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1. Introduction

The works of Wolfe [27], Jurek and Vervaat [6], Sato and Yamazato [20],
[21], Sato [16], and Jeanblanc, Pitman, and Yor [4] combined show that the
following three classes have one-one correspondence with each other — the class
of selfsimilar additive processes, the class of stationary Ornstein-Uhlenbeck
type processes, and the class of homogeneous independently scattered random
measures (Lévy processes) with finite log-moment. The correspondence is given
by Lamperti transformations and stochastic integrals. This correspondence
gives representations of the class of selfdecomposable distributions. The aim of
this paper is to give extensions of this correspondence to certain wider classes
and to discuss Ornstein-Uhlenbeck type processes in a wide sense.

There are two significant classes that extend the class of stable distribu-
tions — the class of selfdecomposable distributions and the class of semi-stable
distributions. The class of semi-selfdecomposable distributions is a natural
extension of these two classes (see [9]). Their description in terms of Lévy mea-
sures is given in [17]. Thus we are motivated to generalize the representations
of the class of selfdecomposable distributions to those of the class of semi-
selfdecomposable distributions. In the case of distributions on R? with d > 2,
we will simultaneously deal with another sort of generalization. This is related
to Q-stable and @-selfdecomposable distributions (see [21]), @-selfsimilar ad-
ditive processes (see [16]), and Ornstein-Uhlenbeck type processes with drift
—Qu (see [19], [21], [26]), where Q is a d x d matrix in M defined below.

Before going to statement of main results, let us give some definitions.

Let My be the class of d x d real matrices and M; the class of Q € My
all of whose eigenvalues have positive real parts. Let I be the identity matrix
and a® = 37 (n!)~(loga)"Q™ € M, for a > 0 and Q € M. Sometimes
we also use the class M;yxq of I X d real matrices. Denote the transpose of
F € M4 by F'. Let L(X) be the distribution of a random element X. When

L(X) = L(Y) for two random elements X and Y, we write X 4Y. For
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two stochastic processes X = {X;} and Y = {V;}, X Ly or {X:} 4 {V:}
means that they have an identical distribution as infinite-dimensional random
elements, that is, have an identical system of finite-dimensional distributions,

while X 4 Y; means that X; and Y; are identically distributed for a fixed
t. The characteristic function of a distribution p on R? is denoted by fi(z),
z € R%. For an interval J, By is the class of Borel sets in J and BS is the class
of Borel sets whose closures in the relative topology on J are compact.

A process X = {X;:t >0} on R? continuous in probability with indepen-

dent increments, with cadlag paths a.s., and with Xy = 0 a.s. is called an addi-

tive process (see [17]). It is called a Lévy process if, in addition, X;y, — X1y 4

X — X, for all nonnegative t, s, u. We call an additive process satisfying

the condition that X;,, — X4, 4 X; — X, with a fixed p > 0 a semi-Lévy
process with period p. An additive process is said to have finite log-moment if
FElog™ | X;| < oo for all t. Here log™a = 0V loga for 0 < a < oo. An addi-
tive process is said to be natural if the location parameter +; in the generating
triplet (A¢, v4,7:) is locally of bounded variation in ¢ (see [18]). An additive
process is natural if and only if it is a semimartingale. All Lévy processes are
natural.

Let Q € M:l'. A process X = {X;:t >0} on R? is called Q-selfsimilar if

{Xat} 4 {a®X,} for all @ > 0. Note that the value of X; (an element of R?) is

always considered as a column vector. If the assumption that {X,;} < {a®X;}
is made only for a fixed a > 1, the process is called Q-semi-selfsimilar with
epoch a. Especially cl-selfsimilar and c/-semi-selfsimilar processes with ¢ > 0
are called c-selfsimilar (see [15], [17]) and c-semi-selfsimilar (see [10], [17]),
respectively. In this case, H is usually used instead of c.

Let Q € M;‘. A distribution px on R? satisfying, for every b € (0, 1),

(1.1) i(z) = A6 2)pu(2)

with some (automatically infinitely divisible) distribution p, is called Q-
selfdecomposable. Thus, for any ¢ > 0, the Q-selfdecomposability and the cQ-
selfdecomposability are equivalent. Following [11], we introduce, with b € (0, 1)
fixed, the class Lo(b,Q) of distributions p on R? satisfying (1.1) with some
infinitely divisible distributions py. Distributions in Ly(b, Q) are called (b, Q)-
decomposable. Distributions (b, Q)-decomposable with some b are called Q-
semi-selfdecomposable. All Q-selfdecomposable and all Q-semi-selfdecompos-
able distributions are infinitely divisible. Usually I-selfdecomposable distribu-
tions are called selfdecomposable and I-semi-selfdecomposable distributions are
called semi-selfdecomposable (see [9], [17]).

We use the notion of R%-valued independently scattered random measure
(i.s.t.m.) M = {M(B): B € BY} over an interval J studied in the case d = 1
by Urbanik and Woyczynski [25] and Rajput and Rosinski [14]. Precise def-
inition of this notion will be given in Section 3. For a class of My 4-valued
functions F(s) including all locally bounded measurable functions, we can de-
fine [, F(s)M(ds) for B € BY. A natural additive process X on R? induces a
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unique Révalued i.s.1.m. M over [0,00) satisfying M((s,t]) = X; — X, a.s.
for 0 < s < t < co. Any Rvalued i.s.1.m. over [0,00) is obtained in this
way. In this case [, F(s)M(ds) is written also as [, F/(s)dX,. When J is an
interval infinite to the left, we define fjoo F(u)M (du) for t € J to be the limit
in probability of f(s)t] F(u)M(du) as s | —oo whenever this limit exists.

Given an R%valued nonrandom cadlag function ys of s € R and a matrix
Q € My, consider the equation

s2
(1.2) Zsy — Zsy = Ysy — Ysy — Q/ Zudu for s1 < 89
s1

for a nonrandom cadlag function z; of s € R. When the condition z;, = &
is imposed, (1.2) has a unique solution. When A = {A(B): B € BY} is an
Révalued i.s.r.m. over R, we call the equation

(1.3) Zs, — Zs, = M(s1,82]) — Q@ /S2 Zydu

Langevin equation based on A and Q). A cadlag process Z = {Z: s € R} which
satisfies (1.3) a.s. for every s1,s2 with s1 < sg is called a solution of (1.3) or
an Ornstein-Uhlenbeck type (OU type) process generated by A and Q. When
the condition Z5, = Z is imposed, its solution is unique a.s. If we introduce a
cadlag process Y = {Y;: s € R} such that Y, — Y,, = A((s1, s2]), then (1.3)
is a random version of (1.2), and any solution of (1.3) is called an OU type
process generated by Y and Q. A process Z = {Z,} satisfying {Zs1.} 4 {Zs}
for all u is called stationary. A process Z satisfying {Zs4,} 4 {Z} for a fixed
p > 0 is called semi-stationary (or periodically stationary) with period p. We

say that A has finite log-moment if E'log™ |A(B)| < oo for all B € BR.
The following three theorems are our main results.

Theorem 1.1. Let Q € M;, a>1,andp=1loga. Let X = {X;: t >
0} be an arbitrary Q-semi-selfsimilar natural additive process on R with epoch
a. Define

(1.4) Zy=e 9 X, for seR

and

(1.5) A(B) = / t=9dX,  for BeBY,
exp B

where exp B = {t = e*: s € B}. Then A = {A(B): B € B3} is an R%-valued
i. 8. 7. m. periodic with period p and having finite log-moment. The process X
is expressed by A as

logt
(1.6) X = / e*QA(ds) for t>0, a.s.

— 00
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The process Z = {Zs: s € R} is the unique semi-stationary OU type process
with period p generated by A and Q. It is expressible as

(1.7) Zs = eiSQ/ e"QA(du) for seR, a.s.

— 00

Theorem 1.2. Let Q € M}, p>0, anda =eP. Let A= {A(B): B €
B} be an arbitrary R-valued i. s. r. m. periodic with period p and having finite
log-moment. Then Z = {Z,: s € R}, a semi-stationary OU type process with
period p generated by A and Q, exists and is unique. Define
(18) {Xt = tQZk)gt fOT' t > O,

Xo=0.

Then X = {X;:t > 0} is a Q-semi-selfsimilar natural additive process on R?
with epoch a; Z and A are recovered from X in the form of (1.4) and (1.5).

Theorem 1.3. Let @ € M(‘i" and a > 1. A distribution p on R? is
expressible as p = L(X1) = L(Zp) by the processes X and Z in Theorem 1.1
or 1.2 if and only if it is (a~ ', Q)-decomposable.

The associated filtrations of the processes and the random measure in
Theorem 1.1 or 1.2 satisfy the following:

o(Xi:tel0,e’]) =0(Zy: u€ (—00,s]) =c(A(B): B e B?_OO)S]) .

