; e) Ad e —  Y 2 1 4  bd(x )

holds f o r all 0 1/.\./2, y B d and x > 0.

Using Lemma 7 we can obtain the following lemma.

L em m a 8 . L et {X(t); te T} be  a centered separable Gaussian process with the
pseudo-metric dx (s, t) (E [(X (s ) —  X (0 ) 21) 112 satisfy ing the following conditions;
(i) (7; cl x )  is a com pact space,
(ii) 0 < a  (E [X 2 (t)) 112<  +  o o  for Vt E T
S e t Xd (t) = (X1(0, • • . , X d (t)), where {X  1(t)} i = d  are independent copies of
{X(t)}. Then f o r 0 < Ei 1 /  2 ,  0  <  A i + 1 , j  = 0, 1, 2, ... and 0 < x,

CO CO

P(sup 11 d (t)11 ã(x  +  E (Nx(T, (Leo) + Ad E N x (T, o- e. )e'.1 14 )0,(x),
teT j = 0 j=1

where N x (T, e) is  the m inim al number o f  balls B(t, e) { se T; dx (s, t) el whose
union covers T
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