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EXAMPLES OF NON-AUTONOMOUS BASINS
OF ATTRACTION

SAYANI BERA, RATNA PAL AND KAUSHAL VERMA

ABSTRACT. The purpose of this paper is to present several ex-
amples of non-autonomous basins of attraction that arise from
sequences of automorphisms of C*. In the first part, we prove
that the non-autonomous basin of attraction arising from a pair
of automorphisms of C? of a prescribed form is biholomorphic
to C2. This, in particular, provides a partial answer to a question
raised in (A survey on non-autonomous basins in several complex
variables (2013) Preprint) in connection with Bedford’s Conjec-
ture about uniformizing stable manifolds. In the second part, we
describe three examples of Short C*’s with specified properties.
First, we show that for k > 3, there exist (k— 1) mutually disjoint
Short C*’s in C*. Second, we construct a Short C*, large enough
to accommodate a Fatou-Bieberbach domain, that avoids a given
algebraic variety of codimension 2. Lastly, we discuss examples
of Short C*’s with (piece-wise) smooth boundaries.

1. Introduction

Let f be a holomorphic automorphism of a complex manifold X equipped
with a Riemannian metric, say dx. Suppose K C X is an invariant compact
set on which f is uniformly hyperbolic. For p € X, let E‘}(p) be the stable
manifold of f through p, that is,

25(p) = {2 € X :dx ((2), /" (p)) — 0 as n— o0}
By the Stable manifold theorem, )y (p) C X is an immersed complex subman-

ifold, say of dimension k and this turns out to be diffeomorphic to R?*. The
question of whether E;(p) is biholomorphic to CF for every p € K was raised
by Bedford in [3]. While this is known to be true in several cases (see, for
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example, [14], [1] and [16]), a result of Fornaess—Stensgnes in [11] shows that
35(f) is biholomorphic to a domain in C* for every p € K. This was done
by studying a related question which, more importantly, is a reformulation of
Bedford’s question:

CONJECTURE. Let {F,} be a sequence of automorphisms of C* satisfying
(1.1) Cllzll < ||Fu(2)|| < D=l

for z € B*(0;1) (the unit ball around the origin) and 0 < C,D < 1. Then the
basin of attraction of {F,} at the origin defined as

Q{Fn}:{ze(Ck:FnOFn,lo~~OF1(z)—>0 as n—>oo}
is biholomorphic to CF.

On the other hand, the necessity of having such uniform bounds for each
F, on the unit ball was shown by Fornaess in [9]. In particular, if {H,} is a
sequence of automorphisms of C? of the form

H,(z,w) = (anw + 22, anz),

where 0 < |an41| < |an|? and 0 < |ag| < 1, then the corresponding basin Qp, 3
is not biholomorphic to C? since it was shown to admit a non-constant
bounded plurisubharmonic function. Note that the H,’s do not satisfy a uni-
form bound condition near the origin. In this case, {(y,} can be written as
the limit of an increasing union of domains each of which is biholomorphic to
the unit ball in C2. Furthermore, the infinitesimal Kobayashi metric on Q.
vanishes identically. Thus, Q2 } is neither all of C? nor a Fatou-Bieberbach
domain. Such a domain was christened Short C? (or more generally, a Short
C* if the domain sits in C*, k> 3) in [9].

As explained in [9], the existence of such domains is intrinsically linked
with a version of the Levi problem namely, to decide whether the union of an
increasing sequence of Stein domains is Stein. A counterexample constructed
by Fornaess [8] shows that this is not true in general if k > 3. However, in C2,
Fornaess—Sibony [10] were able to classify those domains which arise as the
increasing union of biholomorphic images of the ball and which additionally
satisfy the property that the Kobayashi metric does not vanish identically.
The other possibility is when the Kobayashi metric vanishes identically—and
this is where Short C?’s make their appearance.

The purpose of this paper is two fold. First, we will study a seemingly
straightforward version of the conjecture mentioned above that was stated as
Problem 22 in [2]. We recall the statement below.

PROBLEM. Let F and G be automorphisms of C* both having an attracting
fixed point at the origin. Let {f,} be a sequence in which each f,, is either F'
or G. Is the basin of attraction €y y biholomorphic to Ck?
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Furthermore in [2], the maps defined by
F(z1,22) = (az1 + z%,ﬁzg) and G(z1,22) = (le,ozzQ + zf),

where |al,|3] > 0 and |a|® > |3] (for example, let o =1/2 and §=1/9) were
proposed as test cases to study. A moment’s thought shows that this problem
reduces to studying the non-autonomous basin of attraction of the sequence
{Hpk),q(k) - k> 1} where p,q: N —=NU{0} and

Hyu).q) = FP* 0 G108,

This observation is used to prove the following result.

THEOREM 1.1. Let F and G be automorphisms of C? with an attracting
fized point at the origin such that the matrices A= F’'(0) and B =G'(0) are

as follows:
(a0 (B 0
A= (O 5) and B= (O a)

with |a|" < |B| for some r > 2. Then the basin of attraction of { Hpkyq(k) : k >
1} at the origin is biholomorphic to C? in the following cases:

(i) For every k>1, q(k) is bounded, p(k) > 1 and (2+ —25)p(k) — q(k) > 0.

(ii) For every k> 1, p(k) is bounded, q(k) >1 and (2 + -25)q(k) — p(k) > 0.

Moreover, we will use methods similar to those in [15] to obtain a related
result for more specific automorphisms of C2.

PROPOSITION 1.2. Consider the automorphisms
F(z1,22) = (0421 + 235522) and  G(z1,22) = (521,0422 + Zf),

where |aff < |B| < |a|*~L for k> 2. Let {F,} be a sequence in which each F,
is either F' or G. Then the non-autonomous basin of attraction at the origin
of {F,.} is biholomorphic to C2.

Second, let us recall a classical result of Rosay-Rudin [17] which shows
that if an automorphism of C* has an attracting fixed point, then the associ-
ated basin of attraction is a Fatou-Bieberbach domain. This result forms the
basis of several examples of Fatou-Bieberbach domains with prescribed prop-
erties that were constructed by them in [17]. In the same vein, it is natural
to ask whether it is possible to construct Short C*’s with specified proper-
ties. In what follows, we provide several examples of Short C*’s that satisfy
additional properties—these being much in the spirit of what is known for
Fatou-Bieberbach domains.

For the first example, recall that a shift-like map of type v (where 1 <v <
k — 1) is an automorphism of C* given by

S(z1,22, .., 2K) = (22,23,...,zk7h(zk,y+1) — azl),
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where h is an entire function on C and a € C*. These maps were introduced
and studied by Bedford-Pambuccian [4]. By working with suitable shift-like
maps and the filtration they preserve, it is possible to create a mutually dis-
joint finite collection of Short CF’s.

THEOREM 1.3. For k > 3, there exist (k — 1) Short Cks, say Q;, 1 <i<
k—1, such that
k-1
U Q,cCq and QNQ;=0 forij.
i=1
For the second example, recall that Hubbard-Buzzard [5] have constructed
a Fatou—Bieberbach domain that avoids a given algebraic variety of codimen-
sion 2 in CF for k > 3. Again, by working with suitable shift-like maps and by
controlling the rate of convergence of their linear parts, we have the following
theorem.

THEOREM 1.4. Let V C CF, k > 3, be an algebraic variety of codimension 2.
Then there exists a Short C*, say Q and a FatouBieberbach domain, say D
such that D C QC CF\ V.

Let us recall the methods of constructing a Short C? from [9]:
e Let {F,} be a sequence of automorphisms of C? of the form
Fo(21,22) = (an22 + 21, an21),
where 0 < |a,4+1| <|an|? and 0 < |ag| < 1. Let ¢ and as be defined as
1 n
p= lim —logd,(z) and as = lim |a,|™2",
n—oo dn" n— o0
where
Dn :max{}m ano...Fo(z)|7 lan]:1<i< 2}.
Here, and in what follows m; is the standard projection map on the ith
coordinate for 1 <3 <k.
Then for every ¢ > logas,, the c-sublevel set of ¢, that is,
{z eC?:p< c}

is a Short C2. Moreover, the O-sublevel set of ¢ is the non-autonomous basin
of attraction for the sequence {F,}.
e Let H be a Hénon map of the form

H(z1,20) = (22,621 + zg)
Then for every ¢ > 0, the c-sublevel set of the positive Green’s function of
H, that is,
1
GT(2)= lim d—ﬂlogﬂ!H"(z)H

n—oo

is a Short C2.
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Both ¢ and G are known to be pluriharmonic on the sets
{z€C?: ¢(z) >logas} and {2€C*:GT(2)>0}

respectively. Hence, by Sard’s theorem, for most values of ¢ in the admissi-
ble range, the c-sublevel sets of either ¢ or G* are Short C?’s with smooth
boundary. However, this does not ensure that the 0-sublevel set of ¢, which
is the non-autonomous basin of attraction at the origin, always has smooth
boundary. In this regard, we have the following theorem.

THEOREM 1.5. There exists a Short C? with C*-smooth boundary that
arises as the non-autonomous basin of attraction for a sequence of automor-
phisms having an attracting fized point at the origin.