Relations (1.4) and (1.8) between X and Z are generalization of the Lam-
perti transformation between selfsimilar processes and stationary processes in-
troduced by Lamperti [7]. In the case of symmetric stable processes on R,
this transformation was already recognized by Doob [3, p. 368]. Between semi-
selfsimilar and semi-stationary processes it was given in [10].

By Theorems 1.1-1.3, semi-selfdecomposable and (b, Q)-decomposable dis-
tributions have now been connected with the three classes — the class of X,
the class of Z, and the class of A. Semi-selfdecomposable distributions are
expected to have wide flexibility in modeling such as in [1].

Organization of this paper is as follows. Section 2 gives basic facts on
semi-Lévy processes. Some results on i.s.r. m., stochastic integrals, and factor-
ings are summarized in Section 3. We study in Section 4 solutions of Langevin
equations on R? based on R%valued i.s.r. m. and matrices Q. The notion of Q-
mildness at —oo or, shortly, @-mildness is introduced for solutions of Langevin
equations, and the existence condition for Q-mild solutions is given. Stationary
and semi-stationary solutions are @Q-mild. The existence condition is more an-
alyzed in the case of periodic i.s.r.m. Using these results, we give in Section 5
proofs of Theorems 1.1 through 1.3. Formulation of results in the @Q-selfsimilar
case is given in Section 6 as consequences of Theorems 1.1-1.3. Applying the
main results, we characterize factorings of @-selfsimilar and @-semi-selfsimilar
additive processes in Section 7. It is also shown that Langevin equation based
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onisr.m. N and R € MI has a unique R-mild solution provided that N
has @-semi-selfsimilarity on (—oco0,0]. Finally Section 8 contains some results
related to (b, @, a)-semi-stable distributions and (b, Q), a)-semi-stable Lévy pro-
cesses and some examples appearing in the study of diffusion processes in ran-
dom environments.

Our notation and definitions follow [17]. But, in addition to the notation
introduced above, we use the following: ID = ID(R?) is the class of all in-
finitely divisible distributions on R? ; By(R9) is the class of all Borel sets B on
R? satisfying inf,ep |2| > 0; d, is the distribution concentrated at a point a ; p-
lim stands for limit in probability; the norm of @ € My is ||Q| = sup|, <1 [Q];
trA is the trace of a symmetric nonnegative-definite matrix A. A set or a func-
tion is called measurable if it is Borel measurable. For a distribution u, p™ is
the n-fold convolution of . If the characteristic function fi(z) of a distribution
p on R? vanishes nowhere, then there is a unique continuous function f(z) on
R? such that f(0) = 0 and fi(z) = (). This f(2) is called the distinguished
logarithm of fi(z) and written as f(z) = log fi(2) ([17, p. 33]).

Let ¢(x) be a real-valued bounded measurable function satisfying

1+ o(|z]) as |z| — 0,

(1.9) c(x) = {O(|Jf|1) as |z] — oo

The generating triplet (4, v,7). of an infinitely divisible distribution y on R?
is defined by the formula

log i(2) = — 3 {2, A2) + /

gz, 2)v(dz) + i{z,7) ,
Rd

where g.(z,z) = e/*%) —1 —i(z,x)c(x); A is the Gaussian covariance matrix
and v is the Lévy measure of u; v is the location parameter, which depends
on the choice of ¢(z). Standard choice of ¢(z) is 1{z/<1} (@) or (1+ |z[?)~1. In
this paper we use

(1.10) c(w) = 1+ ]z,

unless otherwise indicated. Thus we write (A, v,) for (A,v,~). with c(x) of
(1.10).

2. Semi-Lévy processes

We will consider periodic independently scattered random measures. Semi-
Lévy processes are their counterparts in stochastic processes. We gather basic
properties and examples of semi-Lévy processes.

Proposition 2.1. Let X = {X;: t > 0} be an additive process on RY
and let L(X;) = pe. If it is a semi-Lévy process with period p, then
(2.1) Hnp+t = /i; * e

foralln=1,2,... and t > 0. If (2.1) holds for alln =1,2,... and t € [0,p),
then X is a semi-Lévy process with period p.
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Proof. Let pusy = L(X; — X;) for 0 < s < ¢. Then pos = p and
Mot * Mty = Moy for s < t < u. If X is semi-Lévy with period p, then
Mt = Mstpitp M2p = Up * [lp2op = uf), and by induction pin, = p, for all
n=1,2..., which implies finptt = finp * flnpnp+t = Ky * flo,e = [y * [t

Conversely, assume that (2.1) holds for alln = 1,2,...and ¢ € [0, p). Then
(2.1) holds for all n = 1,2,... and ¢t > 0. Indeed, if kp < t < (k + 1)p, then
finptt = PR % pe_pp = px gk s py_gy = pt % py. Hence for 0 < s <,
Hpts * Mptsprt = Hptt = Hp * fit = [lp % fls * fls ¢t = Hps * fs,t. SINCe [pts(2)
# 0, we get Upisptt = st Hence X is semi-Lévy with period p. O

Proposition 2.2. If X = {X;:t > 0} is a semi-Lévy process with
period p, then p; = L(X;) satisfies the following: po = 6o, pe € ID(RY), py
is continuous as a function of t, and, for any choice of 0 < s < t, there is
Hst € ID(R?) such that p; = s * st

In the converse direction, if a class of probability measures {u:: t € [0,p]}
on R? satisfying these conditions for t € [0,p] is given, then there exists,
uniquely in law, a semi-Lévy process X = {X;:t > 0} with period p such
that uy = L(X) fort € [0, pl.

Proof. In order to see the first half, it is enough to choose us; = L(X; —
X;). Let us prove the second half. If ¢ > p, then choose an integer k& such
that kp < t < (k+ 1)p and define p; = ,u’; % fl4—kp. Then p, € ID and, for
any 0 < s < t, there is ps¢ € ID such that uy = ps * ps;. We can prove
that sy * fey = s for 0 < s <t < u, using fis(2) # 0. Further, po = do,
pst — 0p as s T t, and usy — dp as ¢ | s. Thus, by [17, Theorem 9.7], there
is an additive process in law X such that £(X;) = p; and £(X; — X,) = st
Then, by [17, Theorem 11.5], there is an additive process modification. It is a
semi-Lévy process by Proposition 2.1. The uniqueness in law is obvious. O

Proposition 2.3. Let X = {X;: ¢t > 0} be a semi-Lévy process with
period p. Then, Elog™ |X;| < oo for all t > 0 if and only if Elog™ |X,| < co.

Proof. The Lévy measure v; of X; is increasing in t and v, = nv,. By
Theorem 25.3 of [17], E'log™ |X;| is finite if and only if [log™ |z|v;(dz) < oo.
Hence the assertion follows. 1

Remark 2.4. There is a semi-Lévy process X with period p such that
Elog™ | X;| is finite for ¢ < p but infinite for t = p. For example, let d = 1,
p=1, and

vi(dz) = 1(0.¢/(1—-ty) (@) ' (log(2 + x)) " 2dx for 0<t<1
and construct X, using Proposition 2.2.

Example 2.5. Let X = {X;: t > 0} be a semi-Lévy process on R? with
period p. Denote

(2.2) I =L(X,— X,_y) for 0<t<p.
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Then there exists, uniquely in law, a semi-Lévy process X = {)?t: t > 0} with
period p such that £(X;) = fi; for 0 < t < p. Indeed, we can apply Proposition
2.2.

Let Q € Mz{. A distribution p on R? satisfying

’

(2.3) fi(2)" = fi(a? 2)

for all @ = 1,2,... is called strictly Q-stable. If u is strictly @Q-stable, then
w € ID and (2.3) holds for all ¢ > 0. A Lévy process X = {X;: t > 0} is called
strictly Q-stable if £(X7) (and thus £(X;) for all ¢ > 0) is strictly @-stable.
(In the literature, a distribution p on R? satisfying fi(2)* = fi(a'/“z) for all
a = 1,2,... is called strictly a-stable. This corresponds to the case where
Q = (1/a)I in (2.3). Therefore, strictly a-stable distribution is called here
strictly (1/a)I-stable distribution.)

It is easy to see that a Lévy process is strictly @-stable if and only if it
is @-selfsimilar. We now give a new characterization of strictly Q-stable Lévy
processes.

Proposition 2.6. Let Q € M. If X = {X;: t > 0} is a Q-selfsimilar
semi-Lévy process on RY, then it is a strictly Q-stable Lévy process. (The
converse is trivial.)

Proof. Suppose that X is a @Q-selfsimilar semi-Lévy process with period
p > 0. Let uy = L£(X;). Then finy,(2) = fip(2)™ for n =1,2,.... On the other
hand, by Q-selfsimilarity, fin,(2) = fi,(n? 2). Hence fi,(2)" = fi,(n? z). This
means that u, is strictly Q-stable. Again by @)-selfsimilarity, we have [i;(z) =
Bypyp(z) = i, ((1/p)Q'2), and thus gy is also strictly Q-stable. Therefore
w1 (2)® = ﬁl(aQ/z) for any a > 0. Once again by Q-selfsimilarity, 1i,(z) =
7i1(a@ 2). These imply

(2.4) fo(2) = 1 (2)° for a>0.

Let pigp4n = L(Xpyn — Xy). Since fig(z) # 0, we have

+h

fitn(2) = e (2 (2) ™ = i (2) P (2) ™" = ()" = in(2)

by using (2.4). Thus X has stationary increments, and hence X is a Lévy
process such that £(X;) is strictly @Q-stable. O

3. Independently scattered random measures and stochastic
integrals

We define R%valued independently scattered random measures.

Definition 3.1. Let J be an interval in R. A family M = {M(B): B €
B9} of Re-valued random variables is called R%-valued independently scattered
random measure (i.s.r.m.) over J, if the following three conditions are satisfied:
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(1) for any sequence By, Ba, ... of disjoint sets in BY with B =J2, B,, €
BY, M(B) =%, M(B,) a.s., where the series is convergent a.s.,
(2) for any finite sequence By, ..., B, of disjoint sets in By, M(By),...,
M (B,,) are independent,
(3) M({a}) =0 a.s. for every one-point set {a} C J.
If, in addition, the condition
(4) M(B) 4 M (B + a) for every B € BY and a € R satisfying B +a € BY
is satisfied, then M is called homogeneous i.s.r.m. Let p > 0. If M satisfies
(1), (2), (3), and the condition
(5) M(B) 4 M (B + p) for every B € BY satisfying B + p € BY,
then it is called a periodic i.s.r.m. with period p or, for short, p-periodic
i.s.r.m.

The definitions of additive, Lévy, and semi-Lévy processes and those in
law are extended to the case where the parameter set is J = [0,%g) or [0, to].
Under these names we always retain the condition that Xy =0 a.s.

The notions and the results in the rest of this section are extensions of a
part of Sections 2 through 4 of [18], where only the case J = [0, 00) is studied.
We omit proofs of our assertions, but they can be given either in a way similar
to [18] or by reduction to the case J = [0, 00).

Definition 3.2.  Let J = [0,%), [0,t0], or [0,00) and let X = {X;: t €
J} be a J-parameter additive process in law on R, As puy = £(X;) € ID, the
triplet of p; is denoted by (Ay, v¢,y:). We say that X is natural if ~; is locally of
bounded variation on J, that is, of bounded variation on each [¢1, ta] satisfying
[tl, tg] c J.

Remark 3.3. The definition above does not depend on the choice of
c(z) satisfying (1.9). Any J-parameter Lévy process in law on R? is natural,
since v = (t/t1)7v:,, where t1 is positive and fixed in J. When X is a J-
parameter semi-Lévy process on R¢ with period p, it is natural if and only if ~,
is of bounded variation on [0, p]. Thus, using Proposition 2.2 or its analogue for
J =[0,t9) or [0,%0], it is easy to see that there exist non-natural J-parameter
semi-Lévy processes on R?. We are assuming p < tq if J = [0, o) or [0, o).

The connection between i.s.r. m. and additive processes in law is described
in the following two propositions.

Proposition 3.4. Let J = [0,t9), [0,t0], or [0,00). If M is an R9-
valued i. s. r. m. over J, then the process X defined by

(3.1) X = M([0,t]) a.s. for telJ

is a J-parameter natural additive process in law on R. Conversely, if X is a
J-parameter natural additive process in law on R?, then there is a unique (in
the a.s. sense) Re-valued i.s.r.m. M over J such that (3.1) holds. In this
correspondence, X is a Lévy process in law if and only if M is homogeneous;
X is a natural semi-Lévy process in law with period p if and only if M is
p-periodic.
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Proposition 3.5.  Let J be an interval in R.
(i) Suppose that M is an R¥-valued i.s.r.m. over J. Define, for each
seJandt >0 withs+te J,

(3.2) X = M((s,s+1]) a.s.,

where we understand that (s,s] = 0. Then,

(1) for each s € J, X© = {X¥:t € (J—s)N[0,00)} is a (J —s) N

[0, 00))-parameter natural additive process in law on R,
(2) Xt(181) + Xt(251+t1) = Xigfi)tz a.S. if s1,81 +t1,81 +t1 +ta € J.
(ii) Suppose that X(*) = {Xt(s): te(J—s)N[0,00)}, s € J, is a family

of processes satisfying (1) and (2) above. Then there is a unique (in the a.s.
sense) R-valued i.s.7.m. M over J such that (3.2) holds for all s € J and
t>0 withs+telJ.

Example 3.6. Let X = {X;:¢t >0} and Y = {Y;: ¢ > 0} be indepen-
dent additive processes in law on R%. Then there exists a unique R%valued
i.s.r.m. M over R such that

X — X for 0<s<t,
(3.3) M((s,t]) = ¢ X; +Y_, for s<0<t,
-Y_ ;,+Y_, for s<t<0.

This is proved by an application of Proposition 3.5. If X is a Lévy process in
law and Y £ X , then M is homogeneous. If X is a semi-Lévy process in law

with period p and Y 45 , where X is constructed from X as in Example 2.5,
then M is p-periodic.

In the rest of this section, J is an arbitrary interval in R.

Proposition 3.7. Let M be an Re-valued i.s.r.m. over J. Then,
L(M(B)) € ID(RY) for each B. Let (Ap,vg,vB) be the triplet of up =
L(M(B)). Then, Ap, v5, and vg(C) for each C € By(RY) are countably
additive in B € BY.

We use the notation ug, Ag, vg, and v as in the proposition above. The
total variation measure of yp is denoted by |v|s.

Definition 3.8.  Let M be an R%valued i.s.1.m. over J. A pair ({ps: s
€ J},0) is called a factoring of M if the following six conditions are satisfied:
(1) o is a locally finite measure on J, that is, a measure on J such that
o(B) < oo for all B € BY,
) o is continuous (that is, atomless),
) ps € ID(RY) for s € J,
) log ps(2) is measurable in s € J for each z € RY,
)
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(6) for all B € B} and z € RY,

(3.4) Eet=M(B)) :exp/ log ps(2)o(ds).
B
The measure o on J such that
(3.5) o(B) =tr(Ap) + /d(l Alz*)vp(de) + |y for B¢ BY
R

is called the canonical measure of M. A pair ({ps}, o) is called a canonical
factoring of M if it is a factoring with ¢ being the canonical measure of M.
When J = [0,t9), [0,t0], or [0,00) and M corresponds to the J-parameter
additive process in law X by (3.1), then these notions of M are sometimes
considered as those of X.

For example, the canonical measure of a J-parameter Lévy process in law
on R? is a constant multiple of the Lebesgue measure restricted to J.

Proposition 3.9.  Let M be an R¥-valued i. s. r. m. over J.
(i) Let ({ps},o) be a factoring of M and let (AL, vP,~2) be the triplet of
ps- Then,

(3.6) AP, 4P, and vP(C) for any C € Bo(RY) are measurable in s,
(3.7) / (tr(Afj) +/ (1A |z* )P (dx) + 7§|) o(ds) < o0 for BeBY.
B R4
Moreover, for B € BY and C € By(R?),
(3.8) Ap= / Afo(ds), wvp(C)= / ve(C)o(ds), ~p = / Yo (ds),
B B B
(3.9) logip(z) = / log ps(2) o(ds) .
B

(ii) A canonical factoring ({ps}, o) of M exists and satisfies

(3.10) esssup (tr( A7)+ /

(1A [22)8 (de) + Ivé’l) <o,
seJ R4

where the essential supremum is with respect to o. If ({pt},o) and ({p?},0)
are canonical factorings of M, then pl = p? for c-a.e. s € J.

Thus, when J = [0,t9), [0, %], or [0,00) and X is a J-parameter additive
process in law on R?, then a factoring of X exists if and only if X is natural.

Let M be an R%valued i.s.r.m. over .JJ. We define stochastic integrals of
nonrandom functions by M.

Definition 3.10. If F(s) is a function on J such that

(3.11) F(s) = zn: 1g,(s)R;
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where By, ..., B, are disjoint Borel sets in J and Ry, ..., R, are in M;.4, then
we say that F(s) is an M 4-valued simple function and define, for B € BY,

(3.12) /B F(s)M(ds) = i R;M(BNB;).

Jj=1

An M 4-valued function F'(s) on J is said to be M -integrable if it is measurable
and if there is a sequence of simple functions Fi(s), F»(s),... on J such that
(1) F.(s) — F(s) for o-a.e. s € J, where o is the canonical measure of
M7
(2) for every B € BY, the sequence [, F,,(s)M(ds) is convergent in prob-
ability as n — oo.
The limit in probability in (2) is denoted by [, F(s)M(ds) and called the
(stochastic) integral of F over B by M. When J = [0,t), [0,t0], or [0,00),
then, using the J-parameter natural additive process in law X satisfying (3.1),
we sometimes write [, F'(s)dX for [, F(s)M(ds).