This is motivated by Stensgnes’s proof of the existence of Fatou—Bieberbach
domains with C*°-smooth boundary (see [18]). We follow a similar approach
for Short C?’s as well, namely we try to control the behaviour of the bound-
ary on a large enough polydisc and then exhaust all of C? with polydiscs of
increasing size. A construction of a Short C? with C'°°-smooth boundary on
a fixed polydisc was also given by Console in [7].

By adopting some methods from Globevnik’s work [13] and [7], it is possible
to retain boundary smoothness and at the same time avoid a given variety of
codimension 2.

THEOREM 1.6. Let V. C CF, k > 3, be an algebraic variety of codimension 2.
Then there exists a sequence of automorphisms {F,} of C* with a common
attracting fized point, say p such that the basin of attraction Q. y at p is a
piecewise smooth Short CF that does not intersect V.

2. Proof of Theorem 1.1 and Proposition 1.2
Let us recall the following from [15].

DEFINITION 2.1. Let F be an automorphism of C*, k> 2 having a fixed
point at the origin such that F’(0) is a lower triangular matrix. We say F is
correctly ordered if the diagonal entries of F’(0), i.e., A1,...,\; (from upper
left to lower right) satisfy the condition

A1 < [l
for1<lI<j<kandany 1<i<k.

DEFINITION 2.2. A family F of correctly ordered automorphisms of C*,
k > 2 is said to be uniformly attracting if there exist 0 < C' < D < 1 such that
for every z € B*(0;1) and F € F

Clizll < |[F(2)|| < DIl
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and there exists 0 < £ < 1 such that
(2.1) A1l < €1l
for 1<I<j<kandany 1<i<k.
THEOREM 2.3 (Peters, H). Let {F,} be a uniformly attracting sequence

of automorphisms of CF, k > 2. Then the basin of attraction of {F,} at the
origin is biholomorphic to CF.

We will use the following version of this theorem which is valid when k = 2.

Let {F,,} be a uniformly attracting sequence of automorphisms of C? and
let {Mn}, {den} be the diagonal entries of {F}(0)}. We may assume that
F)(0) is lower triangular and A1, and Aq,, are the eigenvalues of F) (0). If
there exists 0 <& <1 such that

|)\1,n| < 57 |)\2,n| < € and |>\2,n|2 S g‘)\l,n|a

the basin of attraction of the sequence {F,} at the origin is biholomorphic
to C2.

However, by assumption {F,} is a uniformly attracting sequence of auto-
morphisms and hence there exists 0 < &; < 1 such that

|A1n] <&1, [A2n] < &1
for each n > 1. Therefore (2.1) reduces to
(2.2) A2nl? <€A

for some &, where 0 < & <€ < 1.
We will complete the proof of Theorem 1.1 by showing the existence of a
suitable £ so that (2.2) holds.

Proof of Theorem 1.1. It can be seen that

p(k) q(k)
DFPHR) () = (aO 5;;0(1@)) and DG?®)(0) = (/80 O/10(’€)>

and hence () Aalh)
aP(F) 3a 0
DHp(r) q(r) (0) = < 0 (k) gmk))
for all p(k),q(k) > 1.
It is sufficient to find a uniform 0 < £ < 1 so that

|22 | )2P(R) < ¢|arP(F)| g|a(k)
for all k£ > 1. First, some reductions are in order. If ¢(k) = 0 for k > ko > 0, then
F,, = F for all large enough n. In this case, Rosay—Rudin [17] show that the
basin of attraction of {F,} is all of C2. We can therefore assume that q(k) > 1

for infinitely many k’s. The same reasoning applies to p(k) as well. Further,
by the assumptions in Theorem 1.1(i), there exists a uniform M such that
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0 < q(k) < M for all k. There are two possibilities for p(k), namely p(k) < M
or p(k) > M depending on k. If p(k) < M, we leave H, ) q(r) undisturbed.
Else, if p(k) > M, let p(k) = MN(k) + R(k) where 0 < R(k) < M. Observe
that

Hp(r) gy = 1) OMOHM,M)
N (k)
=HRky0° Humo0 0 HuooHn ok)-

N (k)

In other words, Hy ) q(x) is the composition of maps, all of which are of the
form H., () 5(k) with y(k) < M and §(k) < M. Therefore, it is possible to create
a new sequence, still denoted by {Hpx),q(x)}, from the given one so that

0<p(k) <M and 0<gq(k)<M.

We may assume, by rearranging the sequence {Hp ) q%)} if needed, that
both p(k) and ¢(k) are maximal in their ranges for every k > 1. The bound-
edness of both p(k) and ¢(k) ensures that the sequence {H,y) qx)} has a
uniform bound on the rate of contraction on a sufficiently small ball around
the origin.

Case 1: Suppose that 2p(k) — q(k) > 0. In this case, note that
|a|2q(k)—p(’f)‘5|2p(k)—q(k) < |a‘p(k)+q(k) <|al,
where the last inequality holds since p(k) > 1. Here, in this case, we do not
have to worry about how |«| and |3| are related.

Case 2: Suppose that 2p(k) — q(k) < 0. In this case, let 0 <7 < 1 be such
that

la[" < nlB| <lal.
Note that 2q(k) — p(k) > p(k) + q(k) > 1. Then
|a‘2q(k)—p(k) |6|2p(k)—q(k) < (77|5|) (QQ(k)—P(k))/T|B|2p(k)—q(k)
< ,7(2q(k)*p(k))/r|5‘((2Q(k)*p(k))/TJr?P(k)*q(k))'

Simplifying the exponent of || and noting that 2¢(k) —p(k) > 1, the last term
above is dominated by

nl/rw T2 (24 725)p(k) —q(k))

Hence, if (2 + =25)p(k) — q(k) > 0 then

r—

‘a|2q(k')fp(k)|5|2p(k)fq(k) < nl/r'
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q q

p p

(a) 2+ 25)p(k) —q(k) 20 (b) (2+ :25)a(k) —p(k) =0

FIGURE 1. Region for the values of p(k) and ¢(k).

It remains to note that any & such that max(|a|,n"/") < ¢ <1 works. This
completes the proof of Theorem 1.1(i).

Let

Lpky,atry =T 0 Hp(ry,q(k) © T
where 7(z,w) = (w, z). Then
(k) gp(k) 0
DLy (k),q0)(0) = ( 0 ap(®) gak)
and if
2q(k) —p(k) 20

and p(k) is bounded, a similar calculation applied to L) q(x) shows that the
basin of attraction of {H, ) 4k} is biholomorphic to C?.

The shaded regions in Figures 1(a) and 1(b) correspond to those sequences
for which the non-autonomous basins are biholomorphic to C2. O

Proof of Proposition 1.2. By the given condition, there exists & such that
|a| <@ <1 and |B| > a&*, and each F), satisfies
& 2] < [|[Fu(2)| < @12
on a sufficiently small ball B(0;r).

Now corresponding to the sequence {F,}, we will associate another se-
quence of automorphisms {G,,} defined as

F(Zl,ZQ); lan:F,

(Bz1,az2); otherwise.

Gn(ZhZz) —{

Let X be an automorphism of C? of the form

Xo(z1,22) = (21,22 + X202}),
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where X5 o € C. Also let { X, },,>1 be a sequence of polynomial endomorphisms
of C? defined inductively by
(23) Xn+1 = [FnoXnoGgl]kv
where []; means that the degree (k+ 1) terms are truncated from the expres-
sion. A simple computation by expanding (2.3) gives

X (21,22) = (21,22 + Xo 5 2%)

for every n > 1, that is, {X,,},>0 is a sequence of lower triangular automor-
phisms of C2. It can be checked that

Xo g1 = JXZn

if F,,=F and
1
Xong1= FXQJ’L +1

otherwise. Let {Ay},>1 be a sequence of affine maps of C defined as

Lz if F,, = F,
ﬁz +1; otherwise.

Apta(z) =

From [15], there exists a zo € C such that .A(n)(zg) is bounded for every n > 1.
If we let X2 0 = 20, then {X,,} is a bounded sequence of automorphisms of C2.

By Lemma 14 from [2], it follows that the basin of attraction of {F,} at
the origin is biholomorphic to the basin of attraction of the sequence {G,}.
But the G,,’s are upper triangular maps with an attracting fixed point at the
origin and hence the basin of attraction of {G,} at the origin is all of C2.
This completes the proof. O

3. Proof of Theorem 1.3
For 0 < a <1 and d > 2, consider the sequence of mappings
(21,22, s 21) = (M2, 25 + 21, 25 + Mo, 25+ Mnzik—1),

where |n,| < a?" for every n > 0. The non-autonomous basin of attraction of
this sequence, i.e., Qg y will be a Short C*. The arguments used to prove
this fact are similar to Fornaess’s proof in [9]. However, we will briefly rewrite
the proof for the sake of completeness.

Let AF(0; R) denote the polydisk of radius R at the origin and

F(n)(z):=F,0---0Fy(z).

THEOREM 3.1. The set Qyp,y has the following properties:
(i) Qp,y s a non-empty open connected set.
(i) QUp,y = U;; Q;, Qj CQjq1, and each §; is biholomorphic to the unit
ball B*(0;1) in Ck.
(iii) The infinitesimal Kobayashi metric on Qqp, ) vanishes identically.
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(iv) There exists a plurisubharmonic function ¢ : C* — [loga, o) such that
Q{Fn} = {Z ect (]5(2) < 0}

Proof. Let AF(0;c) denote the polydisk of polyradius (c,...,c), 0 <c< 1.