Obviously the definition (3.12) of the integral of a simple function does
not depend (in the a.s. sense) on the choice of the representation (3.11) of F.
But the following fact, which guarantees that the integral is well-defined in
M-integrable case, is nontrivial.

Proposition 3.11.  If F(s) is a measurable My 4-valued function on
J and if FX(s) and F2(s), n = 1,2,..., are sequences of simple functions
satisfying (1) and (2) of Definition 3.10 with F,,(s) replaced by F}(s) and F?2(s),
then, for every B € BY,

p-lim [ Fl(s)M(ds) = p-lim [ F2(s)M(ds) a.s.

n
n—oo J B n—oo J B

Here are properties of integrals by M.

Proposition 3.12.  Let F(s) be an M;xq4-valued measurable function
bounded on each B € BY. Then F(s) is M-integrable. Moreover, if F,(s) is
a sequence of simple functions on J such that F,(s) — F(s) o-a.e., where o
is the canonical measure, and if sup, sup,cp ||[Fn(s)|| < oo for every B € BY,
then

plim [ F,(s)M(ds) = / F(s)M(ds)  for B e BY.
n—oo JB B

Proposition 3.13.  If Fi(s) and Fx(s) are M-integrable My q-valued
functions on J, then, for any a1 and ay in R, a1 Fy(s)+agFs(s) is M -integrable
and

/B((llFl(S)JragFg(s))M(ds):al/

Fy(s)M(ds) +a2/ Fy(s)M(ds) a.s.
B B

for any B € BY.
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Proposition 3. 14 Let F(s) be an M-integrable M,y q-valued function
onJ. Let A(B) = [, F(s)M(ds) and \p = L(A(B)) for B € BY. Then A is an
R'-valued i. s. r. m. over J If ({ps}, o) is a factoring of M, then, for B € BY
and z € R,

/|logpS )2)|o(ds) < oo and logXB(z):/Blogﬁs(F(s)’z)a(ds).

Here log ps(F'(s)'z) means (log ps(w))w=r(s) -

Even if F(s) is M-integrable, we cannot always define [, F(s)M(ds) for
BeB; \ 69

Definition 3.15. Let F(s) be an M-integrable M,y 4-valued function
on J. If J is infinite to the right and if, for ¢t € J, f(t . F(s)M(ds) is convergent

in probability as u — oo, then we say that ftoo F(s)M (ds) is definable and define

/ F(s)M(ds) = p-lim F(s)M(ds) .

t u—00 J (t,u]

If J is infinite to the left, then the notion of definability and the definition are
given similarly to fioo F(s)M(ds) for t € J. When J = [0,00), then, using
the natural additive process in law X satisfying (3.1), write [~ F(s)dX, for

[S F(s)M(ds).

Remark 3.16.  Let J be infinite to the right (resp. to the left). Suppose
that [ F(s)M(ds) (resp. fioo F(s)M (ds)) is definable for ¢t € J. Then it is
a J- parameter stochastic process continuous in probability with independent
increments. Hence it has a cadlag modification b fy the argument in Theorem
115 of [17]. Henceforth [ F(s)M(ds) (resp. [°__ F(s)M(ds)) denotes this
modification. We also use, for a ﬁxed tg € J, the notatlon

t Jitoa ()M (ds) for te JnN(ty,00),
/ F(s)M(ds) =40 for t=to,
’ f(t to] M(ds) for te Jn(—o0,to),

and mean a cadlag modification over J.

4. Ornstein-Uhlenbeck type processes generated by independently
scattered random measures

In (i) of the following theorem, we notice that the nonrandom equa-
tion (1.2) is always solvable. This is an R%-version of a result of Cheridito,
Kawaguchi, and Maejima [2], who consider a more general class of functions
when d = 1. In (ii) we specialize it to the case of independently scattered ran-
dom measures, that is, the case of Langevin equation. There are many related
papers such as Doob [3], Mikosch and Norvaisa [13], and Surgailis et al. [22].
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Theorem 4.1. (i) Let Q € My and sg € R. Given a nonrandom cadlag
function ys of s € R and a point & € R?, there exists a unique cadlag function
zs of s € R satisfying equation (1.2) and condition zs, = &.

(ii) Let A = {A(B): B € B3} be an R%-valued i. s. 7. m. over R and let = be
an Re-valued random variable. Then, there exists a unique (in the a.s. sense)
cadlag process Z = {Zs: s € R} such that Langevin equation (1.3) is satisfied
a. s. for every s1 and s with sy < sy together with the condition that Z,, = =
a.s. This process Z is represented as

s
(4.1) Z, = els073)0= ¢ e_SQ/ "9 A (du) for seR, a.s.
S0

Thus we get the Ornstein-Uhlenbeck type process generated by A and @
satisfying Z;, = =.

Proof of Theorem 4.1. (i) Define
(4.2) zg = (0@ 4y —l5079)Qy / Qe =)Ly, du for seR.
S0

Then z; is a cadlag function with z,, = £. By a straightforward calculation we

can prove that z, satisfies (1.2). In order to see the uniqueness, suppose that

zgl) and z§2) are cadlag solutions of (1.2) with zgi) = zgﬁ) = ¢, Then

(4.3) 2 — 2 = —Q/ (2 — 2 du.
S0

Let vy = zgl) — z§2). Then we get

(=Q)"
(n—1)!

Vg =

S
/(s—u)"‘luudu for n=1,2,....

S0

Since ((n — 1)!)7(s — u)""1(—=Q)™ — 0 uniformly in u € [0,s] as n — oo, we
get vy = 0. That is, zgl) = z§2).

(ii) Define Y,? to be A((0,¢]) for t > 0, zero for t = 0, and —A((¢,0]) for
t < 0. Then, {Y?:t € R} has a cadlag modification Y = {¥;: t € R} as in
Theorem 11.5 of [17]. We have

(4.4) Y — Y, = A((s,t]) a.s. for every s,t with s <1t.

With this Y; replacing ys, we can uniquely solve (1.2) pathwise by (i) under
the condition that it equals = at s = sg. Denoting the resulting solution by
Z ={Z: s € R}, we see that Z satisfies (1.3) a.s. for every s1, s2 with s1 < ss.
The uniqueness is proved in the same way as in the nonrandom case, since the
analogue of (4.3) holds for all s, a.s. It follows from the integration-by-parts
formula in Corollary 4.9 of [18] that

So S2
/ e"QdyY, = eSQQ}/S2 — eleYS1 —/ Qe"?Y,du a.s. for 0< 51 < 589
S1 S1
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and a similar expression for s; < s2 < 0. Hence we obtain the equality in (4.1)
a.s. for each s. Since both sides are cadlag, it holds for all s a.s. O

Definition 4.2.  An OU type process {Z;: s € R} generated by A and
Q@ or a solution of (1.3) is said to be @Q-mild at —oco (or, simply, @-mild) if
p—lims_,_ooeSQZS = 0.

Theorem 4.3.  Let A be an R%-valued i.s.r.m. over R and Q € M.
Then the following are equivalent:

(1) fi)oo e*@A(ds) is definable,

(2) p_lims—>—oo

and @,

(3) a Q-mild OU type process Z generated by A and Q exists.
If (3) holds, then a Q-mild OU type process Z generated by A and Q is unique
a. s. and expressed as

esQZ, emists for every OU type process Z generated by A

(4.5) Zs = e_sQ/ e"QA(du) for seR, a.s.

— 00

Proof. If Z is an OU type process generated by A and @), then, by The-
orem 4.1,

S
(4.6) Z,=e0m907 4 e_sQ/ e"QA(du) for sp,s €eR, a.s.

S0

That is,

(4.7 Q7 — ez, = / e"Q A\ (du) for sp,seR, a.s.
S0

Letting s = 0 and sg — —o00, we get the equivalence of (1) and (2). If (3) holds,
then, letting sg — —oo in (4.7), we see that (1) and (4.5) are true. This shows
the uniqueness of a Q-mild solution. If (1) holds, then by Theorem 4.1, the

solution Z of Langevin equation with Zy = 2 = EOO e*@A(ds) a.s. satisfies

0 s s
7 = e_SQ/ "N (du) + e_SQ/ e"CA(du) = e_SQ/ e“CA(du) a.s.,

—o00 0 —o00

which shows that p-lim e*?Z, = 0. Hence (1) implies (3). O

§——00
Remark 4.4. Let ({ps},0) be a factoring of A. In the cases of (1)
through (3) of Theorem 4.3, limg, f:o log py (e"? 2)o(du) exists and equals

the distinguished logarithm of the characteristic function of f_soo e QA (du).
This follows from Proposition 3.14 and [17] Lemma 7.7.

We apply Theorem 4.3 to periodic i.s.r.m.

Theorem 4.5. Let A be an R%-valued p-periodic i. s. . m. over R. Let
Qe M.
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(i) Suppose that A has finite log-moment. Then Langevin equation (1.3)
based on A and Q has a unique semi-stationary solution Z with period p. This
solution has expression (4.5) and L(Zs) € Lo(e™?,Q) for all s.