Then
Euo) <+ e

for every z € A¥(0;¢), i.e., F,(A¥(0;¢)) € A*(0;¢? + |nnle). Pick ¢ such that
0<c<c <1andlet ¢;=c(c).

CLAIM. For 1 >0, there exists n large enough such that F,;(AF(0;¢;)) C
Ak (O, Cl+1).

Since [+ 1 < d! for every [ >0,

log (|1n+1]) = d" ' loga < (1 + 1)d"loga

1 1
= (%)d" loga + (%)d" loga

<loge(l—c)+ (I+1)logd

for n sufficiently large. So we get
1

Nnt1] <c(l—c) (c’)lJrl < c(c’)lJrl — cd(c’)d e —
that is,
4 e | <t nga] < crgr
Hence, the claim is true.
Now define
Q, ={z€CF: F(n)(2) € A*(0;¢) }.
Then Q,, C Q,41 for sufficiently large n, that is, for every n >ng and [ > 1,
Foiio---0F,11(2)—0

uniformly on €,. So we have UnZn0 2, C Qqp,y. But now note that if z €
Qp,y, then [|F(n)(2)|| < ¢ for sufficiently large n, i.e., z € Q, for n large.
Hence, U,,>,,, 2n = Qr,}. This proves statement (i).
Let U, = {z € C¥: ||F(n)z|| < ¢}. Then for every n >0, U,, C 2,,. Note that
for n > ng > 0 and for every z € Q,,, there exists [ > 1 such that
F(n+1)(z) € A¥0;¢) € B¥(0;¢),

that is, Q,, C Uy,4;. Thus, we have
Yr,y = U 2 C U Uno-+i4m C U Qnot+i4m CQp,y,
n>ng m>0 m>0
that is, Q¢r,} = U,>0 Une+i+m, Which proves (ii).
Pick a point p € Qp,y and § € T,Q. Let p, = F(n)(p) and &, =
DF(n)(p)(§) for every n > 0. Note that p, — 0, hence consequently, &, — 0
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as n — oo. Fix R > 0, a sufficiently large value. Now define maps 7,, from the
unit disc as follows:

M (2) = pn + 2RE,  for every z € A(0;1).

Depending on R > 0, there exists ng such that 7, (A(0;1)) C A¥(0;¢) for n >
no. Let = F(ng)~! o ny,. Note that n(A(0;1)) C Qy, C Q. Thus, n(0) =p
and 7'(0) = RE. Since it is possible to construct a map 7 for every R > 0, it
follows that the infinitesimal Kobayashi metric on {2¢p, y vanishes.

Let
F(n)(z) = (f1'(2),- -, [£ (2)),
that is, f/(z) denotes the ith component at the nth stage. Define the functions

¢y, as:
On(2) = max{|fT'(2)],..., [ L (2)]. [l }-

LEMMA 3.2. Let

Yn(z) = 5 log (=)

Then 1, — 1 where 1 is plurisubharmonic on CF.
Proof. There are two cases to consider:
Case 1: Let ¢,,(z) < 1. Since 1,41 =<,

Pny1(2) < max{gf)n(z)d + [Mnt1l; ‘77H+1|} < 2¢n(z)d'
Case 2: Let ¢, (z) > 1. Then

Pny1(2) < max{¢n(z)d + M+ 1lPn(2), |77n+1|} < 2¢n(z)d-
Thus, for every z € CF

1 . 1 1
T log ¢"t1(2) < Jnil log?2 + d—nlog¢n(z).
Now define ) )
P, (2) = I log ¢y, (2) + Z prEsy log 2.

j>n
Then ®,, is a monotonically decreasing sequence of plurisubharmonic func-
tions and hence its limit will be plurisubharmonic. But note that ®,, — v and
hence the proof. O

LEMMA 3.3. Q¢p, ) ={z€CF:9(2) <0}.

Proof. Suppose (z) < 0, that is, for large n > 0 there exists s <0 such
that )
o log ¢ (2) < s.

This implies that |f*(2)] < e?"s for 1 < j < k and n sufficiently large or equiv-
alently F'(n)(z) — 0 asn — oo. Thus, Qyp, 1 C {t) < 0}. For the other inclusion
suppose, z € Qqp,y. Then 9, (2) <0 for n large which implies that (z) <0.
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Suppose z(ng) = F(ng)~1(0). Then ¢, (2(ng)) = |n,| for every n > ng. Then
for sufficiently large n,

¥ (2(n0)) < - Togn (=(n0)) + 3 iy log?

jzn

1 1

d" jzn
1
<loga + E e log2 < 0.

jzn
Since ¢ is plurisubharmonic and there exists z(no) € Qp,; such that
Y(2(no)) <0 and 1(z) <0 for every z € Qp,}, the subaveraging property
of plurisubharmonic functions shows that 1(z) <0 in Qp, 3. O
We will need the following observations about the sequence {F),}:
(i) Except the first one every component of F), is of the form 2% + n,w.
(ii) For z,w € C, there exists R > 0 such that if |w| < |z| and [2| > R>1+a
then for every n >0
(3.1) |2 ] > 2|7 — [pallw] > 2| (]2 = [na]) > |2 > R.
(iii) Each function F, is a (k — 1)-composition of (k — 1)-shift maps, that is,
Fo= S ;008"
—_———

(k—1)-compositions

where, for 1 <i<k—2

S?(Zl, .. .,Zk) = (22723, vy Rk—1,Mn %1 +Zg)
and
Sp_1(z1,. -, 21) = (nﬁzg,ZP,,...,zk_l,nnzl +z§1).

We will show that the filtration properties of shift-like maps in C* that were
proved in [4], extend to our case as well.

Let V = AF(0; R) and
Vi={z €C*: |2l = |2i] > R}

for 1 <¢<k. Also let

k
V+=Uw and V™~ =Vj.

=2

Observe that V™, V~ and V form a disjoint collection where union is all
of CF.

LEMMA 3.4. F,(VT)C V™ for every n > 1.
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Proof. Let z€ V. Then z € V; for some 2 <i < k. By (3.1)
’m- o Fn(z)| = |zfl + nnzi,ll > |z;| > R.
Now
40 Fa(2)] = Iallo] < 2#] < [21] < |75 0 Fu2)]-
Hence, F,,(z) is not contained in V'~ or V, that is, F,,(z) € V. O

Also from the above proof, if z € VT, then (F(n))(z) € V;, for every n>0
and 2 < i, <k, that is, [|[F(n)(z)| > R. Hence, V* N Qg 1 =0 which proves
that Q3 is not all of C.

Now we will show that v is non-constant. Suppose not. Let ¥ = a < 0 on all
of Qp,y. Pick a point Ve Q4 F,1- Choose r >0 such that BF (2% r) C Qe
and OB*(2%1) N 0Qp, ) #0. Let p € 0B(2%71) N 9Qf, ;. Since p & U,y we
know that 1 (p) >0

Now for sufficiently small € > 0, the value of 1(p) should be bounded above
by its average on the ball B*(p;e). But now ¢ = < 0 on B¥(p;e) N Qqp, 3
and since v is upper semicontinuous, that is,

max  ¥(z) <¢P(p) -

zEB¥(pse)
that is
1
(3.2) Y(p) < m(B*(pi2)) {m(B*(p;e) NQyp,y)a

+ (¥(p) — a)m(B*(pie) \ Qp,y)

where m(B*(p;¢)) is the 2k-dimensional Lebesgue measure of B*(p;e). Now
as B¥(2%r) C Qp,y and p € OBk (2% ), for g =0
m(B*(p;ei) N B (20;7)) N 1

m(B*(p;e;)) 2’

Choose € > 0 such that

1 m(B*(p;e) N B*(z ;r)) 1
3PS T g T2

where 0 < p < 1/2. As 9(p )—a>0 (3.2) reduces to
Y(p) € —p—s Bk o) (B @e) N Qr o
+(¢(p)* ) (B’“(p, )\ Qry)}
B ) {m( )N B (z057))ax

+(¥(p ) (B*(p; )\B’“(ZO;T))}

<(3+ ) +(540) 00)-a)
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1
<¥(p) (2 + p>
<P(p)-
This is a contradiction and hence 1) is non-constant on Q. ;. g
Thus we have proved that the non-autonomous basin of attraction at the

origin of the sequence {F,,} is a Short CF.
Now Theorem 1.3 follows as an application of Theorem 3.1 and Lemma 3.4.

Proof of Theorem 1.3. By Theorem 3.1, there exists a positive real number
R > 0 and a Short C* say Q such that € is properly contained in VrUint(Vy ),
i.e., for every z = (21, 29,...,21) € Q either

|z;] <R forevery 1<i<k or \zk|>maX{R,\zi|:1§i§k—1}.

For 1 <:<k—1, let ¢; be the involution which interchanges the kth coordi-
nate and the ith coordinate and fixes all others, that is,

Di(Z1y ey Ziyerey 28) = (2150 0y Zhy e vy Z4)-
Let
Q; = ¢:(9).
Note that each ﬁ; is a Short C* and flvl C Ve Uint(V;). Also, for a given
constant C € C, let Ac denote the affine map of C¥ given by

Ac(z1,22,. . 2k) = (21,22, ..., 21, 21 + C).
For every 1 <i<k —1, define ; as
Q= Agi—1)r().
CLAIM. For every 1 <o, <k—1 and a# 3, Qo N Qg =0.

Suppose Q,NQg # 0. Pick z € Q,NQg. As o # 3, without loss of generality
one can assume that o > 3. o
Since z € Q4 N Qg, it follows that Ag(l _1r(?) € Vg U int(Vy) and

A??(}BA)R(Z) € Ve Uint(Vj). i
Case 1: If A;(laq)R(z) € Vg, then
|zil <R and |z —3(a—1)R|<R.
In particular, |zg| < R and
|z —3(a = 1)R| = |z = 3(B—1)R+ 3(a — B)R| < R.
As a > 3, we have that
|z = 3(8—1)R| > ||z — 3(a — 1)R| = 3(a — B)R| > R.
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Hence A7!

3(5_1)R(z) ¢ Vg, that is, A7 ! (2) € int(V3). But this means

3(B—1)R
28] > max{R,|z]|, |z —3(B—1R|: 1 <i<k—1,i# B}
which is a contradiction. Therefore, .AS_(L_U r(2) € Vr.

Case 2: If Ag(}kl)R(z) € int(V,), then

|2a| > max{R, |z, |z —3(a —1)R|: 1<i<k—1i#a}.
Now if Ag(lﬁfl)R(z) € Vi then |z,| < R which is a contradiction. Hence,
A;(lﬁfl)R(z) € int(Vg). But that will mean
20l > |25] and  [zp] > |za|
which is again a contradiction. Thus, the claim follows and this completes the

proof. O

4. Properties of shift-like maps and proof of Theorem 1.4

For z € CF, let 2/ = (21,22) and 2" = (23,...,25). Let V be be an algebraic
variety of codimension 2 in C*, k> 3. For € > 0, let

A.={z€ Ck . HZ’HOO <e}
and
Bo={zeC": |, <ell"] .}
Being algebraic there exists (see [5], [6]) a complex linear map L. such that
L.(V)CA.UB:..

PROPOSITION 4.1. Let V C C*, k>3 be an an algebraic variety of codi-
mension 2. Then there exists a short C* that avoids V.

Proof. Let V, VT V= and R>> 1 be as obtained in the proof of Theo-
rem 3.1. There exists a change of coordinates L. such that L.(V) C A. U B,
with 0 < e < R™'. Now we further compose this map with an affine map

Agr(z1,20,...,21) = (21,22, ..., 2k) + (0,2R,0,...,0).
CLAIM. AroL.(V)C VT,
It is enough to show that Ag(A: U B.) C VT. Pick z € Ag(A. U Be). Then
(21,20 — 2R, ...,2;) € A. UB,
and for this point 2’ = (21,20 — 2R) and 2" = (z3,...,2k)-
Case 1: If 2’ € A, then
|zo —2R|<e and |#z]<e¢,

i.e., |z1] <|z2| and |22| > R. Hence, z € V7.
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Case 2: If z € B, then two cases arise. Either |2”| < R, i.e., [2/| <1 and a
similar analysis as above shows that z € VT. Otherwise, for some 3 <17 < k if
|z;| > R, then

|2’1‘ S€|Zi| < |ZZ|
Hence, 2 ¢ VUV ™, that is, z€ V.
Thus for k>3, L-1 o AEI(Q{FH}) is a Short C* which does not intersect

the algebraic variety V. (|

REMARK 4.2. Note that Proposition 4.1 does not apriori ensure that the
Short C¥ contains a Fatou-Bieberbach domain. The known technique to con-
struct a Short C? containing a Fatou-Bieberbach domain is to look at sub-level
sets of the positive Green’s function of a Hénon map with an attracting fixed
point.

To prove Theorem 1.4, we will study some properties of sub-level sets of
Green’s function associated with a shift-like maps.

Let S : C* — CF be a polynomial shift-like map of degree d and type v. From
[4], we know that the positive Green’s Function associated to S is defined as:
1
dr
and the negative Green’s Function associated to S is

Gt(z)= li_>m log™ ||S¥"(2) ||
G (2)= lim dinlog+ | S=*=m(2)].
Recall from [4] that
k k—v
Va=AFO0:R),  Vi= |J Vi and Vy=JV
i=1

1=k—v+1

is a filtration and the set of zeros of the positive Green’s function is contained
in the union of Vg and Vg‘ , that is,

{z€ Ck:G*(2) =0}={z€ Ck:8™(2) is bounded as n — oo} CVRUV, .
PRrROPOSITION 4.3. Let
S(z1,22,. ..y 21) = (22,...,zk,6(z,;i_y+1 - 21))

be a shift-like automorphism of CF of type v and degree d > 2 where § € C*.
Then for every ¢ > 0 there exists R > 0 such that for every z € Vg, Gt (2)>¢,
i.€.,

{zeCF.GT(2)<c} CVRUVE.
Proof. The (k — v)th iterate of S is:

Sk*”(zl,z%...,zk) = (zy+1,...,zk,5(z,§_y+1 721),...,5(2,?72”)).
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Suppose z € V. Then z € Vi, for k — v 41 <ig < k. For sufficiently large
R>0,

(41) ’ﬂ—io (Sk_y(z))‘ = |6|(|Zlold - |Zi0*1|) > |§|(‘Zlo|d - |ZZOD
1) _
> B> a1 > izl > R
This can be rewritten as
—v —v 4
(4.2 18+ (), 2 [ (5 (2) | = el

CLAIM. For everyn >1

.
(43) waw@mm_(“) R

It is clear from the above calculations that the claim is true when n = 1.
Now assume that (4.3) is true for some n. We will show that it is true for

n+ 1. Since R‘él >1 and ||z]| > R,

o) w\ o d
15— (2)| > 121 > [2llee > R

that is, S"*=¥)(2) € V; for some 1 < i, < k. But now for every 1 <j <k —v
70 7(3)| < SV

whereas from (4.1) and (4.2), it follows that
s > 50

hence S™*=¥)(2) € V;, for some k — v +1 <1, < k. Now from (4.1),

(5 ) = (5 (574 )

z(@@{(@)Z%H]ﬂi}d

ndt
|6| Zz:O nt1
>(5)77 nae
Hence, the claim is true.

Now there exists 0 < § <1 such that (4.3) can be further modified as
(4.4) |75, (S (2)) | > 6= 4
Since >0, ' di < d" for every n>1 and 0 <4 <1, (4.4) can be modified as

(4.5) 15" F D)) > (Bllzllee) ™

dn
(ool
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It follows from (4.5) that
1 -
() — T + || g(k=1)n
G*(2) = Jim ——log™ [|S*TD(2)][| > 6]l2|oo.
Now R can be appropriately modified such that 6||z||oc > ¢ (here ¢ is the given
constant) for every z € Vg , that is,
{zeGt(z)>c} DVy
or equivalently
{zeGt(z)<c} CVRUVS. U

As a corollary of Proposition 4.3, Proposition 4.1 we prove the following
result.

THEOREM 4.4. For k>3, let

S(z1,. .. 28) = (22, ) ..,zk,é(zg — zl))

be a shift-like automorphisms of type k — 1 in C* for some 6 € C* and d > 2.
For a given ¢ >0 and an algebraic variety 1% of codimension 2, there exists an
appropriate change of coordinates such that the c-sublevel set of the positive
Green’s function, i.e.,

{z€ Ck:GT(2) < c}

does mot intersect V in the new coordinate system.

LEMMA 4.5. Let {F,} be the sequence of automorphisms as in Theorem 3.1.
If there exists M > 1 such that |nn41| < M|n,|?, where [Mno| <1, then Qp,
is a Short CF.

Proof. Let M|no| = o < 1. Note that |n| < M|no| and |n1| < M|no|?.

m—1 n
INDUCTION STATEMENT. For every n > 1, |n,| < M+t Hd"=0) p,1d"

The above statement is true for n = 1. So assume it is true for some n.
Then

v gn—1 n\ d e qm n41
41l SMWTLWSM(MNFCH d ‘770|d ) §M1+d+ d |770‘d .
From the induction statement it follows that
dr n
|77n|<(M|770|) :ad .
Hence from Theorem 3.1, it follows that Qp, y is a Short C*. O

Now we can complete the proof of Theorem 1.4.

Proof of Theorem 1.4. Choose 0 < a <1 and let F;, be a sequence of auto-
morphisms of C* defined as follows:

Fo(z1,20,...,2k) = (7)nzk,z§ + 21,20+ nnzk,l),
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where 7, = a?"*1. Then
1 1
2
1=~ and JM=a <1.

From Lemma 4.5, it follows that Qp, y is a Short C*. Moreover from Propo-
sition 4.1, for a given algebraic variety V' of codimension 2, there exists an
appropriate linear change of coordinates (say L) of C* such that L(Qyp,y)
does not intersect V.

Cram. Qg y contains a Fatou-Bieberbach domain.

Consider the (k — 1)-shift-like automorphism of C* given by
F(z1,29,...,2;) = (azk,zg +azl,...,z,% +azk_1).

Clearly the basin of attraction of F' at the origin (say Qp) is a Fatou—
Bieberbach domain by Rosay—Rudin [17].