(i) Suppose that

(4.8) Ellog™ [A((0,p])]] = oo.

Then, Langevin equation (1.3) based on A and Q has no semi-stationary solu-
tion with period p. Moreover, it has no Q-mild solution.

Corollary 4.6. Let A be an R%-valued homogeneous i. s. . m. over R.
Let Q € Mj{.

(i) Suppose that A has finite log-moment. Then Langevin equation (1.3)
based on A and Q has a unique stationary solution Z. This solution has ex-
pression (4.5) and L(Zs) is Q-selfdecomposable.

(ii) Suppose that A does not have finite log-moment. Then, Langevin equa-
tion (1.3) based on A and Q does not have a stationary solution.

Actually the result in Corollary 4.6 was given in [20]. Our Theorem 4.5 is
an extension of it.
In order to prove Theorem 4.5, we prepare two lemmas.

Lemma 4.7. Let A be an R%-valued i.s. . m. over R and let Q € M:l'.
Let Z be an OU type process generated by A and Q. If Z is stationary or, more
generally, semi-stationary, then Z is Q-mild at —oc.

Proof. Suppose that Z is semi-stationary with period p. Let 1, = L(Z).
It follows from (1.3) or (4.1) that Z is continuous in probability. Hence 7, is
continuous in s. Thus we see that {ns: s € [0,p]} is a compact set in the topol-
ogy of the weak convergence. This set equals {ns: s € R} by semi-stationarity.
Hence {ns: s € R} is tight. Since Q € M, we have the following estimate (see
[18]): there are positive constants ci, ..., cs such that

(4.9) ce?®|z| < |e*%x| < c3e¥|z] for s<0andzeR%
Using this we see that, for any € > 0,

P[|e*?Z,| > €] < P[c3e®*| Z| > ] < supmy({|z] > ec5 'el*1}) — 0

as s — —oo. That is, e*?Z, — 0 in probability. |

Lemma 4.8. Let A be an R%-valued p-periodic i.s.r.m. over R. Fiz
to € R and define

(4.10) AB)=A(ty—B)  for BeBY.

Then A is a p-periodic i.s.r.m. over R and A((0,p]) < A((0,p]). Let F(s)
be an M;xq-valued function on R. Then F(s) is A-integrable if and only if
F(to — s) is A-integrable. In this case,

(4.11) /BF(S)K(ds) = /t L F(to — s)A(ds) a.s. for BeB.
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Proof. Tt is easy to see that Ais a p-periodic i.s.r.m. over R. To see
that A((0,p]) 4 A((0,p]), note that A((0,p]) = A([to — p,t0)) = A((to — p, to])

a.s. and that, choosing n € Z such that to — p < np < to, A((np,to)) 2

A((0,tg —mp]) and A((to — p,np)) 4 A((to —np,p]). If F(s) is a simple function
(3. 11) then F(to —u) = >0 1p,(to —w)R; = 377, 14—, () R; and hence
Is F( = Y RAB N B)) = Y RiA((to — B) N (to — By)) =
j;o_ to - ) (du), which is (4.11). The rest of proof is straightforward. [J

Proof of Theorem 4.5. (i) We assume that A has finite log-moment. Given
to € R, define A by (4.10). Then, by Lemma 4.8, A is a p-periodic i. s.r. m. with
finite log-moment. By Theorem 5.2 of [18], [~ e*QA(ds) is definable. Hence,
by (4.11), ff“oo e~ (t0=3)@A\(ds) is definable and so is ffm e*@A(ds). Thus, by
Theorem 4.3, there is a unique @-mild OU type process Z generated by A and
Q. Tt is expressed by (4.5). Since

to oo -
e_tOQ/ e*?A(ds) :/ e *QA(ds) a.s.,
0

— 00

L(Z,) € Lo(e™?, Q) for any to by virtue of Theorem 5.2 of [18]. We have
s+p s
Zypp = e (5TP)Q / e"CA(du) = e=*@ / e"?A¥ (dv),

where we define A*(B) = A(B + p). Since A*(B) 4 A(B), we get Zsip 4
*SQf e"@A(dv) = Z,. Similarly, for any s; < so < - < sy, (Zs;4p)j=1,...,n

4 (Zs,)j=1,...,n, which is semi-stationarity with period p of Z. By Lemma 4.7

semi-stationarity implies (Q-mildness. Hence, by Theorem 4.3, a semi-stationary
solution is unique.

(ii) We assume (4.8). Then, using Theorem 5.4 of [18] and Lemma 4.8,
we see that ffoo e*@A(ds) is not definable. Hence, by Theorem 4.3, there is
no @-mild solution of Langevin equation. Lemma 4.7 tells us that, a fortiori,
there is no semi-stationary solution. d

Remark 4.9. Let A be an R%valued i.s.r.m. over R and Q € M. If
there is a semi-stationary solution Z with period p of Langevin equation (1.3),

then A is p-periodic. Indeed, it follows from (1.3) and {Z,4,} 4 {Zs} that
S2 d 82
ZSQJrLD - Z81+p + Q/ Zu+pdu = ZSz - ZS1 + Q/ Zydu ’
S1 S1

that is, A((s1 + p,s2 + p]) 4 A((s1,82]). Similarly, if there is a stationary
solution, then A is homogeneous.

Theorem 4.5 shows that, when we restrict our attention to p-periodic
i.s.r.m., the integrals ffoo eS?A(ds) (if definable) with @ € M have distri-
butions in a restricted class. But, in the case of general i.s.r. m., the integrals
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can have arbitrary distributions. In fact, we can show the following.

Proposition 4.10.  Let F(s) be an Mg-valued continuous function on
(—00,0] such that, for every s, F(s) is an invertible matriz. Then, for any
u € ID(RY), we can choose an Re-valued i.s.r.m. A over (—o00,0] in such a

way that ono F(s)A(ds) is definable and has distribution .
Proof. Let Y! ={Y?: s> 0} be a Lévy process with £(Y{) = . Define

A(B) = / (F(logu))~'dY}  for BeB .-
exp B
Then A is an R%valued i.s.r.m. over (—oo,0]. We have, by Proposition 3.14,

Eei(z,A(B)) — eXp/ log ﬁ((F(log u)/)—lz)d’u
exp B

— exp /B ¢ log i((F(v))~12)dv

s

Thus we can choose a factoring ({ps}, o) of A such that ps(z) = a((F(s))~1z)¢
and o = Lebesgue. Hence, by Proposition 3.14,

Eexp Hz / F(s)A(ds)>] ~ exp / " og i (F(s) 2)ds

S1

s2
= exp {/ e’ds logﬁ(z)] ,

S1

which tends to 1 as s1,s2 — —oo. It follows that f_Ooo F(s)A(ds) is definable
and that

Eexp [i<z,/: F(s)A(ds)>] = exp [/OOO esdslogﬁ(z)] = 7i(2),

that is, £ (f_ooo F(s)A(ds)) = [ O

5. Proofs of main results
Let us prove the three theorems formulated in Section 1.

Proof of Theorem 1.1. Let M be the R%valued i.s.r.m. over [0,00) in-
duced by the process X (Proposition 3.4). Let Mo(B) = M(B) for B € B}, .
Then My is an i.s.r.m. over (0,00), which is a restriction of M. The func-
tion t~9 is My-integrable by Proposition 3.12. If B € BY, then expB €

B(Oo,oo) and hence we can define fexth_QMo(dt). We denote this integral
by fCXpB t~?dX;. The right-hand side of (1.5) means this integral. By Propo-
sition 3.14, A = {A(B): B € BY} thus defined by (1.5) is an R%-valued i.s.r. m.



626 Makoto Maejima and Ken-iti Sato

over R. Using Proposition 3.12 again, we can prove that, if ¢ > 0, then, for
all B € By satisfying exp B C [g,00), [, gt OMo(dt) = [, F(t)dX; a.s.,
where F(t) is a continuous function on [0, 0o) satisfying F(t) = ¢t~ on [¢/2, c0).
Let X! = X,;. Using Theorem 4.10 of [18] and recalling {X7} 4 {a®X;}, we
get

A(B +p) :/ t=9dX, :/ (at)~Qdx} L / t=QdX, = A(B) .
aexp B exp B exp B

Hence A is p-periodic. Define A*(B) = A(log B) for B € B, .. Then A* is

an i.s.r.m. over (0,00) and A*(B) = [, t~9dX, under similar interpretation

of the integral. Use of analogues of Theorems 4.6 and 4.10 of [18] gives, for

0<t; <to,

log t2 t2 b2

/ YA (du) = / u@A* (du) = / uPuQdX, = X;, — X,,.
log t1 t1 t1

Ast; | 0, X;; — 0 a.s. Hence floogctz e@A(du) is definable. It follows from

Theorem 4.5 (ii) that A has finite log-moment. We get also the expression (1.6).