For a given constant C # 0, let o denote the linear map from CF to C*
given by

lo(z1,22,...,2) = (C21,Cz,...,Czy).
Note that
Fo(z1,20,. ., 28) =l ont1 0 Fol,—an (21,22, .., 21)-
Then for z € [,(QF), there exists n sufficiently large such that ||F(n)(z)] <
a2"+1, that is,
P(z) <loga < 0.

Thus, 1,(QF) is a Fatou-Bieberbach domain contained in Qg 3. The Short

C* and Fatou-Bieberbach domain claimed in Theorem 1.4 are then L(yp,y)
and L(l,(2r)), respectively. O

5. Controlling the boundary of a Short C* on a fixed polydisk

In this section, we will construct a Short C¥, k > 3 with some control on its
boundary on a fixed polydisk. Theorem 5.10 is the main statement here—it
shows the existence of a Short C¥, whose boundary is very close to (k — 1)-
faces of the polydisk. In addition, this Short C* is almost a cylinder along the
remaining direction. We will use some ideas from [12], [13] and [7].

First, recall the following lemma from [13] and [7].

LEMMA 5.1. For a given R> 1, € >0 and [ > 1, there exists ag(e,R) >0
such that if 0 < a < «g, then

{(z,w) € C*:|2* + aw| =1, |w| < R}
= {(¢alé,w)E,w) :E €A, ¢ € CH (DA x A(0; R)) },

where ¢, € CH(OA x A(0; R)). Moreover, ||¢q — Uleioaxammy) <&
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A proof of this for I =1 can be found in [13]. For [ > 1, this was observed
in [7]—See Lemma 5.3.4 therein.
It follows that if 0 < a < ag(e, R), then

{(z,w) €C*: [2* + aw| < 1,|w| < R}
={(tga(&w)é,w) :0<t<1,E €A, o € CH(OA x A(0;R)) }.
As in Section 2, let
(5.1) Fo(z1,22,...,28) = (azk,zg + azl,zg + azo,... ,z,‘f + azk,l)
which is an automorphism of C* for any « > 0. For a sequence of automor-
phisms {F;} of C* let F(n) and F(m,n) denote the following maps
F(n)(z)=F, o0---0 Fy(2), F(m,n)=Fp410---0F,=F(m)™ o F(n),

where 0 <m <n. Also for a given £ > 0 and a compact subset (say K) of C*
we will denote the e-tube around K by N (K), that is,

N.(K)= {ze(Ck sdist(z, K) <e}.

LEMMA 5.2. For a given R>1, € >0 and | > 1 there exists ap(e,R) >0

such that for every 0 < a < ag there exists o € CH(OA x A(0; R)) with the
following properties:
(1) Let (21,22,...,21) € FEy1(AF(0;1)) N A*(0; R). Then for every 2 <i <k,
the value of z; depends on z;_1 recursively in the following way: for every
21 €A(O;R) and 2<i<k

zi = ti¢a(&ir 2i-1)&i,
where t; € 10,1), & € OA.
(i) F;1(0AF(0;1)) N AKR(0; R) C Ni(A(0; R) x OA*=1(0;1)).

Proof. Let af, > 0 such that oy, R < 1. If 0 < a < o, then
(52)  F,'(AM0;1)) NARO0; R)
:{(zl,...,zk)EAk(O;R):|z§+o¢zi_1| <1 for 2§i§k}.

From Lemma 5.1, there exists «f such that for every 0 < o < min{ey, o }

zi = tiba(&i, 2i-1)&i
if |z;_1| < R for every 2 <i<k. Here t; € [0,1), & € OA, ¢, € CH(IA x
A(0; R)) and

[¢a = e oaxamry) <&
Since |z1| < R, |z;| <1+ ¢ < R for every 2 <i < k. Hence, (i) follows.
For a fixed 7, 2 <i <k, define

Hio1= {(zl,...,zk) : |zf +azi,1| =1 and

|z]2+ozzj,1|§17\zl|§Rfor2§j§k,j7éi}.
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From (5.2), the set F;1(OAF(0;1)) N A*(0; R) can be realized as
CH(0AF(0;1)) NAR(O;R) = UHW .
Also A(0; R) x 9AF=1(0;1) can be written as the union of its faces, that is,
A(0; R) x OAF1(0;1) UDH,

where
Diy={(z1,...,2) :|zi|=1,]z;| <1 and |z | <R for 2<j <k,j#i}

for a fixed i, 2 <7 < k. Now from the bound on ¢, it follows that the distance
between H; o1 and D; 1 is less than ke. Thus, (ii) follows. O

REMARK 5.3. The function ¢, obtained in Lemma 5.1 is actually a positive
smooth function with

1 <¢agasxamr <1 +e
REMARK 5.4. Using this, the conclusion of Lemma 5.2 can be improved
slightly, that is,
CH(AR(0;1)) NAR(0; R) € (A(0; R) x AP 1031 + ke)).
The next result is Lemma 5.3.5 from [7]. We will include the proof for the
sake of completeness. Before stating the result, we introduce certain notations.

Suppose F,, = F,, is a sequence of automorphisms as in (5.1). For n > 1 and
0<ec<1, let

Qnc={z€CF: F(n)(z) € AF(0;¢)}
and

(oo}
0= U Qp. for0<e<l.

n=1
From Theorem 1.4, we know that Q is a Short C* if apt1 < a% and 0 < ag <1
and it is the non-autonomous basin of attraction of the sequence {F,} at the
origin.

LEMMA 5.5. Fiz 0 < c¢ < 1. For a given compact connected set K and e >0,

there exists T =7(n,e, K) >0 such that if 1 — 7 <c<1 then 0, . N K C
N (09,1 NK).

Proof. Let Py = F(n)(09Q,,1) and V. = F(n)(N:(0Qy,1)). Note that
2€00n 1

and that V is an open cover of P;. Then for every z € 99, ; N K there exists
7. >0 such that B*¥(F(n)(2);r.) € V.. The collection B*(F(n)(2);r./k) as z
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varies in 2, ; forms an open cover of P;. Since P; is compact there exists
Ng > 1 such that

P C Lj Bk(F(n)(zi);rzi/k) cV..
i=1

Tzi

Let 7y =min{—7*:1 <4< No}. Let

P.=F(n)(0Qn,c)-

If 1 — 7 <c<1, the distance between P, and P; is at most kr; < min{r,, :
1<i<Ny}. Thus P. C V; and 99, . C N (00, 1).

Now by the connectedness of K, there exists 7o > 0 such that if 1 — 5 <
¢ < 1, the distance between P. N F(n)(K) and P; N F(n)(K) is at most kro.
Let 7 = min{r, 72 }. Hence, for every ¢ such that 1 — 7 <e¢< 1,

O e N K C No(0Q1 N K). O

Let n > 0. Suppose there exist (n + 1)- real positive constants {; : 0 <i <
n} such that a;11 < oz? for every 0 <14 < mn. Then this finite collection can be
extended to a infinite sequence {c,,} such that a1 < a2, for every m > 0.
This extension is evidently not unique. However, the basin of attraction of the
sequence of automorphisms {F,,}, where F,, = F,,, is a Short C*. Here, we
will show that if there exist (n + 1)-automorphisms {F; : 0 <i <n} such that
we can control the following:

(i) the behaviour of ©,, 1 on a large polydisk,

(ii) the behaviour of €, ., for a collection of increasing real constants {c; :
0<i<n}, and

(iii) the behaviour of €2, where 2 is the basin of attraction of the sequence
{F,»} obtained by some appropriate extension of the collection {a;:0 <
1<n},

then the finite collection of automorphisms can be appended with Fj, 1 such

that the collection {F;:0<i<n+ 1} will also satisfy the above three prop-

erties. Essentially our target is to show that we can inductively control ap-

propriate these domains. This phenomenon is stated in the following result.

PROPOSITION 5.6. Suppose for some n € N, there exist automorphisms
{F,,:0<i<n} of C*, with the following properties.
(a) For a given R>1
Qn,1 NAF(0; R) = {(21,22,...,2k) € AF(0; R) 1 |2]'| <1 for every 2 <i<k}.

(b) For every 0 <i <mn, there exist (n + 1)-increasing constants 0 < ¢; < 1
and (n+ 1)-sequences {m (2) bm>nt1

(i' €., {an+1+j (O)}Joi(y {O‘n+1+j(1)}(;ioa AR {an+1+j (n)}ji())v
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such that if F,,, = F,, where
0 < ap <min{a,(i),02,_, :0<i<n}
form>n+1, then
Qe Ty, CTie, € for 0<i<n—1,
where Q is the basin of attraction of {F} } 2 at the origin.
Then for a given € >0, there exists 0 < c,41(e) <1 and o, 1 > 0 such that:
(i) For Fy1=F,, ., where 0<anqy <o,
Q41,1 NAR(O; R)
={(z1,22,. .., 2) e AF(0;R) : ‘z;”l’ <1 for every 2<i<k}
and
OVi1,1 NAF(0; R) C N (02,1 N AR(0; R)).
(i) 0ni1,c04m NAF(0; R) is contained in the e-neighbourhood of 3,11 N
AF(0; R), i.e
0g1,c000 N AF(0;R) C N. (041,10 m) and  cp+1 > Cp-

(iii) There exists a sequence of positive real numbers {ou, (n+1) bm>nta such
that if F,,, = F,,, for every m >mn+ 2 where

0 <y <min{a?,_j, 0, (1) :0<i<n+1}
and Q is the basin of attraction of {F;}52, at the origin, then
Qe Tt CQmcpyy T for every 0 <i <.

Proof. Fix R,, > 1 such that F(n)(A*(0; R)) CC A*(0; R,,). By continuity
of F(n)~t, for € >0 there exists § >0 such that for 2,2’ € A¥(0; R,,),
1)~ (2) = F(n) 7' () ]| <&
whenever ||z — 2| < d/k.

By Lemma 5.2, there exists a;,,, = o, 1(d, R,) such that if 0 < g <
ayyq and Fpy = F then

Qnt1s
Frly (A4(0:1) N ARO: )
—{ Z1yenns2K) Em ’zi2+an+1zi_1‘ <1for 2<i<k,|z]| SRn}
and
(5.3) E L (0A%(0;1)) N AR(0; R,,) € Ns(A(0; R,,) x 0A1(0;1)).

Looking at the proof of the above fact, we see that the d-neighbourhood is
obtained by keeping the z;-coordinate fixed. Hence, (5.3) can be rewritten as

(5.4) E L (0A%(0;1)) N F(n) (AF(0; R))
C Nj(m 0 F(n) (Ak(O; R)) x 90A1(0;1)).
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This exactly means that

Qpy11 NARO; R)
={(21,22,- .., 2) e AF(0;R) : |z?+1’ <1 for every 2<i<k}.
Since the automorphisms {F;}?  satisfy condition (a),
P (C x A*1(0:1)) R0, = 1 1 ARG )
that is,
F(n)~*(C x dA*1(0;1)) N AR(0; R) = 9%, 1 N AF(0; R).

As A¥(0; R) = F(n)~! o F(n)(A*(0; R)), the above expression further simpli-
fies as

F(n)™H(C x 0A*1(0;1) N F(n) (A (0; R))) = 09,1 N AF(0; R).
Now by continuity of F'(n), we have
F(n)~Y (N5 (C x 0A*=1(0;1)) N F(n) (A*(0; R))) C N (09,1 N A*(0; R)),
which using (5.4) says that
0111 NAF(0; R) C F(n) ! (N5 (C x 9AF1(0;1)) N F(n)(A*(0; R)))

C N. (8Qn71 N Ak(0; R))
This completes the proof of (i).
From Lemma 5.5, there exists 0 < é,41 < 1 such that for every ¢,41 <c <1

8Qn+1yc n Ak(O, R) C N, (6Qn+1,1 n Ak(O, R))

Thus for ¢,,+1 = max{c¢;,én41: 0 <i<n}, property (ii) is proved.

Now as in the proof of Theorem 3.1, note that if the «,,’s are chosen
sufficiently small, that is, a,;, < am;,(n+ 1) for every m > n + 2, then there
exists ¢, 41 < ¢, <1 such that

F(m)F(n+ 1) (A%0;¢011)) € AP (0501 (o)™ 7).
So for m >n+ 2, if
o <min{al, _y, 0, (i) :0<i<n+1},
then
Qi tienis Cmen €O and Qe CQg1e, € Qngtiens-

This proves property (iii). O

REMARK 5.7. Note that the proof of Proposition 5.6 ensures that if 0 <
Cnt1 < ¢ <1, then

OQnH,C N A’“(O; R) C N, (8Qn+1,1 n A’“(O; R))

also.
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Let us recall the following definitions from [12]. For a given R >> 1 and for
every 1 <j <k, let

Pj(R)={z€C":|z|=1,|z1| <R,i # j}.
DEFINITION 5.8. Fix j < k. For a given [ > 1 and ¢ € C'(P;(R)), let
Fj R)= {ZG(Ck czp=@(21,. ., 25,8, 25415, 26)E,§ € OA, |24 SR,i#j}.
We will refer to this as the Cl-graph over P;(R) given by ¢.

DEFINITION 5.9. Fix j <k. For a given [ > 1 and ¢ € C'(P;(R)), let
G] {ze(C’C zj =tP(21, .y 25,8, 24155 28)E,s
0<t<1,£€dA,|z|<R,i#j}.

This is called the standard domain over P;(R) given by ¢.
Fix j < k. For a given ¢ >0, [ > 1 and ¢ € C'(P;(R)) the e-neighbourhood
of ¢ is the collection of all C'-smooth functions v € P;(R) such that
¢ —Yllcrp;(ry) <e

Now using the above results appropriately it is possible to control the bound-
ary of a Short CF on a large enough polydisk. This is stated as follows.

THEOREM 5.10. For given R>1 and an 0 < e <1, there exists a Short
Ck, say Q such that:
(i) For every 2 <j <k, there exists rj € C°°(P;(R)) such that I‘{j (R) is an
e-small C* -perturbation of P;(R).
(ii) For every2<j <k, QNA¥(0; R) is the intersection of standard domains
over Pj(R) given by r;’s, i.e.,

k
QN AF0;R) = ﬂ

(iii) OQNAK(0; R) is contained in an e-perturbation of A(0; R) x OA*~1(0;1),
i.€.,

A(0; R) x A*1(0;1) c QN AF(0; R) € A(0; R) x A*71(0;1+¢).

Proof. Forevery 2 <j<k,let r;l denote the constant function 1 on P;(R),
ie.,

I, (R) = Py(R).

3
and £ =¢/k2"*! for every n > 0.

INDUCTION STATEMENT. For a given n > 0, there exist (n + 1)-auto-
morphisms of C*, say F; (0 <4 <n) such that:

(i) F;=F,, where a;;1 <a? for 0<i<n—1.
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(ii) For every 2<j <k and 0<i<n,
Sj={2€ A*0;R) : |mj 0 F(i)(2)| = 1}
is given by the graph of 7 € C*°(P;(R)) where

<e? and Qi1 NAF(0;R) =

i i—1|
||7"j T

H'Dw

CH(P;(R))

(iii) For every 0 <i<mn and 2 <j <k, T;— € C*°(P;(R)) is increasing, that is,

0< rl ) < r;(m) for every x € Pj(R) and Grz—l(R) C Grji_ (R).
(iv) There exist {c¢;}I, such that 0 < ¢; <1 and for every 0 <i <n,

0 o, N AF(0; R) C N0 (09;1 N AF(0; R)).

(v) For every 0 <i <mn, there exist (n + 1)-sequences {m (i) }m>i+1 such

that for every m >n + 1, if F,,, = F,,, where

ay, < min{am(i), afn_l 0<i < n}
and Q is the basin of attraction of the sequence {F};}52, then
Qie; Cpe, CQ and O, CQyiyre,,, for0<i<n—1.
INITIAL CASE. This corresponds to n =0.

Note that by Lemmas 5.2 and 5.5, there exist ap and ¢y such that Fy = Fj,
satisfies properties (i), (ii) and (iv) above. Also, from Remark 5.3, Fj satisfies
property (iii) as well.

Now using the same arguments as in the proof of property (iii) of Proposi-
tion 5.6, there exists a sequence {a,(0)}m,>1 such that if F,,, = F,, for every
m > 1, where o, <min{a,,(0),a2,_;} and Q is the basin of attraction of the
sequence {F)} then

Qoo CQ and Q0 CO

oo
p:()?

for every m > 1.
So we may assume that the above conditions are true for some ny > 0.

GENERAL CASE. Let R,, > 0 be such that
F(no)(Ak(O; R)) CC AFR(0; Ryy)-
Recall Lemma 2.1 from [12].

LEMMA 5.11. Let I >1 and rg > 0. Let ® be a holomorphic automorphism
of C* and let Ry > 1 be so large that

@(Ak(O; ro)) CC A¥(0; Ry).

Let S ={z€ A*(0;Rp) : |2j| = 1} and assume that ®~1(S) N AF(0;70) is a
C'-graph over P;(ro). Then for a given € > 0, there exists a § >0 such that
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if T is a C'-graph over Pj(Ry) in the §-neighbourhood of S, then ®~1(T) N
AF(0;70) is Ct-smooth graph over P;(rg) belonging to the e-neighbourhood of
O=1(8) N Ak(0;70).

For 2 <j <k, let S; ={z€ A*(0;R,,) : |z;| = 1}. By assumption, each
F(ng)~'(S;) is a graph over P;(R). Then for £) ., there exists § > 0 such
that Lemma 5.11 is true for the automorphism F'(ng) with | =mng + 1.

Now choose 0 < ep,41 < min{el, | |,6}.

By applying Lemma 5.2 on A¥(0; R,,), there exists o, ., such that if
Fo+1=F where 0 < apg41 <y, 41, then for every 2<j <k

Qng+1
T; = {z € A*(0; Ry, ) : | 0 Frgr1(2)| =1}

is in the €,,+1-neighbourhood of S;. Also from Proposition 5.6, there exists
apo1 such that if Fy 41 =F,, ., where 0 < apn,1 <oy o4, there exists
no < Cng+1 < 1 such that

(5.5)  Quo+1 NAF(0; R)

={(z1,22,...,21) € AF*(0; R) : |Z;L0+1’ <1 for every 2 < j <k}
and
(5.6) Ong+1,00940 NAF(0;R) C Noo (0Qn941,1 NAR(0; R)).