By (1.4) and (1.6), we get (1.7). Hence, by Theorem 4.5, Z is the semi-

stationary OU type process with period p generated by A and Q. O

Proof of Theorem 1.2. Existence and uniqueness of the semi-stationary
OU type process Z with period p generated by A and @, are shown in Theorem
4.5. Tt is expressed by (4.5). Hence X; has the expression (1.6) for t > 0. As
t]0, X = flooit e*@A(ds) — 0 in probability. It follows from (1.6) that X has
independent increments. Since X is continuous in probability for ¢ > 0, it is
an additive process in law and thus has a cadlag modification ([17, Theorem
11.5]). On the other hand, X is itself cadlag for t > 0 a.s., since Z is cadlag.
It follows that X is cadlag for t > 0 a.s. Let A*(B) = A(B + p). We have

p+logt logt d logt
Xat = / e*?A(ds) = / eHTPIQAR(ds) = aQ/ e*?A(ds) = a® X,
and similarly for joint distributions. Thus {X,:} 4 {a®X;}. Hence X is a
-semi-selfsimilar additive process with epoch a. Define Xf = Xi4+¢+ — X; and
XM= Xg_l for t > 0. Since X} = folog(H_t) e*@A(ds), X* is a natural additive
process, by Propositions 3.4 and 3.14. Then Xfﬁ =X, — X1 = fot e*QA(ds). If
s > 0, then

s s

/efs—C«?CZXIt = / _1(1+t)—Qde = /s(et)—QdX,{‘ﬁ = A((0, s]),
1 0

0

where the second equality is by Theorem 4.10 of [18] and the third is by Theorem
4.6 of [18]. If s < 0, then

s

e 1
/ 194X, — —/ =QdX, = —A((s,0])
1 e

s
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similarly. Hence we obtain (1.5). That is, A is recovered from X as in Theorem
1.1. The expression (1.4) of Z by X follows from (1.8). O

The following lemma is an extension of Theorem 10 of [10].

Lemma 5.1. Let Q € MJ and b € (0,1). A distribution p is in
Lo(b,Q) if and only if there exists a Q-semi-selfsimilar natural additive pro-
cess X = {X;: t = 0} with epoch b=1 such that L(X1) = p.

Proof. We write a = b~ 1.

The “if’ part. We have { X} 4 {a®X;}. Hence b¥X; 4 X,. It follows
that

BeilaX1) — peilsXe) peilzXi=Xo) _ i 2,.X1) peilzX1-Xp)

Since £(X; — X,) is infinitely divisible, this means £(X;) € Lo (b, Q). (Here we
do not use naturalness. Similarly we can prove £(X:) € Lo(b, Q) for all ¢.)

The ‘only if’ part. If we construct from p € Lo (b, Q) a system of distribu-
tions {e: 1 <t < a} on R% such that (1) 1 = g, (2) fia(2) = fi(a? 2), (3) there
is a distribution s for 1 < s <t < a such that gy = ps * ps e, and (4) f(2)
is continuous in ¢ € [1,a], then there is, uniquely in law, a @Q-semi-selfsimilar
additive process X with epoch a such that £(X;) = p: for t € [1,a]. This is
verified in the same way as the proof of Theorem 7 of [10]. A construction of
such a system {u.} is as follows. Recall that p € ID (see [11]). Define p; for
1<t<aby

(5.1) fin(2) = 7i(2) MO (@ 2)h®

with a continuous increasing function h(t) satisfying h(1) = 0
Then {u;} satisfies conditions (1) through (4) above. Indeed, (
are obvious. To see (3), let 1 < s < ¢t < a. Notice that

in(2) = i(2) MO0 )" (a2 O,
s (2) = (2) " OR() OO ).

and h(a) =
1), (2), and (4 )

Since p € Lo(a™!,Q), there is p € ID such that fi(z) = fi(a~% 2)p(2), that
is, 7i(a®? 2) = [i(2)p(a® z). Hence Jiy(z) = fis(2)p(a? 2)" D=1 which shows
that condition (3) is satisfied. It follows from (5.1) that the location parameter
in the triplet (Ay, ve,y:) of py satisfies v = (1 — h(t))y1 + h(t)7ya, which is of
bounded variation in ¢t € [1,a]. Hence the process X constructed is natural by
Theorem 2.13 of [18]. O

Proof of Theorem 1.3.  The ‘only if ' part. Let p = L(X1) = L(Zy), where
X and Z are the processes in Theorem 1.1 or 1.2. Then p € Lo(a™!,Q) by
Lemma 5.1.

The “if " part. Given p € Lo(a™!,Q), use the process X in Lemma 5.1 for
the process in Theorem 1.1. O
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Remark 5.2. The ‘only if’ part of Theorem 1.3 can be strengthened
as follows: the distributions £(X}) for all t > 0 and £(Z;) for all s € R are
(a1, Q)-decomposable.

Remark 5.3. In the proof of the ‘only if’ part of Lemma 5.1, the con-
struction of X has freedom of choice of the function A(t) on [1,a]. Freedom of
choice of systems {p;: 1 < t < a} is even larger, since there exist systems not
of the form (5.1). See examples in [10] in the case @ = ¢ with ¢ > 0. This
corresponds to the variety of processes X and Z that express the same p in
Theorem 1.3. See also Remark 8.5. This is in contrast to the situation in the
@-selfsimilar case, which we will formulate in Section 6.

Corollary 5.4. Let Q € Mj and a > 1. A distribution p on R is
(a1, Q)-decomposable if and only if p is expressible as

(5.2) pw==L (/Ooo e—thYt)

by a natural semi-Lévy process Y = {Y;: t > 0} with period log a with finite log-
moment. In particular, a distribution p on R? is semi-selfdecomposable if and
only if p is expressible as p = L (fooo e‘”dY}) by a natural semi-Lévy process
{Y;: t > 0} with finite log-moment.

Proof. Use Theorem 1.3 and Lemma 4.8. 1

6. Selfsimilar additive processes, stationary OU type processes, and
homogeneous independently scattered random measures

Relations of the three objects in the title of this section are formulated
below. These are consequences of Theorems 1.1 through 1.3 except the unique-
ness assertions in Theorem 6.3 and Corollary 6.4. Note that any @-selfsimilar
additive process is natural (Theorem 2.14 of [18]). When the basic matrix Q
equals the identity matrix I, these are new formulations of essentially known
results.

Theorem 6.1. Let Q € MI. Let X = {X;:t > 0} be an arbi-
trary Q-selfsimilar additive process on RY. Define Z = {Z,: s € R} and
A = {A(B): B € BS} by (1.4) and (1.5), respectively. Then A is an R%-
valued homogeneous i. s. r. m. over R with finite log-moment. The process X is
expressed by A in the form of (1.6). The process Z is the unique stationary
OU type process generated by A and Q ; it is expressible in the form of (1.7).

Theorem 6.2. Let Q € M and let A = {A(B): B € B3} be an ar-
bitrary R%-valued homogeneous i.s.r.m. over R with finite log-moment. Let
Z = {Zs: s € R} be the unique stationary OU type process generated by A
and Q. Define X = {X;:t > 0} by (1.8). Then X is a Q-selfsimilar additive
process on R%; Z and A are recovered from X in the form of (1.4) and (1.5).
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Theorem 6.3. Fiz @ € MI. A distribution 1 on RY given by p =
L(X1) = L(Zp) in Theorem 6.1 or 6.2 is Q-selfdecomposable. Conversely, for
any Q-selfdecomposable distribution p on RY, there is, uniquely in law, an R%-

valued homogeneous i. s. . m. A over R with finite log-moment in Theorem 6.2
such that p = L(X1) = L(Zp).

The relation of Z and p in Theorem 6.3 was proved by [20] and [21]; the
relation of X and p there was proved by [16].

Corollary 6.4. Fiz Q € Mj. A distribution p on R? is Q-self-
decomposable if and only if

(6.1) pw==L (/Ooo e-thYt>

with Y = {Y;: t > 0} being a Lévy process on RY with finite log-moment. In
this case, Y 1is determined by p uniquely in law.

This result was directly proved by Wolfe [28] and Jurek [5].

For completeness, we give a proof of the uniqueness assertion in Theorem
6.3. Let A be an R%valued homogeneous i.s.r.m. over R and let us define Z
and X as in Theorem 6.2. Let p = £(X;) = L(Zp). Since X is a Q-selfsimilar
additive process, its distribution as a stochastic process is determined by .
Hence, by (1.5), the distribution of A is determined by u.

7. Further results on selfsimilar and semi-selfsimilar additive
processes

Applying Theorems 1.1 and 1.2 to Q-selfsimilar and @Q-semi-selfsimilar
additive processes on R%, we can give characterization of their factorings and
provide new examples of @Q-mild OU type processes.

The following theorem is concerned with @-selfsimilar additive processes.

Theorem 7.1. LetQ € M;.
(i) Let p° be in ID(RY) with finite log-moment. Then ({ps: s > 0},0)
defined by

(7.1) log ps(2) = s+ log,oAO(sle) for s >0 and pp = oo

and o = Lebesgue on [0,00) is a factoring of a Q-selfsimilar natural additive
process X = {X;: t > 0}.