Choose 0 < apo1 <min{ed, 1, al 1,02 omet1(i) 1 0<i<mng}.

By assumption, F(ng)~'(S;) N AF(0;R) is actually a C°-smooth graph
over P;(R), that is, in particular a C"*!-smooth graph over P;(R). Hence
by Lemma 5.11, F(ng) ~*(T;) N AF(0; R) is a C™"-smooth graph over P;(R).
Let r}’”l denote the function for this graph and by the choice of €,,,+1, it is
assured that for every 2 <j <k,

k
75 =75 | cnoer (py (yy S St a0d - Qg1 1 NAF(0:R) = ﬂ Taon
Observe that for every 2 < j <k, by Remark 5.3, T} is a smooth graph in
Pj(Ry,). Also F(ng)~'(T;) N A*(0; R) is a graph over Pj(R) and F(ng)~! is
a smooth function. Hence, T?0+1 € C*(P;(R)).

Note that by construction €,,41 satisfies condition (5.5) and (5.6), for
Cngt1- S0 {F;}0 0 satisfies properties (i), (i) and (iv) of the induction state-
ment.

From Remark 5.3, it follows that for every 2 <j <k,

{z€ AF(0; Ryy) 1 |25] <1} C {2 € AR (0; Ry, ) ¢ ) 0 Frgr1(2)| <1}
Hence property (iii) is also satisfied, that is, for every 0 <i <mng+1

T;_1<7‘; and GJ 1CGJ
J
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Now as observed in the proof of Proposition 5.6, the sequence {a,(ng +
1)} m>no+2 can be appropriately chosen such that if F,, = Fy, , for every m >
ng + 2, where

o <min{ap, (i),a2,_1:0<i<ng+1}
and € is the basin of attraction of the sequence {F} }?io at the origin, then
Qi,ci C Qi+170i+1 C Qm,CnOJrl cQ for 0 <i<ny.

Thus the induction statement is true for every n > 0.
So we have a sequence of automorphisms {F}},>0 such that the following
is true for every p > 0:

e The basin of attraction of {F,},>0 at the origin, that is, Q is a Short C*.
e There exists an increasing sequence {c,},>0 such that 0 <¢, <1 and

Qpe, Cpi1e,q T
e By Remark 5.7,
0y, . NA*;R) C ng (89,,,1 N AR(0; R))

for every p>0,if 0 <cp, <c< 1.
e For every 2 < j <k, there exists an increasing sequence of positive functions
7% € C*(Pj(R)) such that

k
p1 NAR(0; R) = ﬂ Qp1 NAF(0; R) C Q,y 1.1 NAF(0; R)

and
-1 0
[ T.?HCP(PJ-(R)) S&p
Case 1: Suppose 0 < ¢, < C <1 for every n > 0. Then from Theorem 3.1,
there exists ng > 0 such that
Q= U Qpc and Qpc CQyy1c for n>ng.

n>ng

So
QN A*0;R) = lim 9O, c NA*(0; R).
n—oo

But

8Qn)c N Ak(O; R) C ]\/v6(71l (8Qn’1 N Ak (O; R))
and 50 — 0 as n — oco. Hence,

QNAK0;R) = hm Q,.c NAF(0; R) = hm Q.1 NAF(0; R).

Case 2: Suppose ¢, — 1 as n — oo. In this case, for every n >0

Qne, CQ and Iy, NAF(0; R) C Noo (92,0 N AR(0; R)).
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Notice that by choice ¢y < ¢, <1 and Qy, ¢, € Qy, ., . Hence,

Q= D Qe C G Qne, €O,

n=ng n=0

that is,

o0
Q= U Qne, and Qpe, COnprc,yy-

n=0
So o -
0N AR(0; ) = lim 9., N AF(0:R)

and €2 — 0 as n — oo. Hence,
QNAF0;R) = ILm Qpe, NAFO;R) = ILm Q1 NAR0; R).

Now for every 2 < j <k and for a fixed i > 0, the sequence of functions
{r? oL, is an increasing Cauchy sequence in Cl( i (R)). Since C*(P;(R)) is a
Banach space and 77 —7; as n — oo, r; € C*(P;(R)) for every i > 0, that is,
r; € C>*(P;(R)) for every 2 < j < k. Also

I = Ulerr,(ry) < o,
that is,

1—go<rj(z)<1l+e¢g
for every x € P;(R) and

Q1 NAF(0; R) = ﬂ Gl
Hence taking limits as n — oo on both 51des
QNAKO;R) = ﬂ Gl

But Glj is contained in the Eo-nelghbourhood of P;(R), i.e., in N, (P;(R)),
so we have that

QN AF0; R) c A(0; R) x AF71(0;1 +¢).

Note that by construction, for every n >0,

A(0;R) x A*1(0;1) c

<.
Il ) =
(V)
{2
ok

that is,
A(0; R) x A*=1(0;1) c QN A*(0; R)
and this completes the proof. O
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COROLLARY 5.12. There exists a Short CF, say Q and a bounded domain
D C C*~1 which embeds holomorphically in <.

Proof. Consider the subspace of C* given by
H: {(21)'227"'7Zk) E(Ck i z21 :0}

Let Q be the Short C* obtained from Theorem 5.10 and let D be the compo-
nent of 2N H which contains the origin. From Theorem 5.10, it follows that D
is an e-perturbation of the unit polydisk A*~1(0;1) where £ > 0 is sufficiently
small. 0

6. Proof of Theorem 1.5 and Theorem 1.6

The main idea here is to use Theorem 5.10 for polydisks of increasing radii
in C*, k > 2. We will follow the same notations from Section 4. First, we prove
Theorem 1.5, that is, when k= 2.

Proof of Theorem 1.5. Choose 0 < ¢ < 10 and a sequence of strictly in-
creasing positive real numbers { R, },>0 such that Ry > 1. Let r denote the
constant function 1 on all of C2, then for every R >0,

I2(R) = Py(R).
Let &, = ¢/2""2 for every n > 0.

INDUCTION STATEMENT. For a given n > 0, there exist (n + 1)-auto-

morphisms of C2, say F; (0 <4 <n) such that
(i) F; =F,,, where a; 41 <a? for 0<i<n—1.
(ii) There exist (n + 1)-increasing positive real numbers { R;}"*! such that

F(i)(A%(0; Rit1)) CC A%(0;R,,) and F;(A%(0;R;})) cC A%(0;R;, )

3

for every 0 <i <n. Here R = Ry. Also

F7H(0A%(0;1)) N A2(0; R;) C N., (A(0; R) x OA(0;1)).
(iii) Forevery 0 <i<mandi <j <n there exist functions rf € C*(Py(Ri,,))
whose graphs over P»(Rj, ) are the (n —i+1) sets
S(i,j)={z€ A2(0; R}, ) : |m20 F(i,j)(2)| =1}.
(iv) For every 0<i<mn and i <j<n,

[

i Jod+i—i
rilles ) < G2

and
Gif ( ;+1) - Giﬁl ( ;-&-1)'

Moreover, ¢ =r, that is, G (R}, ;) = P2(R} ).
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(v) There exist {c;}", such that 0 < ¢; <1 and for every 0 <i<n and
1<j<m,
0., NF(i)" (A2(0; Rl,,)) C Ne, (091 N F (i)~ (A2(0; Rl,))).
(vi) For every 0 <i <n, there exist (n + 1)-sequences {a,()}m>it1 such
that
Qm < min{am(i)’ a72n—1 0<i< ’I’L}
for m > n + 1 and corresponding automorphisms F,, = F,,  with the

property that if Q is the basin of attraction of the sequence {F}},;>o at
the origin, then

Qi CQiticiiq €, CQ for 0<i<n—1.

i+1
INITIAL CASE. Suppose n = 0.

By Lemma 5.2, for R= R}, > Ry, € =¢g and [ =0, there exists 0 < ap < 1
such that Fy = F,, satisfies (i) and (ii) above. Let R} > 0 be such that

FO((A2(O; Rl)) CC A2 (0; R/l) .
But S(0,0) = P>(R}) and hence (iii) holds by definition. Also, (iv) is vacuous,
since 7 is not yet defined. By Lemma 5.5, if K = F; ' (A2(0; R})), there exists
0 < ¢p < 1 such that (v) holds.

Finally, as in Theorem 5.10, the same arguments as in the proof of property
(iii) of Proposition 5.6, there exists a sequence {a,(0)},>1 such that if F,,, =
F, for every m > 1, where a,, < min{a,,(0),a2,_;} and  is the basin of
attraction of the sequence {F},}7° at the origin, then

Qoo €N and Q0 CQ

for every m > 1. Hence, F| satisfies all of (i)—(vi).
By induction, we may assume that the above properties are true for some
no > 0.

GENERAL CASE. By the induction hypothesis, there exists ], . such that
F(n9)(A%(0; Ryygt1)) CC A2(0; R}, ) and
Fry (A2(0; Ry, ) CCA2(O; R, ).

By Lemma 5.2, for R=R;, ., > Ro, € = €ny41 and [ = ng, there exists 0 <
o’ <1 such that if F,,,+1 = F,, where 0 < o < o, the above properties (i) and
(ii) are true. Pick R}, |, >0 such that

1! 2 /
@ Rno-i‘l + R no+1 < Rno+2'

Also for every 0 < i < ng, pick Ri > (0 such that
F(i,no) (A2(0; Rl ,)) CC A2(0; Ry).
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Note that S; by definition is the graph Ps(R;). Further, from the induction
hypothesis, F(i,ng) " (S;) is a graph over A2(0; R} ) for every 0 <i < no.

For a fixed i, 0 <4 < ng, by an application of Lemma 5.11 on AZ%(0; R;) for
| =i, there exists a §; >0 such that if T; is a graph over P5(R;) which lies in the
di-neighbourhood of S;, then F(i,no)_l(TZ:) is a graph on A?(0; R} ;). More-
over, F(i,n9)”"(T;) lies in the g;/2" ' ~*-neighbourhood of F(i,ng)~"(S;).
Now applying Lemma 5.2 repeatedly on each A2(0; R;), there exists o, such
that for 0 < o <min{aj:0<1i<mng}, the set

|20 Fo(z)| =1 for z€ A%(0; R;)
is the graph of a smooth function ¢!, on P, (f%z) Also, for every 0 <i<mng
66 —1]

where

Ci(Py(Ry))
Let Foy41 =F,

Qng+1
0 < apyt1 < min{a’,ag,ai(ng + 1),04%0 0<i < no}.
Hence from Lemma 5.11, there exists 7" € C°°(P3(R}, ,)) such that
Finoﬂ (Rit1) = F(iyno) ™" (Fig » (Ri)) N A(0; Riy,)
i ng

and
no+1l _  no |
||7”¢ T

. no+1l—1
CH(P2(R} 1)) SEl/Q ’

Moreover, by construction
S(ismo +1) =211 (Riyy)

for 0 <i <ng and S(ng + 1,10 + 1) = P2(R;, ,,) which is also a graph. From
Remark 5.3 and the fact that oy, 11 < o, the sequence {F;}0f! satisfies all
the properties (i)—(iv).

For properties (v)—(vi), we will use the same arguments as in the proof of
the initial case. Let

K =F(no+1)""(A2(0; R}, 1))
Then by Theorem 5.5, there exists 0 < ¢,y < ¢pg+1 < 1 such that (v) holds.
Finally, by imitating the argument in the proof of Proposition 5.6(iii) there
exists a sequence {c, (1o + 1) bm>ne+2 such that for m >ng+2if F,, = F,,,
where

0<am< min{am(i),afn_l :0<i<ng+ 1}

and Q is the basin of attraction of {F},}7° at the origin, then

Qi,ci C Qi+1,0i+1 - Qm,cn0+1 cQ

for 0 <i < ng. To conclude, the induction statement is true for every n > 0.
Therefore, we have a sequence of automorphisms {F}},>¢ such that the fol-
lowing is true for every p > 0.
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e The basin of attraction of {F},},>0 at the origin, that is,  is a Short C*.
e There exists an increasing sequence {c¢,},>0 such that 0 < ¢, <1 and

vacp - QP+1,Cp+1 c

e There exists an increasing sequence of compact sets, i.e, K, = F(p)~! x
(A2(0; Ry, 1)) such that
= JA20;Rppa) C | Kp=C2.
p>0 p>0
e By Remark 5.7,
o, N K, C N, (09,1 NK,)

for every p>0if 0 <c, <c< 1.
e For every p > 0, there exists an increasing sequence of positive functions

{r;ﬂ'}izo C O™ (P (R, ,))
such that
F(p)(Qprin) NAZ(0:R), ) = Gy (Rpyia)
Q1 NK, CQpi11NK,
and
st =g

lenpa, ) <en/2

To summarize
(6.1) F(p)(0Qp1i1) N F(p)(Kp) = nyi (Ry11)

for a fixed p >0 and for every ¢ > 0. Here {1"5”}1'20 is a Cauchy sequence in
CP(Py(Ry,, 1)) Since CP(Py(Ry,,,)) is complete, r2t" — 1, on Py(RY ). Now
following the same arguments as in the proof of Theorem 5.10,

zliglo 0ptri1t NK,=00NK,, ie.,
lim P(p)(021:1) N A2(0: By ) = F(p)(99) N A2 (0 Ry )
for a fixed p. Also from (6.1), it follows that
F(p)(0Q) NA2(0; Ryy 1) =T7, (Rpy)-

Hence, F'(p)~ (I‘2 (R,11)) is a CP-smooth hypersurface on K. But note that
the above arguments are true for every p >0 and K, is an exhaustion of c2.
Hence, the boundary of € is C*-smooth in C2. (]

By extending these arguments to C*, k > 3 in exactly the same manner
as in the proof of Theorem 5.10, it is possible to obtain a Short C* whose
boundary lies in the intersection of smooth hypersurfaces.



564 S. BERA, R. PAL AND K. VERMA

However, to complete the proof of Theorem 1.6, we will need to do a little

more work. Recall the definition of a piecewise smooth pseudoconvex domain
in CF, k>2.

DEFINITION 6.1. Let n > 1 and D; for 1 <i <n be pseudoconvex domains
in C* with C*>-boundary in C*. Let p; be a C*®-defining function for D;,
that is,

={zeC":p;(2) <0}
such that Vp,; #0 on 8DZ-. Then

is a piecewise smooth pseudoconvex domain if
dpi, Ndpiy N+ Ndpi; #0
on {z€9D:p;;, =piy =---=p;; =0} for every 1 <iy <ig<---<iy<n.
Proof of Theorem 1.6. The proof is divided into three steps.
Step 1: For a given algebraic variety of codimension 2 in C¥, k >3, Theo-

rem 4.1 shows that for a given € > 0 and for every 0 < e < R™1,

e There exists an appropriate change of coordinates, say ¢. such that

¢-(V) C V.

e There exists a sequence of automorphisms of the form {F,, },>¢ such that
the non-autonomous basin of attraction at the origin, say Q is a Short C*.
Further,

QCVpUV; and QN (V)=0.

Here Vg, V; and Vg are as defined in Section 2. Hence to complete the proof,
we only need to construct an appropriate sequence of automorphisms of the
form {F,, }p>o0.

Step 2: We follow the arguments in Theorem 1.5 in C*, k > 3 with (k — 1)
intersections of graphs at each stage. The preliminary step will be the same as
in Theorem 5.10. Then it is possible to construct a sequence of automorphisms
{F.,}p>0 and an exhaustion of C*, that is, C¥ = Up>o K such that each

K,=F(p) ' (A*(0;R,,,)) and F(p)(0Q)nA*(0; R, ﬂr 1)

where  is the basin of attraction of {F,},>¢ at the origin, {r!},>0 €
CP(P;(R,,4)) for every 2 <i <k and {R} },>1 is a strictly increasing sequence
of positive real numbers. But now this observation is true for every p > 0 and
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K, is increasing that is, {r}},>0 € C>°(P;(R),,,)). Hence, the domain € is a
Short C* whose boundary lies in the intersection of smooth hypersurfaces.

Step 3: Recall that Gﬁ,;( »+1) is the standard domain of 7‘; over Pi(Ry,, ;).
Let

=U Fm) (G (Rys))
p=0
for each 2 < <k.
CLAIM. G' is a smooth pseudoconvex domain for every 2 <i<k.
Note that for every 2<i<k and p>0
F(p)(G'NK,) ={z€ A*(0:;R,,,) : p\(z) <0},

where pi(z) = |zi| — i (z1,...,&, ..., 2) and & = e!Ar8%i Qo locally ph is a
smooth defining functlon

By construction, for a fixed 2 < i < k and for a given arbitrarily small € > 0,
we have that

[E 1HCP (Pi(R} 1)) <ep=¢/2".
Case 1: For p> 2 when i # 5,k
ort 0%ri 0%t
6.2 < d ~ L1l <
(6.2) H oz, ||| 9z H p Al ‘azkazj H 92,02 || = 7
ie.,
api 82pi a2pi
6.3 Pl < d L 4 .
(6:3) H oz ||| 9z H R ‘azkazj H 92,07 || = 7
Case 2: For p>2
. 8 or ’

(6.4) <egp, ie, azz 321 <Ce,
for some C' > 0. When i # j by similar computations we see that

a2pi a2pi B 27”Z B
6.5 P\ L<cC d <Cgp
(6.5) H 0z,0% || || 0702, | =~ ™ H 9505
that is, there exists C' > 0 such that

d*pi - ap, || |9

6.6 P ~Cc-C d Pl =22 >c-C
( ) 821621 v an H 821’ ‘ azz o

Since £, — 0 as p — 00, it follows that if F(p)~'(w) € G; N K,,, then

k 62pz k 8pi
p —p =
E 9707, (w)tmtn, >0 whenever g 9-, (w)t, =0

m,n=1 n=1
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from (6.2)—(6.6). Since K, is an exhaustion of C*, G; is a pseudoconvex do-
main.

Observe that the basin of attraction of {Fy, },>0 is the intersection of the
domains G* where 2 < i <k, that is,

k
a=¢G"
i=2
Lastly, by the same arguments as above and from (6.2)—(6.6)
dp;} /\dp;',2 /\-~-/\dp;j #0

on {w € F(p)(0QN Ky) : pit = pi2 =--- = pil =0} for every 2 <iy <ip<-- <
i; < k whenever p > 0. This completes the proof. O
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