(ii) Any Q-selfsimilar additive process X = {X;:t > 0} on RY has a
factoring ({ps},0) described in (i) with some p° € ID(RY) having finite log-
moment.

Sketch of proof. (i) By Proposition 2.11 of [18], ({ps}, o) is a factoring
of some additive process in law X° if (1), (2), (3) of Definition 3.8, (3.6), and
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(3.7) are satisfied. Among them (1), (2), and (3) are obvious. The triplet
(AP vP 4P) of ps for s > 0 is expressed as A? = s 1sQA%% vP(B) =
s71 [15(s%2)10(dz), and

7P = 57159 (70 + /xrs(x)yo(da:)> ,
where (A%, 1°,4°) is the triplet of p° and
rs(z) = e(s%x) — e(x) = (Ja* — [s%*) (1 + [s%*) 71 (1 + |2*)

Hence (3.6) holds. Further we can check (3.7) by using (4.9). The process X°
is @-selfsimilar, since

at
Eei{=:Xa) — exp/ logpo(sQ 2)s tds
0
t
- exp/ log p°(s¥'a?'2))s 1 ds = Be' (o X7)
0

for any a > 0. Now let X be the cadlag modification of X°.

(ii) By Theorem 6.1, X; = fiofot e*PA(ds) a.s. with some R%valued homo-
geneous i.s.1.m. A over R with finite log-moment. Let p® = £(A((0,1])). Then,
there is a constant ¢ > 0 such that ({(p°)¢},c!ds) is the canonical factoring
of A. Hence, using Theorem 5.2 of [18], we can show that ({ps},0) defined in
(i) is a factoring of X. O

Example 7.2. Let u be a selfdecomposable distribution on R with sup-
port [0,00). Then

u(z) = eXp/ (e — 1) k(z)x tdx for zeR,
0

where k() is a nonnegative decreasing right-continuous function on (0, co) with
Joo @Az Yk(z)de < oo. Let ¢ > 0. Let X = {X;: ¢ > 0} be the c-selfsimilar
additive process on R with £(X;) = p. Define a measure n on (0,00) by
1((y,00)) = k(y) and p° € ID(R) by

log P(2) = [ (@ = 1)ty

Note that f(o 7 yn(dy) + f(2 o) 108 yn(dy) < oo, which follows from fol k(z)dz
+ [ k(z)z~ dz < co. Then

Ee Xt = Bet#t™ X1 — exp/ (e — )kt °z)x " dx
0

:exp/ (e — 1)x_1dx/ Liy>t-cayn(dy)
0 0
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e8] t t N
= exp/ n(dy)/ (€Y —1)eslds = exp/ s 1log pO(5°2)ds .
0 0 0

This is exactly the relation between p° and X in Theorem 7.1.
Next, let us study @-semi-selfsimilar additive processes.

Theorem 7.3. Leta>1 and Q € MI.
(i) Let X = {X;:t > 0} be a natural additive process on R* with a fac-
toring ({ps}, o) satisfying the following two conditions:

(7.2) log pas(2) = a™'log ﬁs(aQ/z) for s>0,
(7.3) o(ds) = sa*(ds),

where ot is a locally finite continuous measure on [0,00) such that

(7.4) / F(as)ot(ds) = / ()0 (ds)

for all nonnegative measurable f. Then, X is Q-semi-selfsimilar with epoch a.
(i) Any Q-semi-selfsimilar natural additive process X = {Xy: t > 0} on
R< with epoch a has a factoring ({ps}, o) satisfying the conditions above.

Sketch of proof. (i) We can prove Eei(*Xat) = Eei(=a%X1) from (7.2) and
(7.3).

(i) Let p = loga. Use the expression of X in Theorem 1.1 by an R%-valued
p-periodic i.s.r.m. A over R with finite log-moment. The canonical factoring
({p2},0™) of A is p-periodic. Define o* by o%(B) = [15(e*)o(ds). Define o
and ps by o(ds) = sot(ds) and by log ps(z) = s~ ! logﬁf})gs(sQ/z). Then (7.2)
and (7.4) are satisfied. By these properties and Theorem 5.2 of [18], we can
show that ({ps}, o) is a factoring of X. O

Let us show that @-semi-selfsimilar additive processes induce R-mild OU
type processes for any R € M.

Theorem 7.4. Let N = {N(B): B € B} be an R¥-valued i.s.r.m.
over R. Suppose that the process X = {X;: t > 0} defined by Xy = N((—t,0])
is, for some Q € M;‘, a Q-semi-selfsimilar additive process in law with some
epoch a. Then, for any R € Mj, Langevin equation based on N and R has a
unique R-mild solution.

This result is new even if X is a cl-selfsimilar additive process with ¢ > 0.

Sketch of proof of Theorem 7.4. By Theorem 4.3, an R-mild solution is
unique if it exists. By the same theorem, in order to prove our assertion, it is
enough to show that fi}o e*®N(ds) is definable. Let ({ps}, o) be the factoring
of X given in the proof of Theorem 7.3 (ii). Then it suffices to prove that

/ [ log ps (e~ 2)| o(ds) < o0 for zeR%
0
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Let (A” v?,~P) be the triplet of ps. As in the proof of Theorem 7.3 (ii), let A be
an R?valued p-periodic i.s.r.m. over R such that (1.6) holds. Let ({p2},o")
be the p-periodic canonical factoring of A. For any positive integer m,

o ’ s P ’ np+s p/
| Nogpe ol atds) = Y [ [logpetm O e ) 0 as)
n=m 0

emp

For any F' € My,

A A A
0872 (F72)| < glePIFAL | + 2o+ . [ AT an

2

+ |z v
2l s (U [P+ )

where (A2A, 1A 4PA) s the triplet of p2 and C, is a constant depending on 2z
but independent of s and F. Now use the estimate (4.9) for @ and a similar
estimate for R. We also use the decomposition of the Lévy measure of the

semi-Lévy process Y defined by Yy = A((0, s]) into v** and ¢}* as in Lemma
5.3 of [18]. In this way we can show that [, [log ps(e ™% 2)| o(ds) is finite for
some m. |

Remark 7.5. Notice that, in Theorem 7.4, the restriction of N to
(—00,0] may or may not have finite log-moment. Thus the finite log-moment
property of the underlying i.s.r.m. is not a necessary condition for the exis-
tence of R-mild OU type processes for R € MI. On the other hand, it is a
simple consequence of Theorem 4.3 that an R-mild solution of Langevin equa-
tion based on i.s.r.m. N and R € M:{ may not exist even if N has finite
log-moment.

8. Results and examples related to semi-stability

In this section, let @ € M} and b € (0,1). For a > 0, a distribution p on
R? is called semi-stable with index o and span b~' if 4 € ID and

(8.1) A(2)" = abz)er*  for zeR?

for some vy € R%. In order that such a nontrivial (that is, not concentrated at
a point) distribution p exists, we must have a < 2. We extend this notion.
Considering the definition of the class OSS(b, Q) of operator semi-stable dis-
tributions in [12, p. 236], we call a distribution p on R? (b, Q)-semi-stable if
p € ID and, for some a € (0,1) and v € RY,

(8.2) i(2)* = a9 2)e*)  for z e RY
Expressing a explicitly, we say that u is (b, Q,a)-semi-stable if 4 € ID and

(8.2) holds with some ~. If y € ID and (8.2) holds with v = 0, we say that p is
strictly (b, Q, a)-semi-stable. An additive or Lévy process X = {X;: ¢t > 0} is



Semi-Lévy, semi-selfsimilar additive, semi-stationary OU type processes 633

said to be (b, @, a)-semi-stable (resp. strictly (b, @, a)-semi-stable) if £(X}) is
(b, Q, a)-semi-stable (resp. strictly (b, @, a)-semi-stable) for all ¢. In this section
we give some remarks on representations of (b, @, a)-semi-stable distributions in
application of our main theorems. We also give examples of ()-semi-selfsimilar
processes connected with processes in the study of diffusion processes in semi-
stable random environments.

We give two basic lemmas.

Lemma 8.1.  If u is (b, Q, a)-semi-stable on R%, then pu € Lo(b, Q).

Proof. Tt follows from (8.2) that
A(z) = AV )" e =GR ) a0 2)e et )

Since fi(bQ'2)® ' ~lei@'12) g infinitely divisible, we have the decomposition
(1.1) with py € ID. =

Lemma 8.2.  If u is (b, Q, a)-semi-stable on RY, then there is ¢ € (0, 00)
such that [ |z]|°p(dz) < oco.

Proof. See Luczak [8]. The special case of Q = I is treated in [17]. O

It follows from this lemma that any (b, @, a)-semi-stable distribution has
finite log-moment.

Proposition 8.3. Let Y = {Y;:t > 0} be a Lévy process on R? with
finite log-moment. Then L (fooo e’thYt) is (b, Q, a)-semi-stable if and only if
Y is a (b,Q, a)-semi-stable Lévy process. The statement with the word ‘strictly’
added in both conditions is also true.

Proof. Let p = L(Y1) and p = L ([, e '9dY;). Since Y is a Lévy
process, it is (b, Q, a)-semi-stable if p is (b, @, a)-semi-stable. We have, by
Theorem 5.2 of [18],

/ |s‘up |log p(e ™9 2)|dt < oo for a € (0,00)
0 z|<a

and log 1i(z) = [;~ log ple=tQ"2)dt.
If p is (b, Q, a)-semi-stable, then, with some ~,

log 7i(b9 z) = / log (e 19 b? 2)dt = / (alogp(e 19" 2) —i(y,e 9 2))dt
0 0

= alogfi(z) —i(Q ™'y, 2),
that is, u is (b, @, a)-semi-stable.

Conversely, assume that p is (b, Q, a)-semi-stable. Then, with some ~,

/ log (e 19" b? 2)dt = a/ log pe ™9 2)dt — i(v, z) .
0 0
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Since z is arbitrary, we have

/ log ﬁ(lee_(H“)Q,z)dt = a/ log ﬁ(e_(t+“)Q/g)dt —i(y, e—uQ’Z>
0 0

for u € R. That is,

/ log (0¥ e~'9'z)dt = a/ log pe"9 2)dt — i(y,e " z) .

u

Differentiating in u and letting u = 0, we obtain

log (b9 2) = alog p(2) — i(Q. 2) ,

which shows that p is (b, @, a)-semi-stable. The assertion for strict (b, @, a)-
semi-stability is proved with v = 0. 1

The class of distributions on R? which are (b, Q, a)-semi-stable with some b
and a neither includes, nor is included by, the class of Q-selfdecomposable dis-
tributions. Concerning the intersection of the two classes we have the following
assertion.

Proposition 8.4. A distribution 1 on R? is Q-selfdecomposable and
(b,Q, a)-semi-stable if and only if there is a (b, Q,a)-semi-stable Lévy process
Y on R such that

(8.3) pw==L (/Ooo e—thYt> :

The statement with the word ‘strictly’ added in both conditions is also true.

Proof.  The ‘if” part. By Lemma 8.2, the integral in (8.3) is definable. It
follows from (8.3) that p is Q-selfdecomposable by Corollary 6.4 and that p is
(b, Q, a)-semi-stable by Proposition 8.3.

The ‘only if’ part. By Q-selfdecomposability, u is represented in the form of
(8.3) with a unique (in law) Lévy process Y with finite log-moment by Corollary
6.4. Then, using Proposition 8.3, we see that Y is (b, @, a)-semi-stable.

The case of strict (b, Q, a)-semi-stability is similar. O

Remark 8.5. Let u be @-selfdecomposable and (b, @, a)-semi-stable on
R?. Then p is (¢, Q)-decomposable for any ¢ € (0,1). Thus u has a unique
representation (8.3) with a Lévy process Y on one hand and representation
(5.2) on the other. Let us denote by Y*# = {V}*} the natural semi-Lévy process
{Y:} with period log(1/c) appearing in (5.2). Of course (8.3) is a special case
of (5.2). That is, Y in (8.3) is one of many choices of Y*. There is a unique
(in law) @-selfsimilar additive process X with £(X;) = p; the process Y is
connected with this X (Theorems 6.1 through 6.3 and Lemma 4.8). We can
construct Q-semi-selfsimilar natural additive processes X# with epoch ¢~! with
L(X?%) = pu (see Lemma 5.1) in many ways and the processes Y# are connected
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with these X* (Corollary 5.4). Thus X is a special case of the processes X*.
But, in general, no choice of the function h(t) on [1, ¢~ !] in the Proof of Lemma
5.1 gives the Q-selfsimilar process X. Let us see this fact when ¢ = b. It follows
from (8.2) that the distribution p; in (5.1) satisfies
ﬁt( ) /J( )1 h(t)~ (b—Q’ ) h(t) _M( )1 h(t)+a"1h(t) z(a’lh(t)b’Q'y,z)

for 1 <t < b1, since i(b='2) = fi(z)® "eila” 07?12 If this system {u}
satisfies py = L(X;) for a @Q-selfsimilar additive process X, then fi,+(z) =
7t (rQ z) for t > 0 and r > 0 and hence [i(z) = fi(t? z). Thus, in this case, the
Lévy measure v of u satisfies, for 1 <t < b1,

v(t79B) =u(B) = (1+ (a™' = 1)h(t))v(B)  for B e B(RY),

where v; is the Lévy measure of y;. In general, no choice of the function h(t) val-
idates this relation. For example, consider a (b, I, b*)-semi-stable distribution
p with Lévy measure v =Y o0 b"*p-n, with0 < a <2 and 1 < |c| < b~}
in Remark 14.4 of [17]. Then

v(t~1B) = Z b8 yy—nc(B)

n=—oo

while

1+ = Dh() v(B) = (1+ (0~ = 1Dh(t)) Y b"6-n.(B

n=-—oo

In the rest of this section we consider some examples appearing in the
study of diffusion processes in semi-stable random environments. It consists of
two parts.

Part 1. Let X = {X;:t > 0} be a c-semi-selfsimilar process on R with
epoch a, where ¢ > 0 and a > 1. Assume that X has cadlag paths and that

(8.4) lim sup (Xt — 1r£5 XS) =00 a.s.

t—oo

Define, for t > 0,

Mt:inf{uZO:X me },

Vi = —inf{X,: s < M},
N, = inf{u € [0, My]: Xy A Xue = —Vi} |

where we understand Xo_ = Xy. Denote by diag(ay,...,aq) a d x d diagonal
matrix with (j, j)-entry equal to a;.

Proposition 8.6. Let Q = diag(c™!,1,c71). Under the assumptions
above,

(8.5) {(Maer, Vaer, Naet)': £ = 0} £ {a“@(My, Vi, Ny)' < £ > 0}
that is, the process {(My, Vi, N¢)': t = 0} is Q-semi-selfsimilar with epoch a®.
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. e d d .
Proof. Notice that {a7°X;} = {X,-1:}. We get Myer = aMy, since
M,e; = inf {u >0:a" ¢ <Xu — inf Xs> > t}
s<u

4 inf {u >0: X1y — inf Xpo1g > t}

s<u

= inf{u >0: Xg-1,— inf X > t}

s<a~lu

:ainf{u>0:Xu—ian52t}:aMt.

s<u

Similarly we have Ve; 4 a®Vy and Ngeq 4 aN; in the following way:

Vaer = —inf{Xs: s < Myer} = —a®inf{a™“Xs: s < Mget}

4 —a{ X414 s <aMy} =aVy,

Na”t = 1nf{u S [O,Mact]I Xu N Xu_ = _Vact}
= inf{u € [0, Myes]: (a7 X)) A (a7 Xy ) = —a~ Ve }
L inf{u € [0,aMy]: Xp-1y A Xa-1,_ = —Vi} = aN; .

In checking the identities in law above, the only transformation involved is that

of {a7°X;} 4 {X,-1+}. Hence the same proof applies to the joint distributions
of the three processes {M;}, {X;}, and {N;}. Thus we get {(Myect, Vaer, Nact)'}

4 {(aMy,a®V;, aN;)'}. Since a®? = diag(a, a®, a), this means (8.5). O

Part 2. Suppose that X = {X;: ¢t > 0} is a strictly (b, I, b*)-semi-stable
Lévy process on R with 0 < b < 1 and 0 < a < 2. That is, X is a Lévy process
satisfying {Xpos} 4 {bX;}. Hence, X is a c-semi-selfsimilar Lévy process on
R with epoch a, where ¢ = o~ ! and a = b~“. Approaching a generalization
of Tanaka’s paper [24] on diffusion processes in Brownian or symmetric stable
environments, Takahashi [23] obtains the following results for this process.

Proposition 8.7.  Assume that X satisfies (8.4). Then {N;} is an ad-
ditive process (hence, it is an a-semi-selfsimilar additive process with epoch

b1).

Proposition 8.8.  Assume, in addition to (8.4), that X does not have
positive jumps. Then {M;} and {V;} are also additive processes (hence, {M;}
and {V;:} are, respectively, a-semi-selfsimilar and 1-semi-selfsimilar additive
processes with epoch b~1).

A process X on R satisfies the assumptions in Proposition 8.8 if and only
if X is either a nonzero constant multiple of Brownian motion or a nonzero
strictly (b, I,b*)-semi-stable Lévy process with 0 < b < 1l and 1 < a < 2
having Lévy measure concentrated on the negative axis.
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K. Kawazu finds that, in the case of Brownian motion on R, the process

{(V4, N¢)'} is an additive process on R? but the process {(M;, V;, Ny)'} is not
an additive process on R? (see Example 3.3 of [16]). We do not know to what
extent this fact can be generalized.
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